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Abstract

In the thesis, we study asymptotic behaviour of solutions of a real two-dimensional
differential system with a finite number of nonconstant delays.
We consider the system

m

(1) = At)a(t) + ) Br(®)x(0u(t)) +h(t, (), 2(61(1)), ..., (0 (1))

k=1

with unbounded nonconstant delays ¢ — 0, (t) > 0 satisfying lim; ., 0x(t) = oo for k €
{1,...,m}. Here A, B and h are supposed to be matrix functions and a vector function,
respectively.

The conditions for the stable and unstable properties of solutions together with the
conditions for the existence of bounded solutions are given. The methods are based on the
transformation of the considered real system to one equation with complex-valued coeffi-
cients. Asymptotic properties are studied by means of the Lyapunov-Krasovskii functional
and a suitable version of Wazewski topological principle.

MSC 2010: 34K20, 34K12, 34K25
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Chapter 1

Introduction

This thesis deals with the study of asymptotic behaviour of solutions of a real two-
dimensional differential system with one or more constant or nonconstant delays. More
precisely, we study the system

m

2(t) = A@)a(t) + 3 Bu(t)e(0u(t)) + h(t,2(8), 2(0:(2)), ..., 2(0a(1)  (L1)

k=1
with generally unbounded delays t — 6, (t) > 0 satisfying tlirn 0r(t) = oco. Here A(t) =

(ai;(1)), Bi(t) = (biyu(t)) (1,5 = 1,2) for k € {1,...,m} are real square matrices,
h(t,z,y1,...,Ym) = (hl(t, TyYts ey Ym), ha(t,x, yn, .. ,ym)) is a real vector function and
x = (x1,22), Y = (Yr1, o) for k € {1,...,m} are real two-dimensional vectors. We sup-
pose that the functions 6y, a;; are locally absolutely continuous on [tg, 00), b;j; are locally
Lebesgue integrable on [tg,00) and the function h satisfies Carathéodory conditions on
lty, 00) x R+,

There are a lot of papers dealing with the stability and asymptotic behaviour of n-
dimensional real vector equations with delay. Since the plane has special topological prop-
erties different from those of n-dimensional space, where n > 3 or n = 1, it is interesting to
study asymptotic behaviour of two-dimensional systems by using tools which are typical
and effective for two-dimensional systems. The convenient tool is the combination of the
method of complexification and the method of Lyapunov-Krasovskii functional. For the
case of instability, it is useful to add to this combination the version of Wazewski topolog-
ical principle formulated by Rybakowski in the papers [44], [45]. Using these techniques
we obtain new and easy applicable results on stability, asymptotic stability, instability or
boundedness of solutions of the system (1.1).

Differential systems with delay were studied by many mathematicians since the sec-
ond half of 20th century. The asymptotic theory and stability of solutions were studied,
among others we mention the papers [2], [3], and the monographs [4], [16], [28], [30], [34].
The asymptotic theory is still developed, we should mention the recent results of Bainov,
Markova and Simeonov [1], Cermak [6], Cermék and Dvotakova [7], Diblik and Khusainov
8], Diblik and Svoboda [9], [10], [11], Diblik, Svoboda and Smarda [12], Dzurina and Ko-



torova [13], Graef, Qian and Zhang [14], Gyori and Pituk [15], Koplatadze and Kvinikadze
[29], Kusano and Marusiak [31], Marusiak and Janik [32], Matucci [33], Philos and Purnaras
[35], Pituk [36], Stanék [47], Spanikovd and Samajova [48]. In the paper of Campos and
Mawhin [5], the method of complexification was used for investigating other properties of
solutions.

The main idea of the investigation, the combination of the method of complexification
and the method of Lyapunov-Krasovskii functional, was introduced for ordinary differential
equations in the paper by Rab and Kalas [39] in 1990. The principle was transferred to
differential equations with delay by Kalas and Bardkové [23] in 2002. The results in the
case of instability were obtained for ODE’s by Kalas and Osicka [24] in 1994 and for delayed
differential equations by Kalas [19] in 2005.

The thesis is organized as follows. In Chapter 2, we recall methods and results for
ordinary differential systems. We start with transformation of the system

ZBI = Ao(t)x + ho(t, .QT) (12)

into one equation with complex-valued coefficients. Then we introduce all possible cases
which can be studied. The cases originate from the classification of singular point 0 for
the autonomous homogeneous system

¥ = Az, (1.3)

where A is supposed to be regular. Next, for each case, we formulate assumptions under
which the results are valid for the system (1.2) and we conclude Chapter 2 with the results
for the system (1.2).

Chapter 3 is devoted to the study of solutions of the system (1.1) in the situation
corresponding to the case when the singular point of the system (1.3) is stable. First we
introduce the assumptions, then we continue with the main results on the stability and
asymptotic stability of the solutions and the proofs (the results are being prepared for
publication). We finish the Chapter with several consequences and examples.

Chapter 4 has similar content as Chapter 3 except that we develop the theory for
solutions of (1.1) in the situation corresponding to the case when the singular point of the
system (1.3) is unstable. Hence, instead of stability and asymptotic stability, the conditions
for instability and the existence of bounded solutions are given. The first part of the results
was published in [26], the second part is in preparation for publication.

Chapter 5 is Conclusion, where we recall the significance of the results and we suggest
some directions for further investigation.

The last chapter of this thesis is Appendix. It contains several well known theorems
which were used in the proofs throughout the thesis.

At the end of this introduction we append a brief overview of notation used in the
thesis.

R the set of all real numbers,
R, the set of all positive real numbers,



ACioe (I, M)
Lloc(-[7 M)
Lipioc(I x Q, M)

K(I x Q,M)

Rez
Im =z
z

Q
of
int$2

the set of all non-negative real numbers,

the set of all negative real numbers,

the set of all non-positive real numbers,

the set of all complex numbers,

the class of all continuous functions [—r,0] — C,

the class of all locally absolutely continuous functions I — M,
the class of all locally Lebesgue integrable functions I — M,
the class of all functions I x €2 — M locally Lipschitzian
with respect to the second variable,

the class of all functions I x €2 — M satisfying Carathéodory
conditions on I X €,

the real part of z,

the imaginary part of z,

the complex conjugate of z,

the closure of the set €,

the boundary of the set €2,

the interior of the set €).

10



Chapter 2

Results for ordinary differential
systems

The results on ordinary differential systems are recalled in this chapter. We consider the
real two-dimensional differential system

— Ao(t)$ + ho(t, [L‘), (21)

where Ag(t) is a real two-dimensional square matrix and hg(¢,z) = (ho, (¢, z), ho,(t, x)) is
a real vector function.

For investigating this system, we make use of the properties of linear systems. The
system (2.1) is regarded as a perturbation of linear system z'(t) = Aq(t)x(t).

2.1 Transformation of the system into one equation

We use the method of complexification to transform the system (2.1) into one equation
with complex-valued coefficients. The method is described in papers [37], [38], [18] or [39],
we refer to these papers for further details.

The transformation goes as follows. The real plane is converted into the complex plane
by assigning the complex number z = x; + izy to the point [z, x5]. We obtain

2 =a(t)z+bt)z+ g(t, 2, 2), (2.2)
where
(1) = 50+ anlt) + 5 (0n(0) — ().
b(t) = 5 (an(£) — an(t) + 5 (as () + an(t)),
g(t, 2z, 2) = hy(t, %(z + z), 2%(2 — Z)) + +iho(t, %(2 + 2), %(z —2)).

11



The inverse transformation of the equation (2.2) into the real system (2.1) is expressed by
the relations

a11(t) = Rela(t) + b(t)], aip(t) = Im[b(t) — a
agi(t) = Imla(t) + b(t)],  ax(t) = Rela(t) — b(t)],
hq(t,x1,x9) = Re g(t, x1 + ixe, 11 — ixs),

)

hg(t, xy, .TQ) = Img(t, T+ 7;1’2, Ty — il’g

2.2 Results

The recapitulation of the most important results for ordinary differential systems is made
in this section. We introduce three cases which arise from the study of singular points of
the autonomous system (1.3).

We start from the study of the equation

7 =az+bz, a,beC (2.3)

which corresponds to the system (1.3). To distinguish the cases, we put ¢ = |a|? — |b]?,
—p=2Rea, § = p* —4q = 4(|b]* — (Im a)?).

2.2.1 Stable case

Stable case corresponds to the situation when the singular point 0 of the system (1.3) is
stable and it is a focus, a centre or a node. This holds true for the equation (2.3) when
the conditions ¢ > 0, p > 0 are met. The results were published in [39].

For the purpose of this subsection, denote

la(t)] + V]a(t)]? = b(t)[?,

v(t)

)
b(t)

a(t)
() = Re(y(1)y'(t) — e(t)c' (1)) + v (1) (1) =+ ()e(D)]
72 (t) = [e(t)? ’

O(t) = a(t) Rea(t) + I(t) + »(t).

alt) =1+ sgn Reaf(t),

We make the following assumptions about the equation (2.2):

(Ay) The functions a,b: [ty,00) — C have continuous first derivatives
(A) < (Ay) The function g: [ty,00) x {2z € C, |z| <7 < o0}? — C is continuous

and any initial value problem to (2.2) has a unique solution.

12



(B) lim inf(Ja(t)] — [b(t)]) > 0.

(C) There exist continuous functions s, o: [1,00) — R, 7 > t, such that
v ()g(t, 2, 2) + c(t)g(t, 2, 2)| < s(t)|[y(t)z + c()z] + o(t), t = 7, 2| <.

