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Introduction Characteristics of Time Series

Characteristics of Time Series

Time Series (Discrete—Time Stochastic Processes)

@ A time series is a sequence of random variables
{Ye, t =0,£1,£2,...}

Beveridge Wheat Price Index, 1500-1869
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Introduction ~ Weak Stationarity

Second Order Statistical Description

Definition
Stochastic process { Y;,t € T} is said to be a second-order process if
EY? <o forallteT.

Mean
@ Mean EY; = s <ocoforallt € T.

Autocovariance and Autocorelation
@ Autocovariance Cy(t,s) of a random process { Y:, t € Z} is defined
as the covariance of Y; and Ys:
Cy(t,s) = E(Y: — EYy)(Ys — EYs)
@ In particular, when t = s, we have
Cy(t,t) = E(Y: — EY;)?> = DY;
@ Autocorrelation coefficient is defined as

R(t:9) = 7vish:
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Introduction ~ Weak Stationarity

Weak Stationarity

@ We introduce weak stationarity which require that time series exhibit

certain time-invariant behavior.

Definition

o A time series {Y;, t € Z} is (weak) stationary if EY; < oo for each t,

and

(i) EY: = p is a constant, independent of t, and
(i) Cy(t,t+ k) is independent of t for each k.

Notation
o If {Y;,t € Z} is (weak) stationary denote by
(k) = Cy(t,t+k)

f Il ¢t.
py(k) = Ry(t,t+k) 2

Marie Forbelska (MU—(JMS) Spectral Density Estimation via AR Modeling Podlesi, 3.9.-6.9.2013

483



Introduction ~ Weak Stationarity

Spectral theory

Spectral density

Let {Y:, t € Z} be a zero mean stationary random sequence with the
autocovariance function satisfying

(e}

> h(®)] <.

t=—0o0

Then the spectral density function is the continuous function f(\) given
by the uniformly convergent series

(see Doob 1953, p. 476).
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Introduction ~ Weak Stationarity

White Noise

Definition
The process {€¢,t € T} is said to be an White Noise
@ if &+ are uncorrelated random variables,

e each with zero mean and variance 02 > 0

Notation: &; ~ WN(0, o2).

Definition
If €+ are also independent and identically distributed, then the process
{et,t € T} is said to be an IID process.

Notation: &; ~ /1ID(0, 02).
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Introduction ~ Weak Stationarity

Gaussian White Noise

er =1 —p ~ WN(0,02) 7‘
where e ~ N(L:].JZ:].) S
density:  f(x) = 5=z &P 2
mean: Ent=p : .
variance: Dn; = 02 = o? 87 Sy \ T —
o -2 0 2 4
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Introduction ~ Weak Stationarity

Exponential White Noise

er =1 —p ~ WN(0,02) 2 |
where ne ~ Exp(p=1) « |
e _ 1 _1
density:  f(x) = m exp { Hx} pro x >0 .
mean: Ent=p
variance: Dy = pi? = o2 g T T T r—
v 0 2 4 6
] l i | A1 l l
o d--FHA l | I i I M- ' [ 'Hi" | A - S
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Introduction ~ Weak Stationarity

Beta-distributed White Noise

ce=ne—p ~ WN(O,0?) 2
where ne ~ Beta(a=1.25b=1.25) e
density:  f,(x) = %x‘a*l(l —x)> 1 prox € (0,1) | 7
mean: Ene=p= 3% S
variance: Dn; = m =o? S 7 iy ; ‘ ‘
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Introduction ~ Weak Stationarity

ARMA Process

Definition

The process {Y:, t € Z} is said to be an ARMA(p, q) process
o if {Y;,t € Z} is stationary and
o if for every t € Z,

Ye—o1Yee1— - —opYep=er+ 01601+ -+ 046t—¢g

where g, ~ WN(0, 02).
We say that {Y;,t € Z} is an ARMA(p, q) process with mean p
o if {Ye—p,t €Z}isan ARMA(p, q) process.

