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Abstract

In the first part, some basic properties of Fisher information about a scalar pa-
rameter are recalled and the relation to the variance of estimator of the param-
eter is explained. Some approximations of Fisher information are introduced
and their properties are derived. Further, several theoretical models for cod-
ing of odor intensity in olfactory sensory neurons are investigated. Behavior of
the models is described by stochastic processes of binding the odorant molecules
to the receptors and activation of receptor-odorant complexes. Characteristics
how well the odorant concentration can be estimated from the knowledge of re-
sponse, the concentration of activated neurons, are studied. Two different ap-
proaches in search for optimal odorant concentration are used, the first one uses
Fisher information and its approximations, the other one suggests to use some
information-theory measures. These measures of optimality are computed and
applied to locate the odorant concentration which is most suitable for coding.
The results are compared with the classical deterministic approach which judges
the odorant concentration optimality via steepness of the input-output (transfer)
function. The conclusion is, that the most suitable signal, from the point of view
of its identification, is not unique and the same holds for most informative signal.
The methods are illustrated on realistic models of olfactory sensory neurons, too.



Abstrakt

V prvni ¢asti této prace jsou zminény nékteré zakladni vlastnosti Fisherovy miry
informace skaldrniho parametru a je vysvétlena spojitost s rozptylem odhadu
tohoto parametru. Jsou zadefinovany nékteré aproximace Fisherovy miry in-
formace a odvozeny jejich vlastnosti. Déle jsou zkoumany nékteré teoretické
modely pro kédovéni intenzity odorantu v olfaktornich sensorickych neuronech.
Chovani téchto modelt je popsdno pomoci ndhodnych procestt vazani molekul
odorantu na receptory a aktivace vzniklych komplexti. Jsou studovany charak-
teristiky, popisujici jak pfesné 1ze koncentraci odorantu urcit ze znalosti odpoveé-
di, koncentrace aktivovanych receptorti. K tomu jsou uZity dva odlisné pfistupy:
prvni z nich pouZivé Fisherovu miru informace a jeji aproximace, druhy navrhuje
pouziti nékterych veli¢in z teorie informace. Tato kritéria optimality jsou spo-
¢itdna a aplikovana k urceni koncentrace odorantu, kterd je nejvhodnéjsi pro
kédovéani. Vysledky jsou porovnédny s klasickym deterministickym pfistupem,
ktery posuzuje optimalitu koncentrace odorantu podle strmosti pfenosové fun-
ka jeho identifikace, tak z hlediska pfenosu maxima informace. Metody jsou také
demonstrovany na realistickych modelech olfaktornich neuront.



Table of contents

List of symbols
1 Introduction

2 Fisher information and its approximation
2.1 Fisher information and its properties . . . . . . ... ... ... ...
2.2 Approximation of Fisher information . .. ... ...........

3 Models of olfactory neurons
3.1 Introduction . .. ... ... .. . .. .. .. ..
32 Models . . . .. . e
321 Basicmodel ... ..... .. ... .. .. ... ... ...,
3.22 Model of simple activation . . . ... ... ... ... ..
323 Double-stepmodel . . .. ... ... ... . .. 0.
3.24 Fluxdetector . . ... ... ... . .. .. ... ...
33 Methods . ... ... . . . . . . e
34 Results . . ... .. e
341 Basicmodel .. .. .. ... ... .. .. .. .. .. ..
3.42 Model of simple activation . . . ... ... ... .. ... ..
343 Double-stepmodel . . .. ... ... ... 0 0L
344 Fluxdetector . . ... ... ... . .. .. ... ...

4 Classification of stimuli
41 Introduction . .. .. ... ... ... . ... o
42 Response function and optimality criteria . . . . .. ... ... ...
42.1 Response function and its variability . . . . . ... ... ...
42.2 Signal bringing the highest information . . . . ... ... ..
42.3 Conceptbased on best identifiable signal . . . .. ... ...
43 Results . ... ... .
43.1 Statisticalmodel . ... ..., ... . 0 0000
432 Empiricalmodel . ... .. ... ... .. 0 oL
43.3 Biophysicalmodel . ... ........ ... .. .. ... ..

5 Conclusions
References
List of figures
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continuous-time random process

random variable X conditioned by event Y=y

probability density function of random variable X

with distribution dependent on scalar parameter
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Fisher information about parameter ¢ (in random variable X)
approximation of J* (6) specified by index &

natural logarithm (of base e) of =

natural exponential function of x

generalized hypergeometric function at

Gamma function at

“little-0”, represents function f(¢) such that tlggo f(t)/g(t) =0
probability space

set of real random variables defined upon (€2, A, P)

with finite second moments

inner product of random variables X, Y in L*(, A, P) space
Lebesgue integral with respect to measure 1

odorant

degraded odorant

free (unbound) receptor

activated signaling receptor-odorant complex

inactive receptor-odorant complex



Introduction

Characterization of the input-output properties of sensory neurons and their mo-
dels is commonly done by using the so called input-output response functions,
R(s), in which the output is plotted against the strength of the signal, s. The out-
put is usually the spiking frequency, or rate of firing, but it can be also the activity
or level of any intermediate variable in the transduction cascade, e.g. concentra-
tion of activated receptors, effector enzyme concentration, ionic channel activity
or receptor potential. The response curves are usually monotonously increasing
functions (most often of sigmoid shape) assigning a unique response to an input
signal (see Figure 1.1 for illustration). In these curves, there are two special points
— the threshold below which the neuron does not respond or only a spontaneous
activity, rni,, is detected and the first level of the signal at which the response,
Tmax, 18 saturated. The range of signals between threshold and saturation is called
dynamic (coding) range D. For formal treatment it is convenient to scale the range
of responses, [I'min, "max), into interval [0, 1] or [0, 7max)-

The intuitive concept of just noticeable difference has been deeply studied in
psychophysics. This concept is also implicitly involved in understanding of sig-
nal optimality in neurons. Having the transfer function R(s) and minimum de-
tectable increment ¢ of the response, we can calculate A, which is the just notice-
able difference in the signal. Following from the model given by the response
curve, A, depends on the slope of the response curve. In the case of an abstract
linear response curve, R(s) = s/D, we have A; = De. If the response curve
is nonlinear (for example sigmoidal as in Figure 1.1) we can see that A, varies
along D and the smallest values of the just noticeable difference in the signal are
achieved where the response curve is steepest. Therefore the stimulus intensity
for which the signal is optimal, that is the best detectable, is where the slope of
the transfer function is highest. This measure of signal optimality is based on de-
terministic transformation of the signal into a response. In other words it applies
to situations in which to each signal s corresponds a deterministically unique re-
sponse R(s).

However, in practice, an identical signal does not always yield the same re-
sponse. The variability can be intrinsic (on the way from signal to response) or
extrinsic (in the stimulus or when reading the response). These two kinds of



1. Introduction

R(s)

T‘max R N RN

Tmin

Figure 1.1: A schematic example of transfer function. The dynamic range D, threshold
response ryin and maximal discharge .« are given. The size of the just noticeable dif-
ference A, in the signal corresponding to the just noticeable difference ¢ in the response
depends on the slope of the transfer function and is smallest where the slope is highest.

variability are not distinguished here and are collectively considered as noise
acting upon the signal-to-response transfer. The presence of noise complicates
the concept of signal optimality based on the just noticeable difference. Not only
a fixed response (e.g., firing rate) is assigned to every level of the stimulus (as
in the classical frequency coding schema), but also a probability distribution of
the responses. The noise causes two situations which should be avoided: differ-
ence in the responses is due to the noise and not to the signal-false alarm, the
signals are different but the difference is not noticed in the response-missed sig-
nal. To quantify these effects a new measures for signal optimality is required.

The main aim of this thesis is to propose and investigate alternative measures
of signal optimality, that can be applied to noisy transfer in olfactory sensory
neurons. It means, the measures have to take into account both factors — the slope
of the transfer function and the amplitude of the noise. As a general measure of
signal optimality in this case, Fisher information, which has become a common
tool in computational neuroscience, is proposed. This measure is extended by
some approximations of Fisher information, which are easier for computation. Other
group of applied criteria consists of different measures of transferred information,
defined in theory of information.

In Chapter 2, some essential theoretical properties of Fisher information are
recalled. The inverse of Fisher information J(#) about parameter # gives lower
bound for variance of any regular estimator  of the parameter 6 of distribution of

10



1. Introduction

the response. This fact is used as a recipe how to find the signal estimable with the
highest precision. In general, the computation of Fisher information is difficult.
Some computationally simpler approximations .J;(#) of Fisher information are
suggested and their relations with Fisher information are derived. Some of the
formal mathematical tools reappear in Chapter 3 and Chapter 4 again. This is due
to the fact that these chapters are based on already published articles and their
structure was designed as individual presentation.

Chapter 3 consists of contents of articles [1, 2], extended by computation of
a new criterion. Three theoretical models of concentration detector and a model
of flux detector are described. Behavior of the systems is described by stochas-
tic processes of binding the odorant molecules to the receptors and their activa-
tion. Characteristics how well the odorant concentration can be estimated from
the knowledge of response, the number of activated neurons, are studied. For
each model, the steady-state distribution of the number of activated receptors is
derived and the criteria of the signal optimality are computed and compared with
deterministic result. The contribution of the author is derivation of steady-state
distribution of the number of activated receptors in dependency on the odorant
intensity and computation of criteria of the signal optimality, introduced in Chap-
ter 2.

Chapter 4 contains mainly extended text of article [4]. Some earlier ideas can
be found in article [3], too. The aim of this chapter is to determine the stimu-
lus intensities which can be considered as the most important from two different
points of view: transferring as much information as possible and coding the in-
tensity as precisely as possible. These two problems are very different because,
for example, an informative signal may be difficult to identify. It is shown, that
the role of noise is crucial in both problems. To obtain the range of stimuli which
are the best identified, measures based on Fisher information are proposed, as
known from the theory of statistical inference. To classify the most important
stimuli from the point of view of information transfer, methods based on infor-
mation theory are suggested. It is presented, that both the most identifiable signal
and the most informative signal are not unique. To study this, a generic model
of input-output transfer function is analyzed under the influence of several dif-
ferent types of noise. Finally, the methods are illustrated on a biophysical model
and empirical data pertaining to olfactory sensory neurons. The contribution of
the author is the analysis of quality of the signal with respect to statistical infer-
ence based on Fisher information and its approximation described in Chapter 2,
the comparison of these criteria with the measures based on information-theory
and verification of the methodology on realistic models.

11



Fisher information
and its approximation

In this chapter, theoretical statements about Fisher information are given and
their connections with variance of a parameter estimator are explained. Further,
some new approximations of Fisher information are introduced and their relation
with Fisher information is derived.

2.1 Fisher information and its properties

In this section, only basic definitions and theorems from theory of estimation are
recalled; see [7, 49] for details. Let us denote L?(, A, P) the set of real random
variables defined upon the same probability space (£, A, P), which have finite
second moments, i.e.

E(XY)| < 0o for X,Y € L*(Q, A,P) . 2.1)

Two random variables X, Y € L*((2, A, P) are equivalent, if they are equal almost
everywhere with respect to measure 1, i.e.

j({w € B XW) A Y@} =0 . (2.2)
In this space, for X,Y € L*(Q, A, P) let us define inner product
(X,Y) =E(XY) . (2.3)

In this dissertation it is dealt with such random variables X € L?*(Q, A, P)
which have probability density function f(z;#) with respect to some countably
additive measure p. The probability density f(z;6) is assumed to be dependent
on a scalar parameter § € ©. Thus, the inner product defined by (2.3) can be

rewritten explicitly as
(X,Y) =Eo(XY) . (2.4)

Definition 1. Class of probability density functions {f(x;6); 0 € ©} is called reg-
ular if following conditions hold:

(i) parametric space © is opensetand © # () ,

12



2. Fisher information and its approximation 2.1. Fisher information and its properties

(ii) support M = {x € (—o0,0); f(x;6) > 0} does not depend on parameter 6,

Of(x;0
(iii) for almost all z € M with respect to measure (), finite derivative fg; )
o |OF(2:0)
ts, ’
exists 90 <

(iv) foralld € © : / of (;9; %) du(z) =0 ,
M

Oln f(X;0)\?

(v) value J¥(0) = Ee(( 50 ) ) holds 0 < JX(6) < 0o .

An estimator 6 of parameter 6 in is some function 0 = H(X) of random vari-
able X. It is a random variable again and it depends on actual value of parame-
ter 0.

Definition 2. Estimator § = H(X) of parameter ¢ in random variable X with
probability density function f(z;6) is called regular if following conditions hold:

(vi) the class of probability density functions {f(z;6);0 € O} is regular, i.e. it
satisfies conditions (i)—(v) on page 13,

(vii) 0 is unbiased, Eg (é) =0 ,

(viii) foralld € © : / H(x fg; 89/ H(x)f(z;0)du(z) .