Theorem 2.1. Let the assumptions (A), (B), and (C) with o(t) = 0 be fulfilled.

a) If
t
hmsup/@(s)ds < 00, (2.4)
t—o00
then the trivial solution of (2.2) is stable;
b) if
t
tlim O(s)ds = —o0, (2.5)

then the trivial solution of (2.2) is asymptotically stable.

Theorem 2.2. Let the assumptions (A), (B), and (C) be fulfilled. Let z = z(t) be any
solution of (2.2) defined for t — oo and V(t) = |y(t)z(t) + c(t)z(t)|. Then there ezists
w >0 such that

ul(#)] < V(s) exp ( / @<§>d§> 4 / o(€) exp ( / @(o)do) e (2.6)
s S 5

fort>s>r.

Theorem 2.3. Let (A), (B), and (C) be fulfilled. Let ©(t) < 0 fort > 1 > to,
t

lim [ O(s)ds = —o0, and o(t) = 0(O(t)). (2.7)

t—oo
Then any solution z(t) of the equation (2.2) existing for t — oo satisfies
lim z(t) = 0.

t—o00

Some improved results can be obtained in special case when § < 0. The condition
(B) is replaced by li{ninf(]hn a(t)] — [b(t)]) > 0 and the functions (t) = Ima(t) +

v/ (Imaf(t |b(t)|?sgn(Ima(t)), é(t) = —ib(t) are involved instead of the functions (),
c(t). For detalls see [39].

13



2.2.2 Unstable case

Unstable case corresponds to the situation when the singular point 0 of the system (1.3) is
unstable and it is a focus, a centre or a node. This situation occurs for the equation (2.3)
when ¢ > 0, p < 0. The results can be found in [24].

For the purpose od this subsection, denote

~a(b()

= Taml

alt)=1- % sgnRea(t),

i) = RGN0 = (D) = bi(OD) = +(0eto)
- 20) [P ’

The results for the equation (2.2) were obtained subject to the following assumptions:

(A) The functions a,b: [tg,00) — C have continuous first derivatives, the function
g: [to,00) x C* — C is continuous and any initial value problem to (2.2) has a unique
solution.

(B) |a(t)| > |b(t)| for t > to.

(Ch) There exist a g, and a continuous function s, : [ty,00) — R such that

Iv(t)g(t, z, 2) + c(t)g(t, z, 2)| < s,(t)|v(t)z + c(t)Z| for t > t, (= to), |2] > on.

Theorem 2.4. Let the assumptions (A), (B) and (Co) be fulfilled. Suppose that there exists
a ty > tg such that

t

c(t)]

tl) —

. () = [e(t)]| _
tlgtfl /@g(s)ds +1In SO EROl | T > —0o0. (2.8)
Let z = z(t) be any solution of (2.2) satisfying
|2(t1)] > 007" (2.9)
Then .
V(t) — le(t)]
(0] > T sl e [ @0(eyas (2.10)

t1

for all t >ty for which z(t) is defined.

14



Theorem 2.5. Let the conditions (A), (B), (Cy) be satisfied. Suppose that &: [tg,00) — R
15 a continuous function such that

f(t) < C"‘)o(t), t e [to,OO), (211)

and

t—o00

t

lim inf /ﬁ(s)ds —In(y(t) + |c(t)]) | = 1 > —o0. (2.12)
to

Then for any C > go - e "t there is a t; > to and a solution zy(t) of (2.2) satisfying

C t
|20(8)] < WGXP !5(5)655 (2.13)

fort > ty.

Theorem 2.6. Let the conditions (A), (B) be satisfied and let (C,) hold for n € N, where
in£I On =: 00. Assume that &, [tg,00) — R, (n =1,2,...), are continuous functions such
ne

that

En(t) < ©,(1) (2.14)
fort>1,,
lim inf / en(s)ds — In(3(t) + |e(®)]) | > o0, (2.15)
o 1) = el0)] | _
hﬂigp /(@n(s) —&u(s))ds + In SO lml| T 00 (2.16)
and .
. 7(s) = le(s)]
forn € N.
Then there ezists a solution zo(t) of (2.2) such that
limsup |zo(t)] < 0o -e7*. (2.18)

t—o0

15



2.2.3 Semistable case

This case corresponds to the situation when the singular point of the system (1.3) is a
saddle point. This happens to the equation (2.3) if ¢ < 0. The results were introduced in
25].

For the purpose od this subsection, denote

c(t) = iImaft), d(t) = V/[b(t)]? — (Ima(t))? + b(t),
f(t,z,2) =c(t)g(t,z,2) +d(t)g(t,z,2), W(t, 2, 2)=c(t)z+d(t)z,
a(t) = Rea, B(t) = VIb(t)] — (Ima(t))?,

At — dbd () ) (t) — C(1)d()
PO = T E e 1) = R 0P

The assumptions under which the equation (2.2) was studied are:

(A) The functions a,b: [tgp,00) — C have continuous first derivatives, the function
g: [to,0) x C* — C is continuous and any initial value problem to (2.2) has a unique
solution.

(B) [b(t)| > |Ima(t)], /1b(t)|]> — (Ima(t))? + Reb(t) # 0 for t € [ty, 00).

(C) There exist continuous functions k1, k2, A1, A2: [tg,00) — R such that

Re f(t,z,2)sgn Re W (t, 2,2) > r1(t)| Re W(t, 2z, 2)| + M (1) Im W (¢, 2, 2)|, (2.19)
Im f(t,z,2)sgnIm W(t, z,2) < Xo(t)| Re W (t, 2, 2)| + ka(t)| Im W (2, 2, 2)| (2.20)

for t € [ty, 00), z € C.
(D) There exist continuous functions ks, k4, Az, Ay : [tg, 00) — R such that

Re[(1+ 1) f(t, 2, 2)] = ks(t) Re[(L + )W (¢, 2, 2)] + Ag(8) Im[(1 + )W (t, 2, 2)],  (2.21)
m[(1 +4)f(t, 2, 2) > Ma(t) Re[(1 + )W (t, 2, 2)] + wa(t) Im[(1 + D)W (t, 2,2)]  (2.22)

for ¢ € [tg, 0), z € C.
In the following let p; = Rep, po = Imp, ¢1 = Req, g2 = Im g, so that p1,p2, q1, ¢2: [to,0) —
R are continuous functions for all ¢ for which |c(t)] # |d(t)].

Theorem 2.7. Let the hypotheses (A), (B), (C) and

)\1 S |p2 - q2|7 _A2 S |p2 +q2|a (223)
— K1 + Ko —)\1+)\2—2q1—|—2max(|p2|,\q2]) < 26 (224)

be satisfied. Suppose that 0: [ty,00) — R is a continuous function such that

0>a—0+ke+X+p—q+|p2+q] onty,0). (2.25)

16



Then for any v € R, v > 0 there exists at least one-parameter family of solutions z(t) of
(2.2) satisfying

t
v
28] < ———exp / 0(s)ds (2.26)
|e(t)] — [d(?)]
to
fort > tg.
Theorem 2.8. Let the assumptions (A), (B) and (D) be fulfilled. Let
PG —A<B, —pp—q—M\<B fort=>l1. (2.27)
IfveR, v>0and ¢: [ty,00) — R is any continuous function satisfying

P(t) <a+ B4+ p+q +min(kg + A3 — p2 — @2, ka + Ay + D2 + ¢2) (2.28)

then there exists two-parameter family of solutions z(t) of (2.2) satisfying

|z(t)| > mexp /¢(s)ds (2.29)

fort € [to,w), where [ty,w) is the right mazimal interval of existence of z.

17



Chapter 3

Differential systems with delay: The
stable case

In this chapter we consider conditions analogous to the case when the singular point 0 of
the autonomous system (1.3) is stable.

3.1 Transformation to one equation with complex-
valued coefficients

This section contains the first of the main ideas - the method of complexification. We use
a transformation that reduces real two-dimensional system to one equation with complex-
valued coefficients. The transformation for the considered system with a finite number of
nonconstant delays can be found in [26].

We study the system

m

Z'(t) = A(t)x(t) + ZBk(t)x(Qk(t)) +h(t,z(t), x(01(t)),...,2(0n(t))) (3.1)

k=1
with generally unbounded delays ¢ — 0, (t) > 0 satisfying tlim 0r(t) = oco. Here A(t) =

(ai;(t)), Bi(t) = (byk(t)) (i,j = 1,2) for k € {1,...,m} are real square matrices,
h(t,z,y1,...,Ym) = (hl(t, TyYLs e Ym), ha(t, 2, y1, - ,ym)) is a real vector function and
x = (x1,22), Yx = (Y1, Yke) for k € {1,...,m} are real two-dimensional vectors. We sup-
pose that the functions 6y, a;; are locally absolutely continuous on [ty, 00), by, are locally
Lebesgue integrable on [tg,00) and the function h satisfies Carathéodory conditions on
itg, 00) x R2m+D)|

Introducing complex variables z = x1 + 129, w1 = Y11 + Y12, -+ -, Wi = Ym1 + 1Yma, We
can rewrite the system (3.1) into an equivalent equation with complex-valued coefficients

18



2(t) =a(t)z(t) )+ [ ) + Bu(t)2(0x(1))] (32)

—|—g(t,z( )7 (91( ))7"'=Z(em<t)))a

where 0, € ACp(J,R) for k = 1,....m, Ax,Br € Lioc(J,C), a,b € AC\(J,C), g €
K(J x C™*1 C), J = [tg, o0).
The relations between the functions are following:

a(t) = %(&11@) + ag(t)) +

b(t) = %(an(t) —ax(t)) +

(az(t) — ara(t)),
(a1 (t) + ara(t)),

A(0) = (brae(t) + baaelt)) + 5 (Baan(®) = bize (1),
1

N | = N .

