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Literatura

Motivace

0 5 10

−
10

0
10

20
30

40

x

y

●

●

●

●

●

● ●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

x
0

5

10

y

−10

0

10

20

30

40

est

0.00

0.05

0.10

0.15
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Konstrukce jádrových odhadů podḿıněné hustoty
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Jádro

Definition

Reálná funkce K splňuj́ıćı

1 K ∈ Lip[−1, 1], tj. |K (x)−K (y)| ≤ L|x − y |, ∀x , y ∈ [−1, 1], L > 0,

2 supp(K ) = [−1, 1],

3 momentové podḿınky:

∫ 1

−1

x jK (x)dx =


1 j = 0,

0 j = 1,

β2 6= 0 j = 2

se nazývá jádro řádu 2.
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Podḿıněná hustota

Nechť X ∈ R je náhodná veličina a h(x) jej́ı hustota, Y ∈ R náhodná
veličina a f (x , y) sdružená hustota náhodného vektoru (X ,Y ).
Podḿıněná hustota Y |(X = x) je definována

f (y |x) =
f (x , y)

h(x)
.

Jádrový odhad marginálńı hustoty:

ĥ(x) =
1

nhx

n∑
i=1

K

(
x − Xi

hx

)
(1)

Jádrový odhad sdružené hustoty:

f̂ (x , y) =
1

nhxhy

n∑
i=1

K

(
x − Xi

hx

)
K

(
y − Yi

hy

)
(2)
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Aplikace na reálná data
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Nadaraya-Watsonův odhad podḿıněné hustoty

Jádrový odhad podḿıněné hustoty náhodné veličiny Y |(X = x) je
definován

f̂NW (y |x) =
1

hy

n∑
i=1

wi (x)K

(
y − Yi

hy

)
, (3)

kde

wi (x) =
K
(

x−Xi

hx

)
n∑

j=1

K
( x−Xj

hx

) (4)

je váhová funkce.
Odhad se nazývá Nadaraya-Watsonův odhad podḿıněné hustoty.
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Aplikace na reálná data
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Ḿıra kvality odhadu f̂ (y |x)

vyhlazovaćı matice H =

(
hx 0
0 hy

)
vyhlazovaćı parametry hx , hy určuj́ı vyhlazeńı ve směru x a y

x

y

Oversmoothing

x

y

Optimal

x

y

Undesmoothing
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Aplikace na reálná data
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Ḿıra kvality odhadu f̂ (y |x)

vyhlazovaćı matice H =

(
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Ḿıra kvality odhadu f̂ (y |x)

MISE: Mean Integrated Square Error

MISE
{
f̂ (y |x)

}
=

∫∫
E
{
f̂ (y |x)− f (y |x)

}2

h(x)dx dy

AMISE: Asymptotic Mean Integrated Square Error

AMISE
{
f̂NW (y |x)

}
=

c1

nhxhy
− c2

nhx
+ c3h

4
x + c4h

4
y + c5h

2
xh

2
y

optimálńı š́ı̌rka vyhlazovaćıch parametr̊u:

(hx , hy ) = arg min
(hx ,hy )∈H

AMISE
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Metody volby vyhlazovaćıch parametr̊u

metody kombinuj́ıćı metody pro odhad parametr̊u regrese a hustoty

pro hustotu: cross-validace, metoda referenčńı hustoty
pro regresi: cross-validace, metoda penalizačńıch funkćı

metoda referenčńı hustoty

p̌redpoklad normálńıho rozložeńı podḿıněné hustoty

f (y |x) =
1√

2π(p + qx)
e
− 1

2

(
y−a−bx

p+qx

)2

.

p̌redpoklad normálńı nebo rovnoměrně spojité marginálńı hustoty

cross-validace

CV (hx , hy ) = 1
n

n∑
i=1

∫
f̂−i (y |Xi )

2 dy − 2
n

n∑
i=1

f̂−i (Yi |Xi )

metoda penalizačńıch funkćı

bootstrap
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Iteračńı metoda

vyhlazovaćı parametry dány minimalizaćı

AMISE
{
f̂ (y |x)

}
= AIV

{
f̂ (y |x)

}
+ AISB

{
f̂ (y |x)

}
naḿısto vztahu

AIV
{
f̂ (y |x)

}
= 2AISB

{
f̂ (y |x)

}
(5)

závisej́ıćıho na neznámé hustotě budeme uvažovat

ÂIV
{
f̂ (y |x)

}
= 2ÎSB

{
f̂ (y |x)

}
(6)
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Iteračńı metoda

ÂIV
{
f̂ (y |x)

}
= 2ÎSB

{
f̂ (y |x)

}
, kde

ÂIV
{
f̂ (y |x)

}
=

c1

nhxhy
, c1 =

∫
R2(K ) dx a R(K ) =

∫
K 2(x)dx

ÎSB
{
f̂ (y |x)

}
=

∫∫ {
1

hy

∑
i

(K ∗ K )
(

x−Xi

hx

)
(K ∗ K )

(
y−Yi

hy

)
∑

i

(K ∗ K )
(

x−Xi

hx

)

− 1

hy

∑
i

K
(

x−Xi

hx

)
K
(

y−Yi

hy

)
∑

i

K
(

x−Xi

hx

) }2

h(x)dx dy
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Iteračńı metoda

systém dvou nelineárńıch rovnic:

ÂIV(ĥx , ĥy ) = 2ÎSB(ĥx , ĥy )

ĥy = ĉ ĥx
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Reálná data: gejźır Old Faithful

299 pozorováńı erupćı gejźıru Old Faithful, Yellowstonský národńı
park, Wyoming, USA, 1989 – 1990

2 proměnné:
nezávislá proměnná: doba čekáńı do následuj́ıćı erupce [min]
závislá proměnná: doba erupce [min]
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Gejźır Old Faithful
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Literatura

Old Faithful geyser
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