Condition (iv) of Definition 1 says that the exchange of order of derivative and
integral in relation

= a5 J, fronn = 55 (105300 7} = (P ) @9

is justified. Similarly, (viii) of Definition 2 can be rewritten in form

) B af(X;0) 1
%<H(X),1>_<H(X)- o ,f(X;0)>. (2.6)

Definition 3. The value

(6 = E@((@lné%X;@)) ) _ <81nj5(‘9X;0),81ng(‘9X;0)> 27

is called Fisher information about parameter ¢ in random variable X.

13



2. Fisher information and its approximation 2.1. Fisher information and its properties

Fisher information is not measure of information in the sense of the theory
of information (e.g. like entropy). However, it gives how much “information”
is transferred into the distribution of X when the parameter ¢ changes. In other
words, it indicates how precisely the change in parameter can be identified (es-
timated) from the knowledge of the changed distribution. This point of view is
induced by following theorem, which was published in [18].

Theorem 4 (Cramér-Rao). Let § = H(X) be reqular estimator of parameter 0 with
finite second moment. Then, for all 0 € © following statement is fulfilled,

JXI(Q) < Var(é) : (2.8)

Inequality (2.8) is called Cramér-Rao inequality and gives the lower bound for
variance of any regular estimator of the parameter.

Proof. Let us start with Cauchy-Schwarz inequality

(1) P <

g<é—Ee(é),é—Ee(é)>-<8IHJ;(QX;0),MHJ;(9X;0)> 29

where the right hand side is equal to product Var (é) - J¥*(0). Using relations (2.5)
and (2.6), computation of the inner product on the left hand side of (2.9) gives

<é_E€<é)’8lnf(X;0)> ~ <H<X)’8lnf(X;0)> _6<Lalnf(x;e)> _

00 00 00
B of(X;0) 1 of(X;8) 1 B
‘<H<X)' o0 ’f(X;e>>_9< o0 ’f(X;e>>f
0 0 0
= S (H(X),1) = ZE(H(X)) = 0 =1 . (210)

After assignment into (2.9) and rearrangement of the terms, inequality (2.8) is
obtained. O

Some authors give more general statement for = H(X) which does not need
to be unbiased estimator of §. The proof of this statement is straightforward anal-
ogy of the proof of the previous Theorem.

14



2. Fisher information and its approximation 2.2. Approximation of Fisher information

Theorem 5 (Cramér-Rao). Let § = H(X) be an estimator of parametric function of 0
and let it have finite second moment. If conditions (vi) and (viii) on page 13 are fulfilled
and derivative %@ exists for all € O, then, for all 0 € © following statement is
fulfilled,

Jxl( 3 (aEgge)) gw(é) . 2.11)

Assuming we know the best estimator 0 = H(X) of 0 in the sense of minimal
variance (even if there is no general method how to find this estimator), Cramér-
-Rao Theorem 4 can be seen as relation which gives the quality of estimator 6 as
a function of the true value of parameter ¢. The idea of analysing Fisher informa-
tion J¥ () as a function of 6 to find the optimal value of 0, i.e. the value for which
the best estimator § has the lowest variance, is applied and further discussed in
Chapters 3 and 4.

Necessary condition on the distribution of X dependent on a parameter 6 for
existence of an estimator of ¢, which holds equality in Cramér-Rao inequality,
gives next theorem. Its proof can be found e.g. in [7].

Theorem 6. If reqular estimator § = H(X) of parameter 0 satisfies equality

Var(8) = (JX(0) " forall 0c© 2.12)
then the probability density function has form

f(a;0) = exp{c(0)H(z) = b(#) +alz)} (2.13)

where a(x), b(0), c(8) are some functions, fulfilling relation

de(f) db(d) 1
0 a0 =3 (2.14)
Having the form (2.13), probability density function f(z;6) belongs to expo-
nential class with respect to parameter ¢, for details see Definition 12 and Re-
mark 13. Let us only briefly recall the sufficient condition for achieving equal-
ity (2.12). Theorems of Lehmann-Scheffé and Rao-Blackwell give a recipe where to
search for such an estimator: this regular estimator § should be a complete sufficient

statistics for 6 in X.

2.2 Approximation of Fisher information

In general, it is difficult task to compute the Fisher information analytically. Usu-
ally the integral has to be computed numerically. Moreover, having only mea-
sured data without the knowledge of their distribution (which is a typical situ-
ation ), it is impossible to compute the Fisher information without estimation of

15



2. Fisher information and its approximation 2.2. Approximation of Fisher information

the probability density function. These reasons lead to search for some approx-
imation of the Fisher information. Following definition introduce a sequence of
such approximations. It is an extension of definition of approximation J5*(6),
which was already used by several authors. For references, see Chapters 3 and 4.

Definition 7. Let X be random variable with probability density function f(z;6)
dependent on a scalar parameter ¢ € ©. For k = 2, 3, . .. the sequence of approxi-
mations is defined,

1 GE(X*1)\
T (9)_Var(X“)< = ) . (2.15)

For k£ = 2,3,..., let us introduce a sequence of conditions similar to rela-
tion (2.6),

O ) yh1 0 k-1 : 1 9 sk : 1
33 00 =3 (00 ) = (O 100 )
(2.16)
Following theorem says that approximations J;* (f) given by Definition 7 are
lower bounds for Fisher information J* (6).

Theorem 8. Let X € L*(Q, A, P) be random variable with probability density function
f(z;8) dependent on a scalar parameter 6 € ©. If the class {f(x;0);0 € ©} satis-
fies reqularity conditions (i)—(v) of Definition 1, then, for those k = 2,3, ... for which
relation (2.16) is satisfied for all 0 € ©, there is inequality

JE0) < JXO)  forall 6O . (2.17)

Proof. The principal idea of proof is similar to that one of proof of Cramér-Rao
Theorem 4 and it uses Cauchy-Schwarz inequality

<X’f1 — Ep(X*Y), w> <

00

for k =1,2,..., where f(X;#) denotes the probability density function of X with
respect to the parameter 6. It is easy to verify that the right hand side of (2.18) is
equal to the product Var(X*~1) J¥(0) of variance of X*~! and Fisher information

16



2. Fisher information and its approximation 2.2. Approximation of Fisher information

about ¢ in X. Further, let us compute the inner product on the left hand side
of (2.18) using relations (2.5) and (2.16),

<X’f—1—E9(Xk 1)’6lnf(X 9)>
<Xk181an9> < X“’alnf(xe)>:

- ) O '<af§9> ) -
_ <Xk—1 8fX 9 > < X’“ 1 f(X;e); f(;;0)>:
59<X’” F(X:0), f(X;9>> ge X1 1) = %' (2.19)

Finally, substituting (2.19) into left hand side of (2.18) and dividing by Var(X*~!)
the following inequality is obtained,

2
OEq (X*1 : :
1 o (X*1) - 8lnf(X,0)’6lnf(X,0) | (2.20)
Var(X*-1) 06 06 06
which gives the statement of the theorem. O

Lemma 9. Let X € L*(Q, A, P) be random variable with probability density function
f(z;0) dependent on a scalar parameter 6 € ©. If the class {f(z;60);0 € O} satisfies
regularity conditions (i)—(v) of Definition 1 and if for all § € © relation (2.16) is fulfilled
for some k € {2,3,...}, then, there is equality

JEO)=JX0O)  forall 6 €O (2.21)
if and only if
On /lz:6) gg‘“ O (o) (1 — By (x* 1)) (2.22)

for some function r(6).

Proof. Equality in Cauchy-Schwarz inequality (2.18) is achieved if and only if
1
functions X* — Eo(X") and Oln

vant case of null function (which means that f(x;0) = f(z) does not depend on
parameter ), it means that

are linearly dependent. Omitting the irrele-

Oln f(xz; 60 _ _
% =r(0)-(z"" = Eo (X)) (2.23)
where r(0) is a constant or a function dependent on ¢ only. O

17



2. Fisher information and its approximation 2.2. Approximation of Fisher information

Lemma 10. Under the same conditions as in Lemma 9, the following conditions on
the probability density function are equivalent:

(i) for some function r(0),

Oln f(x;0)

50 =r(0)- (" = Ep (X)) (2.24)

(ii) for some functions a(x),b(6) and c(0), f(x;0) has form

fx;0) = exp {2"'e(0) — b(0) + a(z)} . (2.25)

Proof. (i) = (ii): Let us assume that the derivative of In f(z; ) with respect to ¢ can
be rewritten in form (2.24). Integrating (2.24) with respect to 6 (over the support
M of z) and using notation

c(h) = /M r(6)do | b(6) = /M r(0)Eq(X"1) o (2.26)

it gives
In f(x;0) = 2" 'c(0) — b(0) + a(z) , (2.27)
where a(x) is the integral constant (can be a function of z). Taking the exponential
of (2.27), the expression (2.25) is obtained.
(ii) = (i): Assuming the form (2.25) of f(x;0), derivative of its logarithm is
directly computed,

Oln f(x;0) ., de(0)  db(0)

90 " a8 a8 - (2.28)
Let us recall the relation (2.5), which implies that
Oln f(x;0) 0 B
<789 ,1> =55 (L1 =0 (2.29)
This property applied on (2.28) gives relation
db(6) o pmny de(6)
10 = Eo(X*) TR (2.30)
. o . . de(0)
Finally, substituting (2.30) into (2.28) and denoting r(0) = TR the expres-
sion (2.24) for (‘31%2‘75,9) is obtained. 0J

18



2. Fisher information and its approximation 2.2. Approximation of Fisher information

Theorem 11. Let X € L*(Q, A, P) be random variable with probability density func-
tion f(x;0) dependent on a scalar parameter 6 € ©. If the class { f(z;0); 0 € O} satisfies
reqularity conditions (i)—(v) of Definition 1, then, for those k = 2,3, ... for which rela-
tion (2.16) is satisfied for all § € ©, equality

JEO)=JX0)  forall 0 €O (2.31)

is fulfilled if and only if the probability density function f(x;0) of random variable X has
the form

f(z;0) = exp {z"'c(0) — b(6) + a(z)} (2.32)
for some functions a(x), b(0), c(8).

Proof. This theorem is direct consequence of joint statements of Lemma 9 and
Lemma 10. The way of proof follows the idea of equivalent conditions for holding
the equality J* () = J5(0) published in [44]. O

Definition 12. Random variable X has a distribution belonging to exponential
class with respect to parameter 6§ and with power k, k = 1,2,.. ., if probability
density function of X takes the form

f(;0) = exp {z"c(0) — b(0) + a(z)} (2.33)
for some functions a(z), b(0), c¢(8).

Let us note, that form (2.33) is equal to (2.13) with estimator H(z) = z*. De-
finition 12 allows us to formulate the statement of Theorem 11 by equivalence:
JX(0) = JX(0) for all § € O if and only if f(z;6) belongs to the exponential class
with respect to parameter § and with power k — 1.

Remark 13. In [53], the exponential class is defined as probability density func-
tions of the form

x6 — b(0)
a(¢)

where ¢ is nuisance parameter. Knowing ¢, it is called exponential class with
canonical parameter 0. After necessary change of notation, it leads to exponential
class with power 1 by Definition 12 with k& = 1.

F(:0,0) — exp{ e cb)} , (2.34)

Example 14. Let us suppose that random variable X has Gaussian distribution
X ~ N(u,o?) with known variance o2. Fisher information about the unknown
mean value i,

T () = — | (2.35)
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Figure 2.1: Fisher information J* (1) (dashed curve 1) and its approximations .J;X () for
k = 3,4,5,6 (curves 3-6) computed from random variable X ~ N(u,0? = 1).

does not depend on the true value x (it means, all values of mean are estimable
with equal accuracy, which only depends on the variance) and its approximations
for k = 2, 3,4 are equal to

I3 (p) = 2 (2.36)
212
X0 —
J5 (1) = YR (2.37)
3 (2 +02)?

I3 () (2.38)

- 3uto? 4+ 124204 4 506
Fisher information J* (1) and approximations J{X (i) for k = 3,4, 5, 6 are depicted
in Figure 2.1. The approximation J;* (11) is accurate, J5* (1) = J*(u) = o2 This
result corresponds with the statement of Theorem 11, because Gaussian distri-
bution belongs to the exponential class with respect to parameter ;. with power
k =1, e.g. for 0* = 1, probability density function is

2 2

T In 27
fla; 1) = exp {fvlu—%—g— 5 } : (2.39)

Example 15. Let us suppose that random variable X has Gaussian distribution
X ~ N(u,0?) with known mean p. Fisher information about the unknown stan-
dard deviation o,

JX(0) = = | (2.40)
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0.60.81.01.21.41.61.82.0
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Figure 2.2: (a) Fisher information JX (¢) (dashed curve 1) and its approximations .J ,f (1)
for k = 3,4,5,6 (curves 3-6) computed from random variable X ~ N(uz = 1,02). (b) De-
tail of (a).

depends on the true value o (the larger the true variance is the worse estimate of
the standard deviation can be achieved) and its approximations for k£ = 2, 3,4 are
equal to

J (o) =0, (2.41)
2

J5 (o) = R (2.42)

JX(0) L2y (2.43)

- 3ut 4+ 12u202 + 50

Fisher information J* (1) and approximations J;X (1) for k = 3,4, 5, 6 are depicted
in Figure 2.2. The approximation J5* (1) gives no information about the quality of
estimate of o, J5X () is accurate for p = 0.