1
Bi(t) = 5 (b11k(t) — baaw(?)) + 5 (ba1k(t) + brze(t)),
1 1 1 . 1 _ _
g(t>sz1> s 7wm) - hl(ta §(Z + Z)? 2_1(2 - Z): §<w1 + w1)7 2_Z<w1 - wl)a SRR 2_Z(wm - wm))+
. 1 1 1 . 1 _ 1 _ 1 _
+Zh2(ta E(Z + Z)a Z(z - Z)7 §(w1 + wl): Z(wl - w1)7 R E(wm + wm)7 Z(wm - wm))

ay(t) = Rela(t) + b(t)],  aa(t) = Im[b(t) — a(t)],
az(t) = Imfa(t) + b(t)],  axn(t) = Rela(t) — b(t)],
biik(t) = Re[Ak(t) + Bi(t)],  biaw(t) = Im[By(t) — Ak(t)],
ba1k(t) = Im[Ak(t) + Bi(t)],  baaw(t) = Re[Ax(t) — Bi(t)],
hi(t,z,y1,. .., ym) = Reg(t,z1 + iz, Y11 + W12, - - -, Ym1 + Wma),
ho(t, @, y1, -, Ym) = Im g(t, o1 + 122, Y11 + W12, - - -, Ym1 + Wma),

the equation (3.2) can be written in the real form (3.1) as well.
3.2 The case htmmf(]a( )| —|b(t)]) >0
—00

We consider the equation (3.2) in the case when
li%n inf (|a(t)] — [b(t)]) >0 (3.3)

and study the behavior of solutions of (3.2) under this assumption. This situation corre-
sponds to the case when the the autonomous system (1.3) has the singular point 0 of type
centre, focus or node.

19



3.2.1 Assumptions

Regarding (3.3) and since the delay functions 6y, satisfy tlim 01 (t) = oo, there are numbers

Ty > tg, T'> T7 and p > 0 such that

la(t)| > [b(t)| +pfor t > Ty, t>6k(t) >Tifort>T (k=1,...

Put

v(t) = la@®)] + V]a®P = bR, ct) =

Since y(t) > |a(t)| and |c(t)| = |b(t)|, the inequality

(&) > le(t)] + p

holds for all t > T3. It is easy to verify that v, ¢ € AC)([T7, 00),C).
For the rest of this section denote

b(t)
a(t)
_ Re(y(®)7'(t) — e(t)'(t)) + 7 (1)) — 7' ()e(t)]|

72 (t) = |e(®)?

sgnRea(t),

0(t)

(3.4)

(3.5)

(3.7)

(3.8)

The stability mentioned in the title of the chapter is studied under the following as-

sumptions:

(i) The numbers T} > ty, T'> Ty and p > 0 are such that (3.4) holds.

(ii) There exist functions s, kg, 0: [T, 00) — R such that

Iy () g(t, z,wr, ... wy) + c(£)G(t, 2w, ..oy wn)| < se(t)|y(t)z + c(t)Z]

m

+ > RO (0 (8) )i + c(0()ywi| + o)

k=1
fort > T, z,w, € C (k=1,...,m), where 3, 90 € Li([T, ), R).
(iil) B € ACie([T,00),RY) is a function satisfying
0.()3(t) > \e(t) a. e. on [T, 0),

where Ay is defined for ¢ > T by

M0 = u(t) + (48] + B~ ”*:C(”'
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(On(t)) — lc(Or(t))]

(3.9)
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(iv) There exists a function A € Lj,.([T, 00),R) which satisfies the inequalities 3'(¢) <
A(t)B(t), ©(t) < A(t) for almost all t € [T, 00), where the function O is defined by

O(t) = a(t) Rea(t) + 9(t) + s(t) + mB(t). (3.11)

If Ay, By, ki, 0}, are locally absolutely continuous on [T, 00) and Ag(t) > 0, 6.(t) > 0
on [T, 00), the choice B(t) = kirllé?cm[Ak(t)(H;(t))*l] is admissible in (iii).
Under the assumption (i), we can estimate

o) < LBy’ =20l + 1y = el _ ('] + 1Dy +1e) _
- = IeP R

e
Y=l Tom
hence the function 9 is locally Lebesgue integrable on [T, 00). Moreover, if 3 € ACo([T, 0), R)
and s € Lyoc([T, 00), then we can choose

1
< =1+ 1<),

_ ﬁ’(t)>
A(t) max(@(t), ot (3.12)
in (iv).

Finally, if o(t) = 0 in (ii), then the equation (3.2) has the trivial solution z(t) =
0. Notice that in this case the condition (ii) implies that the functions (), ki(t) are
nonnegative on [T, 00) for k = 1,...,m, and due to this, A\x(t) > 0 on [T, 00). The case
o(t) < 0 is omitted since it can be replaced by o(t) = 0.

3.2.2 Main results

The aim is to generalize the results for ordinary differential equations recalled in Chapter
2 as well as the results contained in [23] (one constant delay), [40] (a finite number of
constant delays) and [22] (one nonconstant delay). In the proof of the crucial theorem we
use the following auxiliary result.

Lemma 3.1. Let ay, ag, by, by € C and |as| > |by|. Then

a1z + blé < Re(aldQ — blgg) + ‘albg — agbl‘

Re
sz + bz — lag|? — |b|?

for € C, z # 0.

The proof of Lemma 3.1 can be found for example in [39], [40].
The following theorem is the main result of this section.

Theorem 3.1. Let the conditions (i), (ii), (iii) and (iv) hold and o(t) = 0.
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a) If

t

limsup/A(s)ds < 00, (3.13)
t—o0
then the trivial solution of (3.2) is stable on [T, c0);
b) if
t
tlim A(s)ds = —o0, (3.14)

then the trivial solution of (3.2) is asymptotically stable on [T, 00).

Proof. In fact, we obtain the proof as the combination of the proof of Theorem 1 in [40]
and the proof of Theorem 2.2 in [22].

Choose arbitrary t; > T. Let z(t) be any solution of (3.2) satisfying the condition
z(t) = 2o(t) for t € [T1,t1], where zy(t) is a continuous complex-valued initial function
defined on t € [T}, t;]. Consider the Lyapunov functional

m t
V) = U0+ 80 / U(s)ds, (3.15)
=1y
where
U(t) = [v(t)2(t) + c(t)z(t)].
To simplify the computations, denote wy(t) = z(0x(t)) and write the functions of vari-

Z(
able ¢ without brackets, for example, z instead of z().
From (3.15) we get

— U+ 4 Z / s)ds + mp|yz + cz| — Z 01,817 (0r )wi, + c(Or)wi| (3.16)

=Lo.(t)

for almost all ¢ > ¢, for which z(¢) is defined and U’(t) exists.
Denote K = {t > t;: z(t) exists, U(t) # 0} and M = {t > ty: 2(t) exists, U(t) = 0}. It
is clear that the derivative U’(t) exists for almost all ¢t € IC, hence we focus on the set M.
In view of (3.6) we have z(t) = 0 for t € M. For almost all ¢ € M we compute

UL(t) = lim Un) -Uu@) _ . U)o (@) = 2(0)] = e(7)[(7) — 2(1)]]

T—t+ T—1 Tt T — T—tt+ T—1

= £y (1) + c(®)Z' ()] = £y (t)g" (1) + c(t)g" (B)],

where
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=> (A t) + By(t)wg(t)) + g(t,0,wi (1), ..., wn(t)).
k=1
Hence U has one-sided derivatives almost everywhere in M. According to [46], Chapter
IX., Theorem (1.1), or [17], the set of all ¢ such that Ul (t) # U’ (t) can be at most
countable, thus the derivative U’ exists for almost all ¢ € M, and for these ¢, U'(t) = 0.
In particular, the derivative U’ exists for almost all ¢ > ¢; for which z(t) is defined, thus
(3.16) holds for almost all £ > ¢; for which z(t) is defined.
Now return the attention to the set K. Since

az+bz=— (72+cz)+ b

the equation (3.2) can be written in the form

, a
~ 2d]

NE

b
—(vz+c2)+ Y (Apwy + Brwg) + g(t, z,wr, ... wy).  (3.17)

—(yz +c2) + o

b
Il

1

Short computation leads to

ya ch b ca Rea
R R -4+ —=b—.
o[t sy =R G

In view of this and (3.17) we have

UU' =U(y/(vz + c2) (32 + ¢2)) = Re[(v2 + &2) (72 + 72 + dz+ cZ)] =

b
(vz+cZ) + g(vz +¢z2) + Z (Aywy, + Bywy,) + g>+

= Re{(yz + ¢2) {7/2 +dz+ 7(
k=1

2|al

a b = _
—l—c(2|a|(fyz—|—cz) + ﬂ(vzﬁ—cz) +;(Akwk + Bkwk) —l—g>]} <

< |yz +czf? (Rea + |b] | }‘{ |a|) + Re{(fyz +¢z) [’y’z +dz+ ’7<i<f4kwk + Byiog) + g)—l—
k=1
+ c(i (Apwy + Bywy) + g)} }
k=1

for almost all ¢ € K.
If we recall the definition of «(t) in (3.7), then
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UU’<U2aRea+Re{(7z+cz y Akwk+Bkwk —I—cZ(Akwk+Bkwk)]}+
k=1 k=1

+ Re[(v2 + ¢z)(vg + cg)] + Re[(yz + ¢2) (2 + ¢2)] <
vz+dz

< U?aRea+ Uy + |C|>(Z|Akwk + Bywg|) + Ulyg + cg| + U? Re yz+cz

k=1
Applying Lemma 3.1 to the last term, we obtain

Yz+dz
Yz + ¢z
Using this inequality together with (3.10) and the assumption (ii) we get

Re < 9.