Special cases

e If p =10 then Y; is said to be moving average process MA(q).

o If g =0 then Y; is said to be autoregressive AR(p).

v
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L ok Statorarity
Backshift Operators and Characteristic Polynomials

BY; = BY;_1 and BXY,=BY, , forall keZ
Y, ~ ARMA(p,q) : ®(B)Y: = O(B)e;
AR part ®(z)=1—-p1z — - — ppzP
MA part ©(z) =1+ 601z +-
defined on |z| < 1.
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AR(2): Y, =05Y,_1+0.2Y,p+c,,
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Introduction ~ Weak Stationarity

Causality and Invertibility of ARMA Processes

Definition
An ARMA(p, q) process is said to be causal (relative to {&;}) if there
o0

exists a sequence of constants {¢;} such that Z |¥i| < 0o and
i=0

oo
Y: = Z¢i5t—i7 teZ
i=0

Which is equivalent to the condition
P(z)=1—prz—...—ppzP #0, V|z| < 1
A similar definition for the invertibility of an ARMA(p, q) process relative
to ¢ can be presented if we interchange the role of {Y;} with {e;}. Then
the invertibility is equivalent to the condition
O(z)=1+b1z+...+6,z9#0, Vz| <1
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N UG Voo Sttonarity
Spectral density of ARMA process
fy(w) = 2—; |© (e_"”)| for we (—mm)
fy(w) = Z“W for we (—mm)
fy(w) = o2 [O(e)|
where
V4

2 [o(e )
O(z) =1+ b1z +

for we (—m,m)
o404z and O(z)=1-prz— ... —ppzP.
«O> «F>r «=» «E» = Q>
~ Marie Forbelské (MU-UMS)  Spectral Density Estimation via AR Modeling ~ Podlesf, 3.9.-6.9.2013 14 / 83




Introduction ~ Weak Stationarity

Moments of the AR(p) process

To calculate the mean we need causal AR(p) process:

Eyt EZJ 01/1‘,51— J_ZﬁOwJEEt*j:O'
Calculation of the autocovariance function is complicated:
first equation Y: =1 Yio1 + -+ @pYip + &t
multiplied by a term Y;_, and calculate the mean values of both sides, i.e.
EYth_k = @1 EYt_]_ Yt—k +--+ ©p EYt_th_k +E5tyt—k'
—— ——— —_———
=y(k) =y(k—-1) =v(k—p)
then we compute

EY: kee = (Z Vit j_k)Er = Z%Eé?t —j-KkEt = Z%U Ojtk
()'g k=0,
0  otherwise
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Introduction ~ Weak Stationarity

Yule—Walker equations

By simple modifications of the previous equations we get Yule—\Walker
equations

for the autocovariance function
for k=0: ~4(0) — ¢1v(1) —-— pp¥(p) =0
for k #0: (k) — p1y(k=1) =+ — @py(k—p) = O

2
€

for the autocorrelation function

for k=0: p0) — p1p(l) —-— ppp(p) = 7(20)
g
for k #0:  p(k) — p1p(k—1) —---— pp(k—p) =0  (YW.)

v

Yule-Walker equation is a widely used method to estimate the coefficients
of the AR(p) models.
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Introduction ~ Weak Stationarity

Limit properties of the p(k) of the AR(p) process

Solution of the homogeneous differential equation, which we marked with
a (YW,), we get in addition to recurrent relationship too explicit form of
the autocorrelation function

m pi—1 m pi—1 .
PAR(p)(k) =2 (Z stks> )\J,'( =2 (Z stks> r:/'kelkej7
Jj=1 \ s=0 Jj=1 \ s=0
where ¢js are constants determined by the initial conditions and \; = rje’ﬁf
are the inverse of the roots of the ®(z) =1 — p1z — ... — p,zP with

multiplicities p;. Because holds
1
‘/\j‘ =1r < 1, kde ¢(Zoj) =0 pro Zpj = PYE
we get here, that p(k) decreases for k — oo exponentially to zero, i.e.

p(k) ——0,
k—o00
which is a very important property identification autoregressive AR(p)
processes.
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Introduction ~ Weak Stationarity

AR(].) . Yt == O.5Yt_]_ + Et, Et ~~ N(O, 1)
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AR(1): Y,

Introduction

Weak Stationarity

== —0.5Yt_1 + Et, Et ~~ N(O, 1)
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Introduction ~ Weak Stationarity

AR(L): Y, =095Y: 1 +e, &~ N(0,1)
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Introduction ~ Weak Stationarity