Example 16. As the last example, let us assume random variable X with Gaussian
distribution X ~ N(u(0),0?%(0)) with both the mean and the variance dependent
on a parameter ¢ > 0,

0

m . (2.44)

WO= 5 0=

Fisher information about the parameter 6 and its approximations for £ = 2, 3 are
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Figure 2.3: Both figures depict Fisher information J* () (dashed curve 1) and its
approximations Jlg( (0) for k= 2,3,4,5,6 (curves 2-6) computed from random variable

X ~N (ﬁol, ﬁ) with coefficient of variation 1/v/0 dependent on parameter 6 > 0.

The horizontal axes have logarithmic scales.

equal to
0% +1
JX(0) = TICESER (2.45)
1
J5(0) = o1 (2.46)
1

Fisher information J*(x) and approximations J* (i) for k = 2,3,4,5,6 are de-
picted in Figure 2.3.

Considering the Definition 7 and Theorem 11 one could expect that the ap-
proximations J;X (§) would be ordered (and would converge to the Fisher infor-
mation). But, this is not true in general, as can be seen on results of preceding
examples. However, some kinds of asymptotical ordering of J*(#) and conver-
gence to J* () can be seen in Figure 2.1, Figure 2.2 and Figure 2.3. These ordering
and convergence differ case to case.
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Models of olfactory neurons

This chapter consists of contents of articles [1, 2], extended by computation of
anew criterion. Some theoretical models of olfactory neurons are described using
stochastic processes, the steady-state distribution of number of activated recep-
tors and criteria of the signal optimality are derived and compared with known
results.

3.1 Introduction

Signal processing in olfactory systems is initialized by binding of odorant mole-
cules to receptor molecules embedded in the membranes of sensory neurons.
Binding of odorants and receptor activation trigger a sequence of biochemical
events that result in the opening of ionic channels, the generation of receptor
potential which triggers a train of action potentials. Our models of the bind-
ing and activation of receptor sites are based on models proposed by Beidler [9],
Brown and Rothery [13], Cleland and Linster [17], Kaissling [30, 29], Lansky et
al. [42, 41], Lauffenburger and Linderman [46], Mankin and Mayer [50], Mau-
rin [51], Rospars et al. [62, 60]. The models can be, in general, classified into
two categories, concentration detectors and flux detectors. In the concentration
detector models it is assumed that the neuronal membrane is directly exposed
to the odorant molecules present in the external space. In other words, it is as-
sumed that the transfer of odorant molecules between the external space and
the perireceptor space is very fast and reversible. Thus the odorant concentra-
tions in both compartments are the same. We investigate three types of the con-
centration detectors which differ in the binding and activation mechanisms. In
the flux detector model it is assumed that the transfer of odorants from the exter-
nal to the perireceptor space is relatively slow and irreversible. Here, the degra-
dation must be included to compensate for the fact that no possible outflow of
the odorant occurs (see [30] for details).

All presented models aim to study theoretically how the concentration of
an odorant influences the steady-state number of activated receptor proteins and
how precisely the number of activated receptors can code the intensity of the
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ad a2 |

S S

Figure 3.1: Two concepts in search for the optimal odorant concentration for the ol-
factory neuron. The solid line describes the dependency between the odorant log-con-
centration, s (horizontal axis), and the response, the count of activated receptors (ver-
tical axis). (a) Deterministic approach is based on the slope of the input-output func-
tion C(s) (solid line). (b) Stochastic approach is based on the statistical properties of
the response; the mean response E(C(s)) (solid line) accompanied by standard deviations
E(C(s)) £SD(C(s)) (dashed curves) are plotted. Dotted lines denotes the connection be-
tween change of response ¢ and corresponding change A of the signal. For details see
text.

odorant. This is done either by investigating the classical deterministic models or
by using the statistical properties of the responses to the different concentrations
of the odorant. Under the statistical approach the behaviour of the number of
activated receptors is represented as a stochastic process with the odorant con-
centration as a parameter. Such a description was used for example by Aranyi
and Téth [8], Gurewich et al. [23], Kurtz [38], Lam and Lampard [39], Lansky and
Rospars [40], McNeil and Schach [54] and Tuckwell [67].

In the models, as well as in reality, neurons do not code all the concentrations
of odorant equally well. Here we compare the classical approach to the optimum
signal determination with the definition based on the application of Fisher in-
formation measure. Application of Fisher information in studies on the neural
computation has become a common tool recently; for example see Brunel and
Nadal [14], Johnson and Ray [28], Lansky et al. [45, 43], Sanchez-Montanes and
Pearce [64], Wilke and Eurich [68].

Both the deterministic and the stochastic concepts are described schematically
in Figure 3.1. The classical deterministic approach is depicted in Figure 3.1a,
where a unique response, C(s), is plotted against the odorant log-concentrati-
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3. Models of olfactory neurons 3.2. Models

on, s. The term “log-concentration” is meant as a quantity of molecules related to
a volume unit and expressed in natural logarithmic scale. Two equal changes ¢ in
response, the number of activated receptors C(s), are caused by different changes
in corresponding odorant concentrations, A; < Ay, because of varying slope of
the input-output function. Therefore, the changes in the odorant concentration
in region around A; can be determined from the knowledge of the response C(s)
more precisely than in region around A,.

In the statistical approach, depicted in Figure 3.1b, not only the shape of
the mean response function but also fluctuations (deviations) of the response are
taken into account and plotted versus the odorant log-concentration, s. Hence
the changes A; and A, in odorant log-concentration are different from the situ-
ation in Figure 3.1a. Due to the larger variability of the responses in the central
part of the transfer function we obtain A; ~ A,.

Describing the behaviour of interaction with stochastic processes we gain the
probability distribution of the response C(s) and it is used to search for the opti-
mal signal. In models constructed below, the asymptotic mean of the process al-
ways coincides with the deterministic input-output function. However, this does
not need to be a general property in dependency on complexity of the model.

3.2 Models

Presented models consider interaction between odorant molecules and receptors
on the surface of olfactory receptor neurons. We assume that there is only one
odorant substance, that each receptor molecule possesses only one binding site
and that the total number of the receptors on the surface of the membrane is
fixed and equal to V. Let A denote the odorant molecule in perireceptor space
and Ag, in external space, with concentration A = e* (in concentration detector) or
Ag = ¢° (in flux detector), which is assumed to be fixed until the olfactory system
achieves the steady state. We distinguish three states in which the receptors can
appear: unbound (free) state, R, bound inactive state, C*, and bound activated
state C. Only activated receptors trigger the response. The models assume that
the response, the count of activated receptors, C'(s), in steady state is completely
determined by the signal, which is fixed log-concentration, s, of odorant. Thus, in
the models investigated here the count is a dependent variable with the odorant
log-concentration, s, as a parameter. Three models of concentration detectors
and one flux detector model as stochastic processes, {C(s); t > 0}, are described
now. Being interested in the steady state of these processes, we study the random
variable C(s) = Cy(s) = tli)rgo Cy(s).
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3.2.1 Basic model

At first we consider the simplest model in which each occupied receptor becomes
activated instantaneously with its occupation. Thus, the number of bound but
not activated receptors is always zero. It is assumed that each receptor is occu-
pied and released independently of others in accordance with stochastic reaction
schema
Ky
A+R=C, (3.1)
k—y

where A represents an unbound molecule of odorant, R unoccupied receptor and
C stands for bound activated receptor (complex of the odorant molecule and
the receptor), k; and k_; are fixed reaction rates coefficients of association and
dissociation of the odorant molecules. The ratio K = k_;/k; is commonly called
the dissociation constant. A receptor unbound at time ¢ becomes bound (and acti-
vated) in time interval (¢, t+ At] with probability AAt+o(At), a receptor activated
at time ¢ becomes unbound in time interval (¢, ¢+ At] with probability pAt+o(At).
The parameter ) is an increasing function of the concentration, A, of the odorant.
We consider this dependency to be linear, A = k1A = k;e®, with the constant of
proportionality k; equal to the rate of association. The parameter 1 is considered
to be equal to the rate of dissociation, u = k_;. As the total number of receptor
sites on the surface of the membrane is equal to IV, relation R;+C; = N is satisfied
forallt > 0.

In accordance with these assumptions the continuous-time stochastic process
{Cy; t > 0} giving the count of bound activated receptors at time ¢ can be de-
scribed as a birth and death process (see [38, 39, 40]) with birth rates )\; and death
rates u;,

M= AN —0) = kt(N = i)e® | (3.2)
pi = pi = k_yi (3.3)

fori € {0,1,..., N}. It means that the transition probabilities are

P (z:) : (z: +1)¢p = kl(JY —1)e*At + o(At) (3.4
Pe(i) — (i — 1) p = k_1iAt + o(At) .

This process, independently of the initial condition, achieves a stationary state
with probability distribution with mass function,

m:P{C@):@}:(H%)_N@) (;—1) ic{0.1,... N}, (35

26



3. Models of olfactory neurons 3.2. Models

see for example [33]. Using this stationary distribution to derive the mean and
variance of the count of activated receptors in steady state, C'(s), we obtain

N
E(C6) = e 66
NK e *
Var(C(s)) = —~ 1€ = 3.7
r(CO) = 67)
N? + NKe™*
E(C%(s)) = ¢ (3.8)
(1 —+ Kle*s)
E(C4(s))—MF <2221 N1 L — es) (3.9)
- (1+Kle_5)N 443 ) Sy 4y y Ly Ly Ly Kl ) .
where
> gkt Ta)
JFola,bix) = ,Fylar, ... a,b1,...,b51) = Zx—' Zj (3.10)
= 11 (b + k)
o L)

stands for generalized hypergeometric function at x (for details see [5]) and I'(z)
denotes Gamma function. Hence, we have

> lc

k
3 .
JF5(2,2,2,1-N:1,1,1; 2) —sz_ k+1) E(Z—N) . (3.11)

As a function of s, the steady-state mean given by equation (3.6) monoton-
ically increases from 0 to N and it has typical sigmoidal shape with inflexion
point located at s = In K. Variance (3.7) has unimodal shape and, because of sat-
isfying of relation OE(C(s)) /0s = Var(C(s)), its maximum value is achieved for
the same odorant log-concentration s = In K. For extremely low and high odor-
ant concentrations the variance tends to zero, Var(C(f+o00)) = 0. The mean and
standard deviation as functions of the log-concentration of odorant are plotted in
Figure 3.2.

If the number of receptor sites, IV, is sufficiently high, it is natural to consider
continuous variant of the steady-state count of activated receptors C(s) and we
need to know the distribution of such continuous approximation. One possibility
how to do it is to use the central limit theorem (for details see for example [49]).
The other legitimate approach is to use the diffusion approximation of the birth
and death process (3.3), as described for example in [64, 67]. Following Tuck-
well [67], the stochastic process {C;; ¢ > 0} can be approximated by the process
{Yi; t > 0},

N
~Y = + VN v N A2
C t= )\ T Uy = 1T+ Ko + Ut , (3.12)
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Figure 3.2: (a) Mean E(C(s)) and (b) standard deviation SD(C(s)) of the number of
activated receptors in the basic model, as functions of the odorant log-concentration, s,
in perireceptor space. Parameters are K1 = 1 and N = 100. Both the inflexion point of
the mean and the point of maximal standard deviation are located at s = In K; = 0.

where U; is an Ornstein-Uhlenbeck stochastic process. Process U, is given by
the stochastic differential equation

2]{?1]{?_163

dU; = — (k1e® + k_ dt —_—
U (k1e® + k1) Up dt + fos 1 b

dw; (3.13)
where {IV;; t > 0} is the standard Wiener process. The properties of Y; fol-
low directly from the fact that U, is the Ornstein-Uhlenbeck process with drift
—(k1e® + k_1) (see [33]). The process Y; is Gaussian and its steady-state moments
are given by equations (3.6) and (3.7). Therefore, the discrete stationary distribu-
tion of the steady-state count C'(s) with mass function 7; can be approximated by
a normal random variable with probability density function

1+ Kje* (N — 2 — 2Ke™*)°
g) = MC _ 3.14
9(v:5) = e eXp{ INK o—s (3.14)

with s as a parameter. Note that due to the diffusion approximation the state
space of the continuous variant of the random variable C(s) is, at least formally,
the whole range, (—o0, o). However, its validity holds only if 7y and 7y are very
small.