UU <U*(aRea+9 + ) + UZ(/@k]fy(Gk)wk + (O )wy|)+

k=1

Uy + |el) (Z ‘Ak||wk| + |Bki|)1|0k|< (6) — ’C(ek)\)> <

< Uz(ozRea—H?—i-%)

S v+

S UQ(Oé Rea + 9 + %) + UZ /\k|7(«9k)wk + C(@k)wk|
k=1

} 1Y (O )wy, + c(@k)wk|} <

for almost all t € K.
Consequently,

U' <U(aRea+9+3) + > Mely(0r)wy + c(6x ) (3.18)
k=1
for almost all ¢ € K.
Recalling that U’(t) = 0 for almost all t € M, we can see that the inequality (3.18) is
valid for almost all ¢ > ¢; for which z(¢) is defined.
From (3.16) and (3.18) we have

V' <U(aRea+ 9+ 3+ mp) +Z (M — 0,.8) |7 (01 )wi, + (O )|+
k=1

+52/|v o(5)2(5)\ds.



As f((t) fulfills the condition (3.9), we obtain
Vi) < U@ + 51y / I(8)2(s) + e(s)z(s)ds,

k 19k(t)

hence

V() — AV () <0 (3.19)

for almost all ¢ > ¢; for which the solution z(t) exists.
Notice that, with respect to (3.6),

V(t) = (v(t) = le(®)D]=@)] = plz()] (3.20)

for all t > t; for which z(t) is defined.
Suppose that the condition (3.13) holds, and choose arbitrary € > 0. Put

t

A = max (y(s) + |c(s)]), L= sup /A(s)ds

s€[T1 1] T<t<oo

and

t1

6 = peA™M (1 +mpB(t)(t — Tl))_1 exp{/A(s)ds - L},

where > 0, Ty > to and T > T are the numbers from the condition (i).

If the initial function zo(¢) of the solution z(t) satisfies I?ax] |20(s)| < 6, then the
se(Tr,t1

t
multiplication of (3.19) by exp{— [ A(s)ds} and the integration over [t1,¢] yield

Vi(t) exp{ - /A(s)ds} _V(H) <0 (3.21)

for all ¢ > ¢, for which z(t) is defined. From (3.20) and (3.21) we gain
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ul=(t)] < V() < V(i) exp{ / A(s)ds} < [(9(t) + lelt)D]=(t) |+

t

+0(t) max |2(s) / )dsﬂ eXp{/A(s)ds} <

=L g,(t1) t
Anm<%(n+mmImxpdnAi?h—@m»Fq{/A@m§,

s€[Th,t1] €[T1,t1]
t1

t1

m4ﬂ<A1mxpdn@+mmﬂm—ﬂ»aﬁL—/A@@}<m.

s€[Ty,t
T

Thus we have |z(t)| < € for all ¢ > ¢; and we conclude that the trivial solution of the
equation (3.2) is stable.

Now suppose that the condition (3.14) is valid. Then, in view of the first part of
Theorem 3.1, for K > 0 there is a p > 0 such that max |zo( )| < p implies that the

se[T,t 1

solution z(t) of (3.2) exists for all ¢ > ¢; and satisfies |z(t)| < K, where K is arbitrary real
constant. Hence, from this and (3.20), we have

t

2] < WV () < oVl exp] / A(s)ds}

for all ¢ > ¢;. This inequality with the condition (3.14) give

lim z(t) =0,

t—o0

which completes the proof. O

Remark 3.1. Theorem 3.1 represents a generalization of previous results.

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) =t —r, where r > 0, we get Theorem 1 from [23].

If we take 6y (t) =t — ry, where rpy > 0, k =1,...,m, we obtain Theorem 1 from [40].

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) = 6(t), we get Theorem 2.2 from [22].

The next theorem involves the function g in (ii), thus it is more general than Theorem
3.1. A part of the proof of Theorem 3.1 is utilized in the proof of Theorem 3.2.
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Theorem 3.2. Let the assumptions (i), (i), (iii) and (iv) hold and

ISY

V() = [7(0)2(t) + e(t)z(t)] + Bt Z/w (5)2(s)ds,

where z(t) is any solution of (3.2) defined on [ti, ) Then

t t t

Hl=(0)] < V(s) exp ( / A(f)d£> 4 / o(€) exp ( / A(a)da> de

s s 13
fort>s >ty wheret; >T.

Proof. Following the proof of Theorem 3.1, we have

(3.22)

(3.23)

VI(t) < [y(t)z(t)+c(t)z G) |7 Z(s)|ds+o(t) < AV (t)+o(t)

k=1g, (t)

a. e. on [t1,00). Using this inequality, we get
V(1) = AV (t) < oft)

a. e. on [t;,00). Multiplying (3.24) by exp( fA df’) gives

t

Vit) exp<— / A<s>d§>] < olt) exp<— / A(E)df)

S S

a. e. on [t;,00). Integration over [s, ] yields

t t

13
V() exp<— / A<s>d5> v < [ oo exp<— / A(o)da) i,

S S S

t

and multiplying (3.25) by exp( [ A(£)d¢), we obtain

t t

V() < V(s)exp ( / A<s>d5> + / o(€) exp ( / A<a>d<r> d.
£

S S

The statement now follows from (3.20).
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Remark 3.2. Theorem 3.2 generalizes theorems contained in previous papers.

If we take A (t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) =t —r, where r > 0, we get Theorem 2 from [23].

If we take 0y (t) =t — 1y, where 1, > 0, k = 1,...,m, we obtain Theorem 2 from [40].

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) = 6(t), we get Theorem 2.7 from [22].

The last of the main propositions gives the conditions under which all solutions of (3.2)
are tending to zero.

Theorem 3.3. Let the assumptions (i), (ii), (iii) and (iv) be satisfied. Let A(t) <0 a. e.
on [T*,00), where T* € [T, 00). If

t

lim [ A(s)ds = —oo and o(t) = o(A(t)), (3.26)

t—o0

then any solution z(t) of the equation (3.2) existing for t — oo satisfies

lim z(t) = 0.

t—o00

Proof. Choose arbitrary ¢ > 0. According to (3.26), there is s > T* such that o(t) <
EE|A(L)| for t > s and

t t t

/Q<T) ¢Xp (/ A(U)d0> dr < %/[—A(Tﬂ exp </ A(a)da) dr =
_ %5 t <% [exp </t A(a)da)])dT — %6 [exp </t A(g)d(,)[ _

S T T

= %[1—8Xp</A(T)dT>] < %

S

t
for ¢ > s. From (3.26) we have exp( [ A(7)dr) — 0 as t — oo, hence there is S > s such

s
t

that exp( | A(7)dr) < 5£5 for t > S. Considering this fact and (3.23), we get
2V (s)

S

ulz(8)] < v<s>2§fs) = ne

for t > S. This completes the proof. [
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Remark 3.3. Theorem 3.3 is a generalization of results published in the papers [23], [40]
and [22].

If we take A (t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
0,(t) =t —r, where r > 0, we get Theorem 3 from [23].

If we take 6x(t) =t — ry, where rp > 0, k = 1,...,m, we obtain Theorem 3 from [40].

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
0:1(t) = 6(t), we get Theorem 2.14 from [22].

3.2.3 Corollaries and examples

From Theorem 3.1 we easily obtain the following corollaries.

Corollary 3.1. Let a(t) = a € C, b(t) = b € C, |a|] > |b|. Suppose that tlim 0(t) = o0,
Or(t) <t fort > Ty, where Ty > to. Let po,p1,- .-, pm: [T1,00) — R be such that

lg(t 2z w1, wi)| < po()]z] 4 Y pr(t) w (3.27)
k=1
fort >Ty, |z| <R, |lwg| <R, k=1,....,m, R>0 and py € Lioc([T1,0),R).
Let 5 € ACi.([Th,00),R,) satisfy

0,.(t)3(t) > (:Z: iL :ZD ’ (pe(@) + [Ac@)| + | Br(t)]) a. e. on[T1,00) fork=1,...,m.

If

00 lal la] = 0] B(s)

then the trivial solution of equation (3.2) is stable. If

limsup/max (\a| il Rea + (M * ‘b|)2 po(s) +mpB(s), w) ds < oo, (3.28)

tli)rgo max (% Rea + (:Z: i— :ZD ’ po(s) +mpB(s), %((SS))) ds = —o0, (3.29)

then the trivial solution of (3.2) is asymptotically stable.

Proof. Choose T' > T} such that 0(t) > T} for t > T, k= 1,...,m. Denote z = z(t) and
wg = z(0x(t)) again. Since a,b € C are constants, then also 7 and ¢ are constants and we
have ¥(t) = 0. Using the condition (3.27) we get
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vg(t 2w, wm) + €g(t 2w, w)| < (7 lel) (po(0)]2] + Y pr()]wn]) =
k=1

v+l
= c)(po(®)]2] + ) pr(t)|ws
L= ke (o)l Z ) <
v+l . }
< T 0z + 21+ 3 e+ )
k=1
and it follows that the condition (ii) holds with
7+ ] 7+ ]
#(t) = po(t),  kx(t) = pi(t)
— | v = el

and o(t) = 0.
The condition (3.28) implies that Rea < 0. Since

6]

a=14 —sgnRea =

la| + |b|sgnRea S la| — |b]
lal

lal lal

and

v+ el _ lal + ra\2—rb\2+|b|:(\a!+rb\)2
v=lel lal+/laZ =102 —[b]  \lal —[b|

in view of (3.11) we obtain

_ (lal 18]\
nult) = (B {00+ 14ul0)] + B0,

lal

O(t) —aRea+

+ ] jal — b ja] + 8]\ ?
o ‘ po(t) +mp(t) < al Rea + (|a| — ]b\) po(t) +mpB(t),

and the assertion follows from (3.12) and Theorem 3.1. O

We can formulate a corollary that is simpler for application than the previous one.
However, it is concerned only in stability.

