
Introduction Algorithmization of hematopoiesis The model of common strange cells pool Simulations

Model of hematopoiesis with structured cell differentiation

Vlastimil Severa

Masaryk university in Brno
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Process of hematopoiesis

Hematopoiesis is a process taking place in bone marrow.

Hematopoietic stem cells (HSC) give rise to all blood cells through differentiation
and cell division.

The count of new cells is controled by negative feedback of actual size of blood
cells populations.

Due to the processes of control delays occur.

Hematopoietic diseases: Chronic myelogenous leukemia, Cyclical neutropenia, etc.
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Scheme of hematopoiesis
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Cell characteristics

We observe two characteristics of blood cells: level and commitment.

Level indicates stemness (or on the other hand maturation) of the cell.

Commitment is qualitative characteristic indicating which lineage the cell has

presumption to differentiate in.

0 . . . any commitment

L, M . . . commitment to lymphoid, or myeloid lineage

ME , MMEG , MGM . . . myeloid cells commitment to erythroid, thrombocytic, or

leukocytic lineage

MG , MM . . . leukocyt commitment to granulocytic, or monocytic lineage

Then Xi,c stands for the cell of level i and commitment c.
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Strange cells pool

Strange cells pool is a group of cells
in which commitment arise or can be
changed. Assume there are three
strange cells pools:

Cells without commitment specify
to the cells with commitment L
and M. There are cells on level 1
to k − 1.

Cells with commitment M specify
to the cells with commitment ME ,
MMEG and MGM . There are cells
on level k to l − 1.

Cells with commitment MGM

specify to the cells with
commitment MG and MM . There
are cells on level l to m − 1.
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Cell processes

Cell division

Xi,c
��* Xi,c1

HHj Xi,c1

Xi,c
��* Xi+1,c1

HHj Xi+1,c1

Xi,c
��* Xi,c1

HHj Xi,c2

Xi,c
��* Xi+1,c1

HHj Xi+1,c2

Xi,c
��* Xi,c1

HHj Xi+1,c1

Xi,c
��* Xi,c1

HHj Xi+1,c2

Cell transformation

Xi,c1
- Xi,c2

Xi,c1
- Xi+1,c1

Xi,c1
- Xi+1,c2

Q
(i,c)
(j1,c1),(j2,c2)

stands for the probability that the cell
Xi,c divides to cells Xj1,c1

and Xj2,c2

P
(i,c1)
(j,c2)

stands for the probability that the cell
Xi,c1

transforms to cell Xj,c2
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Processes assumptions

Assume that:

Probabilities P
(i,c1)
(j,c2)

and Q
(i,c)
(j1,c1),(j2,c2)

which aren’t showed are equal to zero.

Apoptosis (cell death) is possible, but not sure. That for the cell X(i,c) means

0 <
X
ι

X
κ∈C

P
(i,c)
(ι,κ)

+
X
ι,λ

X
κ,δ∈C

Q
(i,c)
(ι,κ),(λ,δ)

< 1,

where C = {0, L, M, ME , MMEG , MGM , MG , MM}.
With growing level the probability of commitment change decreases, or

P
(i,c1)
(j,c2)

≥ P
(i+1,c1)
(j+1,c2)

,

Q
(i+1,c1)
(i+1,c1),(i+1,c2)

≤ Q
(i,c1)
(i,c2),(i,c2)

≤ Q
(i,c1)
(i,c1),(i,c2)

≤ Q
(i,c1)
(i,c1),(i,c1)

.
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Let xi,c stands for the group of all cells Xi,c .
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Model equations

x ′0,0(t) = −G0,0x0,0(t) + V
(0,0)
(0,0)

x0,0(t − τ0,0),

x ′1,0(t) = −G1,0x1,0(t) + V
(1,0)
(1,0)

x1,0(t − τ1,0) + V
(0,0)
(1,0)

x0,0(t − τ0,0),

x ′2,c1
(t) = −G2,c1x2,c1 (t) + V

(2,c1)
(2,c1)

x2,c1 (t − τ2,c1 ) + V
(2,c2)
(2,c1)

x2,c2 (t − τ2,c2 )

+V
(1,0)
(2,c1)

x1,0(t − τ1,0),

x ′i,c1
(t) = −Gi,c1

xi,c1
(t) + V

(i,c1)
(i,c1)

xi,c1
(t − τi,c1

) + V
(i,c2)
(i,c1)

xi,c2
(t − τi,c2

)