Hereafter, we use the notation C(s) for both discrete as well as continuous
variant of the steady-state number of activated receptors. In case of eventual
misunderstanding we explicitly emphasize the type of variant.
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3.2.2 Model of simple activation

Consider now the model where not every bound receptor (complex) is activated
immediately. The receptors really appear in three states: unbound, R, occupied
but not activated, C*, and occupied activated, C. Model described by Lansky and
Rospars [40] supposes that each occupied receptor can either become activated,
C, with probability p € (0,1), or stay inactive, C*, with probability 1 — p, in-
dependently of its past behavior and of the behavior of other receptors. Such
an interaction corresponds to the following reaction schema,

k_y k1
C* = A+R = C, (3.15)
kin k_1

where k15 = pk; and kin = (1 — p)k; are association rate coefficients for the acti-
vated and inactive state and £, k_; have the same meaning as in basic model (3.1).
Denoting by B; the number of bound receptors, B, at time ¢, regardless of
their activation, the relation B, = C; + C} is satisfied. Then, because of the inde-
pendence of behaviour of the receptor sites the binding process follows reaction
schema
A+R g B (3.16)
k1
(compare with (3.1)) and provided B; = b the random variable C; has binomial
distribution C; ~ Bi(b, p) for all ¢t > 0. Then, the conditional steady-state distri-
bution is binomial, too, (C|Bs = b) ~ Bi(b, p). From the knowledge of the mass
function (3.5) of the random variable B, the unconditional probability distribu-
tion of C'(s) can be derived,

m=P(Co == (a0 - e N e

where ¢(s) = p/(1+K,e*). Hence, the steady-state number of activated receptors
has binomial distribution C(s) ~ Bi(V, ¢(s)) and its mean and variance can be
directly derived,

N
E(C(s)) = HTPG , 6.18)
N K - N 1 —

Var(C(s)) = — 2R N Zp) (3.19)

(1+ Ko=) (1+Kpe)

Np 1+pN—1 + K,e™*
E(C%(s)) = ( (1<+ K1e>s)2 1) 620

N
Np(1— ]ieses 4F'3 2,2,2,1—]\/’;17171;%

E(CY(s)) = ( i ) ( o-1) K) (3.21)

K™ —(p—1)
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Figure 3.3: (a) Mean E(C(s)) and (b) standard deviation SD(C(s)) of the number of
activated receptors in model of simple activation, as functions of the odorant log-concen-
tration, s, in perireceptor space. Parameters are K; = 1 and N = 100. Activation prob-
ability p is set to 0.8 (solid curves) and 0.4 (dashed curves). Inflexion points of the mean
curves are located at s = In K1 = 0 (independently on the activation probability p). The
variance is either monotonically increasing (for p = 0.4) or has a maximum located at
s=InK; —In(2p—1) = 0.511 (for p = 0.8).

steady-state mean (3.18) monotonically increases from 0 to Np and has sigmoidal
shape. Its inflexion point is located at s = In K, independently of the value of ac-
tivation probability p. For p € (0, 0.5], variance (3.19) is monotonically increasing
from zero to the limit value Var(C'(c0)) = Np(1 — p). For p € (0.5, 1), it increases
from zero to maximal value N/4 achieved at s = In K7 — In(2p — 1) and then
decreases to the limit value Var(C(c0)) = Np(1 — p). Both the mean and the stan-
dard deviation as functions of the log-concentration of odorant are plotted in
Figure 3.3. Of course, model (3.1) is a limit case of model (3.15) for p converg-
ing to 1. The continuous approximation of C(s) can be derived analogously as in
Section 3.2.1.

3.2.3 Double-step model

This model has often been used for describing odorant-receptor interaction (see
Kaissling [29], Gurewich et al. [23], Maurin [51], Rospars et al. [59, 60]). As in
the previous model, the receptors may appear in three different states. The in-
teraction between unbound, R, bound not activated, C*, and bound activated
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receptors, C, is formed by the transitions via the stochastic reaction schema

3} ko
A+R=C = C | (3.22)
k_q k_o

where rate coefficients k; and k_, characterize the activation-deactivation pro-
cess. In contrast with the model of interaction with simple activation (3.15), in
the double-step interaction it is assumed that occupied receptor can become ac-
tivated only with a delay after the binding. Analogously as in the basic model,
the stochastic process {C;; t > 0} giving the count of activated receptors at time
t can be described as a homogenous Markov chain with (N + 1)(N + 2)/2 states
{(4,7);0 <i+4j < N} and transition probabilities (for time interval At)

P (i, 5) 25 (i +1,5) = k(N — i — j)e’At + o(At) |

P{(i,5) =5 (i — 1, ) = k_jiAt + o(At)

PL(i,7) 25 (i— 1,54+ 1)} = kyirt + o(At) 6.5)
PL(i,j) 25 (i+1,5 — 1)} = k_yjAt +o(At)

where the first coordinate denotes the count of bound not activated receptors and
the second one denotes the count of activated receptors.

The stationary distribution of C'(s) is multinomial; see [20] for general formu-
lae. The steady-state mean number of activated receptors, C'(s), is

B N
o 1+K2 (1+K1€78) ’

E(C(s)) (3.24)
where Ky = k_/k;. We have not been able to evaluate the steady-state vari-
ance analytically. Nevertheless, it can be computed numerically and as its good
approximation we found the function

N a -+ be™*
T 14ce s +de2s

Var(C(s)) (3.25)
with general parameters a, b, ¢, d. The steady-state mean given by equation (3.24)
monotonically increases from zero to N/(1+ K5) and has (in general) asymmetric
sigmoidal shape with inflexion point located at s = In Ky +1n K —In(1+ K3). The
steady-state variance fulfills relations Var(C'(—o0)) = 0 and Var(C(o0)) = a > 0.
Both the mean and the standard deviation as functions of the log-concentration
of odorant are depicted in Figure 3.4. The continuous approximation of C(s) can
be derived analogously as in Section 3.2.1.
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Figure 3.4: (a) Mean E(C(s)) and (b) standard deviation SD(C(s)) of the number of
activated receptors in the double-step model, as functions of the odorant log-concen-
tration, s, in perireceptor space. Parameters are N = 100; K; = 1 and K; = 2 (solid
curves), K; = 1 and Ky = 0.5 (dashed curves). Inflexion points of the mean curves are
located at s =~ —0.405 (solid) and s ~ —1.099 (dashed). The standard deviation is either
monotonically increasing (solid) or has a local maximum (dashed).

3.2.4 Flux detector

In contrast with the concentration detector, in the flux detector model, the rate
of influx of odorant from the external to the perireceptor space is quantitatively
taken into account. This scenario has been introduced by Kaissling [30] and fur-
ther analyzed by Lansky and Rospars [41], Rospars et al. [60]. The transfer of
odorant molecules between the external and perireceptor spaces is relatively slow
and irreversible (no outflux is permitted). The concentration of the odorant in
perireceptor space can be substantially higher than outside. Stochastic schema of
the single-step reaction is

]{?I kl ]{]0 _
Ap LA, AR = C % R4A , (3.26)
k-1

where Ay denotes the odorant of fixed concentration Ar = ¢® in the external
space, A odorant in the perireceptor space and A denotes degraded form of the
odorant (cannot interact with receptors anymore). The parameter £; is the rate of
influx of the odorant molecules from the external to the perireceptor space and
ko is the rate of degradation of molecules of the odorant. Because of irreversible
reaction, the Michaelis-Menten constant Ky = (k_; + kg)/k; should be used for
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description of reaction rate instead of the dissociation constant K. Further, let us
denote the ratio of the influx and the degradation rates by K = k;/ky.

Continuous-time stochastic process {C}; t > 0} giving the count of activated
receptors at time ¢ can be described by inhomogeneous birth and death process
with transition rates

>\i,t = k’l(N — i)At, i = ,UZ = (k’_l + k’o)l, 1€ {0, 1,..., N} , (327)

where A, is the odorant concentration in the perireceptor space at time t. The
birth rates \;; are time-dependent (inhomogeneous) because of the stable in-
flux of the odorant from the external to the perireceptor space. The process has
a stationary state C'(s) if the relation s < In N — In K is fulfilled. In this case
the concentration of the odorant in the perireceptor space reaches an equilibrium
A (s) < oo. For s > InN — In K the process C; converges to the value C(s)
whereas the odorant concentration A; in the perireceptor space grows without
bounds.

Using the law of mass action, the deterministic behaviour of the flux detec-
tor model (see schema (3.26)) can be described by two independent differential
equations

%ﬁt) = ki NA(t) = (k_1 + ko + k1 A1) C(t) (3.28)
%it) = ke’ = kiNA(t) + (ko + ki AQ@)) C(1) (3.29)

where A(t) denotes concentration of the odorant in the perireceptor space and
C(t) the number of activated receptors at time ¢ > 0. Computing steady-state
solution of equations (3.28) and (3.29), formally letting

dC(t) dA(t)
dt dt
under the condition s < In N — In K we obtain the steady-state odorant concen-

=0 and =0, (330)

tration in the perireceptor space,

KMKGS

Ax(s) = m .

(3.31)

Now, we can replace the inhomogeneous birth and death process of the re-
action (3.26) with the homogenous one according to reaction (3.1). That means,
we consider the basic model of concentration detector with fixed concentration of
odorant in the perireceptor space, A (s). Both processes yield the same station-
ary probability distribution because of use of birth and death processes which are
markovian (they do not depend on the initial conditions). Corresponding time-
independent birth and death rates are
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Analogously as in Section 3.2.1 we derive the stationary probability distribution
{m;} of the birth and death process {C;; t > 0} with rates (3.32). Then, the mean
and the variance of the count of activated receptors in steady state, C(s), are

E(C(s)) = kkfiv /ii:)(s) : (3.33)
Var(C(s)) = — 1V A (s) (3.34)

(ko1 + k1 As(s))”
Assuming s < In N — In K and substituting (3.31) into equations (3.33) and (3.34)
the moments of of the count of activated receptors can be computed,

E(C(s)) = Ke* (3.35)
Var(C(s)) = Ke* (1 - [x’) , (3.36)
E(C*(s)) = Ke® (1 + %) : (3.37)

N Kes — N

Note that the Michaelis-Menten constant Ky; does not play any role in the be-
haviour of C(s).

The steady-state mean given by equation (3.35) is increasing function of the
odorant concentration. The variance (as a function of the odorant concentration)
given by equation (3.36) has unimodal asymmetric shape with maximum value
N/4 achieved for s = In N — In K — In 2. For low as well as possible high odorant
log-concentrations it becomes practically zero, because

Kes\ V! Ke®
E(CY(s)) = Ke* (1— e) JFy (2,2,2,1—1\[;1,1,1;7@’) . (3.38)

lim Var(C(s)) =Var(C(InN —InK)) =0 . (3.39)

§— —00

The mean and standard deviation of C(s) are plotted in Figure 3.5. The contin-
uous approximation of C(s) can be derived analogously as in Section 3.2.1. It is
normally distributed and has the probability density function

L Ne=s —N(Ke® — x)?
9lw:s) = \/ K (N — Kev) ¥ {zKes(N — Ke?) } ' (3.40)

3.3 Methods

We aim to investigate how precisely the odorant concentration, s, can be deter-
minated from a knowledge of the response, C(s), and which concentration levels
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Figure 3.5: (a) Mean E(C(s)) and (b) standard deviation SD(C(s)) of the number of
activated receptors in the flux detector model, as functions of the odorant log-concentra-
tion, s, in perireceptor space. Parameters are K = 1 and N = 100.

are optimal, that means can be well determinated from the knowledge of a ran-
dom sample of C'(s). In other words, we consider an experiment in which a fixed
concentration is applied and steady-state responses of the system are observed.
These are independent (it is the random sample) realizations of random variable
C'(s) from which we wish to determine s.

There are two properties limiting the optimal signal determination. First,
the minimal resolution ability. The system cannot distinguish two response val-
ues that are near one to another and the corresponding signal values are deter-
mined as equal. Moreover, there are two bounds, minimal and maximal response,
between them the system can code the information. Second, the fluctuation of re-
alizations of the response. On the same signal level, observed responses are not
equal.

The classical, deterministic, approach to determine the optimal concentration
is based on shape of the input-output function, f(s). This approach is commonly
used analyzing of various signal-response models using differential equations or
fitted functions, see for example Cleland and Linster [17], Ladnsky and Getz [42],
Nizami [57], Rospars et al. [60]. As an optimality measure the first derivative of
the input-output function with respect to the concentration of odorant is used,
Ji(s) = 0f(s)/0s, which measures the slope of the function f(s). Because in
models proposed here the relation E(C(s)) = f(s) is fulfilled, we can define .J;
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criterion as follows,
OE(C(s
= PELCED o
The optimal concentration of odorant, sy, is that for which the measure .J; is max-
imal,

Ji(s1) = msax{Jl(s)} : (3.42)

An alternative approach used here, is based on statistical properties of C(s).
This approach in search for optimal signal was used in various applications of
signal-response dependencies, for example by Brunel and Nadal [14], Johnson
and Ray [28], Lansky et al. [45, 43], Sanchez-Montanes and Pearce [64], Wilke and
Eurich [68]. Models described in the previous section suppose that the observed
number of activated receptors in steady state, C(s), is a continuous random vari-
able with a distribution belonging to the regular parametric family of probability
density functions, C(s) ~ g(z; s), with the odorant concentration, s, as a parame-
ter.

Determination of the concentration, s, from sampling responses {z1,...,z,}
of C(s) corresponds to its estimation, §, in chosen family of probability density
functions. As a measure of optimality, the Fisher information

o-e((M)) - [ () e o

with respect to the odorant log-concentration, s, is used for sample of size equal
to one. See Definition 3 on page 13 for detailed description. For the sample
of size n independent measurements, the Fisher information about the param-
eter s is equal to n.J(s). Since this multiplication cannot change the behaviour of
the Fisher information as a function of s, we study characteristics of J(s) only.