Corollary 3.2. Assume that the conditions (i), (i) and (iii) are valid with o(t) = 0. If
B(t) is monotone and bounded on [T, o0) and if

t

lim sup/[@(s)]+ds < 00,

t—o00

where [O(t)]+ = max{O(t),0}, then the trivial solution of (3.2) is stable.
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Proof. Suppose firstly that /3 is non-increasing on [T',00). Then 3 < 0 a. e. on [T, 00).

If B(Tz) = 0 for some Ty > T, then 3(¢t) = 0 on [T, 00). Consequently, A has to satisfy
only the inequality ©(t) < A(t) a. e. on [T, 00), so we may choose A(t) = O(t) on [Ty, 00).
It follows that A(t) = ©(t) < max{O(t),0} = [O(¢)],.

On the other way, if () > 0 on [T, 00), we may put A(t) = max{O(t), %} Then

/8/

A(t) = max{O(t), }<maX{@() 0} = [O(t)]5.

In both cases, A satisfies the condltlon (1V) and the inequality A(t) < [O(t)]4 on [Ty, c0),
hence

t t

lim sup/A(s)ds < lim sup/[@(s)]+d3 < 00.

t—o0 t—o00
Now assume that [ is non-decreasing on [T, 00). Then 5’ > 0 a. e. on [T, 00).
If B(t) =0 on [T, 00), we may treat it as above.
Otherwise, there is some T3 > T such that 5(t) > 0 on [T3,00) and we may choose
A(t) = max{O(t), %} on [T3,00). Clefirly A satisfies the condition (iv) on [T3,00). Since
B> 0a. e on[T,00), it follows that % >0 a. e. on [T5,00). Hence

A0 = {610, G < mas{ (00 ) <1000 + g

and then

t t

! t
limsup/A(s)ds < limsup/[@( )]+ds + lim sup B

t—o0 t—o0 t—o00
t

< lim sup/[@(s)]+ds + limsup(In(B(t))) — In(8(13)) < oo

t—o0 t—o00

since (3 is bounded on [T, 00).
The statement follows from Theorem 3.1. O

Remark 3.4. If the function § does not satisfy the assumptions of Corollary 3.2, we can
try to find a function 3*(¢) > £(t) which is monotone and bounded on [T, 00) such that all
conditions stated in Corollary 3.2 become true.

However, in some cases it is not possible to find such function G* while the trivial
solution of the equation (3.2) is stable, as we can see in an example.

Example 3.1. Let us study the equation (3.2) where a(t) = —12—5i, b(t) = 1, Ax(t) =0,
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V6 (105 - k ,
g(t, z,wy, .. wy,) = _<§ - smt) ez + Z —— (2 + sint)w.

% 2 Vi

Assume that tg = m, R =occ and 0,(t) = klnt, k=1,...,m. Put T} = to, T = e!' =

e™. As g satisfies the inequality (3.27) from Corollary 3.1 with py(t) = ﬁ(llogf’ sint) and

pi(t) = ? £ (2-+sint), the condition (ii) is valid for s¢(t) = (12 —sint), ry(t) = = (2+sint)
and o(t) = 0. Moreover, ¥(t) = 0 and «o(t) = 2.
Since rg(t) € AC\([T,0),Ry) and 6,(t) > 0 on [T,00), we may choose ((t) =

max (0;,()) " 'ki(t) = L(2 + sint), hence the minimal function $* which satisfies the

77777

conditions of Corollary 3.2 is the function §* = 2. For this §* we have ©*(t) = a(t) Rea+
V(t)+ 2(t) —I—mﬁ* (t) = =24 +0+ (12 —sint) +m2 = —sint. It is not difficult to compute

that lim sup f [©*(s)]+ds = oo, hence Corollary 3.2 is not suitable to prove stability of the

t—o00

trivial solutlon of the equation (3.2).
Nevertheless, for § we get O(t) = a(t)Rea + 9(t) + s(t) + mpB(t) = 144 104+
(42 —sint) + m=(2 +sint) = —1 and since B > 0 on [T,o0), we may Choose At) =

max{O(t), %’ ((tt))} = ;2L Then hrtri sup ! A(s)ds < In3 < o0, hence, in view of Theorem

3.1, the trivial solution of the equation (3.2) is stable.
We can derive several consequences from Theorem 3.2.

Corollary 3.3. Let the conditions (i), (ii), (iii) and (iv) be fulfilled and

t

¢
liItIisup/g(g) exp (—/A(U)dd) d¢ < o0

S

for some s > T.
If z(t) is any solution of (3.2) existing for t — oo, then

t

() =0 exp( / A(&)d&)

s

Proof. From the assumptions and (3.25) we can see that there are K > 0 and S > s such
that for ¢ > S we have

3

) exp (- / A(g)dg) _V(s) < / o(€) exp (— / A(a)da) de < K < oo.

s
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Then

t

pulz()] < V(t) < (K +V(s)) exp (/A(S)dﬁ)-

s

Corollary 3.4. Let the assumptions (i), (ii), (iii) and (iv) hold and let

limsupA(t) < oo and o(t) = O(e™), (3.30)
t—o0
where n > limsup A(t). If z(t) is any solution of (3.2) existing for t — oo, then z(t) =
t—o0
O(e™).
Proof. In view of (3.30), there are L > 0, n* < n and s > T such that n* > A(t) for t > s
and o(t)e ™ < L for t > s. From (3.23) we get

t
pulz(t)] < V(s)er =) +L/em e =T dr <

S
)t _ an=n")s

n—=n
L

< V(s)e? =9 +—— " =0(e"). (3.31)
n—n

< V(s) e 9 Lot &

]

Remark 3.5. If o(t) = 0, we can take L = 0 in the proof of Corollary 3.4 and taking the
inequalities (3.31) into account we obtain the following statement: there is an n* < 79 <7
such that z(t) = o(e™") holds for the solution z(¢) of (3.2).

3.3 The case liminf(|Ima(t)| — |b(t)]) > 0

t—00

Instead of the case li{n inf(|a(t)| — |b(t)|) > 0 investigated in Section 3.2, in this section we

consider the equation (3.2) in the case when

ntrgglfq Ima(t)| — [b(t)]) > 0 (3.32)

and study the behavior of solutions of (3.2) under this assumption. This situation cor-
responds to the case when the autonomous system (1.3) has the singular point 0 of type
centre or focus.
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Obviously, this case is included in the case li%Ll glf (Ja(t)| = [b()]) > O considered in
Section 3.2, but in this special case we are able to derive more useful results as we will
see later in an example. The idea is based upon the well known result that the condition
la| > |b| in an autonomous equation 2z’ = az + bz ensures that zero is a focus, a centre or
a node while under the condition | Ima| > |b| zero can be just a focus or a centre. Details
are contained in [39)].

A simple example which is situated after Corollary 3.5 in Subsection 3.3.3 shows that,
in some cases, the results of this section can be applied more suitable than those given in
Section 3.2.

3.3.1 Assumptions

Regarding (3.32) and since the delay functions 6y, satisfy 1tlirn 01 (t) = oo, there are numbers
Ty > tg, T'> T; and p > 0 such that

|Tma(t)| > [b(t)|+pfor t > Ty, t>0,(t) >Tifort >T (k=1,...,m). (3.33)

Denote

F(t) = Ima(t) + /(Ima(t))2 — |b(t)|2sgn(Ima(t)), &) = —ib(t). (3.34)

Notice that, unlike the function v from Section 3.2, the function 74 defined in this section
need not be positive.
Since |§(t)| > | Ima(t)| and |&(t)| = |b(¢)], the inequality

(@] > 1e@)] + (3.35)

holds for all t > T3. Tt is easy to verify that 4, ¢ € ACu([T7, 00), C).
For the purpose of this section denote

~ Re(F(t)¥'(t) — e(t)d (¢ V(&) (t) — ' (t)e(t
) = e(¥(H)Y'(t) C(~)20( ) +~|7(2)0( ) — 7 )et)| (3.36)
V() = [e(t)]
The stability and asymptotic stability are studied subject to the following assumptions:

(i) The numbers T} > ty, T'> Ty and p > 0 are such that (3.33) holds.

(ii) There exist functions ¢, iy, 0: [T, 00) — R such that
7()g(t, 2, w1, - .. wm) + EE)G(E, zw1, - . wn) | < 3(H)]F(8)2 + E(1)2]

+ ) R3Ok ())wr + &(0k (1)) wi| + ()

IM:

fort > T, zyw, € C (k=1,...,m), where 3, g0 € Li([T,),R).
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(iil) B € AC)oe([T,00),RY) is a function satisfying
0:.(1)3(t) > \(t) a. e. on [T,00), (3.37)
where S\k is defined for ¢ > T by

+

7 ()

Ao(t) = Rr(t) + (| Au()] + | Br(t)]) 15(0,(1))

‘;w (3.38)

|+
R ECION

(iv) There exists a function A € Lioe([T,00),R) which satisfies the inequalities G(t) <
A(t)5(t), ©(t) < A(t) for almost all t € [T, 00), where the function © is defined by

O(t) = Rea(t) + () + 5(t) + mB(t). (3.39)

If A, By, Ei, 0}, are locally absolutely continuous on [T, 00) and Ak(t) >0, 0,.(t) >0
on [T, 00), the choice 3(t) = kirll?(m[)\k(t)w;“(t))_l] is admissible in (iii).