AR(].) : Yt = —0.95Yt_]_ + €, Et ~ IV(O7 1)
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Introduction

Weak Stationarity

AR(2): Yy=—0.75Yi_1 — 0.75Y; o + &4,

Et ~~ N(O, 1)
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Introduction ~ Weak Stationarity

MA(2) . Yt =&t — 0.227951_-7]_ + 0-248851572, Er ~ N(O, 1)
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MA(4) :

Introduction

Yt =€+ 0.861_-7]_ + 0.251574,

Weak Stationarity

Et ~ N(O, 1)
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MA(12):  Yi=er+0.8c, 1+ 0.25; 1,

Introduction ~ Weak Stationarity

Et ~ N(O, 1)
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ARMA(L,1) :

Introduction

Yt =0.5 thl +er + 0.551_-7]_,

Weak Stationarity

Et ~~ N(O, 1)
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Introduction ~ Weak Stationarity

ARMA(Z, 1) . Yt' - 0.2Yt7]_ + 0.7Yt71 —|— Et + 0.551_-71, Et ~ N(O, 1)
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Introduction

ARMA(L,2) :

Weak Stationarity

Yt = -0.75 thl + & —Et—1 + 0.2551-72,

Et ~~ N(O, 1)

5
0
-5
0 50 100 150 200 250 300
; 2
ACF 2[o(e=™)]
f, w)=2= -
Lo ARMA(W) = 37 g (o
:
12 '
‘
‘
05 10 '
| | :
I I 8 l
0.0 vl LELELL L l
'|| ||' 6 :
:
4 :
-0.5 '
;
» ‘
:
‘
0
-30 -20 -10 0 10 20 30 5 5 o o T 2 z

Marie Forbelska (MU—UMS)

Spectral Density Estimation via AR Modeling

Podlesi, 3.9.-6.9.2013 28 / 83



Introduction

Weak Stationarity

ARMA(L,3):  Ye=—0.6Y;_1 +cr — 0.75,1 +0.4c,_» + 0.4er_3, ¢~ N(0,1)
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Introduction

Weak Stationarity

ARMA(2,2): Y, = 0.8897Y,_1 — 0,4858Y,_» + &; — 0.2279,_1 + 0.2488¢,_0, &; ~ N(0,1)
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Introduction Stationary seasonal linear models

Seasonal linear models

So far we have discussed the links between neighboring random variables
cos Yo, Yer1, Yego, oo

If a random process also includes seasonal fluctuations, it is necessary to
notice the dependencies between random variables, which divides season
length L.

sy Yta Yt+L7 Yt—|—2L) s

First, we introduce seasonal differential operator of length L > 0:
ALYy =Y:— Y =(1-BYY,
A2Y; =D (ALY:) = AL(Ye—Yer)
:(Yt— Yt—L)_(Yt—L_ Yt—ZL)
=Y:—2Yr 1+ Yeo = (1—BL)2 Yi

ALDYt:(]. - BL)DYt
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Introduction Stationary seasonal linear models

Construction seasonal models

@ To better understand the structure of seasonal patterns in the B—J

methodology, divide, for example, monthly data (L = 12) for [ r | years
in the following table.

Year ‘ January February ---  December
1 Y1 Ys e Yi2
2 Yi3 Yia s Y24
ro| Yiq—1  Yorize-1) o Yizpi(e1)

@ For each column j € {1,...,12} separately consider a ARMA(P, Q)
model of the same type:

Yit12e, = miYjyipe-1) + o+ Y-t
Mi+12t + V1Njs12(e—1) T+ + VQNj12(t-1)

@ Because all 12 random processes is of the same type, we can write
7(B1?)Y; = V(B¥?)n;.
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Introduction Stationary seasonal linear models
Remap white noise to the new process

When 12 white noise of the same type {ni12:} ~ WN(0,072)

{m412:} ~ WN(0,02)

[mana) ~ WN(0,02)
sequentially assemble in time and create a single random process
{ni, t=0,£1,£2,...},

we do not get white noise, it is recalled that:

Enini,, =0 only where h that are multiples of 12

Eninern #0  may occur for any other h,
therefore model the process as a general ARMA(pq) process

&(B)n; = O(B)ey, er ~ WN(0,02).
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Introduction Stationary seasonal linear models

