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Priklady z antropologie a zooldgie

GM vs KM

Prec¢o KM na opis nestaci?

@ geometricka morfometria (GM) a klasicka morfometria
(KM) umozZiuju pochopit tvarovi rozmanitost objektov na
zaklade matematického opisu a modelovania ich tvaru

@ opis tvaru pomocou absolitnych rozmerov (linearnych —
dizky, vysky, Sirky, tetivy, kolmice; oblikovych a
obvodovych mier, obsahov a objemov) a

@ relativnych rozmerov (indexov)

@ tradicnymi morfometrickymi metédami nie je mozné
jednoducho graficky znazornit tvar objektu, pretoZe medzi
jednotlivymi prvkami nie je zachovany geometricky vztah,
a rozmery alebo uhly bez suradnic nestacia k zachyteniu
geometrického tvaru objektu ako takého
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Priklady z antropologie a zooldgie

GM vs KM

Pre¢o KM na opis nestaci?

@ v dvojdimenzionalnom priestore (2D) dve na seba kolmé
dizkové miery, ktoré mdzu byt st¢astou objektu:
@ kruhu, trojuholnika, $tvorca, kosostvorca, lichobeznika
alebo deltoidu
@ clipsy, trojuholnika, obdiZnika, kosodiznika, lichobeznika
alebo deltoidu
@ v trojdimenzionalnom priestore (3D) su to tri na seba
kolmé dizkové miery, ktoré mézu byt sugastou objektu
@ kocky, rovnobeznostenu a kvapky vody

@ dochadza tak k strate informacii o tvare ako celku
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GM vs KM GM vs KM

Pre¢o KM na opis nestaci? GM neurokrania ryb z rodu belica

o rekonétqucia tvaru by bola mozna len vtedy, keby boli
merané dlzkové miery na objekte komplexne

triangulované, triangulacia dopredu navrhnutd, takZe @ neurocrania—roaches Rutilus rutilus and Rutilus virgo

objekt by bolo mozné takto z jednotlivych stran (Actinopterygii: Cyprinidae)

trojuholnikov spétne poskladat @ R. rutilus (ny = 30) and R. pigus neurocrania (n,, = 50),
@ takato situacia je v8ak prakticky nerealizovatelna pri takom 27 measurements

komplexnom objekte ako je ludska lebka
@ za zjednoduSenej situacie to vSak mozné je
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GM vs KM GM vs KM

GM neurokrania ryb z rodu belica GM neurokrania ryb z rodu belica
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Priklady z antropoldgie a zooldgie

GM vs KM

Preco KM na opis nestaci?

@ GM ma teda oproti KM vyhodu v tom, Ze poskytuje dobru
predstavu nielen o velkosti objektu, ale najma o jeho tvare

@ tvar je pritom mozné zobrazit nezavisle na polohe,
orientacii a velkosti skumaného objektu

@ v KM nie je mozné tvaroviu zlozku upine oddelit od
velkostnej, skimat ich oddelene, resp. datf ich do
vzajomnej suvislosti, lebo tradicné tvarové premenné su
vZdy viac-menej zavislé na inej premennej, ktora urcuje
velkost daného objektu

@ v minulosti sa pri $tandardizacii dizkovych rozmerov
(8tandardizéacii na velkost) pouzivali mnohé z tychto mier
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Priklady z antropologie a zooldgie

GM vs KM

Preco KM na opis nestaci?

@ v KM kazda dizkova miera, na ktort sa $tandardizuje, dava
iné vysledky a konsenzus vzhladom na to nebol mozny

@ v GM sa za tento konsenzus povazuje centroidova
velkost (Bookstein 1997)

@ predstavuje aproximaciu obsahu (2D) alebo objemu (3D)
opisovaného objektu

@ vypocita sa ako suma euklidovskych vzdialenosti od
suradnic (semi)landmarkov k suradniciam ich centroidu
(aritmetickému priemeru suradnic)
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Priklady z antropologie a zooldgie

GM vs KM

Preco KM na opis nestaci?

@ dal$ia nevyhoda KM suvisi so zdvislostou meranych
rozmerov, lebo mnohé rozmery sa zacinaju v rovhakom
bode alebo sa CiastoCne prekryvaju, preto su silne zavislé
(korelované)

@ navyse dizkové miery merané ako euklidovska
vzdialenost ich koncovych bodov v podobe
(semi)landmarkov nemusia byt biologicky a/alebo
geometricky homologické, kedZe ani niektoré
(semi)landmarky nie su biologicky a/alebo geometricky
homologické

@ KM mé tiez problém rozpoznat podstatu skutoénej
variability, najma ak je k dispozicii len hodnota
vzdialenosti medzi dvoma krajnymi bodmi zistovaného
rozmeru
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GM vs KM

Preco KM na opis nestaci?

@ GM naopak umozfiuje ziskat podstatne vdési poéet
premennych na sledovanom objekte, a to aj v pripade,
ked je tvar daného objektu komplikovany a KM sa linearne
rozmery nedaju ziskat

@ linearne rozmery je véak mozné vypocitat zo suradnic
(semi)landmarkov

@ z dizkovych mier suradnice (semi)landmarkov ziskat
mozné nie je (s vynimkou komplexnej triangulacie objektu)
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Priklady z antropoldgie a zooldgie

GM vs KM

Priklady z antropologie a zooldgie

GM vs KM

Smery pokracujucej diskusie

@ Kklasifikovat chyby suvisiace s meranim v geometrickej
morfometrii

© matematicky zadefinovat Frankfurtska horizontalu a
mediannu rovinu

© teoreticky diskutovat reliabilitu a homologiu 3D merania
suradnic (semi)landmarkov na ludskej lebke vo vztahu k 2D a
3D klasifikacii (semi)landmarkov a vo vztahu k linearnym mieram
na lebke, ktorych koncové body su (semi)landmarky

© «Klasifikovat vybrané anatomické krivky a plochy na ludske;
lebke,

© sumarizovat poloautomatizované a automatizované moznosti
merania rozmerov na ludskej lebke

©Q zjednotit antropologicku, Statistickii a geometricku terminologiu.
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Spbsoby merania a typy chyb

V KM sa na meranie pouzivaju

@ pomocné pristroje — kraniofor (na nastavenie a drzanie lebky
orientovanej vo Frankfurtskej horizontale), kovové ihlice (na
nastavenie prislusnych priamok na lebke)

@ meracie pristroje — dotykové meradlo (cefalometer, na
meranie linearnych rozmerov, napr. M1 — dizka lebky), posuvné
meradlo (na meranie linearnych rozmerov, napr. M52 — vyska
o¢nice), koordinatové (hibkové) meradlo (na meranie
projekénych mier a hibok na lebke, napr. M20 — nadusna
bregmaticka vyska), uhlomer (na meranie uhlov, napr. M73 —
uhol profilu nosa), mandibulometer (na meranie rozmerov
sanky, napr. M68 — dizka sanky), pasové meradlo (na meranie
oblukovych a obvodovych mier, napr. M27 — medianny parietalny
obluk alebo M23 — horizontalny obvod lebky cez glabellu)
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GM vs KM

Meracie pristroje

T_i,j:_
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Priklady z antropologie a zooldgie

GM vs KM

Systematické chyby slvisiace s meranim

A. chyby sposobené externymi/environmentalnymi
faktormi — denna doba, intenzita svetla, vihkost prostredia
a oblecCenie

B. chyby pristroja — presnost merania pristroja

C. chyby merania — chyby z odlisSnej aplikacie techniky
merania (r6zne pochopenie definicie meranej miery),
intraindividualna a interindividualna chyba (iné drzanie
pristroja, iny tlak aplikovany pri merani, ina orientacia lebky
pri merani a pod.)

D. chyby registracie — chyby z odcitania hodnét z meracieho
pristroja, chyby zo zapisu hodn6t do protokolu, chyby z
prenosu hodnét z protokolu do PC

E. chyby kalibracie meracieho pristroja (Casto sa pouziva
aj anglicky pojem ,zero error”), napr. MicroScribe®) G2.
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Priklady z antropoldgie a zooldgie

GM vs KM

Faktory spésobujuce chyby suvisiace s meranim

@ pri systematickych chybach v GM rozliSujeme skupiny (A)
az (E), ale chyby registracie su minimalizované (registracia
nameranych hodnét prebieha automaticky priamo z
meracieho pristroja MicroScribe® G2 do tabulky v PC)

@ v pripade merania v 3D geometrickom softvéri (napr.
Landmark, Amira, Edgewarp, EVAN Toolbox a pod.) z
(D) skupiny prichadza v GM do Gvahy len jedna moznost, a
to iné poradie (semi)landmarkov pri roznych lebkach, ktoru
je mozné tiez kontrolou odstranit

@ zmieSanim chyb (A) az (E) vznika tzv. kombinovana
systematicka chyba, ktoru nie je mozné objektivne
hodnotit
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GM vs KM

Faktory spésobujuce chyby suvisiace s meranim

@ problematické tiez je, ked sa kombinuju miery (na
vypocet indexov ako aj v statistickych vypoctoch) merané
inymi meracimi pristrojmi s rdznou presnostou
merania (zvycajne od zlomku milimetra do 3 milimetrov)

@ zakladnym predpokladom zovSeobecnenej Procrustovskej
analyzy (semi)landmarkov je rovnaka chyba merania v
smere vsetkych troch osi (x, y a z) v 3D

@ chyby registracie je mozné minimalizovat manuéalnou
(vizualnou) kontrolou zapisov alebo automatickou
kontrolou v PC
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GM vs KM

Faktory spésobujuce chyby suvisiace s meranim

@ pri meraniach vieobecne mézeme hovorit aj o ndhodnej
chybe, ktora je désledkom nespravneho nahodného
vyberu, avSak pri antropologickych meraniach na
historickych populaciach ide o Specificky problém, nakolko
pri pohrebiskach sa meraju vSetky najdené lebky

@ kedze tento vyber nie je mozné ovplyvnit, nemézeme
hovorit o nahodnom vybere v pravom slova zmysle

@ vyber je potom ovplyvneny len dostato¢nou
zachovanosfou lebiek a velkostou kostrovej série

Priklady z antropologie a zooldgie

GM vs KM

Biologicka a geometricka homologia

Theorem (definicia; biologicky kontext)

Dve morfologické Struktury st biologicky homologické, ak
reprezentuju biologicky koreSpondujuce casti organizmu
vytvorené podia rovnakého telesného plénu, boli vyvinuté z
podobnych embryonalnych substancii, a teda maju podobné
zakladné Strukturalne a vyvinové zakonitosti reflektujice
spolo¢ny geneticky fond a evolucné vztahy.
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Priklady z antropoldgie a zooldgie

GM vs KM

Biologicka a geometricka homoldgia

Theorem (definicia; biometricky kontext)

Homoldgia je chapana ako funkcia, ktora dava do vziahu skér
bod s bodom rad$ej ako éast ku éasti organizmu. Potom
hovorime o biologicky homologickych polohach bodov, kde
body su sucasti urCitej ¢asti organizmu koreSpondujuce medzi
organizmami. Tieto body sa nazyvaju vyznacné body
(landmarky) a je mozné ich biologicky zmyslupine opisat
pomocou matematickej deformacie bodu do iného bodu
prostrednictvom nejakej funkcie (zvycajne ide o Thin-Plate
Splajn, TPS, metddu tenkych ohybnych platkov).
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GM vs KM

Biologicka a geometricka homologia

Theorem (definicia; biometricky kontext)

Landmarky st geometricky homologické, ak reprezentuju
geometricky a matematicky koreSpondujice body.

Landmarky teda spajaju

@ geometriu meranych ¢asti organizmu
© matematickd deformaciu

© biologicku interpretaciu
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Rudolf Martin’s classification

Uvodné definicie a vymadzenie pojmov

Rudolf Martin’s classification

@ classic system — nearly a century ago

@ mainly list of endpoints for conventional distance or angle
measurements

@ planes and lines

standardized views (frontalis, lateralis, verticalis, basilaris,
occipitalis, sagittalis)

lengths, widths, heights

circumferences and surface arc length

angles

volumes and weights

radii (distances of points to curves)

indices (ratios)
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@ a great diversity of points (landmarks) in one or more of
those standardized views

@ total number of different points — 68 [Figs 286—292]
@ nowadays — 158 (including some synonyms)
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Uvodné definicie a vymadzenie pojmov

GM vs KM

Norma frontalis
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GM vs KM

Norma lateralis
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Skulls

Predmosti skulls

@ professionally digitised glass plate negatives of fossil
skulls (Pfredmosti 1 — P1, Pfedmosti 3 — P3, Predmosti 4
— P4, Pfedmosti 9 — P9, Pfedmosti 10 — P10)

@ in the accessible norms: frontal, lateral sin., occipital,
basal, and vertical views

@ the skulls in question are those determined by Matiegka to
have been females (P1, P4, P10) and males (P3, P9)

@ Katina, S., Seféakova, A., Veleminska, J., Bruzek, J.,
Veleminsky, P., 2004: A Geometric approach to cranial
sexual dimorphism in the upper palaeolithic skulls from
Predmosti (Upper Palaeolithic, Czech Republic). Journal of
the National Museum, Natural History Series 173,
1-4:133-144
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Skulls

Norma frontalis

Stanislav Katina

Uvodné definicie a vymadzenie pojmov




Uvodné definicie a vymadzenie pojmov

Skulls

Norma lateralis
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UCLP

Lateral x-rays of the UCLP patients heads

@ lateral x-rays of the patients heads—complete unilateral
cleft of lip and palate (UCLP)

@ Veleminska J., Katina, S., Smahel, Z., Sedlackova, M.,
2006: Analysis of facial skeleton shape in patients with
complete unilateral cleft lip and palate: Geometric
morphometrics. Acta Chirurgiae Plasticae, 48,1: 26—32

@ Veleminska J., Smahel, Z., Katina, S., 2006: Development
prediction of sagittal intermaxillary relations in patients with
complete unilateral cleft lip and palate during puberty. Acta
Chirurgiae Plasticae, 49,2: 41-46
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UCLP

Norma lateralis

@ 48 boys, complete unilateral cleft of lip and palate (UCLP),
without symptoms of other associated malformations,
Clinic of Plastic Surgery in Prague

® homogenously operated by the same team of surgeons
(cheiloplasty according to Tennison, periosteoplasty
without the nasal septum repositioning

@ patients monitored during puberty, at the ages of 10 and
15 (born between 1972 and 1978)

@ 22 landmarks (x-rays of the patients’ heads, under
standard conditions, SigmaScan Pro 5 software)

Stanislav Katina

Stanislav Katina
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UCLP

Examples

Obrazok: www.craniofacial.net
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UCLP

Examples

Obrazok: http://www.plasticsurgery.org
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UCLP

Examples

Blsteral ¢

B Elcevier. Ine. — netterimages com

Obrazok: UCLP example

Stanislav Katina

Uvodné definicie a vymadzenie pojmov

Skulls

@ example re-uses part of a Vienna data set of 372 skulls
from various collections

@ 106 human crania (38 adult females, 54 males, 3 juvenile
females, 11 juvenile males, 14 unknown sex; from
newborns to adults)

@ Dept. of Archaeological Biology and Anthropology, Natural
History Museum, Vienna, Austria

@ Dept. of Anthropology, University of Vienna, Vienna,
Austria

@ Weisbach collection - acquired and exhumed skeletons of
soldiers of the Austro-Hungarian monarchy, sex and age of
these crania are known from military records

@ Hallstatt collection from ossuary in Hallstatt, sex and age
are known from the church-books
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Skulls

Norma frontalis

@ data — 347 landmarks and semilandmarks — 32 landmark
points, 7 ridge curves totalling 161 semilandmarks and 154
surface semilandmarks [5 — base, 184 — face, 158 —
neurocranium]

@ landmark points on both sides of every cranium and
semilandmarks (on curves and surface) on the left side of
every cranium were digitalized using a MicroScribe 3DX
(Mitteroecker et al, 2004, Gunz, 2005)

@ Katina, S., Bookstein, FL., Gunz, P., Schaefer, K., 2007:
Was it worth digitizing all those curves? A worked example
from craniofacial primatology. American Journal of
Physical Anthropology Suppl. 44: 140.
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Skulls

Norma lateralis dex.
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Skulls

Norma lateralis sin.
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Skulls

Norma occipitalis
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Skulls

Uvodné definicie a vymadzenie pojmov

Norma verticalis
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Skulls

Norma basilaris
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Uvodné definicie a vymadzenie pojmov

h of modern human mandible-=3D, CTs

CTs of 151 modern humans (78 females and 73 males) of
mixed ethnicity, living in France, from birth to adulthood
[Pellegrin Hospital (Bordeaux), Necker Hospital (Paris) and
Clinique Pasteur (Toulouse)]

each mandibular surface was reconstructed from the
CT-scans via the software package Amira (Mercury
Computer Systems, Chelmsford, MA)

open-source software Edgewarp3D (Bookstein & Green
2002), a 3D-template of 415 landmarks and
semilandmarks was created to measure the mandibular
surface and was warped onto each mandible
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Growth of modern human mandible-=3D, CTs

Uvodné definicie a vymadzenie pojmov

Growth of modern human mandible-=3D, CTs

@ Coquerelle, M., Bayle, P., Bookstein, F.L. Braga, J.,
Halazonetis, D.J., Katina, S., Weber, G.W., 2010:
Covariation between dental development and mandibular
form changes: a study combining additive conjoint
measurement and geometric morphometrics. Journal of
Anthropological Sciences 88: 129-150
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Tibial shape analysis—3D, CTs

@ 77 tibiae of four extant primate species: Homo sapiens,
Gorilla gorilla, Pan troglodytes, Pongo pygmaeus

@ each tibial surface was reconstructed from the CT-scans
via the software package Rapidform 2006

@ 15 landmarks and 500 semilandmarks

@ Frelat, M., Katina, S., Weber, G.W., Bookstein, F.L., 2010:

An affine-adjusted analysis of tibial shape in hominoids.
Journal of Anatomy (accepted)

Tibial shape analysis—3D, CTs
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Tibial shape analysis—3D, CTs

Morphology of human hand

Pongo pygmeaus Pan troglodytes Homo sapiens

@ two-dimensional morphology of human hand in palmar
view

@ hands recorded as digital images (TIFF format, 24
colours, 150dpi, 100

@ subjects—100 females and 75 males—recruited
predominantly from population of college students of cities
Brno and Ostrava (Czech Republic)

@ 16 landmarks

@ Kralik, M., Katina, S., 2011: Distal Part of the Human
Hand: Study of Form Variations and Sexual Dimorphism
using Geometric Morphometrics. Journal of Anatomy
(draft before sumbission)

Medial view
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Human faces in 2D

@ Oberzaucher, E., Katina, S., Holzleitner, 1.J., Schmehl,
S.F., Mehu-Blantar, I., Grammer, K., 2011: The myth of
hidden ovulation: Shape and texture changes in the face
during the menstrual cycle. PNAS (submitted)

@ Pfluger, L.S., Oberzaucher, E., Katina, S., Holzleitner, 1.J.,
Mehu-Blantar The Signal of Fertility. Evidence from a Rural
Sample. Evolution and Human Behaviour (accepted)
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Human faces in 2D 'Hidden’ ovulation signals—2D, facial photographs

@ 20 young women (aged between 19 and 31) who reported
to have a regular menstrual cycle and did not take any
hormonal contraceptives

@ standardized facial photographs—one taken in the
ovulatory and one in the luteal phase

@ in a forced choice task, 50 male and 50 female subjects
were presented with these photographs of each
participant—to pick out the more attractive, healthy, sexy,
and likeable, of the two

@ skin patches sized 150 x 150 pixels from the cheek and
subjected them to the same forced choice task with slightly
modified adjectives

Stanislav Katina Stanislav Katina
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Folding of human cortex Folding of human cortex

@ MRI and BrainVisa software

@ human brain folding patterns — cortical folds of central
sulcus

@ 62 left and right curves following the bottom of central
sulcus

@ from 35 to 149 semilandmarks on the curves
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Human brain again

PR i
Window Hle Landmark Section Help
= TR [ = O

abe

landmark #252 SL
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Human brain again
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Uvodné definicie a vymadzenie pojmov

3D facial laser-scans — velocardiofacial syndrome

Uvodné definicie a vymadzenie pojmov

3D facial laser-scans
VCFS - -Royal College of Surgeons, Dublin, Ireland

@ 72 laser-scans of human faces

@ 45 velo-cardio-facial syndrome (VCFS; chromosome 22
deletion syndrome associated with very high risk of
schizophrenia—like psychosis; 25 females and 20 males)

@ 27 controls (14 females and 13 males; siblings or closed
relatives of similar age)

@ from these, after coupling, it remains 42 pairs (also after
exclusion of several laser-scans with low quality)

@ 23 biologically homologous anatomical landmarks and
1664 geometrically homologous semilandmarks on
curves and surface patches

@ mesh of 59242 points triangulated by 117386 faces
(triangulated mesh)

Stanislav Katina

5
4
16 26
15 25
17 ) 27
1121 113 g 234%12
20 30
18 5 28
7
19 g 29
9
10

Stanislav Katina




3D facial laser-scans
VCES - -Royal College of Surgeons, Dublin, Ireland
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3D facial laser-scans
VCES - -Royal College of Surgeons, Dublin, Ireland
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3D face — stereo-camera campture

Control data — Dental clinic, The University of Glasgow, UK
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Eco-morpology of fishes

@ Tomecek, J., Kovag, V., Katina, S., 2005: Ontogenetic variability in
external morphology of native (Canadian. and nonnative (Slovak.
populations of pumpkinseed (Lepomis gibbosus, Linnaeus 1758.
Journal of Applied Ichthyology 21: 335 — 344

@ Zahorska, E., Kovag, V, Falka, |., Beyer, K., Katina, S., Copp, G.H.,
Gozlan, R., 2009: Morphological variability of the Asiatic cyprinid,
topmouth gudgeon Pseudorasbora parva, in its introduced European
range. Journal of Fish Biology 74: 167 — 185

@ Capova, M., Zlatnicka, |., Kovag, V., Katina, S., 2008. Ontogenetic
variability in external morphology of monkey goby, Neogobius fluviatilis
(Pallas, 1814) and its relevance to invasion potential. Hydrobiologia
607: 17-26

@ Novomeska, A., Katina, S., Copp, G.H., Pedicillo, G., Lorenzoni, M.,
Pompei, L., Cucherousset, J., Kova?, V., 2011: Morphological variability
of black bullhead Ameiurus melas (Rafinesque, 1820) in its non-native
European populations. Journal of Fish Biology (submitted)
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Eco-morpology of fishes

Uvodné definicie a vymadzenie pojmov

Uvodné definicie a vymadzenie pojmov

Eco-morpology of fishes

Topmouth gudgeon (Pseudorasbora parva) — hrizovec siefovany

Definicie vybranych landmarkov — lateralny pohlad

. total length (1-2)

. standard length (1-3)

. head length (1-4)

. preorbital distance (1-5)

. eye diameter (5-6)

. postorbital distance (6—4)
. head depth (7-8)

. predorsal distance (1-9)

. preventral distance (1-10)
10. preanal distance (1-11)
11. postdorsal distance (12-3)
12. V-A distance (10-11)
13. D-A distance (9-11)

14. D—adip distance (9-13)
15. adipA distance (13—11)

O©CONOOOWN =

16. adip — post. A distance (13-14)

Stanislav Katina

17. post. adip — C fin base (15-3)
18. C peduncle length (14-3)

19. C peduncle depth (14-16)
20. minimum body depth (17-18)
21. body depth (9—19)

22. D-fin depth (9-20)

23. V-fin depth (10-21)

24. A-fin depth (22-23)

25. C-fin depth (24-25)

26. D-fin length (9-12)

27. adip length (13—15)

28. A-fin length (11-14)

29. C-fin length (2-3)

30. P-fin length (26-27)

31. interorbital distance(28-29)
32. head width (30-31)
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Eco-morpology of fishes

Uvodné definicie a vymadzenie pojmov

Pumpkinseed (Lepomis gibosus) — sIne€nica pestra
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Uvodné definicie a vymadzenie pojmov

Eco-morpology of fishes
Monkey goby (Neogobius fluviatilis) — by¢ek hlavaty
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Uvodné definicie a vymadzenie pojmov

Eco-morpology of fishes

Black bullhead (Ameiurus melas) — sumcek Cierny

Stanislav Katina

Klasifikacia (semi)landmarkov v 3D

GM vs KM

Norma frontalis

Stanislav Katina

Klasifikacia (semi)landmarkov v 3D

GM vs KM

Norma lateralis

Stanislav Katina

Klasifikacia (semi)landmarkov v 3D

GM vs KM

Definicie vybranych landmarkov v mediannej rovine (1)

1. pr — prosthion (1,3a) — bod na alveolarnom vybezku &eluste, ktory vystupuje
najviac dopredu medzi strednymi rezakmi v mediannej rovine.

2. ss - subspinale (1,2) - bod v mieste, kde predna dolna hrana spina nasalis
anterior prechadza na prednu stenu processus alveolaris Celuste;

3. ns — nasospinale (1,6) — najhlbsi bod spodného okraja apertura piriformis
premietnuty do mediannej roviny;

4. rhi —rhinion (1,1) — bod leZiaci na spodnom konci sutura internasalis;
5. n— nasion (1,3b) — priesecnik sutura nasofrontalis s mediannou rovinou;

6. g — glabella (3,6) — vpred vystupujice miesto na okraji Celovej kosti, ktoré lezi
nad korefiom nosa (sutura frontonasalis) medzi arcus superciliares;

7. m — metopion (3,6) — bod na priese¢niku spojnice najvystipenejsich bodov
Celovych hrbolov s mediannou rovinou;

8. b—bregma (1,1) — bod, v ktorom sa stretava sutura sagittalis so sutura coronalis.
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Klasifikacia (semi)landmarkov v 3D

GM vs KM

Definicie vybranych landmarkov v mediannej rovine (2)

9. I —lambda (1,1) — bod, v ktorom sa stretavaju obe ramena sutura lambdoidea so
sutura sagittalis;

10. i —inion (1,3b) — bod leziaci v mieste, v ktorom sa obe lineae nuchae superiores
spajaju;

11. op — opisthocranion (3,4) — najposteriérnejsi bod na zahlavnej kosti leZiaci v
mediannej rovine;

12. o — opishtion (2,3a) — bod na zadnom okraji foramen magnum v mieste, kde nim
prechadza medianna rovina;

13. ba — basion (2,3a) — bod na prednom okraji foramen magnum v mieste, kde nim
prechadza medianna rovina;

14. sphba — sphenobasion (1,3b) — priese¢nik synchondrosis sphenooccipitalis s
mediannou rovinou;

15. ho — hormion (1,6) — prieseCnik miesta, kde nasada zadny okraj vomeru na telo
klinovej kosti s mediannou rovinou medzi ala vomeris;

16. sta — staphylion (1,6) — bod v zadnej Casti tvrdého podnebia, v ktorom sa krizi

priamka spajajuca v najuz§om mieste zadné okraje obidvoch podnebnych kosti s
mediannou rovinou;

Stanislav Katina

Klasifikacia (semi)landmarkov v 3D

GM vs KM

Definicie vybranych landmarkov v mediannej rovine (3)

17. sr — saurian (palate) (1,1) — bod na prieseCniku sutura palatina mediana a
sutura palatina transversa;

18. fi — foramen incisivum (1,3a) — priese¢nik sutura palatina mediana a zadného
okraja foramen incisivum;

19. ol — orale (3,3b) — bod leziaci na prednom okraji tvrdého podnebia, v ktorom sa

krizi priamka spéjajlica zadné okraje alveol oboch hornych strednych rezakov s

mediannou rovinou;

id — infradentale (1,3b) — bod medzi strednymi rezakmi sanky, v ktorom sa krizi

predna hrana alveolarneho vybezku s mediannou rovinou;

21. gn - gnathion (3,4) — najinferiornejSi bod na dolnom okraji sanky v mediannej

20.

rovinen

22. pg — pogonion (3,4) — najvystupenejsi (najanteriérnejsi) bod protuberantia
mentalis v mediannej rovine;

23. me — menton (3,3b) — najposterio-inferiornej$i bod na symfyze sanky v mieste

dotyku linie vychadzajlcej z bodu go.