+V
(i−1,c1)
(i,c1)

xi−1,c1
(t − τi−1,c1

) + V
(i−1,c2)
(i,c1)

xi−1,c2
(t − τi−1,c2

),

x ′k−1,c1
(t) = −Gk−1,c1

xk−1,c1
(t) + V

(k−1,c1)
(k−1,c1)

xk−1,c1
(t − τk−1,c1

)

+V
(k−1,c2)
(k−1,c1)

xk−1,c2
(t − τk−1,c2

) + V
(k−2,c1)
(k−1,c1)

xk−2,c1
(t − τk−2,c1

)

+V
(k−2,c2)
(k−1,c1)

xk−2,c2
(t − τk−2,c2

)− ΛLxk−1,c1
(t),

where i = 3, . . . , k − 2 and c1, c2 ∈ {L, M}, c1 6= c2.
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Coefficients Gi ,c

Assume cell processes coefficinets as functions in the form

P
(i,c)
(j,ct )

= µ
(i,c)
(j,ct )

“
θ

(i,c)
(j,ct )

”n

“
θ

(i,c)
(j,ct )

”n
+ xn

j,ct

, Q
(i,c)
(j1,c1)(j2,c2)

= µ
(i,c)
(j1,c1)(j2,c2)

“
θ

(i,c)
(j1,c1)(j2,c2)

”n

“
θ

(i,c)
(j1,c1)(j2,c2)

”n
+
`
xj1,c1

xj2,c2

´n .

Next we concider function

Hi,c =
X
ι

X
κ∈C

P
(i,c)
(ι,κ)

+
X
ι,λ

X
κ,δ∈C

Q
(i,c)
(ι,κ),(λ,δ)

.

And finally we can define coefficients (functions) used in the system of equations

Gi,c = Mi,c

Hn
i,c

Θn
i,c + Hn

i,c

.
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Coefficients V i ,c1

j ,c2

During the processes cells can be lost with rate γi,c1
, i.e. at the end there is overall

Gi,c1
xi,c1

e−γi,c1
τi,c1 .

Cells that have completed the processes which last for time τi,c1
are distributed into

cells groups. It is appropriate that the cells distribution corresponds to rates between
the cell processes coefficients.

So we set

V i,c1
j,c2

=

0@2Q
(i,c1)
(j,c2),(j,c2)

+
X
ι

X
κ∈C

Q
(i,c1)
(j,c2),(ι,κ)

+ P
(i,c1)
(j,c2)

1A Gi,c1

Hi,c1

e−γi,c1
τi,c1 ,

where j 6= ι or c2 6= κ.
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Origin of parameters

Parameter values were chosen according to some papers dealing with modelling of
hematopoiesis, mainly by Michael C. Mackey [1, 2, 3].

For parameters γi,c it seems the most important one is γ0,0. Even the small change
disturbs stability of the model. For i > 1 γi,c has to change significantly and there
only occurs decrease in cells quantity.

For delay τi,c we obtain quite similar results.

Generally we can say that most important are changes for cell groups x0,0 and x1,0.
For higher levels there is small effect on the whole population. But this presumption
has to be investigated on more complex model.
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Parameters γi ,c

γ0,0 = 0.0526, γ1,0 = 0.186, γi,c = 0.0027 for i > 1

γ0,0 = 0.0526, γi,c = 0.0027 for i > 0

γi,c = 0.0027 for all i
γi,c = 0.0027 for all i
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Parameters Θi ,c

Θi,c = 0.2 for all i

Θ0,0 = 0.6, Θi,c = 0.2 for i > 0 Θ1,0 = 0.6, Θi,c = 0.2 for i = 1 or i > 0



Introduction Algorithmization of hematopoiesis The model of common strange cells pool Simulations

Parameters Θi ,c

Θi,c = 0.2 for all i

Θ0,0 = 0.6, Θi,c = 0.2 for i > 0

Θ1,0 = 0.6, Θi,c = 0.2 for i = 1 or i > 0



Introduction Algorithmization of hematopoiesis The model of common strange cells pool Simulations

Parameters Θi ,c

Θi,c = 0.2 for all i

Θ0,0 = 0.6, Θi,c = 0.2 for i > 0 Θ1,0 = 0.6, Θi,c = 0.2 for i = 1 or i > 0



Introduction Algorithmization of hematopoiesis The model of common strange cells pool Simulations

Parameters Θi ,c

Θ0,0 = 0.4, Θ1,0 = 0.6, Θi,c = 0.2 for i > 1

Θ0,0 = 0.4, Θ1,0 = 0.6, Θi,c = 0.2 for i > 1

Compare that with simulation in [3].
There is shown model for platelet
population in collie with cyclical
neutropenia under treatment.
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