It should be mentioned that optimality measures based on Fisher information

assume that the responses are recorded from different sensory neurons or sepa-
rated by a sufficient time period to ensure independence of the measurements.
Otherwise, the Fisher information would not be scaled with the sample size due
to autocorrelation in time-averaging measurements and the optimality criteria
should be modified.

The Cramér-Rao inequality (2.8) gives relation between the Fisher information
J(s) and quality of the estimator 3,

Var(8) > J(s)™' (3.44)
hence, the Fisher information is the inverse asymptotic variance of the best unbi-

ased estimator of s. Therefore, the higher the Fisher information .J(s) is the better
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estimation of s can be achieved and we define the optimal odorant concentration,
S0, as the concentration for which the measure J is maximal,

J(s0) = max {J(s)} . (3.45)

In some cases the analytical expression of the Fisher information is very com-
plicated. Then we can use the lower bound, J>(s) < J(s), of the Fisher informa-
tion (see Definition 7 on page 16 and [43]),

! FE(C(s)\>  Ji(s)?
208 = ey ( Bs ) = Var(C(s)) (346)

which only requires the knowledge of first two moments of the distribution. Then
we can define the optimal odorant concentration, s,, in terms of .J5(s) instead
of J(s) analogously. Moreover, we have equality J»(s) = J(s) if the family of
probability density functions g(x; s) fulfills the equation

1 Og(xz;s)
g(xz;s) Os

= a, (g; - E(C(s))) (3.47)

for a, independent on z (see Theorem 11 on page 19 and [43]).
Similarly, recalling Definition 7 on page 16, lower bound J5(s) of the Fisher
information can also be used as an optimality criterion,

B 1 OE(C2(s))\”
J3(S>_Var(02(s))< ds ) ' (3.48)

3.4 Results

In this section we compute the optimality criteria J(s), J(s), J3(s) and J(s) for
the models of odorant-receptor interaction mentioned above and compare the re-
sults in searching for optimal concentration of odorant. In all this section C'(s)
denotes the continuous random variable which gives the number of activated
receptors in steady state as a function of the odorant concentration, s. This is jus-
tified by using the diffusion approximation (3.12) and its analogous variants. In
accordance with the diffusion approximation, C'(s) is assumed to have the normal
probability distribution with moments specified by the particular models,

O(s) ~ N (E(C(s)) ,Var(C(s))) . (3.49)
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3.4.1 Basic model

In the basic model based on reaction (3.1) the number of activated receptors in
steady state, C'(s), has moments specified by equations (3.6) and (3.7) with re-
spect to the odorant log-concentration, s, in the perireceptor space. Assuming
the normal distribution of C(s), its probability density function is equal to (3.14).
All three criteria of optimality are directly derived,

NKe™®

Ja(s) = Ji(s) = m )

(3.50)

1 (N—2)Ke™® 1 N-=2

H) =5+ (1+ Kie—)® 2 TN

the analytical expression of .Js(s) can be easily expressed from the knowledge of
(3.8) and (3.9).

The shapes of optimality criteria are plotted in Figure 3.6. The criteria J;(s)

and J,(s) are equal and have unimodal shape. For N > 2 (which is natural in

reality), the Fisher information J(s) is also unimodal and it is very close to .J;(s).

All these criteria attain maximum value N/4 for the odorant log-concentration

Jo(s) (3.51)

Sp = S1 = S92 = In K1 . (352)

The criterion J5(s) has also unimodal shape, but its maximum is slightly shifted
from s; to higher signal intensities. This shift, however, is very small and de-
pends only on N (the shift rises with increasing N). For extremely low as well
as high odorant concentrations all the criteria decrease, J;(+00) = Jy(fo00) =0,
J(+o00) = 1/2. Both deterministic and statistical approach give the same result
and locate the optimal concentration of odorant in the region around the concen-
tration s; (see Figure 3.6).

3.4.2 Model of simple activation

In the model of simple activation, where C(s) is normally distributed with mo-
ments given by equations (3.18) and (3.19), the criteria .J; and J, are derived ana-
lytically,

NEKe s
Ti(s) = -8 (3.53)
(1+K1€8)
NKQ —s
Jo(s) = P , (3.54)

(14 Kie)? (K1 + (1 - p)e”)
J3(s) and the Fisher information J(s) are evaluated numerically.
As well as in basic model (3.1), maximum value of the criterion .J;(s) is lo-
cated at odorant log-concentration s; = In K;, independently on the activation
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Figure 3.6: (a) Optimality criteria in the basic model: the criteria J;(s) = Ja(s) (dotted
curve), Js(s) (dashed curve) and the Fisher information J(s) (solid curve). Parameters are
K; = 1and N = 100. Criteria J, J1, J; attain maximum value N/4 = 25 for the odorant
log-concentration s = In K; = 0. (b) Detail of (a); note, that the maximum of J3 criterion
is shifted.

probability p. The criterion J(s) achieves its maximum for the odorant log-con-

centration i1 )
-D
=InK;-In—-"— . 3.55
=k —In —e—e (3.55)
For p € (0, 1), the relation
$1—1In2 < 59 < 5y (3.56)

holds. For lower activation probabilities p the location of maximum of Jy(s) is
shifted to lower concentrations of odorant. As shown in Figure 3.7 and Fig-
ure 3.8, the criteria J3(s) and J(s) behaves similarly as J(s) criterion. Note, that
sp < 82 < 51, 5o < S3 < 51 holds regardless of the value of p. The deterministic
and statistical approaches can give different results, the optimum from statisti-
cal point of view is located at lower concentrations of odorant than that obtained
with the approach based on the slope of the input-output function. Limiting be-
haviour of the optimality criteria is similar to the previous model (3.1), except for
J(o0) = 0.

3.4.3 Double-step model

Let us assume that the binding and activation process has two steps. It means that
the number of activated receptors has normal distribution with mean given by
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Figure 3.7: Optimality criteria in the model with simple activation: (a) first derivative
of the input-output function J;(s) (dotted curve) and Fisher information J(s) (solid),
(b) criteria J(s) (solid curve), J(s) (dotted) and J5(s) as functions of the odorant log-con-
centration, s, in the perireceptor space. Maximum of .J; (s) is located at s; = 0. Maximum
of Jo(s) is located at s; &~ —0.267 and maximum of J(s) at s ~ —0.277. Parameters are
Ki=1,N =100 and p = 0.4.

10F

Figure 3.8: Optimality criteria in the model with simple activation: (a) first derivative
of the input-output function J;(s) (dotted curve) and Fisher information .J(s) (solid),
(b) criteria J(s) (solid curve), J(s) (dotted) and J3(s) as functions of the odorant log-con-
centration, s, in the perireceptor space. Maximum of J; (s) is located at s; = 0. Maximum
of Ja(s) is located at so ~ —0.533 and maximum of J(s) at s &~ —0.565. Parameters are
Ky =1, N =100 and p = 0.8.
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Figure 3.9: Optimality criteria in the double-step model: first derivative of the input-
output function J; (s) (dotted curve), Fisher information .J(s) (solid) and its lower bound
J2(s) (dashed). (a) Parameters are N = 100, K; = 1 and Ky = 2. Maximum of J;(s)
is located at s; ~ —0.405, maximum of Js(s) at s ~ —0.977 and maximum of J(s) at
s ~ —1.068. (b) Parameters are N = 100, K1 = 1 and K2 = 0.5. Maximum of J,(s)
is located at s; ~ —1.099, maximum of Js(s) at s ~ —1.475 and maximum of J(s) at
s ~ —1.506. Note, that sy < s2 < s; holds.

equation (3.24) and known variance, for example of the form (3.25). The criterion

J is equal to

NE Ky
Ji(s) = 1220 . (3.57)

(1 + Ky (1+ K1e_5)>

and its maximum is located at
S1 ZIHK1+1HK2—1H(]_+K2) . (358)

The criteria J»(s) and J(s) are computed numerically. Their maximum val-
ues appear at lower levels of odorant log-concentrations than s;, as depicted in
Figure 3.9. Deterministic and statistical approaches give different results, in gen-
eral. Limit values of the optimality criteria are equal as in the model with simple
activation (3.15).

3.4.4 Flux detector

In the flux detector model (schema 3.26), the number of activated receptors in
steady state, C'(s), has moments specified by equations (3.35) and (3.36) with re-
spect to the odorant log-concentration, s, in the external space. Assuming the nor-
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mal distribution of C(s), its probability density function is equal to (3.40). The
optimality criteria J; and .J; are derived analytically,

Ji(s) = E(C(s)) = Ke® | (3.59)
NKe®
Ja(s) = s (3.60)

J3(s) and the Fisher information J(s) are evaluated numerically.
All the criteria are monotonically increasing and satisfy the relation

Ji(s) < Jo(s) < J(s) fors<InN—-InK . (3.61)

The J;(s) criterion is equal to the steady-state mean, E(C(s)), and grows as the
odorant log-concentration, s, increases. For low odorant concentrations s, the cri-
teria .JJ; and J, became equal. For maximum possible odorant log-concentrations
s — In N — In K the criteria J; and J become equal and grow substantially more
faster than the criterion J;. Limit values of the optimality criteria are equal as in
the model with simple activation (schema 3.15). Nevertheless, both deterministic
and stochastic approach in search for the optimal signal give the same result and
locate the optimal odorant log-concentration at highest possible value

s1=8 =s=InN—-InK . (3.62)

The shapes of optimality criteria J(s), Ji(s), J2(s) and J5(s) as functions of odor-
ant log-concentrations s are depicted in Figure 3.10, where, for transparence,
the vertical axis has logarithmic scale.
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Figure 3.10:  Optimality criteria in the flux detector model: (a) first derivative of
the input-output function J; (s) (dotted curve) and Fisher information .J(s) (solid), (b) cri-
teria J(s) (solid curve), Ja(s) (dotted) and J3(s) as functions of the odorant log-concen-
tration, s, in the external space. Maximum (limiting) values of all three criteria are located
at s; = In N — In K. The vertical axis has logarithmic scaling. Parameters are K = 1 and

N =100.
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Classification of stimuli

This chapter contains mainly extended text of article [4]. Some earlier ideas can
be found in article [3], too. A theoretical model of olfactory neuron with different
types of noise, an biophysical and an empirical model are analysed both from
point of view of statistical inference and from point of view of information theory.

4.1 Introduction

To determine how neural responses vary with different stimuli is a key ques-
tion. Characterization of the input-output properties of sensory neurons is com-
monly done by using the so called input-output transfer function, R(s), in which
the output (e.g. firing frequency) is plotted against the input s (stimulus inten-
sity; the vocabulary may depend on the sensory modality considered). Although
the output is usually the spiking frequency, it can also be the activity or level of
any intermediate variable, e.g. effector enzyme concentration, ionic channel con-
ductance or receptor potential. The response curves are usually monotonously
increasing functions, most often of sigmoid shape, assigning a unique response to
each input signal, as shown in different sensory systems ([16, 52, 57, 61] and oth-
ers). The response functions are usually presented as a single curve, sometimes
accompanied by standard deviations (see [12, Fig. 1] and [66, Fig. 2]), which in-
dicates that the relation between stimulus and response is influenced by random
factors. The complete distributions of response variability are not, as far as we
know, given in experimental reports, despite some attempts at understanding
and describing the response variability ([16]). Taking into account the variability
of responses, the published curves should be called more appropriately mean re-
sponse functions ([56]). As shown in this chapter, such a variability of responses
may substantially influence the determination of the stimulus intensities consid-
ered as optimal.

The intuitive concept of just noticeable difference has been deeply studied in
psychophysics ([22]). It is indirectly involved in the determination of the optimal
signal as derived from the transfer function R(s). If there is a minimum detectable
increment ¢ of the response, the just noticeable difference in the signal can be cal-
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culated for every stimulus intensity. Obviously, this just noticeable difference in
the signal is smallest, i.e. the system is most sensitive, where the transfer function
is the steepest. Therefore the optimal stimulus intensity, that is the best detected
intensity, is where the slope of the transfer function is the highest. This measure
of signal optimality is based on the deterministic (mean) transformation of a sig-
nal into a response. In other words it applies to situations in which to each signal
corresponds a deterministically unique response.

Variability is considered as a consequence of noise acting upon the transfer
function. The presence of noise complicates the concept of signal optimality
based on the just noticeable difference. To include the effects of noise, alternative
measures of signal optimality are required. The aim of this paper is to summa-
rize and investigate these measures that can be applied to noisy transfer func-
tions in sensory neurons. The measures have to take into account two factors —
the shape of the mean transfer function and the amplitude or complete distribu-
tion of the responses. Two points of view of optimality are employed and both
are related to the role of the sensory neurons — to transfer maximum information
and to do it reliably. The first measure is based on the question “which signal
intensity brings the highest information”. To answer this question, an additional
knowledge, the distribution of stimulus, is required. This approach stems from
information theory. The second approach is based on a different question “which
signal intensity can be most precisely deduced from a response” and it is based
on the theory of statistical inference.