Stanislav Katina

Klasifikacia (semi)landmarkov v 3D

GM vs KM

Definicie vybranych bilateralnych landmarkov (1)

1. psa — pseudoalare (1,3c) — bod, kde sa stretava sutura nasomaxillaris s
apertura piriformis;

2. mnf — maxillonasofrontale (1,1) — bod leZiaci v miestach, kde sa stretavaju Svy —
sutura frontonasalis, sutura frontomaxillaris a sutura nasomaxillaris;

3. mf — maxillofrontale (1,3c) — bod na vnatornom okraji o¢nice (crista lacrimalis
anterior — jej predlzenie), ktorym prechadza sutura frontomaxillaris;

4. d - dakryon (1,1) — bod na vnutornom okraji o€nice, v ktorom sa spaja ¢elova
kost s Gelovym vybeZzkom hornej Celuste a slznej kosti;

5. fmo - frontomalare orbitale (1,3c) — bod na lateralnom okraji o¢nice, v ktorom ho
pretina sutura frontozygomatica,

6. fmt — frontomalare temporale (1,3c) — najlateralnejsSi bod sutura
frontozygomatica, v mieste, kde bo¢na plocha processus zygomaticus Celovej
kosti prechadza do zadnej plochy;

7. zo — zygoorbitale (1,3c) — prieseCnik dolného okraja o€nice so sutura
zygomaticomaxillaris;

Klasifikacia (semi)landmarkov v 3D

GM vs KM

Definicie vybranych bilateralnych landmarkov (2)

8. or — orbitale (3,4) — najnizsi bod spodného okraja oc¢nice;

9. ek — ektokonchion (3,4) — bod na lateralnom okraji o¢nice v mieste, kde ho
pretina priamka vychadzajuca z bodu mf a rovnobezna s hornym okrajom
ocnice;

10. zm — zygomaxillare (1,3c) — najnizSie polozeny bod sutura zygomaticomaxillaris;

11. ju —jugale (2,4) — bod v uhle, ktory zviera processus frontalis a processus
temporalis jarmovej kosti;

12. zy — zygion (3,5) — najlateralnejsie polozeny bod na jarmovom obluku;

13. sz — superior zygomaticum (1,3c) — najsuperiérnejsi bod leZiaci na sutura
zygomaticotemporalis;

14. ft — frontotemporale (3,4) — bod nad processus zygomaticus Celovej kosti v
najhlbSom mieste konkavneho prehnutia linea temporalis (superior);

15. st — stephanion (1,3c) — bod, v ktorom sutura coronalis krizi linea temporalis;

Stanislav Katina
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Klasifikacia (semi)landmarkov v 3D

GM vs KM

Definicie vybranych bilateralnych landmarkov (3)

16. au — auriculare (3,4) — najlateralnejsi bod leziaci na koreni jarmového obluka,
kolmo nad stredom porus acusticus externus;

17. po — porion (1,6) — bod v strede porus acusticus externus;

18. eu — euryon (3,5) — najlateralnejSi bod mozgovne;

19. ast — asterion (1,1) — bod v mieste dotyku Svov sutura lambdoidea, sutura
occipitomastoidea a sutura parietomastoidea;

20. ms — mastoideale (2,2) — bod leziaci najnizsie na vonkajsej strane hrotu
processus mastoideus;

21. pa - postalveolare (3,4) — bod leZiaci na najposteriérnejSom konci alveolarneho
hrebena;

22. ¢b - canine base (3,4) — bod leziaci v strede alveol.okraja o¢ného zuba;

23. ekm — ektomolare (3,5) — najlateralnejsi bod na vonkajsej ploche alveolarneho
hrebena Celuste;

24. ml — mentale (3,4) — najnizsi bod na obvode foramen mentale;

25. go — gonion (3,4) — bod na uhle sanky, v ktorom sa spaja spodny okraj tela a

zadny okraj ramena sanky, orientovany najviac inferiérne, posteriorne a
lateralne.
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Klasifikacia (semi)landmarkov v 3D

GM vs KM

Klasifikacia landmarkov v 2D (1)

Typ 1 — diskrétna juxtapozicia Struktur — vyznacné body, kde sa tri
Struktury stretavaju; body rozvetvenia stromovitych
(konarovitych) struktar; centra alebo centroidy ,dostatoCne
malych” inkluzii (pokial mozno konvexné); prieseéniky predizeni
kriviek s rovinami symetrie, landmarky typu 1 mézu byt aj
hybridy s typom 3

Typ 2 — maxima krivosti alebo iné lokalne morfometrické Struktury
— hroty vybezkov a pod., landmarky typu 1 mézu byt aj hybridy s

typom 2 ako Spicka rezaka a pod.

— extrémne body — koncové body dizkovych mier, centroidy,
prieniky medzilandmarkovych segmentov, body najvzdialenejSie
od tychto segmentov, konstrukcie zahfmajuce kolmé projekcie a
rovnako vzdialené radialne useky, landmarky na obryse mézu
byt hybridy typu 2 a typu 3

Typ 3

Stanislav Katina

Klasifikacia (semi)landmarkov v 3D

GM vs KM

Klasifikacia landmarkov v 2D (2)

Typ 1 — diskrétna juxtapozicia Struktur — prosthion, subspinale,
nasospinale, rhinion, nasion, bregma, lambda, inion,
sphenobasion, hormion, staphylion, saurian (palate), foramen
incisivum, pseudoalare, maxillonasofrontale, maxillofrontale,
dakryon, frontomalare orbitale, frontomalare temporale,
zygoorbitale, zygomaxillare, superior zygomaticum, stephanion,
porion, asterion a infradentale

Typ 2 — maxima krivosti alebo iné lokalne morfometrické Struktury
— opisthion, basion, jugale a mastoideale
Typ 3 — extrémne body — gnathion, pogonion, menton, glabella,

metopion, opisthocranion, orale, orbitale, ektokonchion,
frontotemporale, zygion, euryon, auriculare, orale, postalveolare,
canine base, ektomolare, mentale a gonion

Stanislav Katina

Klasifikacia (semi)landmarkov v 2D

GM vs KM

Klasifikacia (semi)landmarkov v 3D (1)

Theorem (definicia)

Landmarky ako stéast anatomickych kriviek a pléch st
nazyvané semilandmarKky, t.j. landmarky medzi landmarkami
(pojem (semi)landmark zahfnia v sebe landmark aj
semilandmark).
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Klasifikacia (semi)landmarkov v 2D

GM vs KM

Klasifikacia (semi)landmarkov v 2D

GM vs KM

Klasifikacia (semi)landmarkov v 3D (2)

Typ 1 - diskrétna juxtapozicia Struktur;
Typ 2 - extrémy krivosti charakterizujice jednoduché Struktiry;

Typ 3 - landmarky charakterizované lokalne ako priesec¢niky dvoch alebo
viacerych anatomickych kriviek a ploch a symetriou —

Typ 3a — priesecéniky chrbtovej (hrebenovej) krivky a mediannej
roviny na tej istej ploche;

Typ 3b — priesecniky nejakej pozorovanej krivky (alebo priamky) a
mediannej roviny;

Typ 3¢ — priesecniky chrbtovej (hrebernovej) krivky a nejakej
pozorovanej krivky na tej istej ploche;

Typ 4 — (semi)landmarky chrbtovej (hreberiovej) krivky a symetrickej
krivky (v mediannej rovine);

Typ 5 — (semi)landmarky na plochach;
Typ 6 — skonstruované (semi)landmarky .
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Klasifikacia (semi)landmarkov v 3D (3)

Typ 1 - diskrétna juxtapozicia Struktir — rhinion, bregma, lambda, saurian
(palate), maxillonasofrontale, dakryon a asterion;

Typ 2 — extrémy krivosti charakterizujice jednoduché Struktiry —
subspinale a mastoideale;

Typ 3 — landmarky charakterizované lokalne ako priesec¢niky dvoch alebo
viacerych anatomickych kriviek a plé6ch a symetriou —

Typ 3a — priesecniky chrbtovej (hrebenovej) krivky a mediannej
roviny na tej istej ploche — prosthion, opisthion, basion a
foramen incisivum;

— priesecniky nejakej pozorovanej krivky (alebo priamky) a
mediannej roviny — nasion, inion, sphenobasion, orale,
infradentale a menton:;

— priesecniky chrbtovej (hrebernovej) krivky a nejakej
pozorovanej krivky na tej istej ploche — pseudoalare,
maxillofrontale, frontomalare orbitale, frontomalare temporale,
zygoorbitale, zygomaxillare, stephanion a superior zygomaticum;

Typ 3b

Typ 3¢
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Klasifikacia (semi)landmarkov v 2D

GM vs KM

Klasifikacia (semi)landmarkov v 3D (4)

Typ 4 — (semi)landmarky chrbtovej (hreberiovej) krivky a symetrickej
krivky (v mediannej rovine) — opisthocranion (hybrid, typ 6), orbitale,
ektokonchion (hybrid, typ 6), jugale (hybrid, typ 2), frontotemporale,
auriculare (hybrid, typ 6), postalveolare, canine base, gnathion (hybrid,
typ 5), pogonion (hybrid, typ 5), mentale a gonion (hybrid, typ 2);

Typ 5 - (semi)landmarky na plochach — zygion, euryon a ektomolare;

Typ 6 — skonsStruované (semi)landmarky — nasospinale (hybrid, typ 3a),
glabella, metopion, hormion, staphylion a porion (hybrid, typ 1).
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Klasifikacia (semi)landmarkov v 2D

GM vs KM

Klasifikacia anatomickych kriviek v 3D (1)

Theorem (definicia)

Pozorovana krivka je krivka, ktora vznika ako prienik dvoch
hladkych anatomickych pléch alebo ako prienik hladkej
anatomickej plochy s rovinou (napr. s rovinou symetrie).

.

Theorem (definicia)

Chrbtova (hrebenova) krivka je krivkou, ktorej zakrivenie
kolmé na jej smer je maximalne v tomto smere.

v

Theorem (definicia)

Symetricka krivka je krivka, ktorej odhad pomocou metody
najmensich Stvorcov (MNS) patri do mediannej roviny.

.
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Klasifikacia (semi)landmarkov v 2D Klasifikacia (semi)landmarkov v 2D

GM vs KM GM vs KM

Klasifikacia anatomickych kriviek v 3D (2) Klasifikacia anatomickych kriviek v 3D (3)

@ alveolarna krivka (sin./dex.) — krivka pozdiz vonkaj$ieho okraja
alveolarneho obluka, zacinajuca sa v bode prosthion, pokracujuca cez

@ pozorované krivky — lebec¢né Svy, symfyza sanky a obrys canine base do postalveolare;
lebky v 2D projekcii; @ krivka hruskovitého otvoru, sin./dex.) — krivka pozdiz okraja/hrany
. L , e apertura piriformis, zacinajica sa v bode rhinion a konciaca sa v bode
@ chrbtova (hrebenové) krivky — hrana arcus superciliaris, nasospinale:

hrana apertura piriformis, hrana orbity, alveolarny hreben,

i @ ocnicova krivka (sin./dex.) — krivka pozdiz hrany oénice, zaginajlica sa
hrana sanky;

v maxillofrontale, pokracujica cez frontomalare orbitale, zygoorbitale a

@ symetrické krivky — symfyza sanky a sutura sagittalis konciaca sa opat v maxillofrontale;

@ krivka arcus superciliaris (krivka oboéného obliika, sin./dex.) —
krivka zacinajuca v bode glabella, pokracujica pozdlz torus
superciliaris do frontomalare temporale;
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Klasifikacia (semi)landmarkov v 2D Klasifikacia (semi)landmarkov v 2D

GM vs KM GM vs KM

Klasifikacia anatomickych kriviek v 3D (4) Norma frontalis

@ zygomaticka krivka (krivka jarmového obltka, sin./dex.) — krivka z

bodu auriculare, pokracujica po hornej hrane arcus zygomaticus a cez ]
jugale do koncového bodu frontomalare temporale;
g

@ nuchalna krivka (sin./dex.) — krivka zacinajica sa v bode mastoideale, N
pokracujuca po lineae nuchae superiores a konciaca v bode inion; . f

@ medianna krivka — krivka prieniku mediannej roviny s plochou lebky aus ju ~ PS S&7 jus sau
zacinajuca sa v bode rhinion, potom prechadzajuca cez body nasion, Z};,'S, .zm ns zm. ,n;zy
glabella, metopion, bregma a inion, konciaca sa v bode opisthion. ] m
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Klasifikacia (semi)landmarkov v 2D Klasifikacia (semi)landmarkov v 2D

GM vs KM GM vs KM

Norma verticalis Norma lateralis dex.
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Klasifikacia (semi)landmarkov v 2D Klasifikacia (semi)landmarkov v 2D

GM vs KM GM vs KM

Klasifikacia anatomickych kriviek v 3D (5) Klasifikacia anatomickych pléch v 3D (1)

@ ocnicova krivka patri medzi uzavreté krivky

@ ostatné su otvorené krivky, kde su koncové body bud Theorem (definicia)
fixované alebo otvorené v zavislosti od toho, Ci je
optimalizacia (relaxacia) polohy koncovych bodov
povolena alebo nie

Anatomicka plocha je plocha na objekte (lebky) definovana
dostatocnym mnoZstvom geometricky homologickych
semilandmarkov.

@ medianna krivka je typom neparovej krivky
@ vSetky ostatné su parové krivky
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Klasifikacia (semi)landmarkov v 2D

GM vs KM

Klasifikacia anatomickych pléch v 3D (2)

Theorem (definicia)

Hranice uzavretej (iplne ohranic¢enej) anatomickej plochy
tvoria vyhradne (semi)landmarky, anatomickeé krivky alebo
prienik plochy s rovinou symetrie.

\

Theorem (definicia)

Hranice Ciastocne otvorenej (Ciastocne ohranicenej)
anatomickej plochy musia obsahovat aspori jednu éast
definovanu len semilandmarkami na ploche, kde nie je hranicou
ani krivka a ani rovina symetrie.

o
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Klasifikacia (semi)landmarkov v 2D

GM vs KM

Klasifikacia anatomickych pléch v 3D (3)

@ Klasicka plocha (softvér Landmark), je plocha, kde je
mozné suradnice bodov na ploche pomocou deviatich
kontrolnych bodov merat a navy$e uréit mnozstvo
rovnomerne rozdelenych bodov medzi kontrolnymi bodmi.

@ Flexibilna plocha je plovcha, kde je mozno hranice plochy
modifikovat pomocou dalich kontrolnych bodov medzi
deviatimi bodmi z klasickej plochy.
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Klasifikacia (semi)landmarkov v 2D

GM vs KM

Klasifikacia anatomickych pléch v 3D (4)

@ cCelova plocha — ohranicena torus superciliaris krivkou,
linea temporalis a sutura coronalis

@ nosova plocha (plocha nosovych kosti) (sin./dex.) —
ohranicena sutura internasalis, sutura frontonasalis a
suturae nasomaxillares

@ maxilarna plocha (sin./dex.) — ohraniCena krivkou hrany
apertura piriformis, sutura frontomaxillare, o¢nicovou
krivkou, sutura zygomaticomaxillaris, alveolarnou krivkou a
prienikom plochy os maxillare s mediannou rovinou

@ zygomaticka plocha (sin./dex.) — ohranicena sutura
zygomaticomaxillaris, ocnicovou krivkou, sutura
frontozygomatica, zygomatickou krivkou a sutura
zygomaticotemporalis

Klasifikacia (semi)landmarkov v 2D

GM vs KM

Klasifikacia anatomickych pléch v 3D (5)

@ parietalna plocha (sin./dex.) — ohraniCena linea
temporalis, sutura coronalis, prienikom plochy neurokrania
s mediannou rovinou, nuchalnou krivkou

@ temporalna plocha (sin./dex.) — plocha os temporale

@ okcipitalna plocha (sin./dex.) — plocha os occipitale

@ plocha podnebnej kosti (sin./dex.) — plocha os palatinum
@ plocha sanky — plocha mandibuly
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Klasifikacia (semi)landmarkov v 2D

GM vs KM

Klasifikacia anatomickych pléch v 3D (6)

Porovnanie merania v 2D a 3D pristupe
Reliabilta merania

GM vs KM

Poloautomatické a automatické meranie (1)

@ plocha celovej kosti a sanky su neparovymi plochami, ale daju sa
rozdelit mediannou rovinou na dve parové ¢asti, v pripade sanky
symfyzou)

@ dalsie plochy st plochy parové

@ cCelova, nosova, maxilarna, zygomaticka, parietalna plocha, plocha
podnebia a plocha sanky su plochy uzavreté

@ okcipitalna a temporalna su plochy ¢iasto¢ne otvorené

@ plochy mézeme ziskat pouzitim MicroScribe® G2 ako oblak alebo siet
bodov, ktory je potrebné nasledne matematicky spracovat

@ alebo z CT, kde je nutné na segmentéciu kosti pouzit Specificky
threshold” alebo kost manuéine segmentovat napr. v programe Amira;
vystupom je potom napr. subor ,.0bj“, ktory obsahuje plochu lebky v
podobe suradnic bodov, popisuje triangulaciu tejto plochy, prip. normaly
v bodoch a pod.

Stanislav Katina

Je mozné merania poloautomatizovat alebo Upine
automatizovat?
@ poloautomatizované meranie suradnic je meranie vykonavané v PC

v nejakom 3D softvéri (napr. Landmark, Amira, Edgewarp a EVAN
Toolbox)
@ toto meranie moZe byt spresnené
@ pohiadom na viaceré 2D normy stgasne (Edgewarp a EVAN
Toolbox) 3
@ rotaciou 3D objektu v rovine rovnobeznej s pohladom (Landmark),
@ zobrazovanim normal meranych bodov (Landmark) alebo
@ moznostou pridania jednej dimenzie v podobe napr. farebne
rozliSeného znamienka krivosti (Landmark)

@ moznost prace s krivkami (Landmark), kde je mozné suradnice bodov
na krivke pomocou troch kontrolnych bodov meraf, ako aj uréit
mnozstvo ekvidistantnych bodov na krivke, resp. v pripade potreby Casti
kriviek spajat do jednej krivky
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Porovnanie merania v 2D a 3D pristupe
Reliabilta merania

GM vs KM

Poloautomatické a automatické meranie (2)

@ Automatizované meranie suradnic je meranie vykonavané v PC len
pomocou nejakého matematického algoritmu, kde automatizacia
striktne zavisi od toho, ¢i je matematicky algoritmus presnejsi a Ci je ho
mozné vébec pouzit.

@ pouziteinost — zavisi aj od toho, nakoiko je 3D rekonstrukcia (pouZitim
MicroScribe® G2, laser-skenera, stereogrametrického kamerového
systému alebo CT a pod.) vierohodna, teda ako sa podoba originalu
lebky

@ dolezitym kritériom je, &i sa da vypodtom docielif geometricku
homoldgiu (semi)landmarkov na anatomickych krivkach a plochach v
celom nahodnom vybere — zovSseobecnenie geometrickej homoldgie
landmarkov na krivky a plochy definované pomocou
(semi)landmarkov

Porovnanie merania v 2D a 3D pristupe
Reliabilta merania

GM vs KM

Poloautomatické a automatické meranie (3)

Theorem (definicia)

Geometricka homolodgia (semi)landmarkov na krivke — v
zmysle minimalizacie nejakého matematickeho kritéria
(ohybovej energie TPS alebo Procrustovskej vzdialenosti), kde
sa bod postiva po krivke dovtedy, pokial jeho poloha (ako
argument minimalizacie) nebude v zmysle kritéria optimalna.
Preto hovorime aj o optimalizacii polohy bodu na krivke.

@ ekvidiStantne vzdialené body na krivke nie su geometricky
homologické

@ aj napriek tomu v$ak krivky ako celky mdzu byt biologicky
homologické (napr. lebecné Svy)
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Porovnanie merania v 2D a 3D pristupe
Reliabilta merania

GM vs KM

Poloautomatické a automatické meranie (4)

Optimalizacia polohy bodov na krivke na nejakom objekte sa
deje vZdy vo vztahu k nejakej referenénej krivke a ide o
iteracny proces:

@ zovseobecnena Procrustovska superimpozicia (ZPS;
Genralized Procrustes Analysis, GPA)

@ najdu sa optimalne polohy bodov vSetkych kriviek vo
vztahu k prvému odhadu Procrustovského priemeru

© dalsia ZPS atd. az dovtedy, pokial rozdiel predposledného
a posledného kroku je mensi (v zmysle poklesu
matematickeho kritéria) ako nejaké dostatocne malé Cislo
(prah, threshold)

Podobny algoritmus sa aplikuje aj na body na ploche

(Polo)automatické meranie stradnic (semi)landmarkov

Reliabilta merania

GM vs KM

Porovnanie pozitiv a negativ merania v 2D a 3D pristupe (1)

Metodika merania suradnic (semi)landmarkov a vypoctu ich reliability na 2D
fotografiach ako projekciach $iestich pohiadov (frontalny, lateralny sin. a dex.,
bazalny, vertikalny, sagitalny a okcipitalny) je problematicka z viacerych uhlov
pohiadu

@ rotacia lebky o uhol + §° od jednej z vysSie spomenutych Siestich rovin
kolmych na rovinu pohladu vedie k umelym optickym deformaciam,
ktoré skuto€nu variabilitu merania znaéne skresluju

@ z toho dévodu nie je mozné hovorit o kolmych (ortogonalnych)
projekciach lebky do rovin kolmych na rovinu pohladu

@ je mozné tieto roviny priblizne odhadnuf len z 3D rekonstrukcie lebky
pomocou (semi)landmarkov, teda striktne matematicky, ako roviny
najblizSie k mnozine vybranych (semi)landmarkov v zmysle metédy
najmensich $tvorcov (MNS)

Stanislav Katina
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(Polo)automatické meranie stradnic (semi)landmarkov

Reliabilta merania

GM vs KM

Porovnanie pozitiv a negativ merania v 2D a 3D pristupe (2)

Theorem (definicia)

Frankfurtska horizontala — MNS rovina $tatisticky odhadnuté
Zo suradnic Stytoch bodov porion sin. a dex. a bodov orbitale
sin. a dex.

Theorem (definicia)

Medianna rovina — MNS rovina $tatisticky odhadnuta zo
suradnic vsetkych neparovych (semi)landmarkov .

(Polo)automatické meranie stradnic (semi)landmarkov

Reliabilta merania

GM vs KM

Porovnanie pozitiv a negativ merania v 2D a 3D pristupe (3)

Nepresnost manuéalneho stanovenia Frankfurtskej horizontaly vyplyva z
porusenia teoretického predpokladu geometrie Styroch bodov v rovine, kde
usecky porion sin. — orbitale sin. a porion dex. — orbitale dex. nemusia lezat
v jednej rovine (a spravidla nelezia, 6o sa da preverif jedine matematicky,
nakolko nie je mozné nastavit lebku kranioforom presne do Frankfurtskej
horizontaly a ani asymetriu lebky presne ohodnotit vizualne), o vedie k
nepresnosti merania mnohych mier.

Podobne manualne stanovenie mediannej roviny vedie k dal$im
nepresnostiam, ktoré su skomplikované hlavne velkym poctom neparovych

(semi)landmarkov.

Chyby stanovenia mediannej roviny su potom v praxi kombinované s
nepresnym stanovenim Frankfurtskej horizontaly.
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(Polo)automatické meranie stradnic (semi)landmarkov

Reliabilta merania

GM vs KM

Porovnanie pozitiv a negativ merania v 2D a 3D pristupe (4)

(Polo)automatické meranie stradnic (semi)landmarkov

Reliabilta merania

GM vs KM

Porovnanie pozitiv a negativ merania v 2D a 3D pristupe (5)

@ nenzavisle na tom, Ci je lebka v normach nasnimana spravne alebo
nespravne, linearne rozmery projektované do roviny (normy) budu
kratSie, ak ich koncové body nelezia v jednej rovine rovnobeznej s
normou

@ rotacia lebky o nejaky uhol od normy tuto chybu este zvacsi

@ ak mame nejaku nepriamu linearnu mieru, teda mieru dopocitanu z
dvoch priamo zmeranych linearnych mier, tato nepriama miera bude
akceptovateina len vtedy, ak vSetky koncové body leZia v jednej rovine

Priklad: neplati, ked zoberieme sumu vzdialenosti nasion a prosthion plus
vysku prvého horného rezaka M91 (ekvivalentna priblizne
vzdialenosti nasion a stomion u zivého ¢loveka, teda ekvivalentna
M48c) plus vysku mandibuly (vyska prvého dolného rezaka
M81(2)) plus vysku brady infradentale — gnathion M69), ktora nie
je rovna vyske tvare M47
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@ vlastné snimanie lebky v jednotlivych normach by malo byt vykonané
tak, aby os objektivu fotoaparatu bola kolma na rovinu stanovenu
prislusnou normu a navyse bola na kolmici vychadzajiucej z
centroidu lebky (tento je mozné odhadnut len priblizne)

@ pri manualnom 3D merani je nutné, aby bol uhol pohiadu merajiiceho
¢éloveka na malu oblast lebky, v ktorej sa landmark nachédza,
kolmy

@ tento pohlad je dobré kombinovat s pohladom z inych uhlov, ¢o je
mozné len sekvenéne za sebou

@ v 2D takyto postup nahradza kolmy pohiad na malti oblast fotografie
lebky okolo landmarku

@ pri poloautomatickom 3D merani je mozné nahliadnuf na oblast okolo
landmarku z troch réznych rovin pohladu simultanne, ako aj priamo
v 3D

@ 3D obraz je mozné rotovat podia potreby, &o je velkou vyhodou oproti
2D meraniu a manualnemu 3D meraniu
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(Polo)automatické meranie stradnic (semi)landmarkov

Reliabilta merania

GM vs KM

Porovnanie pozitiv a negativ merania v 2D a 3D pristupe (6)

Meranie alebo vypocitanie hodnoty skutoéného alebo antropometrického
rozmeru (tu linedrneho) je mozné len v 3D, ked jej vypo&tovo zodpoveda
euklidovska vzdialenost dvoch bodov — tri podzlozky mier, ktoré
predstavuju dekompoziciu antropometrickej miery na komponenty x, y a z za
predpokladu, Ze lebka je orientovana do Frankfurtskej horizontaly a
mediannej roviny suCasne

@ kompoment medidanno-lateralny (x-komponent), rovny absolttnej
hodnote rozdielu x-ovych suradnic dvoch bodov;

© kompoment inferio-superiérny (y-komponent), rovny absolttnej
hodnote rozdielu y-ovych suradnic dvoch bodov;

© kompoment posterio-anteriorny (z-komponent), rovny absolttne;
hodnote rozdielu z-ovych suradnic dvoch bodov.
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(Polo)automatické meranie stradnic (semi)landmarkov

Reliabilta merania

GM vs KM

Porovnanie pozitiv a negativ merania v 2D a 3D pristupe (7)

@ zoznam je modifikovany podia Farkasa (1994), ktory uvadza
komponenty y a z opacne a nehovori o komponentoch, ale o poziciach
v zmysle relativnej polohy bodov z pohladu anatomického
suradnicového systému

@ nas systém vychadza z konvencie pouzivanej v pocitacovej grafike,
kde
@ x-os je horizontalna (orientovana ziava — doprava, s pozitivnou
poloosou vpravo od nuly)
© y-os vertikalna (orientovana zdola — hore, s pozitivnou poloosou
nad nulou)
© z-os je orientovana v smere kolmom na xy-rovinu (rovinu
obrazovky, s pozitivnou poloosou pred obrazovkou)

@ na rozdiel od Farkasa (1994) je logickejsie hovoril inferio-superiérny a
nie superio-inferiérny (podobne posterio-anteriorny a nie
anterio-posteriorny) v zmysle jednotnej orientacie jednotlivych
komponent (smeru od negativnej k pozitivnej poloosi).
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(Polo)automatické meranie stradnic (semi)landmarkov
Porovnanie merania v 2D a 3D pristupe

GM vs KM

Reliabilta merania, biologicka a geometricka homoldgia (1)

@ landmarky typu 1 su vzdy biologicky a geometricky homologické

@ landmarky ostatnych typov nie su skoro nikdy biologicky homologicke,
ale vzdy su geometricky homologické

@ landmarky digitalizované v 2D z jednotlivych noriem obsahuju najmenej
dve tretiny informacie obsiahnutej v 3D

@ z tohto dovodu je presnejsie digitalizoyaf (semi)landmarky priamo v 3D
alebo v zrekonstruovanom 3D z niekolkych projekcii (noriem)

@ z tohto hladiska je 2D mozné pouzivat len vtedy, ked 3D nie je k
dispozicii

@ definicie mnohych landmarkov su vytvorené za predpokladu orientacie
lebky vo Frankfurtskej horizontale a obsahuju v sebe orientacie —
anteriérnu, posteriérnu, inferiérnu, superiérnu, medialnu a/alebo
lateraln

@ mnohé landmarky su definované ako prienik nejakej krivky (prip.
Struktiry) s mediannou rovinou
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(Polo)automatické meranie stradnic (semi)landmarkov
Porovnanie merania v 2D a 3D pristupe

GM vs KM

Reliabilta merania, biologicka a geometricka homoldgia (2)