Under the assumption (i), we can estimate

o BT o A P~ i ~ X ~
) < [ReGY = el + 15 = 7el _ (¥ +1ED(FI+1e) _

- [eP G

(7'1+ 1€,

hence the function ¥ is locally Lebesgue integrable on [T, c0). Moreover, if 3 € AC)o([T, 0), R
and 3 € Ly.([T, 00), then we can choose

Alt) = max(6(1), B/“)) (3.40)

in (iv).

Finally, if o(t) = 0 in (ii), then the equation (3.2) has the trivial solution z(t) =
0. Notice that in this case the condition (ii) implies that the functions (), Ry(t) are
nonnegative on [T, 00) for k = 1,...,m, and due to this, \x(¢) > 0 on [T, 00). The case
o(t) < 0 is omitted since it can be replaced by o(t) = 0.

3.3.2 Main results

The aim is to generalize the results for ordinary differential equations recalled in Chapter
2 as well as the results contained in [23] (one constant delay), [41] (a finite number of
constant delays) and [43] (one nonconstant delay). The proof of Theorem 3.4 is similar to
the proof of Theorem 3.1. In the proof we use Lemma 3.1 again.
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Theorem 3.4. Let the conditions (i), (ii), (iii) and (iv) hold and o(t) = 0.

a) If
¢
limsup/f\(s)ds < 00, (3.41)
t—00
then the trivial solution of (3.2) is stable on [T, 00);
b) if
t
tlim A(s)ds = —oo, (3.42)

then the trivial solution of (3.2) is asymptotically stable on [T, 0).

Proof. Proceeding similarly as in the proof of Theorem 3.1, we obtain

!/

UU' = U (\/ (Y2 +¢2)(72 + ¢2)) = Re[(Jz + ¢2) (72 + 32 + dz + ¢7)] =

- Re{(:yi + &2) {’y’z +z+ ’y(az +bZ+ Y (Agwy + Bumy) + g> +
k=1
+ é(di + bz + Z(z‘_lku_)k + Bywy) + §>] } =
k=1

_ Re{(’yi +E2) [:y’z @7+ (5a+ &b)z + (3b + éa)z + fy(Z(Akwk + Byay) + g)+
k=1

+ (3 (A + Brawy) +9) |}

k=1

for almost all ¢ € K. B
Short computation gives (Ja + ¢b)é = (b + ¢a)7, and from this we get

UU' < Re{(§2+éz)(ﬁa + 613)(2 + §z>}+

NE

+ Re{(:ﬂ +é2)[7 ) (Apwy + Brwg) + EZ(AkU_Jk + Bjwy)] }+
k=1 k=1
+ Re[(7z + ¢2) (79 + ¢9)] + Re[(72 + ¢2) (V2 + d2)] <
Re &:z +7z

2 Cy 5 N 0 v cqg 2
<U Re(a+§b) + U1+ 12D (3 | Axws + Bewyl) + Ulig + &gl + U o

k=1

for almost all t € K.
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Applying Lemma 3.1 to the last term, we obtain

< o=
Re Lo C% <,
Yz +cz

Using this inequality together with (3.38), the assumption (ii) and the relation
Re(a + ﬁb) = Rea, we obtain

UU' <U*(Rea+ 0+ 5) + U (Rel3(0k)wi + &0k )mx])+

k=1

v+ (Y e (0]~ (60D <

< U*(Rea+ 0 + 3)+

S |
+U{k§:;[nk+<|Ak|+|Bk|>|( )

<U*(Rea+9 +3)+U Z X301 )wy, + E(6)) g
=1

:2 )J |17 (Or)wi. + E(Qk)wk|} <

for almost all t € K.
Consequently,

U' <URea+9+3) + > Mel(0k)wy, + &(0x )y (3.43)
=1

for almost all ¢ € K.

Recalling that U’(t) = 0 for almost all t € M, we can see that the inequality (3.43) is
valid for almost all ¢ > t; for which z(¢) is defined.

From (3.43) we have

V' <SURea+9 +sz+mB) + > (A — 0,8)7(0k)wy, + &0k )y +

k=1
+52/w (s)2(s)|ds.
NO)

As J(t) fulfills the condition (3.37), we obtain

m

V() SUMO) +5'(1) ) / [7(5)z(s) + ()

kzlgk(t)

IS

(s)]ds,
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hence

V'(t) — AtV (t) <0 (3.44)

for almost all ¢ > ¢; for which the solution z(t) exists.
The rest of the proof is identical to the corresponding part of the proof of Theorem
3.1. O]

Remark 3.6. Theorem 3.4 represents a generalization of previous results.

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) =t —r, where r > 0, we get Theorem 4 from [23].

If we take 6i(t) =t — ry, where rpy > 0, k =1,...,m, we obtain Theorem 1 from [41].

If we take A (t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) = 0(t), we get Theorem 1 from [43].

The next theorem is analogous to Theorem 3.2. The proof is identical to the proof of
Theorem 3.2 and thus is omitted.

Theorem 3.5. Let the assumptions (i), (i), (iii) and (iv) hold and

V(1) = [3()z(1) + ez + 5(1) ) / 7(s)z(s) + c(s)z(s)lds, (3.45)
=150

where z(t) is any solution of (3.2) defined for t — oo. Then

t t t

ul ()] < V(s) exp ( / A<£>d§> 4 / 5(€) exp ( / f\(a)da) de (3.46)
£

S S

fort> s>ty wheret; >T.

Remark 3.7. Theorem 3.5 generalizes theorems contained in previous papers.

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork=2,...,m,
61(t) =t —r, where r > 0, we get Theorem 5 from [23].

If we take 6x(t) =t — ry, where rpy > 0, k = 1,...,m, we obtain Theorem 2 from [41].

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) = 0(t), we get Theorem 2 from [43].

Theorem 3.6 contains analogous result to Theorem 3.3. The proof is not included since
it is identical to the proof of Theorem 3.3.

Theorem 3.6. Let the assumptions (i), (i), (iii) and (iv) be satisfied. Let A(t) <0 a. e.
on [T*,00), where T* € [T, 00). If

t

lim [ A(s)ds = —oco and §(t) = o(A(t)), (3.47)

t—oo
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then any solution z(t) of the equation (3.2) existing for t — oo satisfies

lim z(t) = 0.

t—o00

Remark 3.8. Theorem 3.6 is a generalization of results published in the papers [23], [41]
and [43].

If we take A (t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) =t —r, where r > 0, we get Theorem 6 from [23].

If we take 6i(t) =t — ry, where rpy > 0, k = 1,...,m, we obtain Theorem 3 from [41].

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) = 6(t), we get Theorem 3 from [43].

3.3.3 Corollaries and examples

From Theorem 3.4 we easily obtain several corollaries. We give an example which shows
that it is worth to consider the case (3.32) as well.

Corollary 3.5. Leta(t) =a € C, b(t) =b € C, |Imal| > |b]. Suppose that tlim 01 (t) = oo,
Or(t) <t fort>Ty, where Ty > to. Let po,p1,- .., pm: [T1,00) — R be such that

9(t, 2 w1, wn)| < po®l]+ 3 pre) (3.49)
k=1

fort >y, |z| <R, |lwg| <R, k=1,...,m, R>0 and py € Lioc([T1,0),R).
Let 5 € ACi.([Th,00),R,) satisfy

e o (Lmal 10
050 = (e

)2 (pi(t) + | Ak(t)| +|Bi(t)]) a. e on [Ty,00) fork=1,...,m.
If

t

lim sup/max (Rea + (M) ’ po(s) +mp(s), %’(s)) ds < o0, (3.49)

o0 | Im a| — |b|

then the trivial solution of the equation (3.2) is stable. If

lim [ max (Rea + (M) ’ po(s) +mB(s), 6,(8)) ds = —00, (3.50)

A [Tl — [0
then the trivial solution of (3.2) is asymptotically stable.
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Proof. First part of the proof is identical to the first part of the proof of Corollary 3.1. We
continue with the idea that since

41+ 18  |Tmal + HmW—wP+W_<HmM+M>§
7= 1el  |Imal ++/|Imal? — [b]2 — |B| | Tma| — [b]

in view of (3.39) we obtain

~ _(]Ima\—i—\b[

‘Ima’_w) {pe(t) + |Ak(t)| + | Bi(t)|},

1
: 31+ 1] ; [ Tmal + |b[)? 3
t) = ot t) = _— t t
and the assertion follows from (3.40) and Theorem 3.4. O

Now we show an example that, under certain circumstances, Corollary 3.5 is more
useful than Corollary 3.1.

Example 3.2. Consider the equation (3.2), where a(t) = —/5 + 2i, b(t) = 1, Ax(t) = 0,
Br(t)=0for k=1,...,m,

2 ., —~ k _
g(t,z,wl,...,wm):ﬁetz—kzﬁ(\/l_—\/ﬁ)e t
k=1

Assume that tg = m and R = oo, 0i(t) = klnt. Put T = e = e™. Then py(t) =

pi(t) = 52 (v/15 — v/14) e~*. We have

jal — [ ja] + 8]\ ? g\
X( o *Qd—m>mw+mm”ﬁw>‘

~ o [ 2 2 s, PN S 26—
—maX( 3\/5+\/§\/§+ 6(t)’ﬁ(t)>23(\/6 V5) >0

s

for

st = o0 = (B0 (o + 1au0)+ 1Bl = (T - v e

t |al

where k € {1,...,m}, hence we cannot apply Corollary 3.1.
On the other hand, if we use

00 = 260 = 22T - vidy e (%%%i%b {ut) + 1A4u(0)] + | B}
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where k € {1,...,m}, we have

N g (a1 )
" G‘ (=) O+ 5“>B@>

:maX< \/_+2+m£(\/_—\/_ )S

< f+2+\/——(\/_ \/_)<_ﬁ<0

thus Corollary 3.5 guarantees the stability and also asymptotic stability of the trivial
solution of the considered equation.