4.2 Response function and optimality criteria

4.2.1 Response function and its variability

To illustrate the main concepts involved we consider a generic sigmoid trans-
fer function m(s) = (14 e~*)~", to which a suitable fluctuation is added, taking
the form

R(s) = m(s) +£(s) , (4.1)

where m(s) is the firing frequency at stimulus intensity s and (s) is the random
component of the firing frequency with mean equal to zero, E(£(s)) = 0. In other
words, for stimulation at level s, the response is a random variable R(s) given by
right-hand side of equation (4.1). As pointed out in Introduction (see p. 44), for
the present treatment only the shape of the curve is important, not its scale and
position. Thus, m(s) contains no free parameters. Function m(s) above is the so-
called Hill function with exponent n = 1 (noncooperative reactions), in logarith-
mic scale, so the effect of the Hill’s coefficient n, which is to modify the slope of

45



4. Classification of stimuli 4.2. Response function and optimality criteria

the sigmoid curve, is left out. Depending on the distribution of £(s), model (4.1)
can result in negative values of the response, which is physically not acceptable.
Actually, the transfer function (4.1) is already normalized as its interval of varia-
tion is on [0, 1], which means that we assume there is no spontaneous activity (at
s = —o0, i.e. in absence of signal) and no response greater than one (asymptotic
maximum). In practice, a simple shift (adding a constant to R(s)) solves the prob-
lem of negative responses and nothing is changed in the following treatment.
We introduce three simple examples of noise distributions to show that the
choice of type of the distribution can substantially change the results in searching
for optimal signal. The first two examples are symmetrical and differ by the speed
of decay of the noise amplitude. The last one illustrates the effect of noise asym-
metry on the results. One of the simplest and most natural way to introduce
the noise in the transfer function is to assume that it has Gaussian distribution,
then
R(s) ~ N (m(s),a*(s)) , (4.2)

where variance o?(s) also depends on the signal s. This dependency of the vari-
ance of the response on s substantially influences the signal identification as will
be seen later. We investigate two different examples of model (4.2). In the third
example another type of noise is introduced to see the effect of asymmetry in
the noise amplitude. In the first example we consider equation (4.2) specified by

o(s) = o2(s) e | (4.3)
where ¢ > 0. If ¢ > 0, the variance tends to zero at the endpoints of the range of
the signal and parameter c controls how fast this tendency is. If ¢ = 0, the variance
is a constant independent of signal intensity.

In the second example the variance of the response function depends on s in
the following way,

o) = B

(1+ecs)
where ¢ > 0. The difference between (4.3) and (4.4) is that the variance given
by (4.4) decreases more slowly with increasing absolute value of s. Both models
are illustrated in Figure 4.1.

In both examples (4.3) and (4.4) the Gaussian character of the responses is
preserved which does not need to be the case especially when extreme values of
the signal are presented. Thus we present another example in which the distribu-
tion of responses is not symmetrical,

(4.4)

R(s) ~B(Be, B) , (4.5)
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Figure 4.1: Mean transfer function m(s) (curve 1) and standard deviations SD(R(s))
of the response function for models with Gaussian distributed response with quickly
decreasing noise given by (4.3) (curve 2), slowly decreasing noise given by (4.4) (curve 3),
and Beta distributed response given by (4.5) (curve 4). Parameters are o7 = 0.01 and
¢ = 0.5 for the Gaussian distribution and 5 = 14.15 for the Beta distribution to ensure
the same maximum value of the variance for all types of distribution.

where B denotes the Beta distribution with probability density function

['(a+0b)
I'(a)l'(b)

and 3 > 0 is a free parameter controlling the amplitude of the noise as oy in (4.3)
and (4.4). This choice ensures that the mean response is again given by (4.1)
but the noise is not symmetrically distributed along the response axis, see Fig-
ure 4.1. It is commonly reported that firing rates have standard deviations which
are roughly comparable with their mean value (see [16, and references there]).
This is in contradiction with our concept of decreasing variability for extreme
values of the signal. However, models can be easily modified in this direction by
choosing appropriate dependency of the noise on the signal. Examples of simi-
lar kind of dependencies can be seen in the empirical and the biophysical model
studied in this paper.

Under the deterministic scenario, o(s) = 0, which is an idealization, as seen
from the experimental data, there is a one-to-one correspondence between signal
and response. In such a case any signal has a unique response and from the de-
tectability point of view all signals are equal. The same is true from the point of
view of transferred information. Nevertheless, it may be proposed that the most
suitable signal is that for which the difference between the responses, m(s;) and

B (z;a,b) = 11 —2)" forx e (0,1) (4.6)
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Figure 4.2: Examples of response distributions g(r|s). Probability density functions
for s = —1.5 (dashed lines), s = 0 (solid lines) and s = 1.5 (dotted lines) are plotted.
(A) Model with Gaussian distribution of the response with quickly decreasing noise —
equation (4.3). In model with slowly decreasing noise of the response — equation (4.4)
— the distribution behaves qualitatively in the same way, but maximum of the density
varies slowly. (B) Model with Beta distribution of the response — equation (4.5). Parame-
ters are the same as in Figure 4.1, ag =0.01,c=0.5and ¢ = 14.15.

m(s;), to pair of different signal values, s; and s;, keeping the same distance,
|s; — s;| = const., is the highest. This has been pointed out by Borst and Theunis-
sen [12]: “the information in the response could be measured as the difference
between m(s;) and m(s;)”. Obviously, such a signal for transfer functions (4.2)
and (4.5) is at s = 0, where the derivative of the transfer function is maximal.

4.2.2 Signal bringing the highest information

Information processing is the role of neuronal systems, and thus it is not surpris-
ing that classification of signals by their information content is very common in
computational neuroscience (see [58]). Under the stochastic scenario, for a given
signal s, there is not a unique response but a family of responses. Each of the re-
sponses appears with a predefined probability. From this point of view, equations
(4.2), (4.5) can be seen as determining the conditional probabilities of responses
given specific stimuli. The conditional probability density functions ¢(r|s) given
by the theoretical models defined above are illustrated in Figure 4.2.

Application of information theory is one possible extension of the criteria
based on the derivative of the mean transfer function mentioned in the previous
subsection. The use of information concept is based on calculating “a distance”
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between the conditional distribution of response, ¢(r|s), and the unconditional
distribution of response, g(r). For that purpose, however, the stimulus has to be
considered as a random variable, S, with probability distribution f(s), instead
of simply considering the deterministic stimulus. Then, by using Bayes formula,
the unconditional distribution of the response is calculated by

o(r) = /M o(rls)f(s)ds | 4.7)

where the range of integration M depends on the distribution of stimuli. Alter-
natively, instead of assuming the distribution f(s), this approach can be used to
predict the stimulus distribution in natural conditions. This concept was intro-
duced in the study of the visual sensory system by Laughlin [47] and extended
recently to the auditory (see e.g. [48]) and olfactory systems (see e.g. [35]) by tak-
ing into account the specificity of these modalities.

Several examples of stimulus distribution, f(s), can be considered. The sim-
plest example is that of a uniform distribution, S ~ U (—a/2,a/2), in which all
stimuli are equally likely. If we take into account that inflection point of the re-
sponse function (4.1) is located at zero, formally, the stimuli take values in the in-
terval (—a/2,a/2) and f(s) = 1/a. Another, maybe more realistic assumption is
that the stimuli are normally distributed, S ~ N (0,a?/12), avoiding the extremal
values. For the sake of comparison we took variance equal to a?/12 which ensures
in both cases the same variance of the signal.

Now there are several options to define the distance between g(r|s) and g(r).
One possibility is to use the formula

g(rls)
L(R|s) = /g('r’\s) In o0 dr . (4.8)
Then the optimum signal is determined by searching the maximum of the crite-
ria [;(R|s). From (4.8) follows that [;(R|s) = 0 if the distribution of responses
does not depend on the signal, g(r|s) = g(r). Criterion (4.8) was called specific
surprise by DeWeese and Meister [19] and mentioned by several authors ([12, 11],
originally introduced by Fano [21]). It is Kullback-Leibler divergence between
marginal distribution gr and conditional distribution g(r|s) (see [34, 36, 55]). It
is “a distance” in some sense but not a true metric because of lack of symmetry
between the two distributions.

DeWeese and Meister [19] argued that I; (R|s) does not provide a good mea-
sure of stimulus significance and proposed a stimulus-specific information

L(R|s) = —/g(r) lng(r)dr+/g(r|s) Ing(r|s)dr , (4.9)
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which is again equal to zero for g(r|s) = g(r). The method was further discussed
by Butts [15]. Finally Bezzi [11] added two other measures, which are not men-
tioned in the present chapter because it is not primarily oriented at comparing
information-based measures to one another.

4.2.3 Concept based on best identifiable signal

In this section we investigate which deterministic signal, s, can be identified from
the transfer function, R(s), with greater precision. As a general measure of signal
optimality from the point of view of its identification we propose to use Fisher
information. Fisher information has become a common tool in computational
neuroscience, see [65, 14, 24, 27, 68, 10, 69, 28, 6, 25, 26, 43, 44, 3, 70]. Now we
see the conditional distribution of the response for a specific signal, appearing in
the previous section, as a probability density function belonging to a parametric
family ¢(r; s), where s is an unknown parameter which should be identified from
the observation of responses 7.

Recalling Definition 3 on page 13, Fisher information with respect to parame-
ter s is defined by equation

J(s) :/gé 3 (aggf; 3))2dr . (4.10)

The use of Fisher information as a tool to locate the optimal signal for informa-
tion transfer is theoretically motivated by Cramér-Rao inequality. It says that

the variance of an unbiased estimate of the signal cannot be smaller than the in-
verse of Fisher information, Var(s) > J(s)™*, see [18]. In other words, the largest
the Fisher information, the best the estimate of s can be achieved. This conclusion
is important to know how well one can expect to identify the signal.

Criterion (4.10) requires a complete knowledge of the distribution g(r; s), but
an approximation of the Fisher information can also be used. It is a lower bound
of J based on the first two moments of the random variable R(s),

! E(R(s))\”
J2<S>_Var(R(s))< 05 ) ’ (“-11)

see Definition 7 on page 16 and [43] for details. This is of exceptional importance
in an experimental context. It is common to measure (estimate) the moments
(mean and variance) of the responses, but their complete distribution is rarely
evaluated. In addition, for a large class of distributions there is an equality J, = J
(see Theorem 11 on page 19 and [43]), and obviously J; is computationally much
simpler to obtain as it requires only the first two moments but not the complete
probability distribution.
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4.3 Results

4.3.1 Statistical model

The model is characterized by response function (4.1) and the chosen distribution
of the noise. For the normal distribution of the response we have

_ 1 (r=m(s))’
g(r|s)—7a<s>m p{ “o0%(s) } : (4.12)

For Beta distribution, an analogous formula can be written. Assuming the sig-
nal to be a random variable, S, with the probability distribution f(s) and having
the conditional distribution of the response, g(r|s), the unconditional distribu-
tion g(r) of the response can be calculated by (4.7). It is shown in Figure 4.3
for both the uniform as well as Gaussian distribution of the signal. The shapes
of ¢g(r) for the Gaussian distribution of the responses are similar (Figure 4.3A);
they differ only quantitatively. The distribution is bimodal, that means without
knowledge about realization of the signal, s, there is a high probability to observe
the response near 0 as well as near 1. For the Beta distribution (Figure 4.3B), g(r)
becomes asymmetric.

Now all the quantities required to evaluate the signal yielding maximal infor-
mation based on measures I; (4.8) and I, (4.9) are available and their profiles can
be calculated, see Figure 4.4. It shows that the most informative signals are those
which are extreme, only the speed at which these values are achieved is different.
The only exception is illustrated in Figure 4.4B, where there is a local maximum
in the center of the coding range. The results are not qualitatively different for
the Beta distribution, only the shapes are not symmetrical.

For determining the best identifiable signal we return to the criteria based on
Fisher information. For the model with variance (4.3), the optimality criterion J;
is evaluated directly from (4.11),

2
s +2s

of (1+es)"

Jo(s) = (4.13)

and the criterion J is calculated directly from (4.10),

2
e¢s +2s

J(s) = 2c%s% + (4.14)

o2 (1+es)t
For the model with variance given by (4.4), we can derive

(1 + ecs)2 er—cs
402 (1+es)*

Jo(s) = (4.15)
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Figure 4.3: Examples of probability density functions g(r) of response distributions un-
der the condition of uniform distribution of the signal (solid lines) and under the con-
dition of Gaussian distribution of the signal (dashed lines). (A) Model with Gaussian
distribution of the response with slowly decreasing noise — equation (4.4). In model
with quickly decreasing noise — equation (4.3) — the distribution behaves qualitatively
in the same way. (B) Model with Beta distribution of the response — equation (4.5). Pa-
rameters are the same as in Figure 4.1, ag =0.01,¢c=0.5and 5 = 14.15.

the criterion J is evaluated numerically. In model (4.5) with Beta distributed noise

we obtain
A+e)s+1,

(1+e)”
the criterion J is evaluated numerically. The results are illustrated in Figure 4.5
which shows that the type of noise entirely determines the position of the best de-
tectable signal. For Gaussian distributed response with quickly decreasing noise
the best identifiable signal is located at low as well as high stimulus intensities.
For that one with slowly decreasing noise it is located around s = 0. In the case of
Beta distributed noise the best identifiable signal is at high stimulus intensities.