Stationary SARMA models

o General stationary seasonal mixed SARMA model:

®(B)n(BL)Y, = ©(B)W(BLYey ~ SARMA(p,q) x (P, Q).

kde
e d(B)=1—pB —---—p,BP
07‘(’( L)—].—Tl'lBL—-H—Tl'pBPL
e O(B)=14+6:B +---4+064B°
o V(BYY =1+ 9B+ -+ 4B

@ MA homogeneous seasonal models
Yy = O(B)V(BLY)e; ~ SARMA(0, q) x (0, Q);.
@ AR homogeneous seasonal models

®(B)w(BL)Y; =, ~ SARMA(p,0) x (P,0),
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Introduction Stationary seasonal linear models

SARMA model as a special type of ARMA model

e Consider a simple example SARMA(1,0) x (1,0)12 model:
O(B)r(B2) Y =¢;
(1—p1B)(1 —mB2)Y,=¢
(1= ¢1B—mBY? +p1mBB)Y, =&,
Ye—p1Ye1 —mYeno+oim Y3 =¢;
@ We see that it is a special case of AR(13) model in which:

e 10 coefficients are zero,
e three remaining non-zero coefficients were created on two parameters:.

Relationship between SARMA and ARMA models

Model SARMA(p, q) x (P, Q). is actually ARMA(p + PL, QL + q) model
with additional conditions on AR and MA coefficients.
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Introduction Stationary seasonal linear models

Pure seasonal homogeneous model with MA parts: Y; = W(B'?)e,
SARMA(0,0)(0,1)19: Ye = (1—=0.95B)e;: Y;=¢e; —0.95¢; 10, g ~ N(0,1)
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Introduction Stationary seasonal linear models

Pure seasonal homogeneous model with AR parts: 7(B*?)Y; = ¢,
SARMA(0,0)(0,1)12: (1 —0.958')Y; =¢;: Y; =0.95Y; 12 + &4, &r ~ N(0,1)
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Introduction Stationary seasonal linear models

Pure seasonal homogeneous model with AR parts: 7(B*?)Y; = ¢,
SARMA(0,0)(2,0)12: (1 —0.3B1 +0.1B?")Y, =e¢: Yy =0.3Y: 10— 0.1Y, 04 + ¢, r ~ N(0,1)
3
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Introduction Stationary seasonal linear models

Seasonal homogeneous model with MA parts: Y; = ©(B)W(B*?)e;

SARMA(0.1)(0.1)1p : Ye = (1+0.9B)(1—0.4B%2)c, : Y, = e, +0.9e;_1 — 0.4e,_1p — 0.36e;_13. £¢ ~ N(0,1)
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Introduction Stationary seasonal linear models

Seasonal homogeneous model with MA parts: Y; = ©(B)W(B*?)e;

SARMA(0,1)(0,1)1: Ye = (1+0.9B)(1 +0.4B*)e, : Y = ¢ +0.9¢,_1 + 0.4e¢_12 + 0.365,_13, & ~ N(0,1)
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Introduction Stationary seasonal linear models

Seasonal homogeneous model with AR parts: ®(B)w(B*?)Y; = &,

SARMA(1,0)(1,0)12: (1 —=0.5B)(1—0.7B2)Y: =¢;: Y; =05Y; 1 +0.7Y; 10— 0.35Y; 13 +¢&r, &r ~ N(0,1)
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Introduction Stationary seasonal linear models

Seasonal homogeneous model with AR parts: ®(B)w(B*?)Y; = &,

SARMA(1,0)(1,0)12: (1 =0.98)(1 —0.7B)Y; =e¢: Y; =0.9Y; 1 4+0.7Y: 12 —0.63Y;_13 + ¢, er ~ N(0,1)

-5
0 50 100 150 200 250 300
2
fsar(w) = 2= L L
B ACF 5AR() = ¢ ote TP [nte e
150
0.8
06 100
0.4 50
02 A_J:LA
0

-60 -40 -20 0 20 40 60
-3 =2 =1 0 1 2 3

Marie Forbelska (MU—UMS) Spectral Density Estimation via AR Modeling Podlesi, 3.9.-6.9.2013 42 /83