@ obe tieto roviny vSak nie je mozné v praxi objektivne pred meranim
urcit, len subjektivne odhadnut ich polohu

@ preto landmarky, ktorych definicie st zavislé od orientacie alebo
prieniku s mediannou rovinou, mézu mat teoreticky horsiu
reliabilitu ako landmarky s definiciou od tychto rovin nezavislou
(napr. glabella, orbitale, zygion, gnathion a menton)

@ je mozné predpokladat, Ze (semi)landmarky na krivkach mézu mat
reliabilitu horsiu v smere krivky ako v smere na nnu kolmom [vSetky
(semi)landmarky okrajov o€nic, napr. orbitale a ektokonchion)

@ torzia krivky by na reliabilitu vplyv maf nemala

@ reliabilita (semi)landmarkov na ploche je zavisla na jej krivosti, kde
menej zakrivena plocha méze prinasat horsie moznosti na uréenie
suradnic (semi)landmarkov ako plocha viac zakrivena (napr.
gnathion, euryon)
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(Polo)automatické meranie stradnic (semi)landmarkov
Porovnanie merania v 2D a 3D pristupe

GM vs KM

Reliabilta merania, biologicka a geometricka homoldgia (3)

@ zachovanost $truktdr na ploche lebky, ako napr. $vov (sutura
lambdoidea, s. occipitomastoidea a s. parietomastoidea) alebo
pozorovanych a chrbtovych (hrebenovych) kriviek (lineae temporales a
ich mozné rozdelenie a nasledna nutna modifikacia definicie polohy
bodov) hra tiez dblezitd ulohu pri merani sudradnic (napr. asterion a
frontotemporale)

@ nepritomnost Struktdr (napr. odlomeny dolny okraj nosovych kosti)
takisto znemozniuje spolahlivo zmerat suradnice niektorych
(semi)landmarkov (napr. nasospinale a rhinion)

@ reliabilitu merania mdZe tieZ negativne ovplyvnit ,,manualna“
konstrukcia (napr. opisthocranion, staphylion, ektokonchion a
auriculare)

@ do kategorie ,,manudlnych” (,vizualnych®) vypoctov patri aj
meranie suradnic (semi)landmarkov ako extrémov zakrivenia
(porovnaj napr. subspinale, mastoideale, gnathion a gonion)

(Polo)automatické meranie stradnic (semi)landmarkov
Porovnanie merania v 2D a 3D pristupe

GM vs KM

Reliabilta merania, biologicka a geometricka homoldgia (4)

@ matematickym vypoctom v PC je mozné ,manualne”
merania spresnit alebo nahradit

@ priesecniky s mediannou rovinou (napr. pogonion, glabella,
opisthion a basion)

© (semi)landmarky zavislé na orientacii (napr. gnathion, menton,
glabella, orbitale a zygion)

© skonstruované (semi)landmarky (napr. staphylion, ektokonchion a
auriculare)

© (semi)landmarky ako lokalne extrémy zakrivenia (napr.
mastoideale, gonion, gnathion a subspinale)

@ koncové body dizkovych mier (napr. opisthocranion, zygion a
euryon)
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(Polo)automatické meranie stradnic (semi)landmarkov
Porovnanie merania v 2D a 3D pristupe

GM vs KM

Definicie vybranych mier a indexov (1)

@ M1 - najvicésia dizka mozgovne — euklidovska vzdialenost glabella —
opisthocranion;

@ M5 — dizka béazy lebky — euklidovska vzdialenost nasion — basion;

@ M8 — najvidcésia Sirka mozgovne — euklidovska Sirka mozgovne kolma na
mediannu rovinu, vzdialenost euryon sin. — euryon dex.;

@ M9 — najmensia $irka éela — euklidovska vzdialenost frontotemporale sin. —
frontotemporale dex.;

@ M11 — biaurikuldrna $irka — euklidovska vzdialenost auriculare sin. — auriculare
dex.;

@ M17 — basion-bregmaticka vyska lebky — euklidovska vzdialenost basion —
bregma;

@ M40 — diZka tvére — euklidovska vzdialenost basion — prosthion;

@ M45 — bizygomaticka Sirka tvare — euklidovska vzdialenost zygion sin. —
zygion dex.;

@ M47 — vyska tvare — euklidovska vzdialenost nasion — gnathion;
@ M48 — vyska hornej éasti tvare — euklidovska vzdialenost nasion — prosthion;
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(Polo)automatické meranie stradnic (semi)landmarkov
Porovnanie merania v 2D a 3D pristupe

GM vs KM

Definicie vybranych mier a indexov (2)

@ M51 — Sirka oénice — euklidovska vzdialenost maxillofrontale — ektokonchion;

@ M52 — vyska oénice — euklidovska vzdialenost horného a dolného okraja oénice
kolmo na M51;

@ M54 — Sirka nosa — najvacsia Sirka apertura piriformis;

@ M55 — vyska nosa — euklidovskéa vzdialenost nasion — nasospinale;

@ M61 — maxilloalveoldrna Sirka — euklidovska vzdialenost ektomolare sin. —
ektomolare dex.;

@ |1 - dizko-Sirkovy index — M8/M1;

@ 12 — dizko-vyskovy index — M17/M1;

@ 13 - Sirko-vyskovy index — M17/M8;

@ 113 — transverzalny frontoparietalny index — M9/M8;

@ 138 — index tvare — M47/M45;

@ 139 — index hornej ¢asti tvare — M48/M45;
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(Polo)automatické meranie stradnic (semi)landmarkov
Porovnanie merania v 2D a 3D pristupe

GM vs KM

Definicie vybranych mier a indexov (3)

142 — index o¢nice — M52/M51;

142(1) — index orbitofacialis transversalis — M51/M45;
142(2) — index orbitofacialis verticalis — M52/M48;

148 — index nosa — M54/M55;

155 — index platofacialis transversalis — M61/M45;

160 — celustny index — M40/M5;

169 — dlZkovy kraniofacialny index — M40/M1;

I71 — transverzalny kraniofacialny index — M45/M8;
I73(a) — jugofrontalny index — M9/M45.
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(Polo)automatické meranie stradnic (semi)landmarkov
Porovnanie merania v 2D a 3D pristupe

GM vs KM

Miery a indexy a ich geometricka homoldgia

V KM je znamych priblizne 120 mier a 80 indexov na lebke,
dizkové miery st definované pomocou (semi)landmarkov
@ biologicki homolégiu mnohych vyssie spomenutych
linearnych mier a indexov je naroéné zabezpeéit, nakolko
miery nie su definované pomocou biologicky
homologickych landmarkov (napr. M1, M8, M9, M11,
M45, M47, M51, M52, M54 a M61; potom aj I1, 12, 13, 113,
138, 139, 142, 148, 155, 169, 171 a 173(a))
© geometricki homoldgiu viak zabezpeéit mozné je,
avsak len matematicky
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(Polo)automatické meranie stradnic (semi)landmarkov
Porovnanie merania v 2D a 3D pristupe

GM vs KM

Vypocet reliability (1)

(Polo)automatické meranie stradnic (semi)landmarkov
Porovnanie merania v 2D a 3D pristupe

GM vs KM

@ intraindividualne a interindividualne chyby mozno
objektivne matematicky hodnotit bud zvlast pre x- a
y-suradnice

@ ako vyberovy rozptyl x- a y-suradnic) alebo
@ simultanne ako celkovy rozptyl (stopa kovarianénej matice
prislusného landmarku)

@ linearny zmiesany regresny model
@ so strednou hodnotou x- a y-suradnic ako fixnymi efektmi

Q@ identifikacné &islo osoby, ktora meria, a poradia opakovania
ako nahodnymi efektmi
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Vypocet reliability (2)

@ chyby su pocitané v
@ absolitnej $kale v milimetroch
Q relativnej skale $kalované vyberovym rozptylom x- a
y-suradnic kazdého landmarku, resp. celkovym vyberovym
rozptylom
@ miery reliability — rozsah vyberu pre vypocet reliability
rovny minimalne 10 = 1 x 5 x 2 (optimalne
125 =5 x5 x 5)
@ merania na minimalne jednej lebke (optimélne piatich)
@ je potrebné opakovat aspon patkrat
© pri ucasti aspori dvoch (optimalne pat) oséb merajicich pri
Standardizovanych podmienkach
© opakované snimanie toho istého objektu (lebky) aspof
dvakrat laser-skenerom, stereogrametrickym kamerovym
systémom alebo CT (podia pouzitého pristroja)
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(Polo)automatické meranie stradnic (semi)landmarkov
Porovnanie merania v 2D a 3D pristupe

GM vs KM

Zavery

@ pouzitie 2D fotografii (napr. sklenych negativov) na
meranie je mozné z hladiska reliability pouZit len v
pripadoch, ked nie je originalna lebka v 3D k dispozicii

@ ak mame k dispozicii lebku alebo jej ¢asti v 3D, pouZzitie
medzilandmarkovych vzdialenosti na analyzu nepostacuje

© na opis tak komplexného objektu, ako je ludska lebka
alebo nejaka jej ¢ast, nestaci len pouzitie landmarkov, ale
je nutné pouzit okrem landmarkov aj anatomické krivky

© optimalne je doplnit ich aj o anatomické plochy

Stanislav Katina

(Polo)automatické meranie stradnic (semi)landmarkov
Porovnanie merania v 2D a 3D pristupe

GM vs KM

Zavery

@ tam, kde sa kon¢i praca antropoléga, zacina sa praca z
oblasti poéitaéovej geometrie a fyziky s cielom ziskat
pocitacovu rekonstrukciu objektu, po ktorej nasleduje
praca numerického matematika alebo Statistika; tu
méze potom doplnit $tudia z oblasti diferencialnej
geometrie a pod.

Q je zrejmé, ze GM je interdisciplindrna veda na pomedzi

niekolkych prirodovednych odborov, ktoré by mali v zaujme
objektivnych vedeckych poznatkov spolupracovat
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(Polo)automatick era nic (semi)landmarkov
Porovnanie mera 2

Conclusions

@ 2D —— 3D (fundamental for understanding of cranium
complexity’, 'landmark spatial relationships’, 'integration’,
‘'modularity’)

@ combination of distances/indices and GMM (statistical
quantification of association of 'spatial effects of cranium
variability’ and internal/external measurement(s))

@ extension of landmark shape information by semilandmarks on
curves and surfaces increases the relative weights of shape
within the form space (crucial increase of biological information)

@ remarkable semilandmark 'visualization effect’ in contrary to
landmarks or indexes application only

@ CT-scans, laser-scans, stereo-camera image campture,
MicroScribe

@ Edgewarp, AMIRA and/or Landmark; R-software
(cran.r-project.org)
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Statisticka analyza tvaru a obrazu

Interdisciplinarny pristup
postaveny na matematickych a Statistickych zakladoch

Stanislav Katina

"Ustav matematiky a statistiky
Prirodovédecka fakulta
Masarykova Univerzita v Brne

Tento ucebni text vznikl za pfispéni Evropského socialniho fondu a statniho rozpoctu
CR prostiednictvim Operaéniho programu Vzdé&lavani pro konkurenceschopnost v ramci
projektu Univerzitni vyuka matematiky v ménicim se svété (CZ.1.07/2.2.00/15.0203).
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Shape Analysis—Interdisciplinary View

Image Analysis

Engineering & Physics

.| Image Processing

" Euclidean Geometry
1 Algebra of Complex Numbers

Applied Statistics

Statistical
/| Shape Analysi

| Differential Geometry
Numerical Mathematics [
Statistical Madelling |
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Shape Analysis Vision ~ My Partial Research Tree

| Statistical Shape Analysis
ﬂ, -
—_—

Multivariate Spline Modelling Traditional and Geometric Morphometrics

~_ Evolutionary anthropology: skull & other bones
' Clinical anthropology:

UCLP, schizophrenia & VCFS
= _ Allometry and eco-morfology of fishes

=%
Multivariate Statistical Analyses «——— : 1 Image Analysis

| —— "
Generalization of PCA, PLS & DA * zzD'f,’./fDDc:)mmagueteprmrgsf]'i”cg
Multivariate permutation & bootstrap testing & P Il

Statistical Modellmg

n models
gression models

mporal modelling of EEG & VCG

Multivariate Fourier Analysis of Spatial Curves Electroencephalography

Transformacie
Otocenie

Definition (OtocCenie a optimalne otoCenie medzi dvoma objektami)

Rotacna matica rotacie v smere a proti smeru hodinovych ruciciek ma v 2D
nasledovny tvar

cosf sind O cosf® —sind O
= —sinf cosf 0 |,I= sinf cosf O
0 0 1 0 0 1
a Xgpryx2 = (X1, .. Xk, 12)T. Potom dostaneme transforméaciu v tvare

X, = XT.

Optimalna rotacia medzi dvoma objektami. Nech X; a X st k x d
konfiguracné matice. Nech I je rotacna matica, ktora minimalizuje

X1 — X2F||* alebo maximalizuje tr (X{Xzr). Optiméalne znamienkovana SVD
matice X{ X, je definovana ako X] X, = UAV', kde U a V s rotatné matice a
elementy matice A=diag (\), A = (\1,...Aq)" st optimalne znamienkované.
Dalej tr (X{X2F) = tr (A (V'TU)) je jednoznaEne maximalizovana cez vetky
rotaéné matice I', kde V'TU = la I = VU, z &oho vyplyva, ze tr (X{XzT')
:Zf:1)\j:a,a>0.
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Transformacie
Posunutie a Skalovanie

Nech t, ¢ je translagny koeficient translacie v smere osi x(") a t () translacny
koeficient translacie v smere osi x?, potom ma translaéna matica T; v 2D

tvar
1 0 to
T: = 0o 1 tx(z)
0O 0 1

Transformaciu posunutie piSeme v tvare X; = XT;.

Definition (Skalovanie)

Nech s, je Skalovaci koeficient Skalovania v smere osi x(") a s ;) je
Skalovaci koeficient $kalovania v smere osi x(?, potom ma $kalovacia
matica T v 2D tvar

Sy 0 0
Tse = 0 S, 0
0 0o 1

Transformaciu Skalovanie piSeme v tvare Xsc = XTsc.

Stanislav Katina

Transformacie

Procrustova superimpozicia—Procrustova k-bodova registracia

Definition (Procrustove tvarove suradnice)

Procrustove tvarové suradnice su definované ako xp ; = ¢;l[i(x; — t;), kde
c; je Skalovaci koeficient, T; je rotacna matica a t; translacny koeficient, Xp ji

su riadky matic Xp ;, i = 1,...n. Potom hovorime, ze X;,i = 1,2,...nsuv

optimalnej Procrustovej pozicii v zmysle 'tvaru’ ak

arginf
N——

r,,.Fesoe)

arginf Y || Xpi —Xp; |I* =

1<i<j<n

>

1<i<j<n

t1,...tn€RY, cq,Cp,...CHERT

Stanislav Katina

oy (x,- - 1kt,T)T —gf; (x,- - 1kth)T

2

Transformacie

Procrustova sUperimpozicia—Procrustova k-bodova registracia

Iterany algoritmus Procrustovej superimpozicie:

0 najprv vypocitame centroidy X ; kaZdej konfiguratnej matice X;; konfiguracné
matice potom centrujeme, kde X; ; = X; — 1kiCT,,- (tj. centroidy X, ; su
superponovang),

9 potom vypocitame centroidovu veikost kazdej matice X; (odmocnina sumy
euklidovskych vzdialenosti centroidu od suradnic landmarkov), t.j.

CS; = /(I 1% — Re[3) = [Xedl| = tr(Xe XT)

0 centrované konfiguraéné matice X ; su preskalované tak, aby CS; = 1, kde

dostaneme centrované normované konfiguraéné matice X, ; = Xc ;/ || Xc.i |

0 kazda X¢ j, i = 2,3, ...n, je optimalne rotovana k X¢,, 4 rotacnou maticou I,
ch’,‘r,'), kde

sme pouZili optiméaine znamienkovanu SVD X[ Xz, ; = UiAV], U; a V; st

ktora minimalizuje ||Xn,1 — XC,,’,T,-H2 alebo maximalizuje tr (XCTn ]

rotatné matice a elementy A; = diag (\;), i = (A1, ...)\,-,dk)T sU optimalne
znamienkované, tr (XT XC,,,,-I',-) =tr (A; (V] T;U;)) st jednoznacne

cn,1
maximalizované rotagnymi maticami I';, kde V[ T;U; = I, I; = VU],
tr <XCTn71XC,,’,-F,-> = 2}111 Aj = aj, o > 0; vysledkom su matice X;DJ,
@ vypocitaj priemernu konfiguraénu maticu X;: matic X, ;,i =1,2,...n

zopakuj (4) a (5) pokial rozdiel medzi krokom i — 1 a i nebude dostatodne maly

Stanislav Katina

Transformacie

Procrustova sUperimpozicia—Procrustova k-bodova registracia

raw landmarks centered landmarks

centered and scaled landmarks centered, scaled and rotated landmarks

Obrazok: Procrustova geometria
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Transformacie

Skosenie

Definition (Skosenie)

Nech a, () je koeficient skosenia pozdiz osi x("a a, ) koeficient skosenia
pozdiz osi x?), potom matica skosenia T, pozdiz osi x(V) a pozdiz osi x?

ma tvar
1 tan Qy (1) 0 1 0 0
Tsn = 0 1 0 5 Ugn = tan Oy (2) 1 0 9
0 0 1 0 0 1
1 tan (1) 0
Teh = tan Qy(2) 1 0
0 0 1

Transformaciu skosenie piSeme v tvare Xs, = XTg.

Stanislav Katina

Transformacie
Zrkadlenie

Definition (Zrkadlenie)

Nech matica zrkadlenia T, osovej simernosti okolo osi x(" a x® ma tvar

1 0 O -1 0 O
Tr = 0 71 0 5 Tr = 0 1 0
o o0 1 0O 0 1
Transformaciu zrkadlenie piSeme v tvare X, = XT,.

Definition (Preznacené a zrkadlovo simerné Prokrustove suradnice)

Nech Q je permutac¢na matica, ktora preznaci kazdy kazdy par suradnic
parovych landmarkov (vymeni kédovanie lavy za pravy landmark a naopak),
nech A je ortogonalna matica s determinantom rovnym —1. Potom

X,(D'?,) = QAiXp, s matice preznacenych a zrkadlovo sumernych (relabeled
and reflected) Procrustovych tvarovych siradnic. V pripade, e MNS
priamka, na ktorej lezia vSetky neparove landmarky je zaroven aj osou y
(hovorime, Ze tvar charakterizovany landmarkami je vhodne orientovany),

potom A = T,.

Stanislav Katina

Transformacie

Affinna a neafinna transformacia

Definition (Affinna a neafinna transformacia)

Majme mnohorozmerny linearny regresny model (MMLRM,
Multivariate Multiple Linear Regression Model) k x d matic
Xp i (d = 2,3) na Xp definovany ako

~ = (T \ VT .
Xp; = Xpfi + €; B (xpxp) X Xp i =1,2,..n,

Nech 5, = Bm 53,-2 pre 2D a B, = 3,-153,-253,-3 pre 3D, potom

@ afinne procrustove stradnice: X, ; = Xp7,-/§,-
Qo neafinne procrustove suradnice (rezidualy MMLRM):
Xnai =Xp + (Xp; — Xa,)

Transformacie

Affinne a neafinne transformacie

no change shear along the x-axis shear along the y-axis shear along both axes
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pure bending, dilation along x—axis
and shear along both axes

pure bending

bendi
pure bending and shear along both axes

and dilation along x-axis

Obrazok: Affinne a neafinne transformacie — affinne transformacie (prvy
riadok a prvy obrazok druhého riadka), neafinna transfomacia (druhy
obrazok druhého riadka) a zloZzené transformacie (treti a Stvry obrazok

druhého riadka)
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Example 1 Example 2
Interpolacny a vyhladzovaci regresny splajn Interpolacny a vyhladzovaci regresny splajn

Example (DU 1)
Majme interpolaény model [IM1] (f : R — R) Example (DU 2)
y s 1 Majme model y; = sin(27x*), kde x; € (0,1), e ~ 0.1 x N(0,1),n = 101 . V
0 | =XB,X= K
0 x”

w
> 8= ( c ) R zapiSeme tento model v podobe
kde Xit = (X1, 00, k)T, Y1 = (Y1, Y2, s Vi) > (8); = ¢ (X3, %))=75 [%i — X[ .

ooz
o o %

a sinusovka <- function (x)

x <- seq(0,1,by=0.01)

y <- sinusovka(x) + 0.lxrnorm(101)
Majme penalizovany regresny model [PRM1]

1.1) Je vysSie uvedeny model identicky s modelom [IM2]

y Xam 02.2 02k )
y 1 x S c P (0k+2) ph+eXe (\/XR)’ P <°k><2 S ’
0 |=xpx= 0 0 x" |,8"= ?

a
0 0 0 1/ w (1. ') i . il x) =
kde Xam = (1«:x:S) je penalizovana Cast matice planu, (S); = ¢ (x;, x;)
1.2) Pre¢o musi byt matica planu v podobe X v modeli IM1 alebo X* v modeli % X —x[°, Sp =R"Ra+vARje penalizovana ¢ast matice planu. Potom
IM2? penalizovanu sumu Stvorcov budeme pisat v tvare SSpen =
1.3) Ako vypoéitame odhady 3 a 3*? [napisat vzorec] Akt funkciu v R na to (Y = XamB) " (¥ — XamB) + AB"SpB =Yy — 28" X{nY + BT (XimXam + ASp)B.
pouzijeme?

1.4) V akom vziahu je odhad y k realizaciam y?

Stanislav Katina Stanislav Katina

Example 2 Example 2
Interpolacny a vyhladzovaci regresny splajn Interpolacny a vyhladzovaci regresny splajn

Pozn.: Po derivovani SSyen podia (3 a poloZeni tejto prvej derivacie rovné Graf bude vyzerat podobne ako nasledujuci.

nule, dostaneme (X}, Xam -+ ASp)B = XJy, kde 3 = (X Xam + ASp) "Xy,
“hat” (projekéna) matica A = Xgm(XJmXam + ASp) ™' XJ,, a potom y = Ay. |

EfektivnejSie je pouzit funkciu 1m (yp~xp-1) pouzitim vektora yp a matice

Xp z modelu PRM1 (funkcia 1m () pouziva na vypocCet QR rozklad a nie

maticu A—pozri prednasky z numerickej matematiky).

2.1) Pouzitim IM1 naprogramujte v R funkciu na vypocCet intepolacného sz sy i
splajnu pre data y a odhadnite y. Vysledky skontrolujte pouzitim funkcie 7 A
spline (x,y,method = "natural"). Nakreslite rozptylovy graf (x;, y;)
spolu s krivkou (x;, ;). Pouzite funkcie plot (x,y), lines (x,y).

2.2) Pouzitim PRM1 naprogramujte v R funkciu na vypocet penalizovaného
regresného splajnu pre data y a odhadnite y pre A = 4.774251 x 10~%.
Vysledky skontrolujte pouzitim funkcie smooth.spline (x,y,all.knots
= TRUE) a porovnajte s polynomickym regresnym modelom 12-teho stupna Obrazok: Model y; = sin(27x?)® + ¢, kde e ~ 0.1 x N(0.1),n = 101;
(pouzite funkciu 1m (y~poly (x,12))). Nakreslite rozptylovy graf (x;, y;) ' ' ’
spolu s krivkou (x;, ;). Pouzite funkcie plot (x,y), lines (x,y).
Pomadcka: odmocninu matice Sp vypocitame pomocou SVD

eigen (Sp, symmetric=TRUE)

¥y
-1.0 -05 00 05 10
¥y

¥y
410 05 00 05 10

LA S B S T T T T T
00 02 04 06 08 10 00 02 04 06 08 10

x x
polynom 12-teho stupna Wyhladzovaci regresny spiain

interpolaény splajn (viavo hore), polynomicky regresny model 12-teho stupfia
(vlavo dole), vyhladzovaci regresny splajn (A = 4.774251 x 10~%, vpravo
hore a dole)

2.3) Popiste rozdiel medzi odhadmi IM1 a PRM1.
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Example 3
Interpolacny splajn

Example (DU 3)

Majme interpolaény model [IM1] a krivku X definovand bodmi (xj(”,xj(z)), kde
j=1,2,..k a X je matica rozmerov k x 2. Nech d¢ je vektor k chordalnych
(uhlovych) vzdialenosti, kde dg]) zodpoveda vzdialenosti bodov ()9(1)1,)(](3)1)

a (xj“),xj(z)) krivky X, j = 2,3, ...k; dg]) = 0. IM1 je pocitany pre (df,l]),xj“)) a

(d9),x?):j = 1,2, ...k osobitne; vizualizujeme krivku X s k odhadnutymi

bodmi, kde j-ty bod je rovny (x'V,%?), j = 1,2, ... k; > k. X sa nazyva
resamplovana interpolovana krivka X.

3.1) Pouzitim IM1 interpolujte symphysealnu krivku (k = 21; data symphysis) a
resamplujte jej odhadnuté body pre k; = 50. Pouzite pritom funkcie

"cumchord" <- function (X)

cumsum (sqgrt (apply ( (X-rbind (X[1,],X[- (nrow(X)),]1))"2,1,sum)));
CH <- cumchord(X); spline (CHD, ...,method="natural"); approx();
plot(...,asp=1,axes=FALSE); lines (); points (). (Nacitanie dat:

read.table ("symphysis.txt", header=TRUE)).

Stanislav Katina

Example 3
Interpolacny a vyhladzovaci regresny splajn

Graf bude vyzerat podobne ako nasledujuci.

PSS
R S SN

Obrazok: Interpolovana (k = 21; viavo) a resamplovana (k; = 50; vpravo)
symphysealna krivka

Stanislav Katina
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Example 4
Interpolacny splajn

Example (DU 4)
Majme interpolaény model [IM3; thin-plate splajn, TPS] (f : R? — R?)

Y S 1, X w
0o |=|1 0 o c” |,
0 XT 0 0 A

kde X = (x1,...x¢)" @Y = (y1,...yx)", (8); = ¢ (Xi—X)), ¢ (X) =
IxI310g (JIxI13). ¥ Ix]l, > 0, ak [|x|, = 0, potom ¢ (x) = 0. Potom
extrapolacia IM3 bude definovana ako Y, — X +/ x (X —Y), kde / € R.
4.1) Pouzite IM3 (pre /| = 0) a jeho /-nasobnu extrapolaciu (/ zvoite iubovoine) na

deformaciu koso$tvorca na deltoid (ich stradnice zvoite lubovoine). Pouzite poznamku
a programy uvedené na nasledujucich troch slajdoch. Naprogramujte v R.

4.2) Tranformujte $tvorec. Pouzite skosenie pozdiz osi x (A) a pozdiz osi y (B),
skosenie pozdiZ oboch osi (C), skosenie pozdiZ oboch osi kombinované so $kalovanim

pozdiz osi x (D) a pozdiz osi y (E). Zapiste pouzité transforma&né matice.

Naprogramuite v R. (tedria vid. slajdy o transfomaciach)
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Example 4
Interpolacny splajn IM3

Pozn. 1: TPS pouzivame aj ako zobrazovaciu metddu, kedy hovorime o
(ne)deformovanej Stvorcovej TPS sieti — kde ide o (nedeformovanu)
Stvorcovu sief pre model f : X — X a deformovanu $tvorcova sief pre model
f: X+—Y,. Ide v podstate o IM3 definovany pre vSetky uzly siete, kde

y; =f(x;),j =1,...nep; ne (cp znamena "crossing points”) je pocet uzlov
siete (je jednoduché model predefinovaf na (ne)deformovant obdiznikovu
TPS sief). V TPS f : X — Y, sa pouziju odhadnuté koeficienty W, ¢ a A na
interpolovanie uzlov siete. Jednotlivé uzly st potom pospajané (v smere
oboch osi pre rovnaké j) lokaine linearne (Usetkami) alebo interpolovanou
krivkou (pouzitim IM1 ako v DU 3).

Pozn. 2: Treba si uvedomif, Ze kosostvorcec a deltoid musia mat rovnaku
centroidovu velkost (CS) a musia byt optimalne rotované jeden na druhy
pouzitim optimalne znamienkovanej SVD (vid. slajdy o transfomaciach).