Jo(s) = : (4.16)

4.3.2 Empirical model

The criteria summarized above were also applied to data on olfactory receptor
neurons presented by Tomaru and Kurahashi [66] where the transfer function (fir-
ing frequency) and its standard deviation are plotted against the injected current.
It gives evidence that the noise is not symmetrically distributed along the stim-
ulus axis. This example, which is taken from a study on the olfactory receptor
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12(R|S)

11(R|s),

Figure 4.4: Examples of information cri-
teria I;(R|s) for uniformly (dashed lines)
and Gaussian (solid lines) distributed sig-
nal and I5(R|s) for uniformly distributed
signal (dotted lines), as functions of
the signal, s. Criterion I5(R|s) for Gaus-
sian distributed signal is equal to that one
for uniformly distributed signal but verti-
cally shifted in a fixed distance. Parame-
ters are the same as in Figure 4.1.

(A) Model with Gaussian distribution of
the response and quickly decreasing noise
—equation (4.4).

(B) Model with Gaussian distribution of
the response and slowly decreasing noise
—equation (4.4).

S (C) Model with Beta distribution of the re-

sponse — equation (4.5).

12(R|s)

11(R|s),
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Figure 4.5: Examples of Fisher informa-
tion criterion J(s) (solid lines) and its ap-
proximation J(s) (dashed lines), as func-
tions of the signal, s. Parameters are
the same as in Figure 4.1.

(A) Model with Gaussian distribution of
the response and quickly decreasing noise
—equation (4.4). The best detectable signal
is located at low and high intensities.

(B) Model with Gaussian distribution of
the response and slowly decreasing noise
— equation (4.4). The optimal signal is lo-
cated around zero.

(C) Model with Beta distribution of the re-
sponse — equation (4.5). The best de-
tectable signal is located at high intensities.

J2(s)

J(s),

neuron, has its parallel in the visual system. Figure 8 of [16] illustrates the rela-
tionship between the firing rate (mean and standard deviation) and the injected
current. The author concludes that it should be fairly common for the firing-rate
variance to saturate at high stimulus intensity, possibly showing a plateau or even
a decrease.

The data from Figure 2 of [66] has been reconstructed and used as a model for
establishing the optimum signal. The properties of the experimental data anal-
ogous to the theoretical models illustrated in Figure 4.1 are given in Figure 4.6.
Comparing these two figures shows that the empirical data cover only the left
part of the transfer function and the rest has to be hypothesized. Furthermore,
the response in Figure 4.6 is not normalized, in contrast to Figure 4.1.
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Figure 4.6: Empirical data — neuron firing frequency [Hz] as a function of logarithm
of injected current (originally [pA]) — from [66] and their properties. Original data are
marked as small discs. (A) Mean response function m(s) and (B) standard deviation
SD(R(s)) are plotted as functions of injected current, s. Dashed parts of curves denote
theoretical continuation of the dependencies on the signal. Arrows denote the position
of the inflection point of the mean response function m(s) at s = 3.5.

The theoretical mean response function is

49.5
m(s) =
1+ exp{3.5 — s}
with inflection point at s = 3.5. Thus from the deterministic point of view, signal
at this level is the optimal one. The standard deviation was fitted by function

SD(R(s)) = 8.75 exp {— (S ;.2'5)2} +29.9 exp {— (5 Ifl)Q} . (4.18)

Knowing the mean and the standard deviation, one can evaluate .J; but to ob-
tain the other measures, the distributions of the responses and stimuli have to
be assumed. We investigated two of them, Gaussian and Beta, as in the theoret-
ical models. There is no obvious difference between the distribution of response
here and in the theoretical models (see Figure 4.2). The shapes of the conditional,
g(s|r), and unconditional, ¢(r) , probability density functions of the response for
both the Gaussian and Beta distribution are plotted in Figure 4.7 and Figure 4.8.
The results for the criteria based on Fisher information are shown in Fig-
ure 4.9. For both models the Fisher information behaves practically in the same
way, except in the rightmost part where the Beta distribution creates a differ-
ent pattern. The optimal signal is shifted to the left with respect to that derived

(4.17)
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Figure 4.7: Conditional probability density functions of the response for empirical data
shown in Figure 4.6: s = 1.386 (dotted lines; corresponds to injected current 4 pA),
s = 3.401 (solid lines; 30 pA), s = 4.382 (dashed lines; 80 pA), (A) for Gaussian distri-
bution, (B) for Beta distribution. Note, that the for values of signal, s, in the center of
range of used current the shapes of probability density function for both Gaussian and
Beta distribution are almost identical, whereas for low or high current the shapes differ.

A | B
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Figure 4.8: Unconditional probability density functions of the response for empirical

data shown in Figure 4.6, (A) for Gaussian distribution, (B) for Beta distribution. The
theoretical most probable firing frequency has value around 5 Hz (see A) or 4 Hz (see B).
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S

Figure 4.9: Fisher information results for empirical data shown in Figure 4.6. Fisher
information J(s) for Gaussian distributed response (solid line), for Beta distributed re-
sponse (dashed line) and their lower bound J»(s) (dotted line) are plotted as functions of
the injected current, s. The arrow denotes the position of the inflection point of the mean
response curve m(s) at s = 3.5.

from the deterministic model. The optimal current has value around 17 pA (cor-
responds to s ~ 2.833 in Figure 4.9). Further, as mentioned, for application of
information measures a prior distribution of signals must be assumed. We take
a uniform distribution on the interval (In 2, In 100), which is the interval of the ap-
plied stimuli. The information measures are given in Figure 4.10. The criterion
I, is almost the same for both models, with high values for low intensity signals
and with lowest values for signals between 2 and 3. The local maximum of I
which appears for Gaussian distribution of the response near s = 4 vanishes for
Beta distributed response. In both models, the criterion /; is decreasing function
of the signal.

4.3.3 Biophysical model

For illustrating the proposed measures of signal optimality on a realistic model
of the responses we study olfactory receptor neurons located in the nasal olfac-
tory epithelium. When stimulated during, say, one second, odorant molecules
interact with receptor proteins embedded at the membrane surface of these neu-
rons. Binding of odorants to receptors triggers biochemical events that result in
the opening of ionic channels. The ensuing current generates a locally spreading
receptor potential, which in turn initiates a spike train. The relations between
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Figure 4.10: Information criteria I;(R|s) (solid line) and I»(R|s) (dashed line) for empir-
ical data shown in Figure 4.6, (A) for Gaussian distribution of the response, (B) for Beta
distribution of the response.

the concentration s of odorant molecules and the density of activated receptors,
or the neuron depolarization, or its firing rates, are examples of transfer func-
tions. We investigated a stochastic variant of a model describing odorant trans-
port through the mucus, enzymatic deactivation of odorant molecules in the mu-
cus, and receptor binding then activation (see [30, 31, 32, 42, 37, 60, 61, 63]) with
parameter values given in [32]. The originally deterministic model was random-
ized by adding two types of noise (Gaussian and Beta) to the number of occupied
and activated receptors. The properties of the steady-state distribution was esti-
mated from repeated simulations of the model.

The statistical properties of the model are given in Figure 4.11. The mean num-
ber of activated receptors is saturated at value 0.24 M for the odorant log-con-
centration equal to —6.88 (corresponds to odorant concentration 0.00103 puM).
The standard deviation of the number of activated receptors is increasing. The
position on horizontal scale depends on the flux constant, ki = 29000 s~'. De-
creasing k; would result in a shift of the curves to higher concentrations. Note
the similarity between Figure 4.11 and Figure 4.6.

Results for the criteria based on Fisher information of the best identifiable
stimulus — Figure 4.13 — show that the model behaves similarly whatever the type
of noise (see Figure 4.12). The optimal signal can be found in the range of odorant
concentrations where a peak occurs. In the range (—9.5, —6.88) Fisher informa-
tion J(s) is rather flat with a Gaussian noise and presents a peak with a Beta
noise. The lower bound J, shows only a peak at relatively high odorant con-
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Figure 4.11: Biophysical model — concentration of activated receptors [xM] as a function
of odorant log-concentration — and its properties. Mean response function m(s) (solid
line) and standard deviation SD(R(s)) (dashed line) are plotted as functions of the natural
logarithm, s, of the odorant concentration.

g(ris)

Figure 4.12:  Conditional probability density functions of the response concentra-
tion [:M] for the biophysical model characterized in Figure 4.11 and s = —7 (corresponds
to odorant concentration 0.00091 pM) for Gaussian (solid line) and Beta distribution

(dashed line).
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S

Figure 4.13: Fisher information results for the biophysical model characterized in Fig-
ure 4.11. Fisher information J(s) for Gaussian distributed response (solid line), for Beta
distributed response (dashed line) and their lower bound .J;(s) (dotted line) are plotted
as functions of the natural logarithm, s, of the odorant concentration.

centration. The Fisher information criteria give high value also for extremely
low odorant concentrations. One possible explanation of this phenomenon lies
in incorrectness of used continuous stochastic process for extremely low odorant
concentrations. In such case the concentration changes in relatively small steps
rather than continuously.

For application of information measures we have to assume a prior distribu-
tion of signal. The information measures are given in Figure 4.14 for a uniformly
distributed signal on interval (—9.5, —6.88). The criterion I;(R|s) forms qualita-
tively the same pattern for both models. It has a local minimum approximately
in the center of studied range of the signals. In both models, the criterion I5(R|s)
is decreasing function of the signal.
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Figure 4.14: Information criteria I;(R|s) (solid line) and I>(R|s) (dashed line) for Gaus-
sian distributed response of the biophysical model characterized in Figure 4.11 are plot-
ted as functions of the natural logarithm, s, of the odorant concentration. For Beta dis-
tributed response both criteria behave qualitatively in the same way.
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Conclusions

Three theoretical models of the concentration detector and one of the flux detector
were searched for the optimal signal as defined by the application of the Fisher
information measure and its approximations. The result for the model of basic in-
teraction coincides with the optimum obtained via maximum slope of the input-
output function, which is located at its inflexion point. In models of the concen-
tration detector with activation stage (simple activation or double-step interac-
tion), the statistically determined optimal signal differs from the inflexion point.
In the flux detector model both the deterministic and stochastic approach give
the same result, too. In general, models with separated binding and activation
yield the variances of count of activated receptors which can change the position
of the optimal odorant concentration.

Further, criteria based on measures of transferred information was computed
for a theoretical model with different types of added noise and for two realistic
models. Adding noise to the transfer function has significant consequences. In
the studied models, the variances are similar, except that they decrease faster
one case or slower in the other. The optimal values of the signal are different.
The shapes of the measures in dependency on the signal are not only different,
but also the values are reached with different speeds. This fact is important for
identifying the dynamical range.

The CD-ROM which is a supplement of this dissertation includes few M-files
for Matlab. These scripts provide functions for numerical computation of steady-
-state probability distribution of the number of activated receptors C(s),

DS1. m in double-step interaction (3.22),
FD1. m,FD2. m in flux detector model (3.26),
K1.m, K2. m in biophysical model (see Section 4.3.3).

Other group of scripts provide functions for simulation of progress of the number
of activated receptors C,(s) in time,

sBl. m in basic interaction (3.1),
sB2. m in basic interaction with multiple types of receptors,
SFD. m in flux detector model (3.26).

62



References

[1] Pokora, O. — Lansky, P. steady-state Properties of Coding of Odor Inten-
sity in Olfactory Sensory Neurons. Aduvances in Brain, Vision, and Artificial
Intelligence, LNCS 4729: 360-367, 2007.

[2] Pokora, O. — Lansky, P.  Statistical approach in search for optimal signal
in simple olfactory neuronal models. Mathematical Biosciences 214: 100-108,
2008.

[3] Lansky, P. — Pokora, O. — Rospars, J.-P. Stimulus-Response Curves in Sen-
sory Neurons: How to Find the Stimulus Measurable with the Highest Preci-
sion. Advances in Brain, Vision, and Artificial Intelligence, LNCS 4729: 360-367,
2007.

[4] Lansky, P.—Pokora, O. Classification of stimuli based on stimulus-response
curves and their variability. Brain Research 122: 57-66, 2008.

[5] Abramowitz, M. — Stegun, I. A. Handbook of Mathematical Functions. Dover
Publications, New York, 1972.

[6] Amari, S. — Nakahara, H. Difficulty of singularity in population coding.
Neural Computation 17: 839-858, 2005.

[7] Andél,]. Ziklady matematické statistiky. MATFYZPRESS, Praha, 2005.

[8] Arényi, P. — T6th, J. A Full Stochastic description of the Michaelis-Menten
reaction for small systems. Acta Biochimica et Biophysica Academiae Scientifi-
carum Hungariae 12: 375-388, 1977.