Introduction Stationary seasonal linear models

Seasonal mixed model: ®(B)r(B?)Y; = ©(B)W(B*?)e,

SARMA(1,1)(1,1)12: (1 —0.58)(1 —0.7B'?)Y, = (1 +0.98) 1704312)&
Y =05Y; 1 +07Y: 10 —0.35Y; 13 +¢e: +0.9e;_ 1—045: 12—036& 13, ¢~ N(O
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Introduction Stationary seasonal linear models

Seasonal mixed model: ®(B)r(B?)Y; = ©(B)W(B*?)e,

SARMA(1,1)(1,1)12: (1 —0.5B8)(1 —0.7B12)Y, = 1+098)(1+04Bl2)5t
Y:=05Y; 1+0.7Y;: 12—035Y: 13+5r+095t 1+04€t 12+ 0.366¢13, € ~ N(0
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Introduction Stationary seasonal linear models

Seasonal mixed model: ®(B)r(B?)Y; = ©(B)W(B*?)e,

SARMA(1,1)(1,1)12: (1 —-0.9B)(1 —0.7B'?)Y; = (14 0.9B) 1704312&
Y: =0.9Y;_ 1+07Yt 12—063Yt 13+5t+095t 1—04Et 12—036& 13, ¢~ N(O
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Introduction Stationary seasonal linear models

Seasonal mixed model: ¢(B)7r(Bl2)Yt = O(B)V(B¥?)e,

SARMA(1,1)(1,1)12: (1 —0.98)(1 —0.7B'2)Y, = (1 +0.98)(1 + 0.4B?)¢,
Y =09Y;_ 1+07Yt 12—0635Y: 13+5t+095t 1+ 0.4e4_12 + 0.36e¢_13, €r ~ N(O, 1
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Estimation of moments

Estimation of moments

Let Y = (Y1,...,Y,)T be a time series observed at equally-spaced time

points ti,..., t,. We consider the problem of using these data to forecast
Yot1 at time toy1.
A A A
t1 tr cee t; tiy1 - th—1ty

Denote by A =tj;1—t;. Then
ti = t1+(i—1)A fori=2,...,n
o= iFi41

Without loss of generality, we can therefore assume that t; = J.
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Estimation of moments

Estimation of the second order moments

Suppose we have data Yi,..., Y, from a stationary time series. We can
estimate

Empirical Mean Estimator

Y =

:M—'

I

Empirical Autocovariance Function Estimator

Ce =7(k) =

Y)(Yerk — Y) for k=0,1,....,n—1

H.

Empirical Autocorrelation Function Estimator

~ .\ _ (k)
P(k) = 3(0)
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Estimation of moments

Example with ACF estimates for AR(2)

AR(2): (1—15B+0.75B%)Y,=c¢: Yy=15Ys1—0.75Y,0+c¢ er~ N(0,1)

10
|

0 100 200 300 400 500
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Estimation of moments

Example with ACF estimates for AR(2)

Empirical estimate for ACF Empirical estimate for ACF
1.0 n =100 1.01 n =200
0.51 0.54
o.o+—+H e /rH\I\lI

_alll

Ml

HT ‘IT[P T

0.5 -0.51

: é 1'0 1'5 2'0 2'5 30
red .
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Example with ACF estimates for AR(2) (cont.)

1.01

Empirical estimate for ACF

n =300
0.51

1.01

Empirical estimate for ACF
n =500
ool LI IIJ||| :

0.0+—11 MWMH
.
—-0.5
0 5 10 15 20 2 30 0 5 10 15 20 25
red ... theoretical values

30
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Estimation of moments

Example with ACF estimates for AR(2) (cont.)

Empirical estimate for ACF Empirical estimate for ACF
n = 1000 10] n = 5000

1.01

/I'H\Ll il oo ATH\ t—

10 15 20 25 30

0.51

0 5 10 15 20 2 30 0 5
red ... theoretical values
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Estimation of moments

Monte Carlo study for the 1000 replication

Empirical estimate for ACF

Empirical estimate for ACF
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1.0

05

0.0

-05

Monte Carlo study for the 1000

Empirical estimate for ACF

Estimation of moments

replication (cont. 1)

Empirical estimate for ACF

n=300 o | =500
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1.0

05

0.0

-05

Estimation of moments

Monte Carlo study for the 1000 replication (cont. 2)