R-funkcie na vypocCet TPS siete su zobrazené na nasledujucich dvoch
slajdoch. Okrem nich pouzite aj funkcie plot (...,asp=1,axes=FALSE);
lines();points();arrows (..., length=0.1,1lwd=2)
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Example 4 Example 4

Interpolacny splajn IM3 Interpolacny splajn IM3

"tps2d" <- function(M, X, Y){
## M = uzly siete (pocet uzlov = n)
## X (vzor)

## Y (obraz) "tps.siet" <- function(X, Y, n){

k <- dim(X) [1]; n <- dim(M) [1] ## X (vzor)

P <- matrix(NAa, k, k) ## Y (obraz)

for (i‘ %n 1:k) { ## pocet uzlov siete = n

for (j in 1:k) { xm <- min(Y[,1])

r2 <- sum((x[i,] - X[3,])"2) ym <- min(Y[,2])

P[i,j] <- r2xlog(r2) } } xM <- max(Y[,1])

P[which(is.na(P))] <- 0 yM <- max(Y[,2])

Q <- cbind(1, X) rX <- xM - xm; r¥ <- yM - ym

L <- rbind(cbind(P,Q), cbind(t(Q),matrix(0,3,3))) a <- seq(xm - 1/5 % rX, xM + 1/5 % rX, length=n)

Y2 <- rbind(Y, matrix(0, 3, 2)) b <- seg(ym - 1/5 % rX, yM + 1/5 » rX, by = (xM - xm) » 7/(5 » (n-1)))
coefx <- solve(L) %x% Y2[,1] m <- round (0.5 + (n-1) % (2/5 % rX + yM - ym)/(2/5 » rX + xM - xm))
coefy <- solve(L) %x% Y2[,2] M <- as.matrix(expand.grid(a,b))

"fx" <- function(X, M, coef) { ngrid <- tps2d(M,X,Y)

Xn <flnLllmeric(n) plot (ngrid, cex=0.2, asp=1l, axes=FALSE, xlab="", ylab="")

for (i in 1:n){ ‘ ) N for (i in 1:m) lines(ngrid[(1l:n) + (i-1)=%n,])

W <- apply ((X-matrix (M[i,],k,2,byrow=TRUE)) "2, 1, sum) for (i in 1:n) lines(ngrid[(l1:m) * n-i+1,])

Xn[i] <- coef [k+1]+coef [k+2]«M[i,1]+coef [k+3]«M[1i,2]+sum(coef [1:k]+ (Wxlog(W))) } }

Xn }

Ytps <- matrix(NA, n, 2)
Ytps[,1]<-fx(X, M, coefx)
Ytps[,2]<-fx(X, M, coefy)
return (Ytps) }
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Example 4 Example 4

Interpolacny splajn Interpolacny splajn

Graf bude vyzerat podobne ako nasledujuci. ;
Grafy budu vyzerat podobne ako nasledujlce.
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Obrazok: Interpolacia koso$tvorca na deltoid pre / = 0 (hore) a | = 1 (dole);
zobrazenie pomocou vektorového pola (viavo) a deformovanej obdiznikovej Obrazok: Transforméacie
TPS siete (vpravo)
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Example 5
Transformacie v praxi

Example (DU 5)

Vieme, Ze uhol « (v radianoch) medzi dvoma vektormi v4 a v, vypocitame

ako cos*1(%). Majme tvar s k = 34 (semi)landmarkami (data face),

kde d = 2, ktorych suradnice su zapisané v matici X. Landmarky trichion I a
gnathion I3¢ tvoria Gsecku (14, Is1), ktora nie je rovnobezna s osou y.

5.1) Identifikujte uhol Usecky (l1,131) a osi y a rotujte tvar X tak, aby bola (4, I31)
orientovana rovnobeZne s touto osou, rotovanu tvar ozn. Xopt. Zobrazte obe tvére.
Pozn.: Naprogramujte v R. Najprv funkciu na vypocet uhla lubovoinej usecky a osi y.
Potom pouzite rotacnud maticu (definovanu na slajdoch o transfomaciach) na rotaciu
tvare do pozadovanej polohy. Vizualizacia (semi)landmarkov mdze byt vylepsena
pomocou Usediek, ktoré spajaju vybrané landmarky tak, aby sa zviditeinili vybrané
anatomické Casti tvare ako pery, nos, oci, oboCie a brada. Takato mnozina Useciek je
definovana v subore wireframe. txt, ktory pouzite na vizualizaciu. Koncové body
Useciek su tu definované pomocou 30tich ID riadkov z datového ramca face. txt.
Pouzite aj funkcie plot (...,asp=1,axes= FALSE); lines(); points().
(Nacitanie dat: read.table ("face.txt",header=TRUE)).

Stanislav Katina

Example 5
Transformacie v praxi

Obrazky budu vyzerat ako nasledujuce.

T T, — T
o e < e

Obrazok: Tvar pred (viavo) a po rotacii (vpravo)

Stanislav Katina
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Example 5
Transformacie v praxi

Example (pokrac.)

Majme tvar s k = 34 (semi)landmarkami (data face), kde d = 2, ktorych
suradnice su zapisané v matici X (priklad 5). Pouzite vhodne orientovanu
(optimalne rotovant) konfiguraént maticu X na preznaéenie lavych parovych
landmarkov na pravé a naopak pomocou permutacnej matice Q, potom
aplikujte transformaciu zrkadlenie okolo osi y (x?) s maticou zrkadlenia T,
tak, aby ste dostali maticu prezna¢enych a zrkadlovo simernych
suradnic X®) = QT,X.

_ o S e S e
L £ L
<= <= <>

Obrazok: Originalna tvar (viavo), preznadena a zrkadlovo stimerna tvar (v
strede) a obe tvare superponované (vpravo)

Example 6
Transformacie v praxi

Example (DU 6)

Majme suradnice k = 18 landmarkov ryby sumdcek Cierny (Ameiurus melas)
zapisané v matici X (data ryba). Rotacia ryby nie je spravna. Ako optimalna
sa javi rotacia do smeru najvacsej variability, ktory najdeme pomocou SVD
rozkladu kovarian¢nej matice Var(X), kde matica vlastnych vektorov
predstavuje rotadnt maticu (vid. slajdy o transfomaciach). Problémom v&ak
je, ak je os prvého hlavného komponentu oto¢ena o = rad (do opacného
smeru), t.j. ryba (Xopt) je otocena ventralnou stranou nahor. V tomto pripade
je potebné Xopt otoéit o —7 rad do spravneho smeru. Ako prostriedok sluzi
znamienko determinantu det(X ), kde riadky matice XA predstavuju tzv.
roz$itené suradnice vrcholov A(lz, 112,117) s doplnenou tretou suradnicou
rovnou 1, kde prvé dva body (tu apex Iz a bod zarezu chvostovej plutvy l12)
st body hlavnej osi tela a treti bod je fubovoiny bod v hornej polovici tela (tu
l17). Ak je toto znamienko zaporné, je nutné Xopt otogit o uhol —7 rad.
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Example 5
Transformacie v praxi

6.1) Otocte X do Xopt a v pripade potreby skorigujte smer orientacie (pomocou if v R
programe). Naprogramujte v R.

Pospajajte landmarky na obryse ryby a v zadnej Casti hlavy useckami kvoli vylepSeniu
zobrazenia. Pouzite funkcie eigen (var (X) ),sign(...) adet(...). Pouzite agj
funkcie plot (...,asp=1,axes= FALSE); lines (); points (). (Naclitanie dat:
read.table ("ryba.txt", header=TRUE) ).

6.2) PreCo zavisi smer orientacie matice Xqpt 0d znamienka det(X4 )? Ide o dosledok
doékazu vypoctu obsahu trojuholnika pomocou determinantu, kde zoradenie vrcholov

proti smeru hodinovych rucCi¢iek dava znamienko kladné a zoradenie vrcholov v smere

hodinovych rugiciek dava znamienko zaporné. Dokazte.

Obrazky budu vyzerat ako nasledujuce.

< g >

Obrazok: Ryba pred rotaciou (viavo), rotovana do smeru najvacse;
variability v opaCnom smere (v strede) a v spravnom smere (vpravo)
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Example 7
Transformacie v praxi

Example (DU 7)

Majme data gorf . dat, ktoré su v kniznici shapes a predstavuju suradnice
k = 8 landmarkov na lebkach n = 30 samic goril (Gorilla gorilla). VVrcholy XA
su landmarky ly, I a Is. Detaily o GPA najdete na slajdoch o transfomaciach.

7.1) Registrujte suradnice landmarkov gorf . dat do tvarového priestoru pomocou
zov$eobecnenej procrustovskej analyzy (GPA) a aplikujte algoritmus vypoctu rotacie do
smeru najvacsej variability z DU6. Pouzite funkciu procGPA (. . .) $rotated (GPA,
kde vystupom je pole rozmeru 8 x 2 x 30 procrustovskych tvarovych suradnic).

Obrazky budu vyzerat ako nasledujuce.

Obrazok: Lebka gorily pred rotaciou (viavo), rotovana do smeru najvaésej

variability v opaénom smere (v strede) a v spravnom smere (vpravo
Stanislav Katina

Example 8
Vyhladzovaci regresny splajn

Example (DU8)

Majme tvar (data face) z DU 5 optimalne rotovant a doplnent o jeden
landmark so suradnicami I35 = (1.933765, —41.093985) a nazvyme ho
pronasale, maticu oznaéme ako X. Ozn. Y maticu identicki s maticou X az
na suradnice bodu pronasale, I}, = (1.933765,50.000000). Majme
penalizovany regresny model [PRM3]

) 2= ( ):

Y
Y =
P < 0k3
kde Xgm = (14:X:S) je penalizovana &ast matice planu, (8); = ¢ (xi—x)),
¢ (x) = [1xI[31og (IxI}3), ¥ ]}, > 0. ak ||x]l, = 0, potom ¢ (x) = 0; Sp = R"R
a VAR je penalizovana éast matice planu. Potom penalizovant sumu
Stvorcov budeme pisat v tvare
SSpen = (Y = XamB)" (Y — XemB) + AB"SpB = Y'Y — 287X Y +
BT (XgmXam + ASp) 3.

de
VAR

03.3 03«

):Xpﬁ_'—e’XP:( Oxx3 S
X

Example 8

Vyhladzovaci regresny splajn

Pozn.: Po derivovani SSpen podia 3 a poloZeni tejto prvej derivacie rovné nule,
dostaneme (X[ Xam + ASp)B3 = X[ Y, odkial 3 = (X] Xgm + ASp)~'X] Y, "hat’

(projekéna) matica A = Xqm (X[ Xam + ASp) "X a potom Y = AY. Efektivnejsie je
pouzit funkciu 1m (Yp~Xp-1) pouZitim matic Yp a Xp z modelu PRM3.

8.1) Pouzitim PRM3 naprogramujte v R funkciu na vypocet penalizovaného regresného
splajnu pre data Y a odhadnite Y pre A = {103, 104,105,108 }. Zobrazte tvar X

Ciernou farbou a tvare ?A Cervenou. Okomentujte rozdiely medzi jednotlivymi ?A.
Pomécka: mierne modifikujte program z DU2

Obrazky budu vyzerat ako nasledujuce.

= ames S A s
& & @ 5
= = = -

Obrazok: Sekvencia tvari pre A = {10°,10*,10°,10°}
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Example 9
Analyza tvaru EEG — definicia Ul 10-10, 10-20 a 10-5 systému elekirod

Definition (10-20 systém)

Example 9
Analyza tvaru EEG — definicia Ul 10-10, 10-20 a 10-5 systému elekirod

10-20 systém je vytvoreny na zaklade vztahu medzi polohou elektrod a
oblastou mozgovej kéry leziacou pod nimi. Kazdy bod ma prisltichajuce
pismeno na identifikaciu laloka mozgu, ku ktorému patri a Cislo alebo iné
pismeno na identifikaciu lavej alebo pravej hemisféry. Pismena F, T, C, P a O
znamenaju po rade frontalny, temporalny, centralny, parietalny a
okcipitalny. Treba si uvedomit, Ze centralny lalok neexistuje, ale tento pojem
tu suvisi s identifikaciou polohy. Neparne éisla (1,3,5 a 7) prislichaju Javej
hemisfére a parne cCisla (2,4,6 a 8) pravej hemisfére. Pismeno “z”
prislicha elektréde umiestnenej v prostriedku krivky. Mensie Cislo identifikuje
elektodu blizsie ku mediannej rovine. Cisla 10 a 20 hovoria o 10% alebo 20%
vzdialenosti medzi jednotlivymi elektrodami z celkovej uhlovej (chordalnej)
vzdialenosti medzi pouzitymi referenénymi landmarkami nasion — inion na
mediannej referenénej krivke a lavy preauriculare — pravy preauriculare na
centralnej koronalnej referencnej krivke. Ide o systém ACNS (American
Clinical Neurophysiology Society) a je vysoko kompatibilny so systémom
navrhnutym IFCN (International Federation of Clinical Neurophysiology)

Stanislav Katina

Definition (Referencné landmarky)

@ nasion na pokozke (Nz): kolma projekcia bodu nasion na povrch
pokozky, kde nasion je definovany ako priese¢nik sutura nasofrontalis s
mediannou rovinou

@ inion na pokozke (Iz): kolma projekcia bodu inion na povrch pokozky,
kde inion je definovany ako bod leziaci na protuberantia occipitalis
externa v mieste, v ktorom sa spajaju obe lineae nuchae superiores

© tragion (preauriculare) viavo/vpravo (LPA/RPA) bod na hornom okraji
fragusu; ide o projekciu bodu auriculare na pokozku, kde bod auriculare
je najlateralnejsi bod leziaci na koreni jarmového obluka, kolmo nad
stredom porus acusticus externus; v Ul 10-10 systéme st LPA a RPA
body oznacené ako T9 a T10

Stanislav Katina

Example 9

Analyza tvaru EEG — definicia Ul 10-10, 10-20 a 10-5 systému elektrod

Example 9

Definition (Referencné landmarky—nespravne definicie bodu tragion)

@ depresia korera jarmového oblika anteriorne od tragusu v
preaurikularnej oblasti

© kolma projekcia centoidu $picky tragusu na jeho anteriérny korefi
© centroid oblasti hrany tragusu v okoli jeho $picky

© horny okraj porus acusticus externus kolmo nad jeho stredom, ¢o je v
podstate definicia bodu porion

Tabulka: Reliabilta bodov nasion, inion a auriculare v mm (cf. Katina a kol., 2012);
reliabilita vysoka — celkova chyba pod 2 mm, reliabilita stredna — celkova chyba [2,5)
mm, reliabilita nizka — celkova chyba nad 5 mm vratane

landmark osx osy osz celkovo reliabilita chyba
nasion 057 058 0.69 1.84 vysoka nizka

inion 129 9.91 5.69 16.89 nizka velka

lavy auriculare  3.29 9.56  4.64 17.49 nizka  velka
pravy auriculare  2.85 10.4  3.68 16.89 nizka velka

Stanislav Katina

Analyza tvaru EEG — definicia Ul 10-10, 10-20 a 10-5 systému elektrod

@ ddvodom vysokej reliability bodu nasion je jeho zaradednie do Typu 3b,
kde ide o priegec":nik nejakej pozorovanej krivky a mediannej roviny s
vysokou viditelnostou sutura nasofrontalis

@ s bodom nasion je vSak spojeny sexualny dimorfizmus a tento bod je na
kosti ale aj na lebke faZie rozpoznateiny u Zien kvéli mensiemu
zarezaniu korena nosa; preto reliabilia bodu nasion na pokozke méze
byt horsia prevazne v smere osi y

@ na rozdiel od bodu nasion ma inion nizku reliabilitu (aj napriek
zaradenia do Typu 3b) kvéli nizkej viditelnosti (zachovalosti) oboch
lineae nuchae superiores; problém mdze nastaf u Zzien a u muzov, ktori
nemaju dobre vyvinutl protuberantia occipitalis externa; Ak su vysSie
spomenuté anatomické $truktury cez pokozku malo zreteiné, je
potrebné ich polohu odhadndt pomocou okolitych anatomickych Struktar
ako napr. uponov musculus trapesius

@ bod auriculare je hybridom Typu 4 a Typu 6 (Typ 4: (semi)landmarky
chrbtovej (hrebenovej) krivky a symetrickej krivky (v mediannej rovine));
Typ 6: skonstruované (semi)landmarky)
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Example 9

Example 9

Analyza tvaru EEG — definicia Ul 10-10, 10-20 a 10-5 systému elekirod

@ naviac reliabilita bodov inion a auriculare je skomplikovana ich
projekciou na pokozku, &o ich viditeinost vyrazne znizuje v zavislosti od
hrabky pokozky

@ bod auriculare sa preto nahradza bodom preauriculare (tragion)

@ problémy nastavaju v pripade nespravneho pochopenia definicie alebo
pouzitia inej nespravnej definicie, kedy ide o systematicku chybu
merania, t.j. chybu z odliSnej aplikacie techniky merania (rozne
pochopenie definicie meranej miery), intraindividualnu a
interindividualnu chybu (iné drzanie pristroja, iny tlak aplikovany pri
merani, ina orientacia hlavy pri merani a pod.)

@ na zaklade vy3sie spomenutého je nutné konstatovat, ze je potrebné
striktne dodrziavat zauzivané antropologické definicie
anatomickych landmarkov podia Farkasa (1994); Fettera (1967);
Brauera (1988); Martina, Sallera (1957); Kuzelku (1999) a Drozdovej
(2004)
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Analyza tvaru EEG — definicia Ul 10-10, 10-20 a 10-5 systému elekirod

Definition (Sekvenény postup odhadu polohy elektéd EEG)

@ Stanoveniu referenénych (hlavnych, centralnych) kriviek, kde ide o
krivky definované ako prienik povrchu pokozky hlavy s rovinou uréenou
troma uzlovymi bodmi (uzlovymi landmarkami)

© krivky st nasledne delené na ekvidistantné tseky dalsimi bodmi,
ktoré nazyvame semilandmarky (ide o Typ 4: (semi)landmarky
chrbtovej (hrebenovej) krivky a symetrickej krivky (v mediannej rovine),
kde je ale potrebné dodefinovat tuto skupinu o (semi)landmarky
pozorovanej krivky)

© Systém odhadovania kriviek je sekvenény, t.j. najorv sa odhadne 1)
medianna referenéna krivka, potom 2) centralna koronalna
referenéna krivka, dalej 3) 10% axialna referenéna krivka a nakoniec
Sest koronalnych referenénych kriviek — 4) frontalna koronalna krivka,
5) fronto-centralna/temporalna koronalna krivka, 6)
temporo/centro-parietalna koronalna krivka, 7) parietalna
koronalna krivka, 8) anterio-frontalna koronalna krivka, 9)
parieto-okcipitalna koronalna krivka a 10) 0% axialna referencna
krivka
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Example 9
Analyza tvaru EEG — definicia Ul 10-10, 10-20 a 10-5 systému elektrod

Example 9

Analyza tvaru EEG — definicia Ul 10-10, 10-20 a 10-5 systému elektrod
a b C: e Cz Cz
d e f 9

Obrazok: Sekvencia vypoétu suradnic (semi)landmarkov
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Obrazok: Ul 10-20 systém pozicii elektrod EEGs k = 81 elektrodami
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Example 9
Analyza tvaru EEG — definicia Ul 10-10, 10-20 a 10-5 systému elekirod

Example 9
Analyza tvaru EEG — definicia 10-10, 10-20 a 10-5 systému elektrod
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Obrazok: Ul 10-20 systém pozicii elektrod EEG s k = 19 elektrédami
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Obrazok: Ul 10-5 systém pozicii elektrod EEG s k = 329 elektrodami
[¢ierna farba—pozicie v 10 — 20 systéme (viavo), pozicie v 10 — 10 systéme
(vpravo)]
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Example 9

Analyza tvaru EEG — definicia 10-10, 10-20 a 10-5 systému elektréd

Example 9
Analyza tvaru EEG — definicia Ul 10-10, 10-20 a 10-5 systému elektrod

Obrazok: Ul 10-5 systém pozicii elektrod EEG s k = 329 elektrodami
[Cierna farba—pozicie v 10 — 10 systéme]
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@ ak zaznamenavame detailnej$ie EEG s viacerymi elektrodami dalSie
elektrédy su pridavané do priestoru medzi uz existujicimi elektrodami
10-20 systému

@ tento modifikovany systém je komplikovanejsi a dal vznik MCN
(Modified Combinatorial Nomenclature)

@ Ul 10-20 systém je prostriedkom na registraciu (Okamoto a kol., 2004;
Okamoto, Dan, 2005) landmarkov na povrchu pokozky hlavy do
Standardizovaného stereotaktického suradnicového systému
mozgu ako je MNI (Montreal Neurological Institute; Brett a kol., 2002;
Friston a kol., 1995) alebo Talairach systém (Talairach a kol., 1988)
bez pouzitia MR (magnetic resonance) obrazu sledovaného Cloveka

@ tento system je akousi konvenciou tomografickych zobrazovacich
technik mozgu ako napr. fMRI (functional Magnetic Resonance
Imaging) a PET (Positron Emission Tomography) a je zakladom
registracie fNIRS (near-infrared spectroscopy) a TMS (transcranial
magnetic stimulation) dat do tvarového priestoru, v ktorom sa nachadza
vzor mozgu (brain template), a tym sa stava jednotnym zakladom pre
vSetky zobrazovacie techniky mozgu v neorologickej komunite vedcov
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Example 9
Analyza tvaru EEG — definicia Ul 10-10, 10-20 a 10-5 systému elekirod

Obréazok: Standardizovany vzor (template) MNI152 (ICBMI152;
International Consortium for Brain Mapping)
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Example 9
fMRI

Obrazok: fMRI
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Example 9
Interpolacny a vyhladzovaci regresny splajn

Example

Nech X je projekcia suradnic k = 19 pozicii elektrod v Ul 10-20 systéme do
kruhu v rovine, ktorého hranice tvoria landmarky inion, lavy preauriculare,
nasion a pravy preauriculare (vid. obrazok). Nech y je elektricky signal
merany na tychto k = 19 elektrédach. Majme penalizovany regresny model

[PRM2]
)5 ):

_ y
P = ( (1 P

kde X4m = (14:X:S) je penalizovana &ast matice planu, (S), = ¢ (xi—x)),

¢ (x) = [IxI[3log (IxI}3), ¥ I}, > 0, ak ||x]l, = 0, potom ¢ (x) = 0; Sp = R"R
a VAR je penalizovana éast matice planu. Potom penalizovant sumu
Stvorcov budeme pisat v tvare

SSpen = (¥ = XamB)" (¥ — XamB) + AB'SpB = y'y — 287X}y +

ﬂT(X;-dem + )\SP)ﬁ

xdm
VAR

0543 03«

)ZXP6+6’XP:( Okxs S
X

Example 9
Analyza tvaru EEG — 10-20 systému elektréd

Pozn.: Po derivovani SSyen podia 3 a poloZeni tejto prvej derivacie rovné
nule, dostaneme (X7, Xam + ASp)3 = Xy, odkial

B = (X} Xam + ASp)~'X].y, "hat” (projek&na) matica

A = Xgm(X] Xam + ASp) X[, @ potom y = Ay. Efektivnejsie je pouzit
funkciu 1m (yp~Xp-1) pouzitim vektora yp a matice Xp z modelu PRM3.

FP1  FP2 1 2
F7 F3 g, F4 F8 1M 3 47 4 12
T3 C3 Cz C4 T4 13 5 18 6 14

15 P3 P2 P4 16

01 02 9 10

channels labels

Obrazok: Ul 10-20 systém pozicii elektrod EEG s k = 19 elektrédami
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Example 9 Example 9
Analyza tvaru EEG — 10-20 systému elektréd Analyza tvaru EEG — 10-20 systému elektréd

Majme interpolaény model [IM2; thin-plate splajn, TPS] (f : R? — R)

y S 1, X w
o|=1 0 o0 c |,
0 X" 0 o a

I

o = N w

! kde X = (x1,.. %) @y = (v1,--yi)» (8); = 6 (x1-%,), 6 (x) =
- Ix||2 log (Hx||§), v [Ixl, > 0, ak ||x]|, = 0, potom ¢ (x) = 0. Tento model by

bolo mozne aplikovat na data z Prikladu 9, avSak v praxi sa predpoklada
vyskyt odlahlych pozorovani kvéli napr. moznym nedolahnutym elektrodam k
pokozke hlavy. Preto je lepsie pouzit PRM2.

e NEEEEENEREERRC]

o

Obrazok: TPS siet farebnych Stvoruholnikov s farbami korespondujucimi Problém: Su jednotlivé pozicie elektrod systému Ul 10-20 nejakého subjektu
vyhladenym hodnotam plochy superponovanymi konttirami (pouzitim biologicky a geometricky homologické ku §tandardizovanému vzoru MNI152?
optimalnej A vypocitanej pomocou GCV) [Neberieme do Uvahy $tyri landmarky.]

NIE !
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Statisticka analyza tvaru a obrazu

Interdisciplinarny pristup
postaveny na matematickych a Statistickych zakladoch

Stanislav Katina

"Ustav matematiky a statistiky
Prirodovédecka fakulta
Masarykova Univerzita v Brne

Tento u€ebni text vznikl za pfispéni Evropského socialniho fondu a statniho rozpoctu
CR prosttednictvim Operaéniho programu Vzdélavani pro konkurenceschopnost v ramci
projektu Univerzitni vyuka matematiky v ménicim se svété (CZ.1.07/2.2.00/15.0203).
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Shape Analysis—Interdisciplinary View

Stanislav Katina

Shape Analysis Vision ~ My Partial Research Tree

j Statistical Shape Analysis
ﬂ, -
—_—

Multivariate Spline Modelling Traditional and Geometric Morphometrics

\ Evolutionary anthropology: skull & other bones
Clinical anthropology:

UCLP, schizophrenia & VCFS

\ Allometry and eco-morfology of fishes

R

Multivariate Statistical Analyses «——— : 1 Image Analysis
[

| 30 | :
Generalization of PCA, PLS & DA * 2 U BT A el
Multivariate permutation & bootstrap testing |

Multivariate Fourier Analysis of Spatial Curves Electroencephalography

Statistical Modellmg

r models
egression models

\poral modelling of EEG & VCG

2D/3D computer graphics

Analyza obrazu
Digitalny obraz

Definition (Digitalny obraz — definicia)
Digitalny obraz / je dvoj-dimenzionalna funkcia prirodzenych Cisel vratane
nuly No x No do moznych hodnét intenzity z mnoziny P, teda

l: N2 - P; kde u,v € Ny a l(u,v) € P.

Velkost obrazu je charakterizovana jeho $irkou M (pocet stigcov) a vyskou

N (pocet riadkov) obrazovej matice I, kde Umax = M — 1, Vmax = N — 1 a
rozmery obrazu su M x N pixelov (obrazovych elementov). Cisla M, N su

zvy&ajne rovné 2X, kde k sa nazyva bitova hibka. Obrazovy stradnicovy
systém sa riadi nasledovnymi zasadami

@ y-ové suradnice idu zhora dole,

© stred suradnicovaj ststavy je bod (u = 0, v = 0) leZiaci v lavom hornom
rohu.
Potom transformacia z obrazovej do kartezianskej suradnicovej ststavy bude
nasledovna /(u,v) — I(N — 1 — v, u).
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Definition (Typy digitalneho obrazu)

@ Obraz v odtienoch sivej — obraz pozostavajlci z jedného komponentu
reprezentovaného intenzitou (nazyvanou aj jas alebo hustota), ktore;j
hodnoty patria mnozine {0, 1,...2% — 1}, zvy¢ajne 2X — 1 = 255;

(k = 8) bitov (1 byte); 0 reprezentuje minimalny jas (€ierna farba) a
255 the maximalny jas (biela farba).

Binarny obraz — obraz, ktory je Specialnym typom obrazu v odtieni
sivej, kde intenzita méze nadobudaf dve hodnoty nula a jedna (na pixel)
a koduje farby ¢ierna a biela.

RGB farebny obraz — obraz zlozeny z troch komponentov nazyvanych
aj primarne farby—c¢ervena, zelena a modra (RGB); typicky
zaberajlce k = 8 bitov pre kazdy farebny komponent.