The following corollary gives sufficient conditions for stability of the trivial solution of
(3.2). It is analogous to Corollary 3.2. The proof is identical to the proof of Corollary 3.2.

Corollary 3.6. Assume that the conditions (i), (ii) and (iii) are valid with o(t) = 0. If

B(t) is monotone and bounded on [T, 0) and if

t

lim sup/[@(s)hds < 00,

t—o00
where [O(t)]y = max{O(t),0}, then the trivial solution of (3.2) is stable.

Corollaries which can be derived from Theorem 3.5 are the same type as corollaries ob-
tained from Theorem 3.2. The proofs are identical to the proofs of corresponding corollaries
of Theorem 3.2.

Corollary 3.7. Let the conditions (i), (ii), (iii) and (iv) be fulfilled and

nfiigp j o(&) exp (— j ]\(a)da) d¢ < oo

for some s > T.
If 2(t) is any solution of (3.2) ezisting for t — oo, then

t

40206m</M®%)

S

Corollary 3.8. Let the assumptions (i), (ii), (iii) and (iv) hold and let

limsup A(t) < oo and §(t) = O(e™), (3.51)

t—o0

where 1 > hm sup A(t). If z(t) is any solution of (3.2) ewisting for t — oo, then z(t) =
O(e™).
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Chapter 4

Differential systems with delay: The
unstable case

This chapter covers the situation analogous to the case when the singular point 0 of the au-
tonomous system (1.3) is unstable. The transformation of the system (3.1) to the equation
(3.2) is described in Section 3.1.

4.1 The case litm inf(Ja(t)] — |b(t)]) > 0
—00
In this section we consider the equation (3.2) in the case when
litrninf(|a(t)| — b)) >0 (4.1)

and study the behavior of solutions of (3.2) under this assumption. This situation corre-
sponds to the case when the singular point 0 of the system (1.3) is a centre, a focus or a
node. In fact, this section is an unstable analogy of Section 3.2.

4.1.1 Assumptions

Regarding (4.1) and since the delay functions 6}, satisfy tlim 01 (t) = oo, there are numbers
Ty > tg, T'> T7 and p > 0 such that

la(t)| > |b(t)| + pfor t > Ty, t>0k(t) >Tifort >T (k=1,...,m). (4.2)

Denote
3(6) = la(t)] + /TP = P, e(t) = ", (1.3
Since y(t) > |a(t)| and |c(t)| = |b(t)|, the inequality
() > le()] + p (4.4)
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is valid for ¢ > T3. It can be easily verified that v, c € AC,([T1, ), C).
For the rest of this section we shall denote

b(t)
a(t)
o) = ReOOY(O ~d)0) OO~ (0clt)]

72(t) = [e(t)?

The instability properties mentioned in the title of the chapter and other asymptotic
properties are studied under the following assumptions:

(i) The numbers Ty > tg, T' > T and p > 0 are such that (4.2) holds.

(ii) There exist functions s, kg, o : [T, 00) — R such that

sgnRea(t),

(4.5)

Iy () g(t, z,wr, ... wy) + c(£)G(t, 2w, ..oy wp)| < se(t)|y(t)z + c(t)Z]

m

+ > RO (0r(8) )i + c(0(t))wi| + o(t)

k=1

fort >T, z,w, € C (k=1,...,m), where g is continuous on [T, 00).

(ii,) There exist numbers R,, > 0 and functions s, fnk : [T, 00) — R such that
Y()g(t, z,wr, ... W) + c(t)g(t, 2w, ... )| < 56,(8)|7(E) 2 + c(t)Z]

£ 3 RO (1) + c(4(6)

fort >7, >T, |z| + > |wk| > R,.
k=1
(iii) B € AC)e([T, 00),R%) is a function satisfying
0,.(t)8(t) < —Ak(t) a. e on [T,00), (4.6)

where A, is defined for ¢t > T by

o 1(1) +]el0)]
(iiiy) Bn € AC)ee[T,0),R?) is a function satisfying
0. () 5n(t) < =Aux(t) a. e. on [1,,00), (4.8)
where A, is defined for t > T by
- 1(8) + Je(t)
Da(®) = Ros(8) + (A0 + BB 00 (19)
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(ivy) A, is a real locally Lebesgue integrable function satisfying the inequalities 3 (¢) >
An(t)Bn(t), On(t) > An(t) for almost all ¢ € [7,, 00), where 6, is defined by

O,(t) = a(t) Rea(t) + O(t) — se(t) + mBo(t). (4.10)

Obviously, if Ay, By, ki, 0} are locally absolutely continuous on [T, 00) and A (t) > 0,
0,.(t) > 0, the choice 5(t) = —  max [(Ae(t)(05,(t))"'] is admissible in (iii). Similarly, if

Ak, By, Knk, 0), are locally absolutelg;ﬁcontinuous on [T, 00) and A\ni(t) > 0, 0,.(t) > 0, the
choice 3,(t) = —  max Ak () (05,(t)) 1] is admissible in (iiiy,).

.....

Denote

O(t) = a(t) Rea(t) + 9(t) — »(t). (4.11)

From the assumption (i) it follows that

|Re(vy' —ed) |+ [ve =] _ (W] + <D+ [el)
9] < <
N 72 = |ef? N 7? = lef?

Lt

1
< (I + 1),
Y=l T n

therefore the function ¥ is locally Lebesgue integrable on [T, 00), assuming that (i) holds
true. If relations (3, € ACe([T,00),R_), 36, € Lioc([T,00),R) and 3, (t)/5.(t) < O,(t)
for almost all ¢ > 7, together with the conditions (i), (ii,) are fulfilled, then we can choose
A (t) = O,(t) for t € [T, 00) in (ivy).

4.1.2 Main results

The aim is to generalize the results for ordinary differential equations recalled in Chapter
2 as well as the results contained in [19] (one constant delay) and [21] (one nonconstant
delay).

The main result concerning instability is Theorem 4.1. In the proof of Theorem 4.1
below, the following Lemma 4.1 will be utilized.

Lemma 4.1. Let ay, ag, by, by € C, |ag| > |bs|. Then

a1z + b12 Re ((11@2 - 6162) - ’&1[)2 — a2b1]
Re — >
asz + by |as|? — |bg|?
for z € C, z #0.
The proof is analogous to that of Lemma 3.1 or to the proof of Lemma in [39], p. 131.

Theorem 4.1. Let the assumptions (i), (iig), (iiig), (o) be fulfilled for some 19 > T.
Suppose there ezist t; > 19 and v € (—00,00) such that

inf [/tl Ao(s)ds —In(v(t) + |c(t)]) | > v. (4.12)

t>t1
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If z(t) is any solution of (3.1) satisfying

a(tglgiilgtl |2(s)| > R, A(ty) > Roe™”, (4.13)
where
0(t) = L Ox (1),
AW = 60 = D] + 5o, s 12(5)] / )+ le(s)) ds.
F=L (1)
then
Ath) '
|z(t)| > Wexp {/tl Ao(s) ds] (4.14)

for allt >ty for which z(t) is defined.

Proof. Let z(t) be any solution of (3.2) satisfying (4.13). Consider the Lyapunov functional

V({t)=U(t)+ Bo(t) Y / U(s) ds, (4.15)
k:lgk )
where
Ut) = [7(£)z(t) + c(t)z(2)). (4.16)

For brevity we shall denote wy(t) = z(0x(t)) and we shall write the function of variable ¢
simply without indicating the variable ¢, for example, 7 instead of ().
In view of (4.15) we have

=U"+ Z / s)ds + mfolyz + cz| — Z@ Bolv(Or(t))wr + c(Ok(t))wg] (4.17)
=155 k=1

for almost all ¢ > t; for which z(t) is defined and U’(t) exists. Put K = {t > ¢ :
z(t) exists, |z(t)| > Ro}. Clearly U(t) # 0 for t € K. The derivative U’(t) exists for almost
all t € K.

Since

b
(vZ + ¢2),

a
by —
az + bz (’yz—ircz)—l—?y

2|al

the equation (3.2) can be written in the form

a
~ 2a]

NE

——(yz+ez)+—(v2+ex)+ Y (Apwp + Bewy) + g(t, 2, w1, ... wy).  (4.18)

2

i

1
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Short computation leads to

ya  cb B b
e [2|a| + 27} = Rea, 2 +

In view of (4.18) and (4.19) we have

ca Rea
2l " a

(4.19)

!/

UU' = U(V (2 +c2)(72 + ¢2)) = Re[(v2 + &) (Y2 + 72 + ¢z + )] =

a

b m
= Re{(yz + ¢z) {7’2 +dz+ 7<2|a\ (vz+cz) + %(72 +¢z2) + Z(Akwk + Bywy) + g>+
k=1

a b N 7 g
+c<m(72+62) g0t +;(Akwk + Bruwg) +9>H &

R m
> |yz + cz)? (Rea — [0] | |§|a|> + Re{(%? + ¢z) [7’2 +dzZ+ 7(2 (Aywy + Bywy) + g>+
k=1
+ C(Z (Aku_)k + Bkwk) + §)} }
k=1
for almost all t € K.
If we recall the definition of a(t) in (4.5), then
UU' > U?aRea + Re{(72 + ¢2) [VZ(Akwk + Bkwk) + CZ(Akwk + Bkwk)} }—f—
k=1 k=1

+ Re[(v2 + ¢z)(vg + cg)] + Re[(v2 + ¢2) (72 + ¢'2)] >

m

> U?aRea—U(y + |C|)(Z | Aywy, + Biwg|) — Ulvg + cg| + U2Re72—+cz
k=1

vz+cz
Applying Lemma 4.1 to the last term, we obtain

Yz+dz
e—
Yz + ¢z

R > 1.