Empirical estimate for ACF

Empirical estimate for ACF

n=1000

o n = 5000
S
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Total Mortality (weekly
data)

n =508

220{

2004

1601

1980

1976 1978
Assessment of seasonality

220

200

180

160

Wi ;

Y
Marie Forbelska (MU—-UMS) Spectral Density Estimation via AR Modeling Podlesi, 3.9.-6.9.2013 56 / 83




LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Total Mortality

Spectral Density

—— Parametric AR(2) estimate
—— Parametric ARMA(2,0) estimate
—— Parametric SARMA(3,0)(2,2)[52] estimate
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Total Mortality

1.0 Empirical ACF

—— Theoretical ACF for AR(2)

—— Theoretical ACF for ARMA(2,0)

—— Theoretical ACF for SARMA(3,0)(2,2)[52]

AIC criterion for choice of AR order
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Cardiovascular Morta//ty
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Cardiovascular Mortality
Spectral Density
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Cardiovascular Mortality

1.0 Empirical ACF
—— Theoretical ACF for AR(28)
—— Theoretical ACF for ARMA(2,0)
—— Theoretical ACF for SARMA(2,2)(2,2)[52]
AIC criterion for choice of AR order
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Temperature (weekly data)

n =508
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Temperature

Spectral Density
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Temperature

AIC criterion for choice of AR order

Optimal order of AR = 22

1.0 Empirical ACF
—— Theoretical ACF for AR(22)
—— Theoretical ACF for ARMA(1,2)
—— Theoretical ACF for SARMA(1,1)(2,0)[52]
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Relative Humidity
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Relative Humidity

Spectral Density

—— Parametric AR(4) estimate
2 - —— Parametric ARMA(4,3) estimate
—— Parametric SARMA(2,5)(1,1)[52] estimate
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Relative Humidity (weekly
data)

1.0 Empirical ACF
—— Theoretical ACF for AR(4)
—— Theoretical ACF for ARMA(4,3)
—— Theoretical ACF for SARMA(2,5)(1,1)[52]
AIC criterion for choice of AR order
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Carbon Monoxide (weekly
data)

n =508
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Carbon Monoxide (weekly data)

Spectral Density
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Carbon Monoxide (weekly
data)

AIC criterion for choice of AR order

Optimal order of AR = 16

1.0 Empirical ACF
—— Theoretical ACF for AR(16)
—— Theoretical ACF for ARMA(1,2)
—— Theoretical ACF for SARMA(2,3)(2,0)[52]
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Hydrocarbons

n =508
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Hydrocarbons
Spectral Density

——  Parametric AR(22) estimate
—— Parametric ARMA(1,2) estimate
—— Parametric SARMA(2,2)(2,2)[52] estimate
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Hydrocarbons

1.0 Empirical ACF
—— Theoretical ACF for AR(22)
—— Theoretical ACF for ARMA(1,2)
—— Theoretical ACF for SARMA(2,2)(2,2)[52]
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Nitrogen Dioxide

n =508
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Nitrogen Dioxide

Spectral Density

—— Parametric AR(6) estimate
—— Parametric ARMA(2,2) estimate
——  Parametric SARMA(3,3)(2,0)[52] estimate
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Nitrogen Dioxide)

AIC criterion for choice of AR order

Optimal order of AR = 6

1.0 Empirical ACF
—— Theoretical ACF for AR(6)
—— Theoretical ACF for ARMA(2,2)
—— Theoretical ACF for SARMA(3,3)(2,0)[52]
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Nitrogen Dioxide

n =508

— Normal Densiy.
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Nitrogen Dioxide

Spectral Density

—— Parametric AR(6) estimate
—— Parametric ARMA(2,2) estimate
——  Parametric SARMA(3,3)(2,0)[52] estimate
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LA Pollution-Mortality Study: Spectral Density

LA Pollution-Mortality Study: Nitrogen Dioxide

AIC criterion for choice of AR order

Optimal order of AR = 6

1.0 Empirical ACF
—— Theoretical ACF for AR(6)
—— Theoretical ACF for ARMA(2,2)
—— Theoretical ACF for SARMA(3,3)(2,0)[52]
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LA Pollution-Mortality Study: Spectral Density
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LA Pollution-Mortality Study: Spectral Density
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