Stanislav Katina
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Definition (RGB farebny obraz)

RGB je aditivny systém farieb, Co znamena, Ze vSetky farby su vytvarané
pridavanim primarnych farieb k zakladnej Ciernej farbe. RGB m6zeme
vizualizovat ako troj-dimenzionalnu jednotkovi kocku (RGB kocka), kde osi
tohoto systému nazyvame osi primarnych farbieb. Rozsah RGB hodn6t je
[0, Crnax]- Kazda mozna farba koreSponduje bodu C; v RGB kocke

C = (R,-, G,-,B,-), kde 0 < R;, Gj, B < Crax-

Rovinné usporiadanie farieb v skutoénom farebnom RGB obraze —
jednotlivé farebné komponenty lezia v separatnych maticiach rovnakych
rozmerov a funkcia intenzity ma tvar I = (Ir, I, Is). Potom RGB farebny

obraz I je pole M x N x 3 typu | = (Izilgils), kde Ir, lg, a Iz sG M x N matice.
Element (u, v, ¢) pola je definovany ako /;(u,v), kdec =R, GaB
komponent. RGB metrika (vzdialenost) nezodpoveda nasmu zrakovému
vnimaniu, t.j. RGB metrika a zrakové vnimanie su neproporcionalne.
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Definition (Transformacia RGB farieb do sivej skaly)

Vysledkom transformacie RGB farieb do sivej Skaly je iluminacia (jas) v
sivej Skale definovana ako

R+G+B

Yy =Avg(R,G,B) = 3

Kedze ervené a zelend st vnimané ako ovela jasnejsie ako modra, vysledny
obraz sa ném bude zdaf tmavy v éervenych a zelenych oblastiach a priliz
svetly v modrych. Preto je potrebné zaviest vazent iluminaciu (jas) v sivej
Skale

Yy = Lum(R, G, B) = wgR + wsG + wgB,
kde wg = 0.2125, wg = 0.7154, and wg = 0.0720 su odporucané vahy.
Bezfarebny (sivy) obraz definujeme ako obraz, kde kazdy RGB komponent
ma rovnaku hodnotu, t.j.

R Yy
G | — | Y
B ) Yq

lg(u,v) = ) , kde Yy = Lum(R, G, B).

L sesevkaa
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Definition (Obrazovy histogram)

Obrazovy histogram je histogram popisujuci pocetnosti hodnét intenzity
(jasu) obrazu. Histogram h obrazu v odtiefioch sivej / s hodnotami intenzity
I(u,v) € [0,K — 1] obsahuje K hodndt, kde pre typicky 8 bitovy obraz

K = 28 = 256. Jednotlivé zlozky histogramu st definované ako

h(i) = pocet pixelov v I s intenzitou i, pre vSetky i € [0, K — 1],
h(i) = card {(u, v)|l(u,v) =i, € P}.
Interpretacia:
@ expozicia — pod- a preexponovany obraz, dobre exponovany obraz,

© kontrast — rozsah hodnét intenzity pouZity v danom obraze;
plnokontrastovy obraz—efektivne pouziva celkovy mozny rozsah
hodnét intenzity a € [amin, @max] alebo {0, 1,... K — 1} (Cierna—biela)

© dynamicky rozsah — podet rozdielnych hodnét intenzity v obraze
(idealne vSetkych K hodnét); pokial mame a € [amin < @iow, @high < amax]
maximalne mozny dynamicky rozsah je mozné dosiahnuf pouzitim
vSetkych moznych hodnét intenzity
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Definition (Chyby alebo artefakty obrazu)

@ chyby saturacie — idealne by mal byf rozsah kontrastu senzora vaési
ako rozsah intenzity svetla snimanej sceny, potom by bol histogram
hladky na oboch koncoch; realita — Casto lesklé alebo tmave plochy;
histogram je saturovany na koncoch; signifikantné hroty na koncoch
pri pod- a preexponovanych obrazoch

chyby transformacie — idedlne je rozdelenie intenzity hladké globalne
ako aj lokalne; realita — zriedka v originalnom obraze, ale ¢asto v
transformovanom obraze; zvySovanie kontrastu vedie ku separacii
hodnét intenzity (diskretizacii; tvorbe dier); zniZovanie kontrastu vedie
ku zlu€ovaniu hodnét intenzity, ktoré boli predtym rozdielne
(diskretizacia; tvorba hrotov)

© chyby kompresie — napr. pgc“:as kompresie do GIF je dynamicky
rozsah redukovany na niekolko hodnét intenzity (kvantovanie farieb),

tzv. liniova Struktira histogramu

© chyby individualnych komponent — v iluminaénom histograme (hist.
intenzity sivej farby) neviditelné chyby, ktoré sa objavia v histogramoch
jednotlivych komponent (presaturovanie modrého komponentu)
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Definition (Bodové operacie)

Homogénna bodova operacia (globalna) — modifikacia intenzity bez zmeny
velkosti, geometrie alebo lokalnych Struktur obrazu. Hodnoty intenzity a su
transformované na nové hodnoty a’ pouzitim funkcie f(a),

a' « f(a) alebo I'(u,v) < f(I(u,v)), pre ¥ (u,v),

kde f(-) je nezavisla na suradniciach (u, v), t.j. je vSade rovnaka, napr.
@ globalna transformacia intenzity (jasu), kontrastu alebo farby
© globalne kvantovanie obrazu a thresholding
Avsak funkcia g(-) ako nehomogénna bodova operacia (lokalna) berie do
tvahy aj suradnice (u, v), ale netransformuje ich na iné; t.j.

a' < g(a,u,v) alebo I'(u,v) + g(I(u,v),u,v).

Napr.
@ lokalna transformacia intenzity (jasu), kontrastu alebo farby
©@ lokalne kvantovanie obrazu a thresholding
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Definition (Linearne bodové operacie)

Linearnu bodovu operaciu definujeme ako
fio(@a) =k -a-+/1,

kde k je nejaka Skalovacia konstanta intenzity and / je aditivna
vyrovnavacia konstanta intenzity obrazu.

Saturacné (urezavacie, winsorizacné) podmienky definujeme nasledovne
@ akfio(a) <0, potom fis(a) =0 (if (a < 0) a <- 0)
Q akfi,(a) > K —1potom fio(a) =K — 1 (if (a > K-1) a <- K-1)

Analyza obrazu

Bodové operacie

Definition (Aditivne vyrovnavanie obrazu)
Aditivne vyrovnavanie obrazu: nechk =1,/ € Z, |l[| < K — 1
fio(a) = a+1,

kde

@ | < Z, pretoze chceme, aby intenzita bola kvantovana z {0,1,...K — 1}
@ |/| < K —1, pretoze inak by bola intenzita mimo povoleného rozsahu
© ak/ > 0, potom transformovany obraz bude svetlej$i ako povodny
© ak/ < 0, potom transformovany obraz bude tmavsi ako pévodny

© | predstavuje posun histogramu dolava alebo doprava
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Definition (Skalovanie obrazu)

Skalovanie obrazu: nech/ =0ak > 0, potom
fio(@) =k - a,

kde
@ K > 0, pretoZe fijo(a) musi byt kladné

Q nieje nutné, aby k € Z, pretoze by sme mali len velmi malo
pouzitelnych moznosti

© npraktické zaokrahlovanie (v pripade potreby) fi,(a) = |k - a + 0.5]

© ak k > 1, potom intenzita fi,(a) pokryje $ir$i interval hodnét ako a

@ ak k < 1, potom intenzita fi,(a) pokryje uZsi interval hodnét ako a

© skalovanie natahuje alebo stlac¢a histogram v smere osi x
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Definition (Negativ obrazu)

Negativ obrazu: nech k = —1a/ =K — 1, potom
fio(a) = —a+ (K —1),
kde

@ skalovanie pouzitim k = —1 spdsobi reverziu (flip) histogramu v
smere 0si X

© additivna konstanta / = K — 1 spdsobuje, Ze vsetky transformované
hodnoty su kladné a patria do povoleného rozsahu

Definition (Autokontrast)
Autokontrast:

a — Ami
K — Smax min

fio(@) =k -(a—c)+1/, kde | = amin, ¢ = ajow,
Anigh — dlow

, 8low 7 @high,

a intenzita je modifikovana tak, aby jej hodnoty pokryli cely mozny
rozsah povolenych hodnét.
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Definition (Thresholding)

Thresholding je Specialnym typom kvantovania obrazu, ktoré separuje
intenzitu do dvoch tried v zavislosti na prahovej konstante ay,. Prahova
funkcia finresnoia (@) kategorizuje pixely do dvoch skupin, ktorym zodpovedaju
hodnoty intenzity ap a a4, nasledovne

ap prea< ap

a, prea>ap ’ kde 0 < a < a@max

fihreshold(a) - {

Typickymi aplikaciami su

0 binarizacia intenzity obrazu s hodnotami ap = 0a a; = 1, ktora vRr

bude vyzerat nasledovne
al[which(a < a.th)]

<- 0;alwhich(a >= a.th)] <- 1.

©@ thresholding je najefektivnejsi pri bimodalnom histograme —
charakterizuje objekt a pozadie majlce réznu priemernu intenzitu —
tmavy objekt a svetlé pozadie alebo svetly objekt a tmavé pozadie

© ciel — separovat objekt od pozadia alebo najst obrys objektu

Example 10

Digitalny obraz

Example (R logo)

Majme R logo @ (rozmery 77 x 101 pixelov)—ulozené ako PPM (Portable
Pixel Map, portable pixmaps). Aj napriek tomu, Ze ide o neefektivny format
rastrovaného obrazu, je velmi jednoduchy z hladiska spracovania obrazu, a
preto sa ¢asto pouziva.

0 Nacitajte a zobrazte toto logo M v R.

9 Inveretujte R (¢erveny) komponent obrazu M.

e Inveretujte G (zeleny) komponent obrazu M.

0 Inveretujte B (modry) komponent obrazu M.

@ Zvyraznite R komponent obrazu M.

0 Odstrarite zeleny komponent obrazu M.

o Transformuijte M do sivej Skaly.

© Zvyraznite kontrast M v sivej Skale pomocou funkcie f(a) = ak, k = 2.

Stanislav Katina
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Riesenia:
o kniznica 1ibrary (pixmap), prikaz
M <- read.pnm(system.file("pictures/logo.ppm",
package="pixmap") [1])

©Q M1 <- M; Mlered <- 1-Mered; plot (M1)
Q< m;
Qv - v
Qv - v;
QM < v
G’ M1l <- as (M, "pixmapGrey") ;

Q m2 < m1;

Mlegreen <- 1l-Me@green; plot (M1)
Ml@blue <- 1-M@blue; plot (M1)

Mlered <- 0.5 + Mered/2; plot (M1)
Ml@egreen <- matrix(0,77,101); plot (M1)
M2 <- M1l; plot (M2)
(M2@grey) "2;

M2@grey <- plot (M2)

Obrazok: Bodové operacie s obrazom R loga

Stanislav Katina
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Example (Binarizacia lastury)
Majme lasturu (Mitilus sp.) ulozenu ako PPM.
@ Nagitajte obraz lastury M v R.
© Transformujte M do sivej $kaly a zobrazte pouzitim funkcie plot ().
© Binarizujte obraz M pri thresholde 0.1 a vypoditajte podet pixelov lastury.
© Binarizujte obraz M pri thresholde 0.3 a vypoditajte podet pixelov lastury.
© Binarizujte obraz M pri thresholde 0.9 a vypogitajte pocet pixelov lastuiry.
RieSenia:
G’ library (pixmap) ; M <- read.pnm("mytilus.ppm")

‘9 M <- as (M, "pixmapGrey") ;
scale image")

M1l <- Megrey plot (M, main="Grey

‘; M1 <- Megrey; Megrey[which(Ml >= 0.1)] <- 1; a.th <- .1
Megrey [which (M1 < a.th)] <- 0
plot (M,main="Binary image, threshold =
length (Megrey [which (M1 < a.th)])

0.1m)
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Grey scale image

Binary image, threshold = 0.3

Binary image, threshold = 0.1 Binary image, threshold = 0.9

Obrazok: Lastara Mytilus sp. v sivej $kale (viavo hore) a binarizovana pri
réznych hodnotach konstanty ay, = 0.1,0.3,0.9

Stanislav Katina
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Example (Binarizacia lastury, pokrac.)

Majme lasturu (Mitilus sp.) ulozenu ako JPEG.
@ Transformujte obraz z formatu JPEG do formatu PPM.
© Nagitajte obraz lastury M v R.

© Transformujte M do sivej $kaly a zobrazte pouZitim funkcie image () .
Pozn.: Treba si uvedomit, Ze Pixel Aspect Ratio (PAR), kde PAR je
rovné pomeru $irky a vysky pixela, nemusi byf rovné jednej, ale napr.
2/3, 3/4 alebo 9/16, Co sa da Jahko osetrit pomocou argumentu
asp=PAR vo funkcii image (). Funkcia plot () priamo nacitava PAR
zo suboru PPM, a preto tato korekcia nebola potrebna. PAR je pre
lastdru rovny 9/16. Na zobrazenie M pouzite vSetky mozné odtiene sivej
(8-bitova skala sivej).

o
o

Na zobrazenie M pouzite len tri odtiene sivej (2-bitova Skala sivej).

Na zobrazenie M pouzite len dva odtiene sivej (1-bitova sSkala sivej,
monochromaticky obraz).

© Zobrazte M pouzitim funkcie contour () bez korekcie PAR.
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RieSenia:
G’ library (pixmap) ; library (rimage)
shell ("convert mytilus.jpg mytilus.ppm")
‘9 M <- read.pnm("mytilus.ppm")

e M <- as (M, "pixmapGrey")
image (t (Megrey [dim (Megrey) [1]:1,]),col=grey(0:255/255),
asp=9/16,axes=FALSE, main="Gray-scale: 8-bitsg")

o
o
o

image (t (Megrey [dim (Me@grey) [1]:1,]),col=grey(0:3/3),
asp=9/16,axes=FALSE, main="Gray-scale: 2-bitg")

image (t (Megrey [dim (Me@grey) [1]:1,]),col=grey(0:1/1),
asp=9/16,axes=FALSE, main="Monochrome: 1-bits")

contour (t (Megrey [dim (Megrey) [1] :1,]) ,axes=FALSE)
title (main="Contour plot™")

Stanislav Katina
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Gray-scale: 8-bits Monochrome: 1-bits

Gray-scale: 2-bits

Obrazok: Lastura Mytilus sp. v 8-bitovej sivej $kale (viavo hore), v 2-bitovej
sivej Skale (viavo dole), v 1-bitovej sivej $kale (vpravo hore) a konturovy obraz
pouzitim nespravneho PAR
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Example (Hmyzie kridlo, histogram intenzity a extrakcia suradnic landmarkov)

Majme hmyzie kridlo ulozené ako JPEG.

©

Nacitajte obraz kridla M v R.
Transformujte obraz z formatu JPEG do formatu PPM.

Transformuijte M do sivej Skaly, zobrazte histogram intenzity M a zobrazte
M pouzitim funkcie plot ().

o
o
@ Zvyraznite kontrast M v sivej $kale pomocou funkcie f(a) = a*, k = 3,

zobrazte histogram intenzity M a zobrazte pouzitim funkcie plot ().
© Pouzitim funkcie 1ocator () lokalizujte 5 landmarkov (vid. obrazok),
oznacte ich ako + a extrahujte ich suradnice. Do obrazku dopiste Cisla
landmarkov 1 — 5.

o

Lokalizujte hranice &asti kridla (vid. obrazok) ako landmarky 6 — 10
pouzitim funkcie locator () a vykreslite polygon vnutri konvexneho
obalu tychto landmarkov pomocou funkcie polygon () .

o

Co sme pri extrakcii landmarkov zanedbali?

Stanislav Katina
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Riesenia:

G’ library (pixmap) ; library (rimage)
M <- read.jpeg("wing.jpg")

G’ shell ("convert wing.jpg wing.ppm")
M <- read.pnm("wing.ppm")

G’ M1 <- M; M1l <- as (M1, "pixmapGrey")
hist (Mlegrey)
plot (M1,main="Grey scale image")

c, Mlegrey <- (Mlegrey) "3
hist (Megrey)
plot (M,main="Grey scale image brightness modified")

e plot (M)

lok <- locator (5, type="p",pch=3)
text (lok,pos=2, labels=1:5)

‘) lok <- locator (5,type="1")
polygon (lok,density=12)
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Histogram of M@grey Histogram of M@grey
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Obrazok: Histogramy (prvy riadok viavo) a obrazy v sivej $kale,
modifikovanej sivej $kale (druhy riadok viavo) obrazu hmyzie kridlo a obraz
hmyzie kridlo v sivej $kale s lokalizovanymi landmarkami (vpravo)
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Example (Sanka, negativ obrazu a extrakcia suradnic landmarkov)

Majme sanku ulozenu ako JPEG.
0 Nacitajte obraz sanky M v R.
9 Transformujte M do sivej Skaly a zobrazte M pouzitim funkcie plot ().

Q Invertujte obraz M v sivej Skale (vytvorte negativ obrazu) a zobrazte pouzitim
funkcie plot ().

0 Pouzitim funkcie locator () odmerajte vzdialenost 1cm.

@ Pouzitim funkcie locator () lokalizujte 10 landmarkov (vid. obrazok), oznaéte
ich ako o. Preskalujte extrahované suradnice na spravnu mierku.

RieSenia: 1ibrary (rimage)

o M <- read.jpeg("jawd.jpg")

9 M <- rgb2grey (M) ; plot (M)

Qv <- 1- M; plotm)

Q 10k <-
locator (2, type="0o",pch=8,1lwd=2,col="grey60", lty="11")
scale.one <- sqgrt(sum(diff (loks$x) "2+diff (lokSy) "2))

e b <- locator (10, type="p")
conf.mat <- rbind(bs$x,bSy)/scale.one
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Original image

Grey scale image Inverted grey scale image

p 4

Obrazok: Obrazok sanky v RGB $kale (prvy riadok viavo), v sivej $kale
(prvy riadok v strede), negativ obrazu v sivej Skale (prvy riadok vpravo) a
negativ s lokalizovanymi landmarkami (druhy riadok)
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Definition (Automaticka extrakcia uzavretych obrysov a refazové kédovanie)

Objekt v rovine je reprezentovany jeho vnutrom a obrysom. Obrys mézeme
automaticky extahovat pomocou retazového (sekvenéného, Freemanovho)
kodovania definovaného pomocou sekvencie smerovych zmien na
diskrétnom rastrovanom obraze.

@ definujeme startovaci bod xs vnutri objektu R v rovine

©@ uzavrety obrys je definovany pomocou sekvencie bodov
Cr = [X(),X17 .. .Xc_1], kde X = (LI,'7 V,')

© jednotlivé elementy sekvencie ¢z = [c), ¢}, . .. ck_4] definujeme ako
¢/ = Code(Auj, Av;), kde

Uitq — Ui, Visq — V; re0<i<C-1
(Au;, Avy) = (Ui iy Vit i) P -
(to — uj, vo — v;) prei=C—1
a Code(Auj, Av;) definujeme pomocou 8-pixelového susedstva
Au 1 1 0 —1 —1 —1 0 3 2 1
Av 0 1 1 1 0 —1 —1 —1 4 pixel 0
Code(Auj, Avj) 0 1 2 & 4 5 6 5 6 7
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Algoritmus:

1. I: binarizovany obraz; /(u, v) = 0 (objekt), /(u,v) = 1 (pozadie)

2. lokalizuj suradnice Startovacieho pixela, xs = (xs, ys), vnutri objektu tak, aby
bolo jeho 4-pixelové susedstvo v objekte; potom transformuj obrazové suradnice
od kartezianskych, kde xs = (dim(l)(1) — ¥s, Xs) (pozri slajd "Digitalny obraz —
definicia”)

3. fixuj a = 1 (Startovaci bod pre pohyb z jedného pixela do druhého, kde index
pixela koreSponduje a, ktoré sa zvysi o jednotku, ked je najdeny dalSi pixel proti
smeru hodinovych ruciciek), S = 6 (Startovaci bod; pixel €.6) a SS =NA
(refazec); x = 0; y = 0 (Startovacie body; x- a y-ové suradnice); nech matica A

ma riadky Au a Av, potom D = (A(,,S)EAEA(_J)), kde A(. ;) je i-ty stipec matice
A

4. while (X(),X(a)) # Xs (pokial sa dosiahne opat Startovaci bod) or dizka
vektora x je mensia ako 3 (vyhneme sa nekoneénej slugke) chod na (5) — (6)

5. if |(/(XS + D(1,s+1):)’s + D(2’3+1)) — I(Xs,ys))| < threshold, potom
a=a+1
Xa) = Xs:Y(@) = Vs
Xs = Xs + D¢ s41)
SS@) =S +1,S=(S+7) mod 8 (skontroluj pixel 5 a chod na pixel 5)
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Algoritmus (pokrac.):

6. if else |(I(Xs + D(1ys+2),y3 + D(2,3+2)) — /(Xs,ys)” < threshold, potom
a=a+1
X(a) = Xs: Y@@ = Vs
Xs =Xs +D(. 512
SS(a) =S +2;S=(S+7) mod 8 (skontroluj pixel 6 a chod na pixel 6)

7. if else |(I(XS + D(1,S+3)7y3 + D(2,S+3)) — /(Xs,ys)” < threshold, potom
a=a+1
Xa) = Xs: Y@ = Vs
Xs = Xs + D(. 513
SS(a) =S +3;S=(S+7) mod 8 (skontroluj pixel 7 a chod na pixel 7)

8. else chod na obrys obrazu (smer — napr.diagonaine dole vpravo, S = (S + 1)
mod 8; pokial nenajdes pixel s intenzitou mensSou ako threshold; t.j. prvy pixel
pozadia)

9. returnx=y_qyay = (dm(l)y — x)))(_1) (vymaz prvy element, ktory je
rovny poslednému — Startovaci bod; pozri slajd "Digitalny obraz — definicia”)
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Example 15
Uzavreté obrysy

Example (pokra€. prikladu 11 a 12)

Majme lastdru (Mitilus sp.) uloZzenu ako PPM. PouZzite binarizovany obraz M
pri thresholde 0.9 z prikladu 11. Extrahujte suradnice obrysu lastury.

0 Zobrazte binarizovany obraz M (pri thresholde 0.9).
© Pomocou funkcie locator () oznadte Startovaci bod xs vnutri lastdry.
© Na identifikaciu obrysu pouZite algoritmus kontura.

© Resamplujte stradnice bodov obrysu na k = 32, kde body budu
ekvidistantne vzdialené — s rovnakou uhlovou vzdialenostou medzi
nimi, kde je potrebné vybrat k = 32 ekvidistantnych bodov z 629
identifikovanych bodov s pouzitim funkcie seqg (1,629, length=32).

o

Resamplujte suradnice bodov obrysu na k = 32, kde body budu
ekvidi$tantne vzdialené — s rovnakou radidlnou vzdialenostou
medzi nimi, kde najprv vypocitate centroid lastury (aritmeticky priemer
sUradnic obrysu ziskanych v bode (4)), potom pomocou znalosti z
analyzy komplexnych Cisel vyberiete tie z 629 siuradnic identifikovanych
algoritmom kontura, ktoré patria prieniku kontury a ramien uhlov
&xn j=0,1...k, s vrcholom v bode (0, 0).

Example 15
Uzavreté obrysy

RieSenia:

0 plot (M, main="Binary image, threshold = 0.9")

x.start <- locator (1)
x.start <- round(c(x.start$x,x.starts$y))

e myt.contour <- kontura(x.start, Megrey, start.threshold =
0.1, threshold = 0.1) lines(myt.contour$X,myt.contours$y,lwd=3)

0 k.r=32; k <- length(myt.contoursX)
myt.contour.x <- (myt.contours$X[seq(l,k,length=k.r)])
myt.contour.y <- (mytilus.contours$Y[seq(l,k,length=k.x)])
plot (myt.contour.x,myt.contour.y,type="1",1lwd=1.1,
asp=1,axes=FALSE, main="Equidistantly spaced
coordinates")
points (myt.contour.x,myt.contour.y,pch=16,cex=0.7)

e plot (myt.contour.x,myt.contour.y,type="1",1lwd=1.1,
main="Radially spaced coordinates")
mean.x <- mean(mytillus.contour$X)
mean.y <- mean(mytillus.contour$Y)
points (mean.x,mean.y,pch=16)
r.coords <- radial.coords (mytillus.contour$X,mytillus.contourS$SY, 32)
points (mean.x + r.coords$coords[,1l],mean.y +
r.coordsscoords [, 2] ,pch=16,cex=0.7)
for (i in 1:k.r) {
segments (mean.x,mean.y,
mean.x + r.coordsScoordsl|[,1],
mean.y + r.coords$coords([,2])

asp=1,axes=FALSE,

Stanislav Katina

Stanislav Katina




Example 15

Example 15

Uzavreté obrysy

RieSenia (pokrac.):

"radial.coords" <- function(Rx, Ry, k1) {

k <- length(Rx)

M <- matrix(c(Rx, Ry), k, 2)

M1 <- matrix(c(Rx-mean(Rx), Ry-mean(Ry)), k, 2)
V1 <- complex(real = M1[,1], imaginary = M1[,2])

M2 <- matrix(c(Arg(vl), Mod(vl)), k, 2)

V2 <- NA

for (i in 0:(k1-1)) V2[i+1l] <- which.max((cos(M2[,1] - 2xixpi/kl)))
V2 <- sort (V2)

RES <- list("IDs" = V2,"radii" = M2[V2,2],"coords" = M1[V2,])
return (RES)

}

Stanislav Katina

Uzavreté obrysy

Grey scale image

v

Equidistantly spaced coordinates
Obrazok: Obrazok lastiry Mytilus sp. v sivej $kale (prvy riadok viavo),
binarizovany s extrahovanym obrysom (prvy riadok vpravo), ekvidistantné

body obrysu s identickou uhlovou vzialenostou (druhy riadok viavo) a s
identickou radialnou vzialenostou (druhy riadok vpravo)

Binary image, threshold = 0.9

Radially spaced coordinates
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Example 16

Uzavreté obrysy

Example (pokrac. prikladu 13)

Majme hmyzie kridlo ulozené ako JPEG. Extrahujte suradnice obrysu kridla.
@ Binarizujte obraz M (pri thresholde 0.95).

© Pomocou funkcie locator () oznaéte Startovaci bod xs vnutri kridla.

© Na identifikaciu obrysu pouZite algoritmus kontura.

© Resamplujte stiradnice bodov obrysu na k = 64, kde body bu&jl]

ekvidistantne vzdialené — s rovnakou uhlovou vzdialenostou medzi

nimi.

©

Resamplujte suradnice bodov obrysu na k = 64, kde body budu
ekvidistantne vzdialené — s rovnakou radidlnou vzdialenostou
medzi nimi.

Example 16

Uzavreté obrysy

Grey scale image, threshold = 0.95

- =

bame e o o

Original image

Equidistantly spaced coordinates

Radially spaced coordinates

Obrazok: Obrazok hmyzieho kridla binarizovany s extrahovanym obrysom
(prvy riadok viavo), v sivej $kale s extrahovanym obrysom (prvy riadok
vpravo), ekviditantné body obrysu s identickou uhlovou vzialenostou (druhy
riadok viavo) a s identickou radialnou vzialenostou (druhy riadok vpravo)
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Example 17
Uzavreté obrysy

Example (pokrac. prikladu 14)

Majme sanku uloZzenu ako JPEG. Extrahuijte suradnice obrysu sanky.
@ Binarizujte obraz M (pri thresholde 0.7).
@ Pomocou funkcie locator () oznadte Startovaci bod xs vnutri sanky.
© Na identifikaciu obrysu pouzite algoritmus kontura.

© Resamplujte stradnice bodov obrysu na k = 100, kde body budu
ekvidistantne vzdialené — s rovnakou uhlovou vzdialenostou medzi
nimi.

© Resamplujte stiradnice bodov obrysu na k = 100, kde body budu
ekvidi$tantne vzdialené — s rovnakou radiglnou vzdialenostou
medzi nimi.

© Je mozné pouzit suradnice bodov ekvidistantne vzdialenych (s
identickou radialnou vzialenosfou)? Ak nie preco?