[9] Beidler, B. W. Taste receptor stimulation. Prog. Biophys. Chem. 12: 107-151,
1962.

[10] Bethge, M. — Rotermund, D. — Pawelzik, K. Optimal short-term population
coding: When Fisher information fails. Neural Computation 14: 2317-2351,
2002.

[11] Bezzi, M. Quantifying the information transmitted in a single stimulus.
BioSystems 89: 4-9, 2007.

[12] Borst, A. — Theunissen, F. E. Information theory and neural coding. Nature
Neuroscience 2: 947-957, 1999.

[13] Brown, D. — Rothery, P. Models in Biology: Mathematics, Statistics and Com-
puting. Wiley, Chichester, 1993.

[14] Brunel, N. - Nadal, J. P. Mutual information, Fisher information and popu-

63



References

lation coding. Neural Computation 10: 1731-1757, 1998.

[15] Butts, D. A. How much information is associated with a particular stimu-
lus?. Network: Computational Neural Systems 14: 177-187, 2003.

[16] Carandini, M. Amplification of trial-to-trial response variability by neurons
in visual cortex. PLoS Biology 2: 1483-1493, 2004.

[17] Cleland, T. A. - Linster, C. Concentration tuning by spare receptor capacity
in olfactory sensory neurons: a theoretical study. Neural Computation 11:
1673-1690, 1999.

[18] Cramér, H. Mathematical Methods of Statistics. Princeton University Press,
Princeton, 1946.

[19] DeWeese, M. R. — Meister, M. How to measure the information gained from
one symbol. Network 10: 325-340, 1999.

[20] Erdi, P. — Téth, J. Mathematical Models of Chemical Reactions. Princeton Uni-
versity Press, Princeton, 1989.

[21] Fano, R. M. Transmission of Information: A Statistical theory of Communication.
MIT Press, New York, 1961.

[22] Green, D. M. — Swets, J. A. Signal detection theory and psychophysics. Wiley,
New York, 1966.

[23] Gurewich, K. G. — Agutter, P. S. — Wheatley, D. N. Stochastic description of
the ligand-receptor interaction of biologically active substances at extremely
low doses. Cellular Signalling 15: 447-453, 2003.

[24] Greenwood, P. E. — Ward, L. M. — Russel, D. E. — Neiman, A. — Moss, E.
Stochastic resonance enhances the electrosensory information available to
paddlefish for prey capture. Physical Review Letters 84: 4773-4776, 2000.

[25] Greenwood, P. E. — Lansky, P. Optimum signal in a simple neuronal model
with signal-dependent noise. Biological Cybernetics 92: 199-205, 2005.

[26] Greenwood, P. E. — Lansky, P. Information content in threshold data with
non-Gaussian noise. Fluctuation Noise Letters 7: L79-1.89, 2007.

[27] Jenison, R. L. Decoding first-spike latency: A likelihood approach. Neuro-
computation 38: 239-248, 2001.

[28] Johnson, D. H. — Ray, W. Optimal stimulus coding by neural populations
using rate codes. Journal of Computational Neuroscience 16: 129-138, 2004.

[29] Kaissling, K. E.  Kinetics of olfactory receptor potentials. Olfaction and
Taste 11I. Rockefeller University Press, New York, 1969.

[30] Kaissling, K. E.  Flux detectors vs. concentration detectors: two types of
chemoreceptors. Chemical Senses 23: 99-111, 1998.

[31] Kaissling, K. E.  Olfactory perireceptor and receptor events in moths: a
kinetic model. Chemical Senses 26: 125-150, 2001.

[32] Kaissling, K. E. — Rospars J.-P. Dose-response relationships in an olfactory
flux detector model revisited. Chemical Senses 29: 529-531, 2004.

64



References

[33] Karlin, S. — Taylor, H. M. A First Course in Stochastic Processes, Second Edition.
Academic Press, San Diego, London, 1975.

[34] Kostal, L. — Lansky, P. — Rospars J.-P. Neuronal coding and spiking ran-
domness. European Journal of Neuroscience 6: 2693-2701, 2007.

[35] Kostal, L. — Lansky, P. — Rospars J.-P.  Efficient olfactory coding in the
pheromone receptor neuron of a moth. PLoS Computational Biology 4. , 2008.

[36] Koyama, S. — Shinomoto, S. Inference of intrinsic spiking irregularity based
on the Kullback-Leibler information. BioSystems 89: 69-73, 2007.

[37] Kfivan, V. - Lansky, P. - Rospars J.-P. Coding of periodic pulse stimulations
in chemoreceptors. BioSystems 67: 121-128, 2002.

[38] Kurtz, T. G. The relationship between stochastic and deterministic models
for chemical reactions. Journal of Chemical Physics 57: 29762978, 1972.

[39] Lam, H. S. — Lampard, D. G. Modelling of drug receptor interaction with
birth and death processes. Journal of Mathematical Biology 12: 153-172, 1981.

[40] Lansky, L. — Rospars J.-P. Coding of odor intensity. BioSystems 31: 15-38,
1993.

[41] Lansky, P. — Rospars J.-P. Odorant concentration and receptor potential in
olfactory sensory neurons. BioSystems 48: 131-138, 1998.

[42] Lansky, L. — Getz, W. M. Receptor heterogenity and its effect on sensitiv-
ity and coding range in olfactory sensory neurons. Bulletin of Mathematical
Biology 63: 885-908, 2001.

[43] Lansky, P. - Greenwood, P. E. Optimal signal estimation in neuronal mod-
els. Neural Computation 17: 2240-2257, 2005.

[44] Lansky, P. — Greenwood, P. E. Optimal signal in sensory neurons under
extended rate coding concept. BioSystems 89: 10-15, 2007.

[45] Lansky, L. — Sacerdote, L. — Zucca, C. Optimum signal in a diffusion leaky
integrate-and-fire neuronal model. Mathematical Biosciences 207: 261-274,
2007.

[46] Lauffenburger, D. A.—Linderman, ]. Receptors: Models for Binding, Trafficking
and Signaling. Oxford University, Oxford, 1993.

[47] Laughlin, S. B. A simple coding procedure enhances a neuron’s information
capacity. Z. Naturforsch 36: 910-912, 1981.

[48] Lewicki, M. Efficient coding of natural sounds. Nature Neuroscience 5:
356-363, 2002.

[49] Lehmann, E. L. — Casella, G. Theory of Point Estimation, 2nd edition. Springer,
New York, 1998.

[50] Mankin, R. W. —Mayer, M. S. A phenomenological model of the perceived
intensity of single odorants. Journal of Theoretical Biology 100: 123-138, 1983.

[51] Maurin, F. A mathematical model of chemoreception for odours and taste.
Journal of Theoretical Biology 215: 297-303, 2002.

65



References

[62] McKeegan, D. E. F. Spontaneous and odour evoked activity in single avian
olfactory bulb neurones. Brain Research 929: 48-58, 2002.

[63] McCullagh, P.— Nelder, J. A. Generalized linear models, 2nd edition. Chapman
& Hall, London, 1989.

[54] McNeil, D. R. — Schach, S. Central limit analogues for Markov population
processes. Journal of the Royal Statistical Society, Series B 35: 1-23, 1973.

[65] Nakahara, H. — Amari, S. Information-geometric measure for neural spikes.
Neural Computation 14: 2269-2316, 2002.

[56] Nizami, L. — Schneider, B. Auditory dynamic range derived from the mean
rate-intensity function in the cat. Mathematical Biosciences 141: 1-28, 1997.

[67] Nizami, L. Estimating auditory neuronal dynamic range using a fitted func-
tion. Hearing Research 167: 13-27, 2002.

[58] Rieke, F. — Warland, D. — de Ruyter Van Steveninck, R. — Bialek, W.  Spikes:
Exploring the Neural Code. MIT Press, Cambridge, 1999.

[59] Rospars, J.-P. — Lansky, P. — Tuckwell, H. C. — Vermeulen, A. Coding of
odor intensity in a steady-state deterministic model of an olfactory receptor
neuron. Journal of Computational Neuroscience 3: 51-72, 1996.

[60] Rospars, J.-P. — Krivan, V. — Lansky, P.  Perireceptor and receptor events
in olfaction. Comparison of concentration and flux detectors: a modeling
study. Chemical Senses 25: 293-311, 2000.

[61] Rospars J.-P., Lansky P, Duchamp-Viret, P. - Duchamp, A. Relation between
stimulus intensity and response in frog olfactory receptor neurons in vivo.
European Journal of Neuroscience 18: 1135-1154, 2003.

[62] Rospars, J.-P. — Lansky, P.  Stochastic pulse stimulation in chemoreceptors
and its properties. Mathematical Biosciences 188: 133-145, 2004.

[63] Rospars, J.-P. — Lucas, P. - Coppey, M. Modelling the early steps of trans-
duction in insect olfactory receptor neurons. BioSystems 89: 101-109, 2007.

[64] Sanchez-Montanes, M. A. — Pearce, T. C. Fisher information and optimal
odor sensors. Neurocomputing 38: 335-341, 2001.

[65] Stemmler, M. A single spike suffices: The simplest form of stochastic reso-
nance in model neurons. Network: Computation in Neural Systems 7: 687-716,
1996.

[66] Tomaru, A. —Kurahashi, T. Mechanisms determining the dynamic range of
the bullfrog olfactory receptor cell. Journal of Neurophysiology 93: 1880-1888,
2005.

[67] Tuckwell, H. C. Diffusion approximations to channel noise. Journal of Theo-
retical Biology 127: 427438, 1987.

[68] Wilke, S. D. — Eurich, C. W. Representational accuracy of stochastic neural
populations. Neural Computation 14: 155-189, 2002.

[69] Wu, S. — Amari, S. — Nakahara, H. Information processing in a neuron

66



References

ensemble with the multiplicative correlation structure. Neural Networks 17:
205-214, 2004.

[70] Zhang, K. C. — Sejnowski, T. ]. Neuronal tuning: To sharpen or broaden?.
Neural Computation 11: 75-84, 1999.

67



List of figures

1.1
2.1
2.2
2.3
3.1
3.2

3.3
34
3.5
3.6
3.7
3.8
3.9
3.10
4.1

4.2
4.3
4.4
4.5
4.6
4.7
4.8
49
4.10
411
412
4.13
4.14

Schematic example of transfer function . . ... ... ..........
Fisher information about ;s and its approximations . . . . . .. ... ..
Fisher information about ¢ and its approximations . . . . . .. ... ..
Example of Fisher information and its approximations . ... ... ..
Two concepts in search for the optimal odorant concentration . . . . .
Mean and standard deviation of the number of activated receptors

C(s)inthebasicmodel . . . . .. ... ... ... ... ... ... ..
Mean and standard deviation of C(s) in model of simple activation . .
Mean and standard deviation of C(s) in double-step model . . . . . . .
Mean and standard deviation of C'(s) in flux detector model . . . . ..
Optimality criteria for basicmodel . . . . . ... ... ... .......
Optimality criteria for model with simple activation . . . . ... .. ..
Optimality criteria for model with simple activation . . . . ... .. ..
Optimality criteria for double-stepmodel . . . . . ... ... ... ...
Optimality criteria for flux detectormodel . . . . . . .. ... ... ...
Mean transfer function and standard deviations of the response for

some typesofnoise . . . ... ... L o
Examples of response distributions . . . . . ... ... ... ... ..
Examples of probability density functions of response . . . . . ... ..
Examples of information criteria of optimality . . ... ... ... ...
Examples of Fisher information criterion. . . . . .. ... ... .....
Empiricaldata . . . ... ... ... L
Conditional response distribution for empiricaldata . . . . . .. .. ..
Unconditional response distribution for empirical data . . . . ... ..
Fisher information results for empiricaldata . . . ... ... ... ...
Information criteria results for empiricaldata . . . . . . ... ... ...
Biophysicalmodel . . . . .. ... ... ... . oo
Conditional response distribution in biophysical model . . . . . .. ..
Fisher information results for biophysical model . . . . . ... ... ..
Information criteria results for biophysical model . . . ... ... ...

68



	Title page
	Bibliographic entry
	Acknowledgements
	Abstract
	Abstrakt (in Czech)
	Table of contents
	List of symbols
	1 Introduction
	2 Fisher information and its approximation
	2.1 Fisher information and its properties
	2.2 Approximation of Fisher information

	3 Models of olfactory neurons
	3.1 Introduction
	3.2 Models
	3.2.1 Basic model
	3.2.2 Model of simple activation
	3.2.3 Double-step model
	3.2.4 Flux detector

	3.3 Methods
	3.4 Results
	3.4.1 Basic model
	3.4.2 Model of simple activation
	3.4.3 Double-step model
	3.4.4 Flux detector


	4 Classification of stimuli
	4.1 Introduction
	4.2 Response function and optimality criteria
	4.2.1 Response function and its variability
	4.2.2 Signal bringing the highest information
	4.2.3 Concept based on best identifiable signal

	4.3 Results
	4.3.1 Statistical model
	4.3.2 Empirical model
	4.3.3 Biophysical model


	5 Conclusions
	References
	List of figures