Stanislav Katina

Example 17
Uzavreté obrysy

Histogram of M@grey ~ 3rey scale image, threshold = 0.7 Original image

RS-

00 02 04 05 08 10
Equidistantly spaced coordinates

0 200 000 10000

Radially spaced coordinates

Obrazok: Histogram intenzity sivej (prvy riadok viavo), obrazok sanky
binarizovany s extrahovanym obrysom (prvy riadok v strede), v RGB $kale s
extrahovanym obrysom (prvy riadok vpravo), ekvidiStantné body obrysu s
identickou uhlovou vzialenostou (druhy riadok viavo) a s identickou radialnou
vzialenosfou (druhy riadok vpravo)

Stanislav Katina

Example 18

Example 18

Uzavreté obrysy — zloZitej$ia situacia na metakarpe ludskej ruky 1

Obrazok: Originalny obraz metakarpu iudskej ruky

Uzavreté obrysy — zloZitej$ia situacia na metakarpe ludskej ruky 2

Original image rey scale image  Grey ey s Ilmag Inverted Grey scale image  Grey ol Ilmag Inverted
blue channel

Original image ~ Grey scale image

2 Grey scale image Comresnold = 05 red channel threshold = 0.5 red channel
g K
Bl g Bl g
g 2] 1 8 27
g g4 g | g g4
g 8 g 8 g
g g1 1 g g
%] &1 £ &1 g1
T 77_7_7_7_7_\ - 77_7_7_7_7_\ 77_7_7_7_7_\
00 04 08 00 04 08 00 04 0 00 04 0 00 04 0
Inverted Inverted
green channel _blue chai | 5 green channel blue channel
8. o : g
: g g . :
3 : i 3
H g g 8
g 8 3
3] - i 3
¢ g = 3
g 8 s
3 £l -
] = s 3 3]
H g b H
5] o o 5 g
& e S &

00 04 03 02 06 10 05 07 09 05 07 09 05 07 09

Obrazok: Histogramy réznych transformicii farebnych komponentov obrazu
a nim zodpovedajtice obrazy metakarpu ludskej ruky
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Example 18

Uzavreté obrysy — zloZitej$ia situacia na metakarpe ludskej ruky 3

Example 19

Uzavreté obrysy — zloZitej$ia situacia ludskej ruky 1

Original image Original image Equidistantly spaced
or

Original image blue threshold = 0.45  blue threshold = 0.45  coordinates (n=200)

Obrazok: Extrahovany obrys metakarpu iudskej ruky

Stanislav Katina

Obrazok: Obraz ludskej ruky
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Example 19

Uzavreté obrysy — zloZitej$ia situacia ludskej ruky 2

Grey scaled image

Original image Grey scaled image inverted

Original binarized inverted
threshold = 0.8

Original binarized
threshold = 0.8

Equidistantly spaced
coordinates (n=200)

Obrazok: Extrakcia obrysu ludskej ruky
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Example 20 A — otvoreny problém

Uzavreté obrysy — (pravdepodobne) neriesiteina situacia ludskej tvare a pier

green blue

Obrazok: Obrazy réznych transformacii komponentov obrazu iudskej tvare
a pier, extrahované hrany (vpravo hore)
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Example 20 B — otvoreny problém

Example 20 B — otvoreny problém

Uzavreté obrysy — staci len extrakcie obrysu?

Original binarized

Original image threshold = 0.95

Original binarized
threshold = 0.95

Equidistantly spaced
coordinates (n=200)

Obrazok: Extrakcia obrysu hrizovca siefovaného (Pseudorasbora parva)

Stanislav Katina

Uzavreté obrysy a ich vnutro — potrebna extrakcie objektu ako celku

Obrazok: Extrakcia sumceka Cierneho (Ameiurus melas) z pozadia
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Analyza obrazu
Geometrické operacie
Definition (Geometrické operacie)

Geometrické operacie transformuji obraz / do nového obrazu /’
transformaciou suradnic jednotlivych pixeloy,

I(u,v) = I'(u',v"),

kde hodnoty intenzity obrazu / pévodne v bode (u, v) su transformované do
bodu (u’, v") v novom obraze I’. Transformacéna funkcia ma potom tvar

T:R?> 5 R?

a je definovana pre kazdy bod vzorového obrazu x = (u, v) a koreSpondujuci
bod transformovaného obrazu x’ = (u’,v’), kde X’ = T(x).
Priklady geometrickych operacii:

@ afinne transformacie — otoéenie, posunutie, $kalovanie, skosenie a
zrkadlenie

© TPS modely — interpolaény thin-plate splajn (TPS) model [IM1, IM3]
a penalizovany TPS regresny model [PRM1, PRM3]
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Example 21

Geometrické operacie — warping ludskej ruky 1 (pozor nie morfing)

Obrazok: Ludska ruka a 16 landmarkov
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Example 21

Geometrické operacie — warping ludskej ruky 2 (pozor nie morfing)

Obrazok: Dve ludské ruky — chceme transformovat lavi na pravu

Stanislav Katina

Example 21

Geometrické operacie — warping ludskej ruky 3 (pozor nie morfing)

Obrazok: Ludské ruky — vzorova ruka, odhadnuta ruka, affinna a neafinna
komponenta transformacie (po stipcoch) [approx. 1.6mil premennych]
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Example 22

Geometrické operacie — warping Fredovej tvare (pozor, nie morfing)

Obrazok: Prof. Fred Bookstein — originalna (viavo) a transformovana
fotografia (vpravo) [s laskavym dovolenim zakladatela odboru Analyza tvaru]

Analyza tvaru
Analyza obrysov

Definition (Obrys)
Obrys je uzavreta krivka definovana suradnicami k bodov
(semilandmarkov) patriacich tomuto obrysu, kde body su
@ ckvidistantne vzdialené s rovnakou radidlnou vzdialenostou medzi
nimi.
© ekvidistantne vzdialené s rovnakou uhlovou vzdialenostou medzi
nimi.

Definition (Analyza obrysov)

Statisticka analyza obrysu zavisi od toho, o aky typ obrysu ide.
@ Akide o obrys typu (1), pouZiva sa radialna Fourierova analyza.

© Akide o obrys typu (2), pouziva sa tangencialna Fourierova analyza
alebo elipticka Fourierova analyza.

2D/3D Fourierova analyza je zovSeobecnenim klasickej Fourierovej analyzy
pouzivanej v éasovych radoch na analyzu periodického signalu v datach, kde
sa aplikuje rozklad Fourierovho radu pouzitim diskrétnych Fourierovych
transformacii. SlUzi ja na vyraznu redukciu dimenzii.
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Analyza tvaru
Analyza obrysov

Definition (Klasicka Fourierova analyza)

Fourierov rozklad periodickej funkcie f(t), kde t € Rt s periddou Ty = Tv
nejakych &asovych jednotkach, bude mat tvar

p .
+ Z (ai cos(Ait) + b sin(Ait)), kde \j = LT27r

i=1

)
je i-ta frekvencia funkcie f(t) v radianoch A € (0, 2r),
2 [t 2 [t
a=2 / F(t) cos(\t)dt; by = = / (1) sin(\t)dt
t t

sU parne a neparne Fourierove koeficienty a T je potrebné zvolit. Aplikécia
f(t) predstavuje prepis do podoby nelinearneho regresného modelu tvaru

p
f(t) = a0 + aoat + Y _ (@ cos(\it) + by sin(\it)) + e, kde A = i%,
i=1

kde je potrebné odhadnut 3p + 3 parametrov a model linearizovat.
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Analyza tvaru
RFA 1

Definition (Radialna Fourierova analyza, RFA)

Majme obrys centrovany do bodu (0, 0). Luce (ramena) rj,j = 1,2,.. .k,
uhlov ¢; s vrcholom v bode (0, 0) je mozné popisat periodickou funkciou
r(6) nejakého uhla 0 nasledovne

r(0) = 70 + Z (aicos(A;B) + b;sin(X;0)), kde \; = i.

i=1

Potom j-ta harmonicka zlozka je rovna r(6;), ap = 24 /EJ'.‘:1 ri/k,

k k
2
= 2 rj cos(i6)); b = P 2 1 sin(i6;)

sU parne a neparne Fourierove koeficienty, k je pocet lu¢ov a zarovern
semilandmarkov obrysu a p je poéet frekvencii. Musi byt spinena
podmienka p < g lebo mame dva parametre na jednu harmonicku zlozku,

ktora je funkciou nejakého jedného uhla . Oznacenia: obrys M a M%’F)A.

I N
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Analyza tvaru
RFA 2

| |
‘ | |
3

Metodologické poznamky:
o vSetky obrysy z nahodného vyberu musia byt automaticky extrahované
pomocou refazového kédu rovnakym smerom
e treba mat na zreteli, Ze smer vypoétu liéov v RFA je proti smeru hodinovych
rucic¢iek a odhadovanie je sekvencné
e Startovaci bod a smer zoradenia bodov na obryse musia byt kompatibilné
so Startovacim bodom a smerom odhadovania li¢ov RFA, teda proti smeru
hodinovych ruciciek; ak nie je, je potrebné zoradenie v smere hodinovych
ruciciek zmenit na proti smeru hodinovych rugiciek
uhol a orientécia prvého ramena musi byt rovnaka pri vietkych obrysoch z
nahodného vyberu — vSetky obrysy je potrebné rotovat do tejto polohy, t.j. nulté
rameno je na osi x-ovej, smeruje k jej kladnej polovici s vrcholom v bode (0, 0),
Co docielime centrovanim obrysu do jeho centroidu (aritmeticky priemer suradnic
bodov obrysu) a oto¢enim nultého ramena do osi x
ak chceme porovnavat obrysy pdrového typu (lava a prava strana), je potrebné
extrahovat jednu stranu proti smeru hodinovych rugiciek a druhti v smere
hodinovych rugigiek s opaéne orientovanym nultym uhlom a potom napr. Tavt
stranu transformovaf pomocou osovej simernosti (s osou v osi y)
minimalny pocet harmomckych koeficientov p sa odhadne ako

|

0 RFA neméze byf pouzita v pripadoch, ked aspori jedno rameno (lié) pretne
obrys viac ako jedenkrat

o

o

o

dp = arg miny, HM
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Example 23

RFA 3

Example (pokrac. prikladu 16)

Majme hmyzie kridlo ulozené ako JPEG a resamplované suradnice
semilandmarkov obrysu pomocou radialnych vzdialenosti vypocitané v
priklade 16.

0 Odhadnite obrys kridla pomocou RFA pri optimalnom p.

a5

40

e SR LN

Sy

Lo
. =
x%lf/‘}ﬁ‘%&%&wﬂ‘

2225

d(p)

30

2

Obrazok: Obrys M superponovany s obrysom M FA so segmentami
spajajucimi koreSpondujlce body, rozptylovy graf poctu harmonickych
koeficientov voci d, (suboptimalne p = 8)

Stanislav Katina




Example 23
RFA 4

d(p)= 25.605

d(p)= 21.884 d(p)=21.134

d(p)= 25.741 d(p)= 22.46

d(p)= 21.395

d(p)=21.114

Obrazok: Obrys M superponovany s obrysmi Mf{,",ﬂmp =1,2,...8

Pozn.: Suradnice su vypocitané v tvare komplexnych €isel, kde
modulus= r(6;), argument= 0;.
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Analyza tvaru
EFA 1

| ‘
‘ |
~

Definition (Elipticka Fourierova analyza, EFA)

Majme obrys centrovany do bodu (0, 0). Nech T je obvod obrysu,

A =2x/T je frekvencia a nech t € (0, T) je chordalna (uhlova)
vzdialenost. Potom je mozné pomocou t vyjadrit stiradnice semilandmarkov
obrysu ako x(t) a y(t) nasledovne

+ Z (aj cos(iAt) + b; sin(iAt)), kde

=1l

x(t) =3

2 (T 2 [T
a=2 / x(t) cos(iM)alt; by = = / x(t) sin(irt)at,
0

y(t) = ?O Z ci cos(iAt) + djsin(iAt)) , kde

;
G = E/ y(t) cos(iat)dt; d; = g/ y(t) sin(iAt)dt.
T 0 T 0
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Analyza tvaru
EFA 2

Definition (EFA, pokrac.)

Ak je obrys definovany pomocou k semilandmarkov, potom mézeme
Fourierove koeficienty odhadnuf nasledovne

AXJ 27t; 27t
o 8 (= () ()
. p
bi = 772n2 Z A% (sm ( 2—7_t’> —sin <l2ﬂtj_1>) ,a0 = %ZX/‘,
.27
6= 593 Zj o <cos <’T> >>
di = 27r2n2 Z Ay, (sin <I2L7_t,> — sin <i2

Vypocitané koef|C|enty ao, aj, bj, Co, ¢; a d; pouzijeme na odhad x () a y(t)
dosadenim do rovnic z predchadzajiceho slajdu, kde co nahradime p.

\'

i1 2
) -3

P
23y
Jj=1

Analyza tvaru
EFA 3

||

Metodologické poznamky:
0 vSetky obrysy z nahodného vyberu musia byt automaticky extrahované
pomocou retazového kédu rovnakym smerom

9 treba mat na zreteli, Ze smer vypoétu EFA je identicky so smerom zoradenia
bodov obrysu, odhadovanie je sekven¢né a obe metédy maju rovnaky
Startovaci bod

o

ak chceme porovnavat obrysy parového typu (lava a prava strana), je potrebné
extrahovat jednu stranu proti smeru hodinovych rugiciek a druhti v smere
hodinovych rucigiek s opaéne orientovanou hlavnou osou a potom napr. favt
stranu transformovat pomocou osovej stimernosti (s osou v osi y)

minimalny pocet eliptlckych koeficientov p sa odhadne ako

o

dp = arg miny, HM MRFAH

@ parametricka forma EFA umoznuje jednoduché rozsirenie do 3D pridanim z(t)

Q vécsie eliptické koeficienty koreSponduju s vacsimi elipsami, kde obrys
vznika kombinaciou superponovanych elips

o pocet eliptickych koeficientov méZeme odhadnit pomocou Furierovej sily
definovanej ako Power; = (a2 + b? + ¢ + d?)/2, ktora je proporcionaina
amplitide koeficientov a kumulativnej Furierovej sily cumsum(Power;)

e najviac informacii o tvare obrysu je obsiahnutych v prvej elipse, pretoze ide o
najlepsiu aproximaciu obrysu
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Analyza tvaru
EFA 4

Definition (NEFA — normalizacia (Standardizacia) obrysu)

Normalizovana elipticka Fourierova analyza (NEFA) je EFA invariantna na velikost a
rotaciu prvej elipsy a Startovaci bod, kde su koeficienty a;, b;, ¢;, d; transformované na
al, b/, c!,d’ pouzitim nasledovného algoritmu

IR R R
¢ b\ _ 1 (cosy sing\ (a b\ (cosi® —sinif
! d/) " sg \—siny cosy) \¢ d sini@  cosif )’

kde se je dizka hlavnej poloosi prvej elipsy, ¢ stvisi s orientaciou elipsy a 6 s
rotaciou startovacieho bodu na koniec elipsy. Potom

aiby — cq1d G
(11—211)2,33 = /a2 4 ¢2,0 = arctan —,
a2 +c2 — b2 — d- a

*

O Q

¢ = 0.5arctan

kde a. = aycos + bysiny a c. = ¢q cosy + dq siny. Koeficienty prvej eliptickej
zlozky &} = 1,b} = ¢4 = 0. Zostavajuci koeficient d/ suvisi s eliptickou
excentricitou, t.j. §irko-dizkovym pomerom obrysu.

Ak mame k dispozicii aj siradnice landmarkov na obryse, méZeme pouzif na
normalizaciu GPA.
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Example 24

EFA S

‘ |
3

Example (pokrac. prikladu 16 a 23)

Majme hmyzie kridlo ulozené ako JPEG a resamplované suradnice
semilandmarkov obrysu pomocou uhlovych vzdialenosti vypocitané v
priklade 16.

@ Odhadnite obrys kridla pomocou EFA pri optimalnom p.

50 52

d(p)
48

T
0 5 10

T T T
5 20 25 30

»

Obrazok: Obrys M superponovany s obrysom MEFA S0 segmentami
spajajucimi koreSpondujlce body, rozptylovy graf poctu harmonickych
koeficientov voci d, (suboptimalne p = 11)
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Example 24
EFA 6

= 43.566

=52.357

<:D<>©<>

=43.54

=43.777 =43.574

=51.708

v

d(p)= 43.55

= 43.962 =43.525

d(p)= 43.877 d(p)= 43.988 d(p)= 43.528

Obrazok: Obrys M superponovany s obrysmi Mg:)A,p =1,2,...12

Analyza tvaru
TFA 1

Definition (Tangencialna Fourierova analyza, TFA)

| N
\ | |

Majme obrys centrovany do bodu (0, 0). Semilandmarky obrysu su
ekvidistantne vzdialené s rovnakou uhlovou vzdialenostou medzi nimi.

Nech T je obvod obrysu, ktory je pre jednoduchost potrebné Skalovat na
2. Potom je mozné popisat kumulativnu zmenu uhla dotykového vektora
¢(t) v jednotlivych bodoch obrysu ako funkciu (kumulativnej) chordalnej
(uhlovej) vzdialenosti t ako ¢(t) = 0(t) — 0(0) — ¢, kde 6(t) je uhol
dotykového vektora vo vzdialenosti ¢, 6(0) je uhol dotykového vektora
Startovacieho bodu a jeho odpocitanie sluzi na Standardizaciu. Potom plati

T i (@i cos(if) + b; sin(if)) , kde

a
90) =75

a = %Z o(t) cos(i6)); bi = %;q&(t) sin(i6;); a0 =2 _ ¢(t)/k.

j=1
Pozn.: Tak ako aj pri RFA — pouzivame na vypocet komplexné ¢isla, v tomto
pripade dostaneme Z, kde modulus= 27 /k, argument= 0(t) = ¢(t) + 6(0)+

t, vysledné suradnice obrysu st cumsum(Z), kt. musime centrovat do (0, 0).
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Example 25
TFA 2

Example (pokraC. prikladu 16, 23 a 24)
Majme hmyzie kridlo ulozené ako JPEG a resamplované suradnice
semilandmarkov obrysu pomocou uhlovych vzdialenosti vypocitané v
priklade 16.

@ Odhadnite obrys kridla pomocou TFA pri optimalnom p.
Pozn.: Najjednoduchsi spésob aproximacie uhla dotykového vektora je
pomocou rozdielu dvoch susediacich bodov obrysu. Treba si uvedomit, ze
vplyv uhla 6(0) méze mat vyrazny efekt na odhad obrysu.
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“s s #s1
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e 255

;
o gen
2556

s

s
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57y,

a0,

N

&
466
#5008

Obrazok: Obrys M superponovany s obrysom M(Tz,;) S0 segmentami
spajajucimi koreSpondujuce body (bez a s odpocitanim ¢
Stanislav Katina

Example 25
TFA 3

d(p)=25.269  d(p)= 3.702 d(p)= 2.638 d(p)= 2.352
d(p)= 4.928 d(p)= 3.877 d(p)= 2.368 d(p)= 2.406
d(p)= 5.414 d(p)= 2.397 d(p)= 2.502 d(p)= 2.318
Obrazok: Obrys M superponovany s obrysmi M(T’})A,p =1,2,...12
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Analyza tvaru

Analyza kriviek (sliding on curves) — geometricka homoldégia

Definition (Matica ohybovej energie a ohybova energia)

Majme TPS model [IM3] definovany ako

Y S 1 X W S 1 X
0 = 17 0 0 c” |,L= 17 0 0 |,
0 X" 0 o0 A X" 0 0
Nech je inverzia matice L rovna
I-3><k L3><3 ’

potom
@ matica ohybovej energie: B, =L},
© ohybova energia alebo penalta:

2
JO =52 [ [ [z,.,j (5527 ) ] dxVdx®, s rieSenim modelu IM3

J (f) = tr (W'SW) = tr(Y'B.Y)

Stanislav Katina

Analyza tvaru

Analyza kriviek (sliding on curves) — geometricka homoldégia
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Obréazok: Cirkularita ohybovej energie vo vztahu ku polohe piateho
landmarku v prostriedku Stvorca
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Analyza tvaru

Analyza kriviek (sliding on curves) — geometricka homoldgia

Analyza tvaru

Analyza kriviek (sliding on curves) — geometricka homoldgia

Definition (Analyza kriviek — posuvanie semilandmarkov po krivke)

Nech Xy o = (X1, ..%k)" = (x,x@) a Yo = (y1,..yx)" = (y",y?) st
konfiguracné matice s riadkami x; = (xj“), xj(z))T ay; = (y/-m,yj(z))T, kde
T T
x(M = (xf’"),xz(m), ...x,f’”)) ym = (yf’”),yz(’"), ...y,ﬁ’”)) j=1,2,..ka
m = 1,2. Nech body sublistu y; postvame mimo ich pévodnej polohy
L, T
X, i =1,2,..9 < k, pozdiZ tangencialneho smeru u; = (u,.“), u,.(z)) , kde
|lull, = 1. Potom nova poloha x;, je definovana ako
Xit1 — Xj—1

X TXict oty )
i —xial, 20 ()

y, =X, +tiu;,i=1,2,..9 < k,kde u; =

Je potrebné minimalizovat kvadraticki formu
y'By = (x + Ut)" B(x + Ut),

kde x =Vec(X) ay =Vec(Y), B = diag(Be, Be), Be je zavisla iba na nejakej
(referencnej) konfiguranej matici X*.

Stanislav Katina

Definition (Analyza kriviek — postivanie semilandmarkov po krivke; pokrac.)

Kvadratickd formu y’ By minimalizujeme cez hyperrovinu

y = x+ Ut,

kde X je matica landmarkov vzoru (pévodna poloha) a Y je matica
landmarkov obrazu (nova poloha), U je matica riadkov diZky 2k a stipcov

dizky q, kde (j;, i)-ty element oznadujeme u,.“) a (k + ji, i)-ty element u,.(z), na
inych miestach st umiestnené nuly. Vektor t je rieSenim nasledujlcej rovnosti

% (XL U B(x+Ut) = %(xTBx + X B(Ut)+ (Ut)” Bx+ (Ut)” B(U))

= x'BU -+ U'Bx+2U"B(Ut)
= 2(x’BU+U'B(Ut)) =0

Riesenie (podobné zovseobecnenej MNS) ma tvar

t=— (UTBU)_1 u"Bx.

Stanislav Katina

Analyza tvaru

Analyza tvaru

Analyza kriviek (sliding on curves) — geometricka homoldégia

Analyza kriviek (sliding on curves) — geometricka homoldégia

Obrazok: Posuvanie bodov na krivke pri troch situaciach a dvoch tvaroch

Example (Symphysealna krivka, pokrac.)

Majme symphysealnu krivku z prikladu 3, kde k = 21, data (symphysis).
Na optimalizaciu polohy semilandmarkov na krivke v zmysle ohybovej
energie (geometricka homoldgia) pouzijeme konfiguraéni maticu X a
referenCnu (napr. priemernu) krivku Xz (voCi ktorej prebieha optimalizacia).

Obrazok: Postvanie bodov na krivke pri troch situaciach — rézne chapanie
krivky (uzavreta vs otvorend), koncové body fixované vs voiné na postvanie
[dotyénice v smere u;,i = 1,2, ...k; ozn. e povodné pozicie X;]

Stanislav Katina
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Analyza tvaru 2D tvar — snimok z klasického fotoaparatu

Analyza kriviek (sliding on curves) — geometricka homolé6gia Dpt. of Anthropology, University of Vienna, Vienna, Austria

20 diev€at, 19 — 31rocnych, 46 + 26 (semi)landmarkov

‘. .‘ J \‘.\ ‘o .‘
7 ¢ e
’ Y p \ .
: H <
. 2 . L] o, b
b 1) ", s % %
L] ‘ L] s L] :
3 3 :
Y $ Y ! . 4
e . o S o P r'a . o o ° \ .
Obréazok: Poslvanie bodov na krivke pri troch situaciach — rézne chapanie 2,84, o e
. ra I ’ . , Y. r ’ . 34
krivky (uzavreta vs otvorena), koncove body fixované vs volné na posuvanie 6w I3
v . . v . . . ~ ' 17
[doty&nice v smere u; s rieSeniamiy; = x; + tiu;,i = 1,2,...q, 0zn. e pévodné o w A 2%
pozicie x;, « odhadnuté pozicie y;] 7
30 31 32
Obrazok: (Semi)landmarky na ludskej tvari a pravo-iava (ne)kompatibilita
kodovania semilandmarkov na krivkach [podmnozina (semi)landmarkov]

2D tvar — snimok z klasického fotoaparatu

2D tvar — snimok z klasického fotoaparatu
Dpt. of Anthropology, University of Vienna, Vienna, Austria

Dpt. of Anthropology, University of Vienna, Vienna, Austria

&7 424140
4430 49 48% 38
6 45 4 47

-015 -010 -005 000 005 0.10
8
8

63 57
62 58
61 g 59

-015 -010 -005 000 005 010 0.5

Procrustes shape coordinates.
rotarion-reliability

Obrazok: Reliabilita ndklonu hlavy pri snimani v réznych uhloch

[podmnozina (semi)landmarkov] a jej PCA Obrazok: PCA reliability naklonu hlavy pri snimani v réznych uhloch

[podmnozina (semi)landmarkov]
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2D tvar
Ziskavanie dat a ich uprava v PC

Ziskavanie dat a ich uprava v PC:

@ nasnimanie dat klasickym fotoaparatom — protokol snimania
(dotaznik, kalibracia snimacieho systému, participanti a Casovy
harmonogram)

© extrakcia 2D stradnic a RGB farieb —z .jpega .tiff suborova
pod. do .dmp suborov Citatelnych v

© validaéna stadia (Stadia reliabilita) — vhodna/optimalna orientacia
tvare v anatomickom stradnicovom systéme, opakovateinost presnosti
snimania/merania (Technical Measurement Error, TEM), linearny
regresny model so zmieSanymi efektami

© (polo)automatické meranie/extrakcia stradnic (semi)landmarkov,
kriviek [(46 + 26) x 2 (semi)landmarkov]

© iterativny vypodet stiradnic geometricky homologickych
semilandmarkov na krivkach pouzitim TPS warpingu [(46 + 26) x 2
(semi)landmarkov a viac ako 2mil pixelov]

© vypocet symetrizovaného priemerného tvaru (template)
(semi)landmarky na referencnej tvari a preznacenej a zrkadlovo
sumernej tvari musia byf spriemerované

Stanislav Katina

3D tvar — snimok zo stereo-kamerového systému
Dental clinic, The University of Glasgow, UK; Face 3D data

Stanislav Katina

3D tvar — snimok z laserového skaneru

Royal College of Surgeons in Ireland, Dublin; Face 3D data

42 parov naskenovanych tvari, 23 landmarkov, 1664 geometricky
homologickych semilandamrkov na krivkach a ploche, 59242 bodov plochy
trinagulovanych pouzitim 117386 trojuholnikov

Obrazok: VCFS tvar, laserovy skaner a (ne)triangulované
semilandmarky na ploche

3D tvar
Ziskavanie dat a ich Uprava v PC

Ziskavanie dat a ich uprava v PC:

@ nasnimanie dat stereo-kamerovym systémom alebo laserovym
skanerom — protokol snimania (dotaznik, kalibracia snimacieho
systému, participanti a asovy harmonogram)

extrakcia 3D suradnic, normal bodov na ploche, trinagulacie a

RGB farieb —z .obj, .wrl a . jpeg suborov do . dmp suborov

gitatelnych v @

validaéna studia (Studia reliabilita) — vhodna/optimalna orientacia

tvare v anatomickom stradnicovom systéme, opakovateinost presnosti

snimania/merania (Technical Measurement Error, TEM), linearny

regresny model so zmieSanymi efektami

© (polo)automatické meranie/extrakcia stradnic (semi)landmarkov,
kriviek a ploch [1664 x 3 = 4992, 4992 x 42 = 209664 bodov]

© iterativny vypocet stradnic geometricky homologickych
semilandmarkov na krivkach/plochach a bodov na ploche pouzitim
TPS warpingu [59242 x 3 = 177726; 177726 x 42 = 7464492]

© vypocet symetrizovaného priemerného tvaru (template)

(semi)landmarky na referencnej tvari a preznacenej a zrkadlovo

sUmernej tvari musia byt spriemerované; plocha tiez symetrizovana

Stanislav Katina

o

o

Stanislav Katina




3D tvar — snimok z laserového skaneru Buducnost analyzy tvaru

Royal College of Surgeons in Ireland, Dublin; Face 3D data Automaticka extrakcia diferiencialno-geometrickych Struktur z biologickych objektov
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Obrazok: Symetrizovana vzorova tvar (template) a (semi)landmarky ) _ S . ) _
Obrazok: Sekcencia automatickej extrakcie ludskych pier

Stanislav Katina Stanislav Katina

Buducnost analyzy tvaru Buducnost analyzy tvaru

Automaticka extrakcia diferiencialno-geometrickych Struktur z biologickych objektov Analyza tvaru EEG — €aso-priestorové modelovanie

Obrazok: Automaticka extrakcia landmarkov, kriviek a anatomickych ploch Obréazok: Fizia analyzy tvaru, EEG a zobrazovacich technik mozgu

Stanislav Katina Stanislav Katina




Statisticka analyza tvaru a obraz

Mnohorozmerné statistické metody

Stanislav Katina

"Ustav matematiky a statistiky
Prirodovédecka fakulta
Masarykova Univerzita v Brne

. Tento uCebni text vznikl za pfispéni Evropskeého socialniho fondu a statniho rozpoctu
CR prostfednictvim Operacniho programu Vzdélavani pro konkurenceschopnost v ramci
projektu Univerzitni vyuka matematiky v ménicim se svété (CZ.1.07/2.2.00/15.0203).
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Distance-based PCA
Classical PCA

Definition (Distance-based PCA)

The Principal Component Analysis (PCA) finds a set of standardized linear
combinations, called principal components (PCs), which are orthogonal
and taken together explain all the variance of the random vector

Xixt = (X4, ..., X)" with E (X) = py and Var (X) = Xx,

where py is k-vector and Zx is k x k matrix. Let X/ ,i =1,2,..nbe a
random sample of k-vectors (the rows of X,«x), where k < n — 1. Then the
principal component transformation is defined as

Xoxk = Yoxk = (ank_1nll')7(-) T kxk,

where T is orthogonal, rsxr=A= diag( M, - Ak)y M > ... > M >0,

N,J =1,2,...k are eigenvalues of I and ~; (jth column of ') are
eigenvectors of I'. The jth PC of X, «« is defined as jth column of Y, by
equation Y; = (Xnxk—1npx) 7, Where ; is the jth column of I' and is called
Jjth vector of PC loadings, and R = Yj;,i = 1,2, ...n are PC scores of ith
individual (R; = Yj is ith element of n-vector Y;).
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Distance-based PCA
Classical PCA

Definition (Distance-based PCA; cont.)

SVD of covariance matrix X is defined as follows
Ix =TAI" =331 Ny
LetH =1- (%117) be centring matrix, then SVD of Xy can be written as
AT T T T\ r _ 1 TyT _ T
Er = —YTHY ——F (x— mX) H (x— 1ux) M= —FTXTHXF =I5,
If X = (X1, ...,Xk)T ~ Nk (/“’X? Zx), then

@ E(Y) =0and Var (Y)) =~/ Exv; = 4

@ covariance of transformed variables is equal to Cov (Y, Y;) =
¥ Exv; = Ny v, = 0,i #j, Var (Y1) > Var (Yz2) > ... > Var (Yk),
ZX7j = >\j7j
© covariance of original and transformed variables Cov (X;, Y;) = v\,

© correlation coefficient p (X, Y;) = (vi/N/ (Ex);) i1,j = 1,2, ..k

Stanislav Katina

Distance-based PCA

Classical PCA

Definition (Distance-based PCA; cont.)

Total variance is equal to
k
tr(£x) = tr (TAFT) = tr (A) = ",
j=1
and generalized variance

k
det(Xx) = [ V-
j=1
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Distance-based PCA
Classical PCA

Definition (Distance-based PCA; cont.)

If iy = X, Ex = Sx = 3 S0 (% — %) (% = X)"
are defined as follows

= IXTHX, then sample PCs

~

?nxp = (anp*’lni.r) r:

Sx = TAT = 37 NA7], Sy =T Syl If X =  Xi)T ~ Ny (g, £x),
then
@ v, =0and Var () =3/ Sx% =
Q sarﬂali covariance of transformed variables is equal to
Cov (¥,¥)) /’Y,\Sx'vj = N¥/%;=0,i £,
Var (y1) > Var (y2) > ... > Var (yk) Sxv; = )\j’)’/
(s ] sample covariance of original and transformed variables
Cov (xl,yj) =i\

@ sample correlation coefficient

p(xia/y\f) =r (XI')/y\J') = (fy\’l \/ /):j/ (sx)ii> ;"7./ = 1727k

(X1, ..

Spatial PCA

PCA for EEG data (Katina 2011)

Definition (Spatial PCA)

@ lety; represent a k-vector of EEG responses for individual
i,i=1,2,...n, measured in k sensor locations on the human head in
R® (projected to R?, in our case)

@ in general, these sensor locations might be different for each
individual—but here, we consider their x("- and x®-coordinates be the
same and form a k x 2 matrix X

@ with respect to X, y; are y-coordinates of the surface (x,.;”, x,f.z),y,-,-),
j=1,2,..k. Lety be mean response

@ spatial PCA is generalized PCA, where PCs are calculated with
respect to the bending energy matrix Be or its inverse

@ consider a random sample of n surface values (here EEG/ERP values)
Yi = (ym o Wi o o .y,'k)T, = 1,2, coolfl]

@ the bending energy matrix B, is calculated for the mean position of
the electrodes X (here fixed position X of the electrodes on the head

@ lets = %YCT Y. be k x k sample covariance matrix, where ith row of
Ycisequaltoyi. =y, —y

Stanislav Katina

Spatial PCA
PCA for EEG data

Definition (Spatial PCA, cont.)

@ let N e 7

35=(B;) "X (B.)
be the sample covariance matrix of (B, )“
sample covariance matrix of y;;

/2 Yic, i.e. generalized

@ the non-zero eigenvalues of )3 areTj with corresponding
eigenvectors g; (PC loadings)

@ Moore-Penrose generalized inverse of Bg‘/ 2,
a/2 —a/ZATA
(Bo)™ =3\ g/

@ the PC scores are

=9 (Bs)yiii=1,2,..mj=1,2, ..k

L swemKkae
Spatial PCA
PCA for EEG data
 Definition (Spatial PCA.,cont) .|

Definition (Spatial PCA, cont.)

@ PCs and PC scores are useful tools for describing the non-affine
surface variation in particular, the effect of the jth PC can be viewed

by plotting

a2 ’\1/2

y +¢;Bg g, /2

y(Cj,j,OL) rl':Cl'j
for various values of r; € (0, max(|r;|)) (or reasonable magnification of
max(|r;|); alternatively, fixing ¢; = 1, magnification of/l\'/z, standard
a/2 a/ZA AT

=%

deviation of PC; scores), where B, ¥4,

@ to emphasize large scale variability (global bending), o = 1

for small scale variability (local bending), o = —1, and

if « = 0, then we take B2 = | as the k x k identity matrix and the
procedure is exactly the same as classical PCA

@ visualization the effect of each PC—qrid of gray-scale rectangles with
colors corresponding to the surface values with superimposed contours
built up based on TPS, where the fixed positions of the electrodes were
re-sampled in the convex hull data-space

Stanislav Katina
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Spatial PCA
PCA for EEG data

Definition (Spatial PCA, cont.)

@ a PC summary of the surface data

@ PC summary for any q-subset of PCs {PC;,, ... PC; }, g > 1, can be
written as

Yi(PCyy...i)) =V + B2 " ryg,i=1,..n

J15---Jg

and then Yecg;, . j,) is the matrix of y;(PC, . .))

Stanislav Katina

Spatial PCA
PCA for EEG data

Definition (Spatial PCA, cont.)

@ affine contributions to the variability—an affine subspace PCA on
the n x k matrix Y, with the rows y,;, i = 1,2,...n

@ non-affine contribution to the variability —a non-affine subspace
PCA on the n x k matrix Yya with the rows yna;, i =1,2,...n

@ in affine subspace,fA stands for sample covariance matrix of y; and
spatial PCA is calculated with respect to bending energy matrix BS = I;

@ in non-affine subspace, we have (Bg)“/2 A (B;)”/z, because pure
bending is independent of affine component

@ to find the affine component we use linear regression model (LRM)
Y, = Y8, + €, where B, = (Y ¥) 'Yy, vi,i = 1,2, ...n, are the rows of
n x k matrix Y; theny, ; = Vﬁ, is the affine component; finally, we get
non-affine component (residuals of LRM), ynai =Yi — Ya,i

Stanislav Katina
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Spatial PCA
PCA for EEG data

Definition (Spatial PCA, cont.)
Consider the null model
y=p+e,

wherey = (y1,Vi, - - .yk)T, € ~ Nk(0, Xg) Special case of this model can be

written as .
y=n+B?Y cgl'? +e
j=1
where ¢; ~ N(0, 1), € ~ Nk(0, o°lkx«) independently, ug; = 0,9/ g; = 1 and
9/g; =0 (i #J)- Then

q
Ip= Z/jgjng + P lexk
i=1

Finally, £5 can be estimated by X5 and 52 = — Py

L swemKae
Spatial PCA
PCA for EEG data

FP1  FP2 1 2
F7 F3 f, F4 F8 M 3 47 4 12
T3 C3 Cz C4 T4 13 5 18 6 14
15 P3 Pz P4 1g 15 7 19 8 46
o1 02 9 10

channels labels

Obrazok: Ul 10-20 systém pozicii elektréd EEG s k = 19 elektrodami
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Spatial PCA
PCA for EEG data

I

o = N w

-2

e NEEEEENEREERRC]

Obrazok: TPS siet farebnych Stvoruholnikov s farbami kore$pondujucimi
vyhladenym hodnotam plochy superponovanymi kontdrami (pouzitim
optimalnej A vypocitanej pomocou GCV)
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Spatial PCA
PCA for EEG data

2 3 4

frequencies
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1l o

o
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. 14
b 7
313

, 8

quantiles
0

4 40

2

4
0 10 20 30 40 50
bending energies (penalties)

Obrazok: Histogram, boxplot, and quantile plot of penalties (bending energies;
outliers—Nr.14 and 5)
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Spatial PCA
PCA for EEG data

PC 2 scores (17.01%)
2 0 2
L L L
PC 2 scores (27.33%)
L

sssss @

pCt 077%)  PClscores (®
PCA in PC1 and PC2 subspace (46.78%)

pCt 64.78%)
PCA in PC1 and PC2 subspace (92.11%)

PC 2 scores (16.04%)
PC 2 scores (18.57%)

T T T T T T T T T T
0 -5 0 5 10 15 0 5 0 5 10

(r

PClscores(7358%)  PGiscores ¢
PCA in PC1 and PC2 subspace (89.62%)

PC1 scores (79.76%)
PCAin PC1 and PC2 subspace (98.33%)

Obrazok: Spatial PCA—PCA of local bending patterns (outlier Nr.5; upper left),
classical PCA (outliers Nr.12 and 14; bottom left), global bending patterns (upper
right), and PCA in the affine subspace (outlier Nr.5, 12, and 14; bottom right)

Spatial PCA
PCA for EEG data

PC 2 scores (15.88%)

PC 2 scores (17.01%)
3 2 1 0 1 2 3
T T S S

ssssss [

pPCt 977%)  PClscores @
PCA in PC1 and PC2 subspace (46.78%)

PC1 7.75%)
PCAn PC1 and PC2 subspace (43.63%)

PC 2 scores (17.33%)
0 2
L L
l :
PC 2 scores (15.89%)

3 2 -1 0 1 2 3 4

ssssss (2

pCt 9.19%)  PClscores (@
PCAin PC1 and PC2 subspace (46.52%)

pCt 92%)
PCA n PC1 and PC2 subspace (43.81%)

Obrazok: Iterative process of outlier detection and relaxation in the subspace of first
two PCs of local bending patterns with 'curves décolletage’—first PCA (outlier Nr.5;
upper left), second PCA (outlier Nr.12 and 14; upper right), third PCA (outlier Nr.11;
bottom left), final PCA (without outliers; bottom right)
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Spatial PCA
PCA for EEG data

Pet s o )
PCAIn PG and PC2 subspace (98.33%) PCAInPG1 and PC2 subspace (98.33%) PCAInPC1 and P

Obrazok: Iterative process of outlier detection and relaxation in the subspace of first
two affine PCs with 'curves décolletage’—initial PCA with incorrect relaxation direction

(outlier Nr.5, 12, and 14; upper left), initial PCA with correct relaxation direction (outlier

Nr.5, 12, and 14; upper right), final PCA (without outliers; bottom)
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Spatial PCA
PCA for EEG data

Euler angles 1, 6, and ¢ in degrees (clockwise around x(1)-, x(2)-
and y-axis) of original and affine-relaxed surfaces (OLS planes)
were calculated from a 3D rotation matrix. Additionally, translation in
absolute and relative scale (in the range of y values including whole
sample) was calculated as a difference of original and affine-relaxed
surface centres.

Tabulka: Affine outliers—angles of rotation about particular axes
(clockwise, in degrees)— about x(V-axis, § about x(?)-axis, ¢ about
y-axis; translation of surface centers in absolute (t.abs) and
relative (t.relat; in % of the range of y of the whole sample) scale

outliers P 0 ¢ tabs trelat
Nr. 5 —0.65 0.15 -0.07 1.00 13%
Nr. 12 —-1222 -3.24 472 137 —-17%
Nr. 14 2.00 1.26 —1.38 1.81 23%
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GMM
Simulations—quint examples

with added gaussian noise with added directional noise with added noise
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Obrazok: 250 quints generated from a normally distributed sequence
of 1000 random numbers—X = (X1, X2, X3, X4), Xj ~ Ng (ux, %lsxs),
M1 = (_170)7 K2 = (07 1)7 M3 = (170)’ 2 (07 _1)’ and ps = (070)1
o? = 0.001 (left); 9 quints with different random noise (middle, right)

GMM
Simulations—quint examples

with added gaussian noise
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PC1 scores (11.7%)
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GMM

Simulations—quint examples
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PC1 scores PC1 scores PC1 scores
In(CS) In(2xCS) In(5xCS)

Obrazok: Procrustes form space with k x CS (first row) and
In(k x CS) (second row), k = 1,2,5
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GMM

Simulations—quint examples

with added directional noise
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PC1 scores (99.8%)

with added noise
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PC1 scores (74.2%)
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GMM

GMM

Simulations—quint examples

Simulations—quint examples

shape PC 1 minus with added directional noise) shape PC 1 plus

PC2 scores (9.54%)
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GMM
Simulations—quint examples

PC 1 minus

PC 1 plus

e

PC2 scores (2.27%)

03 -01 01 03

PC1 scores (83.8%)

PC 1 minus PC 1 plus

i
PC2 scores (0.78%)
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-03  -01 01 03

PC1 scores (97.3%)
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GMM

Simulations— quint example
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PC 1 plus
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PC1 scores (60.1%)
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GMM
Key knowledge

0 form—information about object geometry that remains after translation
and rotation effects are removed

shape—information about object geometry that remains after
translation, rotation, and size effects are removed

object geometry—2D/3D Cartesian coordinates in k x d configuration
matrix X

shape components—affine (uniform) X4, non-affine (nonuniform)
Xna [local benging and global bending]

o
%
© biological homology—biologically correspondent parts of an organism

but point locations with respect to deformation TPS model—landmarks
© geometrical homology—with respect to some minimization criteria
(bending energy of TPS model) between source and target

configuration— semilandmarks on curves and surfaces

@ vectorization—Vectorized X = (x(":x?:
Vec(X) = x = (x, x® .. x), then Xs is n x dk matrix of vectorized
Procrustes shape coordinates Vec(Xp ;) = Xp; as its rows and its

covariance matrix is written as S

Geometric Morphometrics

Generalized Procrustes Analysis—Procrustes k-point registration

Definition (Generalized Procrustes Analysis, GPA)

Procrustes form coordinates x; ; =I';(x; — t;), where [; is rotation matrix
and t; is translation, x; ; are rows of Xy ;, i = 1,...n. Then we say that

Xi,i =1,2,...n are in optimal position or have the best Procrustes fit in the
sense of ‘form’ if

arginf Z H Xf7j = Xfyj ‘2 =

1<i<j<n

T T||?
arg inf Z I',- (X, = 1kt,T) = I',- (Xj = 1ktJT)
s 1<i<j<n

ry,.Fesoe)
tq,...tn€RY
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Geometric Morphometrics

Generalized Procrustes Analysis—Procrustes k-point registration

Definition (Generalized Procrustes Analysis, GPA)

Procrustes shape coordinates x» ; = ¢;I'i(x; — t;), where ¢; is scale, ['; is
rotation matrix and t; is translation, xp ; are rows of Xp;, i =1, ...,n. Then we
say that X;,i = 1,2, ..., n are in optimal position or have the best Procrustes
fit in the sense of 'shape’ if

arginf Y || Xpi —Xp; |I* =

1<i<j<n
arginf > e (X/ - 1kt/T>T — gl (Xj - 1kth)T 2
— 1<i<j<n

r,,.Feso)
t1,...tn€RY cq,Cp,...CcHERY
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Interpolation TPS Model

Definition (Thin-Plate Spline (TPS))
Consider a TPS given by f(x) = (fi (x), 2 (X), ... fs (X)), where

f(x) =c+ATx+W's(X), i (X) = Cm + apX+ 3| Windj (X), where
m=1,2,..d,¢c=(c1,Ca,...Cq)" , A= (a1, ap, ...a4),

Wn = (W1m7 Wom, . .. ka)T; W= (W1aw27 -~~wd),

S (X)qy = [P1(X), ... &k (x)]”, continuous radial (nodal) basis function

Ix31og (IXI3) Vlixl, >0 ifd =2
¢(x) =19 0,V|x],=0 ifd =2
HXHZ ) If d — 3
TPS interpolation to the data (x;, y;) is defined as
Y S 1 X w S 1, X
0o |=(1 o0 o ¢ |,L=(1 o0 o |,
0 X" 0 0 A X" 0 o

where Yixg = (Y1, .. .yk)T and Xy xg = (x1,...xk)T,
(S)U = ¢j (X,‘) = ¢(X,‘—Xj i =1,2,.. k.

Stanislav Katina

Interpolation TPS model

Definition (Thin-Plate Spline (TPS), cont.)
Inverse of L is equal to

where

@ bending energy matrix equals to B, = L

k x k
@ bending energy or penalty equals to

d 2p 2
IO =501 S o | Sy (i) | dxVa@..o@
with TPS model solution as
J(f) = tr (WTSW) = tr(YTB.Y)

Geometric Morphometrics

Bending Energy
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Obrazok: TPS deformation grid, bending, and bending energy
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Geometric Morphometrics

Affine and non-affine coordinates

Relative Warp Analysis

Definition (Affine and non-affine coordinates)

Regressing each k x d matrix Xp; (d = 2, 3) onto the Xp can
be defined by the MMLRM (Multivariate Multiple Linear
Regression Model)

~ = vTv \ 1T .
Xp; = Xpf + €i; B; = (xpxp) XpXp i =1,2,..n.

Let 3 = (5,1 55,-2) for 2D and 3 = <5,1 55,-255,-3> for 3D, then

@ affine Procrustes coordinates: Xaj = Xp7,-§,-

@ non-affine Procrustes coordinates (residuals of
MMLRM): XNA,i =Xp + (XP,i = XAJ)

Stanislav Katina

Generalized PCA—from shape space to affine and non-affine subspaces 1

Definition (Relative Warp Analysis (RWA))

If bending energy matrix Be is calculated for the mean shape
Xp, then dk x dk matrix B = ly4 ® Be. Let Generalized
covariance matrix with respect to bending energy is equal
to

S(oc) _ (Bf)a/ZS (B,)Q/Z’

where (B—)%/2 = EJ y o ZATfyj is Moore-Penrose generalized

inverse of B®/2.The non-zero eigenvalues of S(Ba) calculated by

SVD areTj and corresponding eigenvectors §j (relative warps,
RW). Then RW scores

ry =] (B7) Vec (Xs)) i =1,2,..n;j = 1,2,...Jq,
where Jy is the number of non-zero eigenvalues (d = 2, 3).

Stanislav Katina

Relative Warp Analysis

Relative Warp Analysis

Generalized PCA—from shape space to affine and non-affine subspaces 2

Definition (Relative Warp Analysis (RWA), cont.)
The effect of the jth RW can be viewed by plotting

Vec (Xp (c,j, a)) = Vec(Xp) + ch”/2§j7j.1/2,rj — cj7j.1/2

for various values of r; € (0, max(|r;|)) (or reasonable
magnification of max(|r;|); alternativelly, either ¢; ~ N(0,1) or

fixing ¢; = 1, magnification of71/2 standard deviation of RW;
scores), where BY/? = > j“/ ﬂj To emphasize

@ /arge scale variability (global bending), o = 1,
@ small scale variability (local bending), o = —1,

© o =0, then we take B? = | as the dk x dk identity matrix
and the procedure is equivalent to PCA of Procrustes
shape coordinates

Stanislav Katina

Generalized PCA—from shape space to affine and non-affine subspaces 3

Definition (Relative Warp Analysis (RWA), cont.)

@ Affine contribution to the variability by performing affine subspace
PCA on the covariance matrix S, of n x dk matrix X, with the rows
Vec (Xa,), i = 1,2,...n (which is equivalent to the RWA with o = 0)

© Non-affine contribution to the variability by performing non-affine
subspace PCA on the covariance matrix Sy, of n x dk matrix Xya with
the rows Vec (Xna,i), i =1,2,..n

Contribution of (a)symmetry by augmenting relabeled and reflected
Procrustes configurations to vectorized matrix of Procrustes shape
coordinates and performing SVD of S,s

Size contribution by augmenting vectorized matrix of Procrustes
shape coordinates by column of centroid sizes

Xsize = (IN(CS1), ...,In(CS,))", where CS; = \/(zj.‘=1 Ixj — Xi||3) =
I1Xi|| = tr(X;X]), then n x (dk + 1) matrix of vectorized form

coordinates Xr = (Xsfxs,-ze), and finally performing SVD of S¢
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GM vs KM
GM neurokrania ryb z rodu belica

@ neurocrania—roaches Rutilus rutilus and Rutilus virgo
(Actinopterygii: Cyprinidae)

@ R. rutilus (ny = 30) and R. pigus neurocrania (n,, = 50),
27 measurements

Stanislav Katina

GM vs KM
GM neurokrania ryb z rodu belica
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GM vs KM
GM neurokrania ryb z rodu belica
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Traditional vs Geometric Morphometrics

Fish Neurocrania-—Rutilus rutilus and R.pigus (Cyprinidae)
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PC 1 scores (39.464%)
distances

Obrazok: PCA of inter-landmark distances
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Traditional vs Geometric Morphometrics

Traditional vs Geometric Morphometrics

Fish Neurocrania-—Rutilus rutilus and R.pigus (Cyprinidae)—Shape Space PCA
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RW1 scores (50.28%)
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Fish Neurocrania-—Rutilus rutilus and R.pigus (Cyprinidae)—Form Space PCA

RW2 scores (6.42%)
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Relative Warp Analysis

Generalized PCA—Generelazed PCA for paired data

Relative Warp Analysis

Generalized PCA—Generelazed PCA for paired data

Definition (RWA for paired data)

@ Letxp; = Vec(Xp,),i=1,2,...,n;n = 48 be a 2k-vector of

Procrustes shape coordinates, where Xp; = (x,g’),fxf,zv), ,

) — (X0, 1, ) d = 1,2

Xp i =

@ Let xp,; be 2k-vectors (k = 22) of matched-pair differences of
vectorized Procrustes shape coordinates, Xp ;i = Xp,15,; — Xp,10,i,
Xp, 15 = Vec(Xp,15,1) and Xp 10,; = Vec(Xp 10,i)

© S» be the covariance matrix of the data xp ,

Q Xp.10 = (x5 XE)0) = (X1, ..., %) be k x 2 matrix of mean Procrustes
shape coordinates X; of 10-year group, j = 1,2, ..., k, then
o -
S 1« Xp10 L1
o0 0 f (e b )
Xpo 0 0 ok

12
I-k><3

L=
LE%s
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Definition (RWA for paired data, cont.)

@ where L is symmetric positive definite,

@ the inverse of S exists as long as the landmarks are at least four in
number, not all on one straight line, and also not in the same place
(coincident); then inverse of L exists and is equal to L~"

® S =0¢(X —Xs);j,5=1,2,...,k, ¢ (x) = [|x||5 log <||X||§), vIx|l, > 0, if
x]l, =0,¢(x)=0
@ k x k matrix B = L' is called bending energy matrix of Xp 10, 2k x 2k

matrix B = lo»» ® Be, and 1/Be = 0, X" B, = 0, so the rank of the
bending energy matrix is k — 3

@ then (B’)’*/2 Sp (B’)“/2 is generalized covariance matrix of
matched-pair differences of vectorized Procrustes shape
coordinates, Xp ;

@ non-zero eigenvalues areTj with corresponding eigenvectors g; (PC
loadings, RWs)
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Relative Warp Analysis
Generalized PCA—Generelazed PCA for paired data

Definition (RWA for paired data, cont.)

@ RW scores are defined as r; = g/ (B™)*/*xp,
@ the effect of the jth RW can be viewed by plotting

Vec (XP (Cj,j, a)) = VeC(ip’m) = CjBa/Z/g\ﬂ?/z’ rj = Cj/l;1/2, G € RT

for various values of r; € (0, max(|r;|)) (or some magnification of

max(|ry|); alternativelly, fixing ¢; = 1, magnification offl;l/2 as standard
deviation of PC; scores)

@ the effect of the linear combination of RW,; and RW., can be viewed
by plotting

Vec (Xp (C1, C2, @) = Vec(Xp 10) + ¢1B/2g1 11’2 + ¢,B*/?g,13/?
@ a PC summary of the shape data

2 2
Vec (Xp15, (o)) = Vec(Xe,10)+B5 " D 1y = Vec(Xp.10)+) _ 68/ X0,

J=1 j=1
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Relative Warp Analysis
Generalized PCA—Generelazed PCA for paired data

Definition (RWA for paired data, cont.)

@ to find the affine component we use linear regression model

X0 +x5) = x50 + €@ d =1,2i =1,2,...,n,

I

@ then xf:,? = if,cﬂo,@,(d) and X, = (xf;}fxf}) is the affine component of
Xp i

@ in affine subspace, SDA_stands for sample covariance matrix of
Xpa,i = Vec(Xa,i) — Vec(Xp,10); then PCA of Spj is called
affine-subspace PCA

@ let Xpr = (XDfxs,»ze), be an n x (2k + 1) matrix with the rows equal to
xor; = (x0.,In(CS))" i =1,2,...,n, and x[, = (IN(CS1), ..., IN(CS»)).
Let Spr be the covariance matrix of the data xpr ;; then PCA of Spr is
called form-space PCA

@ the first PC represents allometry—shape change during growth

Stanislav Katina

Relative Warp Analysis
Generalized PCA—Generelazed PCA for paired data

Definition (RWA for paired data, cont.)
Visualization of interpolated shape changes can be done
@ via thin-plate spline (TPS) deformation grids,

@ field of vectors (within the convex hull of reference shape ip,m, where
longer vectors show stronger deformation in the specific direction of the
shape change) superimposed with the grid of gray-scale rectangles
with colors corresponding to the Procrustes distances (regions
showing milder deformation are lighter, regions with stronger
deformation are darker; the surface does not show the direction—but
only the size—of some shape change)
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Data

2D lateral X-rays—growth after surgery (paired data)

@ Veleminska J., Katina, S., Smahel, Z., Sedlagkova, M., 2006: Analysis of facial
skeleton shape in patients with complete unilateral cleft lip and palate:
Geometric morphometrics. Acta Chirurgiae Plasticae, 48,1: 26—32

@ Veleminska J., Smahel, Z., Katina, S., 2006: Development prediction of sagittal
intermaxillary relations in patients with complete unilateral cleft lip and palate
during puberty. Acta Chirurgiae Plasticae, 49,2: 41-46

@ Katina, S.,2008: Detection of shape outliers with an application to complete
unilateral cleft lip and palat in humans. In S. Barber, P.D. Baxter, A. Gusnanto &
K.V.Mardia (eds), The Art & Science of Statistical Bioinformatics, pp. 33-37.
Leeds, Leeds University Press

@ Katina, S.,2011: Detection of shape outliers for matched-pair shape data. Tatra
Mountains Mathematical Publication (accepted)

@ 48 boys, complete unilateral cleft of lip and palate (UCLP), without symptoms of
other associated malformations, Clinic of Plastic Surgery in Prague

@ homogenously operated by the same team of surgeons (cheiloplasty according
to Tennison, periosteoplasty without the nasal septum repositioning

@ patients monitored during puberty, at the ages of 10 and 15 (born between 1972
and 1978)

@ 22 landmarks (x-rays of the patients’ heads, under standard conditions,
SigmaScan Pro 5 software)
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Geometric Morphometrics
2D lateral X-rays—growth after surgery (paired data)

Obrazok: Cleft patients and Design of lateral X-ray (semi)landmarks

[Dpt. of Anthropology, Charles University, Prague, Czech Republic]
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Data—10yrs old boys before operation

2D lateral X-rays—growth after surgery (paired data)
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Data—15yrs old boys after operation

2D lateral X-rays—growth after surgery (paired data)
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Geometric Morphometrics

2D lateral X-rays—searching biological signal in the data

(16.35%)

RW2 scores
005 o0
RW2 scor

o oyrs 71 o 10yrs
o 15y1s ER o 15yrs o 15yrs
o 15 10 10

os w002 0 o004

o0 o0 oos 05 00 05 o on
RW1 scores (21.21%) RW1 scores (47.85%) RW1 scores (42.73%)
shape space, identical to PCA in shape space shape space, local changes-small scale shape space, local changes-large scale

g &
8 8
3 S
4 4
8 8
& &
E g
g, E

o 10yrs b o 10yrs
o 15yrs © 15yrs
2 02

00 005 005 oo
RW1 scores (60.05%); RW1 scores (22.66% RWH1 scores (59.01%)
A giine Chopace ORI A0 W, formesses BN
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Results of RWA—form space
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Outlier relaxation using PRM3

b3 «
°
>’ X
. % °
«
o X
N @ X
>Q>. >0 8x
%
Y
®
X
><3<..

Obrazok: Relaxation in Procrustes shape coordinates; TPS
deformation grids and field of vectors superimposed with the surface
of Procrustes distances of mean shape XPJO to the shape Xp 19 29
(left) and to the final relaxed shape Xp 10 29 (right); ‘curve décolletage’
of the shape Xp 19 29 (x—mean shape Xp 19, big e—shape Xp 1029,
small e—relaxed shapes Xp 19,29; middle)
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Data—human faces in 2D

@ Oberzaucher, E., Katina, S., Holzleitner, |.J., Schmehl, S.F., Mehu-Blantar, 1.,
Grammer, K., 2011: The myth of hidden ovulation: Shape and texture changes in
the face during the menstrual cycle. PNAS (submitted)

@ Pfluger, L.S., Oberzaucher, E., Katina, S., Holzleitner, 1.J., Mehu-Blantar The
Signal of Fertility. Evidence from a Rural Sample. Evolution and Human
Behaviour (accepted)

@ 20 young women (aged between 19 and 31) who reported to have a regular
menstrual cycle and did not take any hormonal contraceptives

@ standardized facial photographs—one taken in the ovulatory and one in the
luteal phase

@ in a forced choice task, 50 male and 50 female subjects were presented with
these photographs of each participant—to pick out the more attractive, healthy,
sexy, and likeable, of the two

@ skin patches sized 150 x 150 pixels from the cheek and subjected them to the
same forced choice task with slightly modified adjectives

@ 46 landmarks and 26 semilandmarks
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Data—human faces in 2D
2D Facial Analysis—two group differences

20 young women, 19 — 31yrs old, 46 + 26 (semi)landmarks
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Obrazok: Design of facial (semi)landmarks

[Dpt. of Anthropology, University of Vienna, Vienna, Austria]

Data—human faces in 2D
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Geometric Morphometrics

2D Facial Analysis—searching for biological signal in the data
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Geometric Morphometrics

2D Facial Analysis—searching for biological signal in the data

R 3|
NN
N
@ g4
@ 8
&):
S
(S|
w 9 N .
NN e L AR
= B - b
8 " R - oL
E o A s s« A
T T T T T LN
o 001 002 000 omz oo oco BE <2 > > AN
RW 1 scores (28.47%) E, B
LV o
Tt

PR v
il
L
| eSS
¥ 7oiy
s M
3 Bl P
o g
¥ o
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Obrazok: Affine subspace PCA—RWA of S, (RW4,RW, subspace)
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Geometric Morphometrics

Geometric Morphometrics

2D Facial Analysis—searching for biological signal in the data

2D Facial Analysis—searching for biological signal in the data
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Results of RWA—bending patterns with small scale
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Geometric Morphometrics

2D Facial Analysis—searching biological signal in the data

full shape space PC2+ global bending PC1+ local bending PC1+ local bending PC2+
[ [mm

ovulatory face ovulatory face

ovulatory face

ovulatory face

global bending PC1—

full shape space PC2— local bending P local bending PC

o

luteal face uteal face uteal face luteal face

Obrazok: Summary of RWA/PCA analyses in all subspaces of paired
shape differences [statistically significant RWs/PCs]
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Data—human skulls

3D (semi)landmarks

@ example re-uses part of a Vienna data set of 372 skulls from various collections

@ 106 human crania (38 adult females, 54 males, 3 juvenile females, 11 juvenile
males, 14 unknown sex; from newborns to adults)

@ Dept. of Archaeological Biology and Anthropology, Natural History Museum,
Vienna, Austria

@ Dept. of Anthropology, University of Vienna, Vienna, Austria

@ Weisbach collection - acquired and exhumed skeletons of soldiers of the
Austro-Hungarian monarchy, sex and age of these crania are known from military
records

@ Hallstatt collection from ossuary in Hallstatt, sex and age are known from the
church-books

@ data — 347 landmarks and semilandmarks — 32 landmark points, 7 ridge curves
totalling 161 semilandmarks and 154 surface semilandmarks [5 — base, 184 —
face, 158 — neurocranium]

@ landmark points on both sides of every cranium and semilandmarks (on curves
and surface) on the left side of every cranium were digitalized using a
MicroScribe 3DX (Mitteroecker et al, 2004, Gunz, 2005)

@ Katina, S., Bookstein, FL., Gunz, P, Schaefer, K., 2007: Was it worth digitizing
all those curves? A worked example from craniofacial primatology. American
Journal of Physical Anthropology Suppl. 44: 140.

Stanislav Kati

Data—human skulls

6 norms: norma frontalis, lateralis dex. a sin., occipitalis, verticalis, basilaris




Data—human skulls

Data—human skulls

(Semi)landmarks of three skull regions

Design of the experiment
Homo sapiens
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x—coordinates
MEAN SHAPE: all specimens, from juveniles to adults
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(Semi)landmarks of three skull regions and euryon variability
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3D Form Space PCA
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PC 2 scores (6.111%)
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-0.20 -0.15 -0.10 -0.05 0.00 0.05 0.10

PC 1 scores (18.246%)
juvenile-to-adult growth: left-to-right (all 347 landmarks, 3D)

Obrazok: PC1 and PC2 scores

3D Form Space PCA
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2D Skulls
Predmosti skulls

@ professionally digitised glass plate negatives of fossil skulls
(Pfedmosti 1 — P1, Pfedmosti 3 — P3, Pfedmosti 4 — P4, Pfedmosti 9 —
P9, Pfredmosti 10 — P10)

@ in the accessible norms: frontal, lateral sin., occipital, basal, and vertical
views

@ the skulls in question are those determined by Matiegka to have been
females (P1, P4, P10) and males (P3, P9)

@ 17 landmarks in the right lateral view

@ the recent population collection — 103 skulls of known sex (51 males
and 52 females) and age from the first third of the 20th century

@ Katina, S., Seféakova, A., Veleminska, J., Bruzek, J., Veleminsky, P,
2004: A Geometric approach to cranial sexual dimorphism in the upper
palaeolithic skulls from Pfedmosti (Upper Palaeolithic, Czech Republic).
Journal of the National Museum, Natural History Series 173,
1-4:133-144

@ Seftakova, A., Katina, S., 2008: Geometrical analysis of adult skulls
from Pfredmosti, In: Veleminska, J, Bruzek, J, (eds), Fossil hominids
from Pfedmosti nr. Pferov : Old documentation and new reading.
Academia, Praha, 87 — 101
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2D Skulls
Norma frontalis
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Skulls
Norma lateralis
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2D Skulls
Example of skull from Pachner reference sample

e
[Pachner collection at the Department of Anthropology and Human Genetics of Charles

University in Prague (Czech Republic)]
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2D Skulls

PCA Summary

Legenda:
F—Pachner females (n=52), M—Pachner males (n=51),

Predmosti crania—P1 o, P3l, P4 e, PO A, P10 ¢

@ TPS deformation grids and RW scores (RW1 and RW?2) — in shape
space (identical to PCA in shape space)

TPS deformation grids and RW scores (RW1 and RW?2) — in shape
space for local changes with large scale (o = 1)

TPS deformation grids and PC scores (PC1 and PC2) — in form space

TPS deformation grids and PC scores (PC1 and PC2) — in form space
with 95% tolerance ellipses for males and females

TPS deformation grids and RW scores (RW1 and RW2) —in shape
space for local changes with small scale (o« = —1)

o
o
o
o
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RWA in Paleoanthropology—Shape Space
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RW1 scores (17.154%)
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RWA in Paleoanthropology—Global Bending Patterns

RW2 scores (26.391%)

-004 -002 000 002

RW1 scores (38.612%)
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RWA in Paleoanthropology—Form Space

RW2 scores (12.41%)
-0.10 -0.05 0.00 005 0.10
!

-0.10 -0.05 0.00 005 0.10

RW1 scores (28.46%)
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RWA in Paleoanthropology—Form Space

RW2 scores (12.41%)
-0.10 -005 0.00 005 0.10
!

-0.10 -0.05 0.00 005 0.10

RW1 scores (28.46%)
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RWA in Paleoanthropology—Local Bending Patterns

RW2 scores (13.212%)

RW1 scores (40.172%)
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3D laser-scan capture

Geometric Morphometrics

3D facial shape—VCFS data, differences between cases and controls (paired data)

42 pairs of laser-scanned faces, 23 landmarks, 1664
geometrically homologous semilandmarks on curves and
surfaces, 59242 mesh-points triangulated with 117386 faces

L)
5

Obrazok: VCFS face, laser-scan, and surface meshes

[Royal College of Surgeons in Ireland, Dublin; Face 3D data]
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3D facial shape—VCFS data, differences between cases and controls (paired data)
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Obrazok: Design of facial (semi)landmarks—symmetrized mean
shape
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3D face—first steps of the analysis

Data analysis 1

Data analysis:

@ with respect to the analysis of object asymmetry (in our case, facial
shape asymmetry), the original coordinates were relabelled and
reflected (RR) with respect to midsagital plane (MP)

@ MP was estimated as an ordinary least square plane of unpaired
midsagital landmarks and rotated into (x, y)-plane

@ for paired (semi)landmarks, the sign and labels were reversed across
the left-hand and right-hand side of the head shape

@ the original PSC together with their RR counterparts were jointly
submitted to GPA to register both into the same shape space

@ both configurations were centered with respect to original and RR
Procrustes mean shape, respectively, resulting in original and RR
centered PSC

@ fluctuating asymmetry (FA) expresses how the difference between the
original and RR shapes fluctuate in the sample; it is calculated as the
sum of squares of individual asymmetry scores, i.e. Procrustes
distances between original and RR centered PSC of each shape

Stanislav Katina

3D face—first steps of the analysis
Data analysis 2

Data analysis:

@ the asymmetry of the means (AM) is calculated as the sum of squares
of the Procrustes distances between the original and RR Procrustes
mean shape; AM multiplied by sample size is called directional
asymmetry (DA)

@ the PSC were adjusted for age and sex by linear regression model of
the form

centered PSC; = sex+age+sex : age+¢;,i = 1,2,...1664;j =1,2,3;

for further analysis, residuals of this model were used

@ the direction of case-control difference was found based on the
projection of “null shape” to particular PC subspaces; if this fails to
negative side of the PC axes cases are on the negative part of the axis
as well; if this fails to positive side of the PC axes cases are on the
positive part of the axis as well

Stanislav Katina

3D face—first steps of the analysis

Standardized views
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3D face—first steps of the analysis
Data analysis 3

PCA for reversible 3D images:

@ 21 RR centered case-control (semi)landmark differences at the same
time

@ PC scores for original and RR data are equal in absolute values

@ in this setting, symmetric and asymmetric PCs are separated which
simplifies the interpretation

@ the symmetric PCs are these where PC scores of original and RR
data do not have the same sign (they are equal only in absolute
value)

@ the asymmetric PCs are these where PC scores of original and RR
data have the same sign (they are equal)

Stanislav Katina




Geometric Morphometrics Geometric Morphometrics

3D facial shape—VCFS data, differences between cases and controls (paired data) 3D facial shape—VCFS data, differences between cases and controls (paired data)
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Obrazok: Procrustes shape distances
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TPS deformations in topo-colors TPS deformations in topo-colors and wireframes
PCA estimates—control-to-case 3D Euclidean distance, signed distance; x-, y-, and PCA estimates—control-to-case 3D signed Euclidean distance, wireframes, and
z-axis direction (shape space) transparent visualization (shape space)
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2-block PLS

@ asymmetric 2-block PLS—traditional focus of the PLS
methods—find the directions in X4 that best describe X5 in
some way—oprediction of dependent variables X, from
independent variables X (Martens & Naes 1989, Joreskog
& Wolf 1982)

@ symmetric 2-block PLS—Ilow-dimensional linear
relationship between two high-dimensional measurement
blocks by adapting one single SVD (Sampson et al. 1989,
Bookstein 1994, Mclintosh et al. 1996)

Stanislav Katina

2-block PLS

o Let Sy = 1XEXS be the sample covariance matrix and then

e

where k1 + ko = k (k1 < k) is number of landmarks, ki is
number of landmarks in the first block and k» in the second
block, Sy, is dk, x dk;, sample covariance matrix of the bth
block, S4, = SzT1 is dkq1 x dk, sample cross-block
covariance matrix and is equal to

S11
So1

S12
S2

1

;
S = HX3,1XS,2
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2-block PLS

@ adapting the SVD to S, we get

AN AN A

S, = UNV',

where U is the estimate of dk1 x dkq orthogonal matrix of
left singular vectors with the columns 7y; (j = 1,2, ... dky)

and V is the estimate of dky x dky orthogonal matrix of
right singular vectors with the columns 75;

(j=1,2,...dky) and A is the estimate of dks x dk, matrix
of singular values ); on the diagonal (j = 1,2,... dky).

@ /atent variables (scores) are defined as

L= Xs1U, Ly= X5,V

Stanislav Katina

2-block PLS

@ covariance between jth column l4; of L4 and jth column Iy,
of Ly is
Cov (|1j7 |2j) = /)\\j,
the maximum for any pair of such linear combination
@ each column of U is proportional to the covariances of the

block of Xs 1 with the corresponding column of the matrix
L,

@ each column of V is proportional to the covariances of the
block of Xs » with the corresponding column of the matrix
L,

Stanislav Katina




2-block PLS

The additional graphical structure becomes available beyond
U, and V,; vectors—scatter-plots of the latent variable
scores or TPS grids (2D), or the arrows and TPS morphs
(3D) of the form, where we visualise

VeC(ipA) + C1jG~j’ VeC(i,D,z) + Czjv.j

for the various values of ¢4, ¢;; € R™ (in the range of the
particular SW scores or reasonable magnification of this range)

Stanislav Katina

2-block PLS

A SW summary of the data (from each block separately) in the
shape space

dki
Vec (Xp,1,)) = Vec (Xp 1) ZHU s
dko
Vec (Xp2,) = Vec (Xp ) leu

where (Lb)lj = Ib,ij (b = 1,2)

Stanislav Katina

2-block PLS

SW summary for any g-subset of SWs {SW,,
can be written as

. SW,},q > 1

= VeC XP1

Zl'llj )

.117 lq

+ 3 V=1,

J15-dg

Vec (XP,1,i)SW(j1,.--/ )

Vec (XP’2,,') = Vec Xp 2

SW(j1,..Jq)

and then X,‘EVZU““J") are the matrices of all Vec (Xp,b,,-)s,/,/u1 da)

2-block PLS

@ to visualize a composite shape (both blocks together) we
have to scale the singular vectors properly (Mitteroecker &
Bookstein 2007)

@ block-wise matrix of common factor scores

I = ( 1yl
@ necessary scaling factor—eigenvectors from SVD of the
T ~ e~ ~ T
matrix I/l; are &; = (1j1, P2j1)

@ composite singular vectors

- P11V,
©02j1V.

Stanislav Katina

Stanislav Katina




2-block PLS

@ composite shape Vec(Xp) + ij(sr) for the various values

of ¢; € RY (in the range of the particular SW scores or
reasonable magnification of this range)

@ let matrix of composite latent variables (composite
scores) be L(8) = XgF(), (L(N); = J;, the columns of
F() be f*) (Katina 2008)

@ SW summary of the data in the shape space
Vec (Xp,) = Vec (Xp) + Edky l,jfjsr
and SW summary for any g-subset of SW's
{SW,,,...SW, },q > 1 can be written as

Vec (Xp,) J) = Vec Xp) +X,..
and then X3 o

(sr) j —
o /,jfj Ji=1,..n,

SWr.. is the matrix of all Vec (Xp,)

SW(j1,.-.Jq)

Stanislav Katina

2-block GPLS

@ let B, be bending energy matrix of Xp

B B2
Be— ( 822 > ’
where k1 + ko = k (k1 < k) is number of landmarks, ki is
number of landmarks in the first block and k» in the second
block, B, = 0 is the k, x k, bending energy matrix of the

bth block, By, = BJ, is the k4 x ky cross-block bending
energy matrix

@ dk x dk matrix B =

B11
B2+

Id><d ®Bead :273
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2-block GPLS

@ let Sg =
@ then

7 (B7)"

B B
SB:(ssn )

(B) g(B)
St Sz
o let Sgg) be weighted cross-block covariance matrix,

/2 —Qf2~T~
(Bs) Z/ j /71T7/
inverse of B2/?)

(B)"* 5

(Moore-Penrose generalized

2-block GPLS

@ large scale variability, o = 1,

@ small scale variability, o = —1,

@ o =0, then BY = I, the k x k identity matrix
@ then SVD of

AN AN

si® = UAVT,

o let LY
latent variables (composite scores), (Lgr)),-j =Igj, let
the columns of F&") be f,(as;)

= X(SB)F,(BS’) be the matrix of weighted composite

Stanislav Katina
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2-block GPLS

Then a SW summary of the data in the shape space is

dki

Vec (Xp,) = Vec (Xp) Ba/2ZIB i

and SW summary for any g-subset of SW's

{SWj,,...SW, },q > 1 can be written as
Ve (Xp) sy, = Ve (Xp) +B*2 3" I f57,i=1,..n,
j']? jCI
and then XSWU1 Ja) is the matrix of all Vec (X,:’,-)SWU1 )
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Two shape subspaces and two different 2-block GPLS

Following Katina (2008)

@ affine contribution to the variability—affine subspace PLS
on n x ky matrices X, 5, with the rows x, p;,
i=1,2,.n;b=1,2

@ non-affine contribution to the variability—non-affine
subspace PLS on n x k, matrices Xy » with the rows
XNA bi s i = 1,2, ...n

Two different 2-block GPLS

@ if we have two shape blocks—Procrustes shape
coordinates are pre-multiplied with (B )O‘/2 of Xp
(Procrustes mean of the composite shape)

@ if we have one shape block and one block of external
variables—Procrustes shape coordinates of the shape

block are pre-multiplied with (Bg )O‘/2 of Xp, (Procrustes
mean shape)

Stanislav Katina

Symmetric GPLS summary

two shape blocks

one shape block and one block of external variables
shape space

affine subspace

non-affine subspace

non-afine subspace with global and local bending

one or more external variables
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Results of GPLS

TPS grids of shape block vs "attractiveness” block in all shape subspaces

most attractive face

SWi+ SWi1-

least attractive face

most attractive face

SWi-

H m: H SEsases
%r T

most attractive face least attractive face

least attractive face

SWi+

most attractive face

Stanislav Katina




Results of GPLS
3D warps of shape block vs SOFA scores in three different shape subspaces
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Statistical inference in shape analysis
Outline

For one-, two-sample, and paired hypotheses about shapes,
there are the following tests

@ one-sample Hotelling T? test, one-sample Goodall F test

© two-independent sample Hotelling T? test, modification of Nel-Van
der Merwe test for the multivariate Behrens-Fisher problem, and
two independent sample Goodall F test,

© paired Hotelling T? test and paired Goodall F test
© Mardia test of object symmetry

Moore-Penrose generalized inverse of symmetric square matrix A, let say
A~ is inverse, where following equation holds ATAA™ = A, so

S
- —1 T
A :§ >\j Y
J=1

where ~; are eigenvectors of matrix A corresponding to eigenvalues
Aj >0, wherej=1,2...s < kd.
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Statistical inference in shape analysis
One-sample Multivariate Inference

Definition (One-sample tests)

Let Vec(Xp,),i = 1,2, ...n, be the random sample from population with
vectorized Procrustes mean shape Vec (u,) estimated by X and
covariance matrix Xp estimated by Sx. Let

VeC(XP’,') ~ Nk (Vec (“’P) 9 Zp) ,i = 1, ...n.

The null hypothesis is defined as: the Procrustes mean shape p, is equal to
the Procrustes mean shape p, SO Ho : p1p = pg, Hi @ pip # pg- If Ho holds,
Hotelling T? test statistic is equal to

n—s
S

FH — TE/ ~ Fs.,nfs,
where s = min(dk,n — 1), and

s 72

Th = (Xe — Vec (o))" Sx (Xp — Veo (o)) = 3 L
j=1

(8=

is square of Mahalanobis distance between Xp and Vec (), where Sy is
Moore-Penrose generalized inverse of Sy;

W
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Statistical inference in shape analysis
One-sample Multivariate Inference

Definition (One-sample tests; cont.)

Tio = '?J-T (xp — Vec (py)) is the jth PC score for the difference

(xp — Vec (pg)),j = 1,2, ...,s. High values of?j%/xj indicates the direction of
high shape variability associated with Xp in jth PC. The test statistic T3 can
be modified with respect to any subset of PCs as

=
T# = (X — Voo (1)) (S57V)) ™ (%p — Veo (1) = 3 <

Jtoedg Y

where 35601""j") = 22PCl1,eda) Xﬁﬁf is the covariance matrix estimated by
any g-subset of PCs {PC;,, PC,,,...,PC;, };q > 1.
If covariance matrix £p = ol and if Hy holds, Goodall test statistic

a2 (ip, uo)
L1 0F (Xei,Xe)

which is the special case of Hotelling T2 under the isotropy.

Fe=n(n-1)

~ Fs,n—s,

o
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Statistical inference in shape analysis
Two-sample Multivariate Inference

Definition (Two-sample tests)

Let Vec(Xpi),i = 1,2, ...n; ,be the random sample from population j,j = 1, 2,
with vectorized Procrustes mean shape Vec (u, ;) estimated by Xp; and
covariance matrix Xp estimated by common covariance matrix

Su = (M1Sx,1 + n2Sx2) / (n1 + n2 — 2), where sample covariance matrices
Sx,; = +Xp ;HXp, Xp is nj x (dk) matrix of Vec(Xp ;) as the rows. Let

Vec(XpJ;) ~ Ndk (Vec (l"’P,j) ,ZP) ;j = 1,2; = 1,.../7.

The null hypothesis is defined as: the Procrustes mean shape p 4 is equal
to the Procrustes mean shape pp 5, S0 Ho : pip 1 = pp o, Hi : pp 4 # pp - If
Ho holds, Hotelling T? test statistic is equal to

nina (N1 +n; —s—1)
(m+n2)(n1+n2—2)s
where s = min(dk,ny + n, — 2), and

2
H = TH ~ Fs,n1 tnp—s—1,

R

S
T = (Xp,1 — Xpp2)" Sy (Xp,1 —Xp2) = Z
j=1

>

)
Y
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Statistical inference in shape analysis
Two-sample Multivariate Inference

Definition (Two-sample tests; cont.)

?,-o = QI-T (Xp,1 — Xp,2) is the jth PC score for the difference (xp — Xp2),
Jj=1,2,...,s. High values of?j%/X, indicates the direction of high shape
variability associated with observed group difference Xp 1 — Xp 2 in jth PC.
The test statistic T3 can be modified with respect to any subset of PCs as

= = PC(jq .. .J e _ r;

Tf—zf = (Xp1 — Xp,g)T (SU G, m) (Xp,1 — Xp2) = Z /0

J15-+4g

where §[°UT ) — 2_PC( .. da) XA/ is the covariance matrix estimated by

any g-subset of PCs {PC;,, PC,,,...,PC;, } ;q > 1.
If covariance matrix Xp; = ol and if Hy holds, Goodall test statistic

Fr — Mtmn=2 dz—(ip,nip,z)
T o T ™M d2(Xp 40X "2 a2 (Xp 2i,X, ~
ny t+ny 3 F( P, 1i> P,1)+Z,':1 ,c( P,2i> Pﬁz)

Fs,(n1 +ny—2)s>

which is the special case of Hotelling T2 under the isotropy.
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Statistical inference in shape analysis
Paired Multivariate Inference

Definition (Paired tests)

Let Vec(Xpi),j = 1,2,i = 1,2, ...n, be the random sample from population
with vectorized Procrustes mean shapes Vec (up’j) estimated by Xp ; and
covariance matrices Xp; estimated by Sy ;. Let

VeC(XpJ‘,‘) ~ Nk (Vec (N‘P,j) ,ZPJ) ,j = 1,2,i = 1,...[7.

Let Vec(Xp,i) = Vec(Xp,1i — Xp2i), i = 1,2, ...,n, be a random sample of the
coordinate differences of one object with coordinates measured two times
and then Vec(Xp,;) ~ Nak (Vec (pp) , Zp). The estimates of parameters are
Xp and Sp.

The null hypothesis is defined as: the Procrustes mean shape p is equal to
the Procrustes mean shape p, SO Ho @ 1 = pg, Hi @ pup # pg- If Ho holds,
Hotelling T test statistic is equal to

n-—s

FH — TE/ ~ F&,nfs,

where s = min(dk,n — 1), and

[ semmmvKam L
Statistical inference in shape analysis
Paired Multivariate Inference

Definition (Paired tests; cont.)

_ — 7
Th = (Xo — Vec (1)) S (Xo — Vec (ko)) = 374 £
o =4/ (Xo — Vec (p,)) is the jth PC score for the difference
(xp — Vec (), j =1,2,...,s. High values of?]%/xj indicates the direction of

high shape variability associated with X in jth PC. The test statistic T2 can
be modified with respect to any subset of PCs as

_ S I
Th = (%o — Vee (o))" (57" )" (%o — Vec (o) = 5, _, 2, where

sg"(f“"fq’ = ZPCUh“Jq) Xﬁﬁf is the covariance matrix estimated by any

g-subset of PCs {PC;,,PC,,,...,PC;, } ;q > 1.
If covariance matrix £, = ol and if Hy holds, Goodall test statistic

d? (XD, IJ,O)
S d? (XD,,-,XP)

which is the special case of Hotelling T2 under the isotropy.

Fc=n(n—-1)

~ Fs,nfs,
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Statistical inference in shape analysis

Confidence and Tolerance Ellipsoids

Definition (Confidence and Tolerance Ellipsoids)

If kK > 1, then the generalization of (1 — «)100% confidence interval (Cl) for
pis (1 — a)100% confidence set (CS) for p
(n—1)k

CcS = {No : (Xf uo)rs*1 (y, ,1,0) S T (a)}.

Then Pr(CS N {u} # 9] = 1 — a. We can calculate realization of (1 — «) %
CS. It is confidence ellipsoid (CE) centered in X. The direction of
ellipsoid-axes is parallel to eigenvectors 7; of S (); are particular

eigenvalues). The length of ellipsoid-axes visualized from the center X is
equal to

(n—1)k

(n—k)n k.

+ /A\] Fk,nfk(1 70‘)71.:1727“'
These CEs (in one-, two-sample, and paired case) can be applied to:
(semi)landmark coordinates and PC scores. Multiplying Fx n—« (o) by n we

get tolerance ellipsoid (TE).

>
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Example 27

PCA a testovanie hypotéz

Example (DU 9)

Majme data gorf .dat a gorm.dat, ktoré su v kniznici shapes a
predstavuju suradnice k = 8 landmarkov na lebkach n = 30 samic a n = 29
samcov goril (Gorilla gorilla). Pokrac. prikladu 7.

9.1) Registrujte stradnice landmarkov gorf.dat a gorm.dat do spoloéného
tvarového priestoru pomocou GPA a aplikujte algoritmus vypoctu rotacie do smeru
najvacsej variability z DU7. Pouzite funkciu procGPA( . . .) $rotated (GPA, kde
vystupom je pole rozmeru 8 x 2 x 59 procrustovskych tvarovych suradnic).
Vypocitajte priemerné procrustovské suradnice pre samice a samcov, deformujte
suradnice samic na samcov a naopak, extrapolujte 3 x.
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Example 27

PCA a testovanie hypotéz

9.2) Vypocitajte vlastné cisla a viastné vektory kovarianénej matice Sy centrovanych
procrustovskych tvarovych suradnic. Pouzite funkciu eigen (). Skontrolujte, ¢i maju
véetky vlastné vektory jednotkovu dizku. Skalujte viastné &isla ich sumou, vynasobte
100 (zaokruhlite na dve desatinné miesta) a kumulativne ich zosumuijte. Pouzite
fukncie sum () a cumsum (). Zobrazte skore PC;j vs PC;, j =1,2,3;i <jv
rozptylovych grafoch (rozsahy vSetkych grafov Skalujte rovnako) spolu s 95%
toleranénymi elipsoidmi. \Vypoc itajte priemerné procrustovské suradnice pre samice
a samcov v podpriestore PC1 (spédtnou projekciou skore do tvarového priestoru —
vid. slajdy o klasickej alebo zovéeobecnenej PCA), extrapolujte 3x. Porovnajte
obrazky s (9.1) a interpretujte pouzitim matematicko-Statistického pojmového aparatu.

PC2 (17.06%)
PC3 (10.68%)
0

PC3 (10.68%)

I
-20 -10

-30 -20 -10
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-30 -20 -10
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PCA a testovanie hypotéz
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Obrazok: TPS deformacie samcov na samice a naopak samic na samcov;
priemerné procrustovskeé tvary (horny riadok), odhadnuté priemerné
procrustovské tvary v podpriestore PC1 (dolny riadok); extrapolované 3 x
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