Using this inequality together with (4.9), taken for n = 0, and assumption (iip) we get
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UU > U*(aRea+19 — ») — UZ(/{Ok|7(0k)wk + c(Or)wy| ) —

k=1

wM@TMW“wm%w—wmp

|c(0)|
> UQ(QRea+19—%0)—
. 7+ el _
_ U{; |:/<60k + (| Ag| + ’Bk|)7(0k> — |C(9k)|] |y (O )wy + c(@k)wk|} >

> U*(@Rea+19 — 30) — U Y Aol y(0k)wy + c(0x)
k=1

for almost all t € K.
Consequently,

U >U(aRea+ 0 — 3) — Z Mok |7 (O )wy + (O )Wy | (4.20)
k=1

for almost all ¢t € K. The inequality (4.20) together with the relation (4.17) gives

V' >U(aRea+ 0 — s +mBo) = > (Aok + 0450) |7 (6x)wi + c(0k) x|+
k=1

+%Z/w (s)2(s)]ds.

Using (4.8) and (4.10) for n = 0, we obtain

VI(t) = U6)Oo(t) + 54(t) Y [ Uls)ds.
Hence, in view of (ivy)

V() — Ag(H)V () > 0 (4.21)

for almost all t € K.
Multiplying (4.21) by exp [— fttl Ao(s) ds] and integrating over [t,t], we get

V(t) exp [— /tlt Ao(5) ds} —V(t) =0
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on any interval [t;,w) where the solution z(t) exists and satisfies the inequality |z(¢)| > Ro.
Now, with respect to (4.15), (4.16) and 3y < 0, we have

((8) + D=0 = V(1) > V(1) exp [ / Ao(s) ds] > A(ty) exp [ / Ao(s) ds}

If (4.13) is fulfilled, there is a R > Ry such that A(t;) > Re™”. By virtue of (4.12) and
(4.13) we can easily see that

|z(t)] > _alt) exp {/t/l (s) ds} > Re™"e” =R
> X > -
7(t) + [e(t)] wo
for all t > t; for which z(t) is defined. O

Remark 4.1. Theorem 4.1 represents a generalization of previous results.

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) =t — rg, where ry > 0, we get a slight generalization of Theorem 2 of [19]. Notice
that in the case ro = 0 (i. e. 6;(t) = t) the condition (4.13) takes the form

1
z(t))| > R max{l, }
O Foma L Gy~ Temher
If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) = 6(t), we get Theorem 1 from [21].

To obtain results on the existence of bounded solutions, we shall suppose that (3.2)
satisfies the uniqueness property of solutions. Moreover, we suppose that the delays are
bounded, i. e., that the functions 6, satisfy the condition

t—r <Ok(t) <t for t>ty+r,

where r > 0 is a constant. Our assumptions imply the existence of numbers 77 = ¢y + 7,
T > T and p > 0 such that

la(t)] > |b(t)| + p for t > T7, t>0k(t)y>t—rfort>T (k=1,...,m). (4.2")

In view of this, we replace (4.2) in the assumption (i) with (4.2%). All other assumptions
we keep in validity.

In the proof of the following theorem we shall utilize Wazewski topological principle for
retarded functional differential equations of Carathéodory type. For details of this theory
see the results of K. P. Rybakowski [45].

Theorem 4.2. Let the conditions (i), (i), (iii) be fulfilled and A, 0, (kK = 1,...,m) be
continuous functions such that the inequality A(t) < O(t) holds a. e. on [T, 00), where O
is defined by (4.11). Suppose that & : [T —r,00) — R is a continuous function such that
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m t

Aﬂ+ﬁ@§:%@@m[—

k=1 Ok (t)

£(s)ds| - €60) > of0)C em{&/f s @)

fort € [T, 00| and some constant C' > 0. Then there exists a ty > T and a solution zy(t)

of (3.2) satisfying . t
|20(8)] < S0 = Je)] P [/T &(s) ds] (4.23)

Proof. Write the equation (3.2) in the form

fort > t,.

2 =F(t z), (3.2)
where F': J x C — C is defined by
F(t, ) = a(t)(0) + b(t)(0)
+ Z [AR(O)P(O1(t) — ) + Br(t)(01(t) — )] + gt 9(0),(01.(t) — 1), ... (O (t) — 1))

and z is the element of C defined by the relation z(0) = z(t +0), € [—r,0]. Let 7 > T.
Put

U(t,Z,E) :| ()Z+C gp(t),
Cexp[/£ }
2 ={(t,2) € (1,00) x C: U(t, 2,2) < 0},

25 ={(t,2) € (T,OO) x C:U(t ,z,i) = 0}.
It can be easily verified that £2° is a polyfacial set generated by the functions U (t) =1—t,

(7(25,2, Z) (see Rybakowski [45, p. 134]). It holds that 25 C 900, As (v(t) + |e(t)])]2(2)] >
|v(t)z + c(t)z], we have

gO(t) _ C ex t S)as
‘dzww+wm‘vw+wwlﬁﬂégwd}>o

for (¢,z) € £25. It holds that




Let (t*,¢) € 25 and ¢ € C be such that ¢(0) = ¢ and (t*+6, ¢(9)) € 2° for all § € [~
(7,

If (¢t,) €

D*U(t,4(0), $(0)) :=

) x C, then

= hiri%lip(l/h)[(](tJr hop(0) + hE(t,4),9(0) + hF(t,4)) — U(t,1(0),%(0))]
Therefore
i 7)) — V(O Re YD) +(0)0(0)
DT, 40, (0D = 04(0) + )0} Re T it - )
+ 31w (0) + )P (0) T { V() (v(£)$(0) + &(t)1(0))
+(v()P(0) + c()9(0))e(t)] F (¢, ) i
+ [c(@) (v (D)9 (0) + )9 (0)) +v(#) (v(£)1(0) + e(t)(0) | F'(E, ) }
provided that the derivatives 7/(t), ¢/(t) exist and that 1 (0) # 0. Thus
. o e TR0+ OEHO)
D(0:4(0).50) = b(0(0) +e030] Re LG T - 0
+ ()% (0) + c()$(0)] " Re{y(£)(v(1)¢(0) + e(t)y (0)) F (£, )
+e(®) (v ()9 (0) + ()P (0) F (¢, ¥)}
_ A0 Re Y B0 +)(0)
= PIERO) e OFO1 e Sy iy~

+ (0w (0) + c(®)(0)] 7" Re{(v()1(0) + () (0)) (v (1) F (¢, ) + c(t) F(t,))}-
nd

Using (4.18), (4.19) and (ii), similarly to the proof of Theorem 4.1, we obtain
DU 9(0), 9(0)) = (O (0) +e(t)9(0) at) Reals)

- Z | Ak (t) =) + Be(®) ¥ (0(t) — )(v(t) + [e(t)]) — ()7 ()¥(0) + e(t)d

S OO DB() — 1) + O DB(1) — 1)
+ IO 0)(0) + c(t)d(0)] - o(t) - ')

20

r,0).

(0)]



and consequently, with respect to (iii),

DU (t,4(0), $(0)) = (a(t) Rea(t) + 9(t) — (1)) |y (1)¢(0) + c()i(0))

m

= D MO O P(Ok(8) = 1) + c(04(6)) b (0x(2) — )] = o(t) — &' (1) =

OO (BRH(0) +e()F0)] + B(0)S O Br () (Our) — 1) +c(Bu()FBul) — 1)
o) - ) 2

ABRED0) +)F0)] + 50)S BRI OE)P(6:(1) — 1)+ cBu(0))566(1) — )
— ot~ 0

for almost all ¢ € (7, 00) and for ¢ € C sufficiently close to ¢. Replacing ¢ and ¢ by t* and
¢, respectively, in the last expression, we get

+B(7) Y O V() S (B(t7) — ) + c(Br(t)(Bu(t7) — )] = o(t") — /(")

> A () + e(t)C] + BE) Y () p(Bi(t7)) — o(t) — /()

k=1

> A(t")p(t”) + B(t7) Z O (t)p(0k(t7)) — ot") — £ (t7)
m Or(t*)
C’exp[/ (s ds]+ﬂ 29 Cexp[/ §(s)ds]

-y [ o]
={A<t*>+ﬁ<t*>gez<t*>exp[ /ez(t*)suds]— } exp[/ £(s) s

—o(t") > 0.

Therefore, in view of the continuity, D+U (t,(0),1(0)) > 0 holds for 9 sufficiently close to
¢ and almost all ¢ sufficiently close to t*. Hence 29 is a regular polyfacial set with respect
to (3.2).

Choose Z = { (tg,2) € U QU} where to > 7 + r is fixed. It can be easily verified
that Z N (25 is a retract of {25, but Z N {25 is not a retract of Z. Let n € C be such that
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n(0) =1 and 0 < n(#) < 1 for § € [—r,0). Define the mapping p : Z — C for (ts,2) € Z
by the relation

_ p(t2 +0)n(0) _
p(t2v Z)(Q) - (72@2 4 9) _ ‘C(Zfz + 9)’2%0(252) [(7(t2)7(t2 + 9) - C(tZ)C(tZ + 9))2

+ (v(t2 + O)c(ta) — y(t2)c(ta + 0))z].
The mapping p is continuous and it holds that

p(ta, 2)(0) = z for (L9, 2) € Z, p(t2,0)(0) =0 for 6 € [—r,0].

Since
v(ta + 0)p(ta, 2)(0) + c(ta + O)p(ta, 2)(0) = W(V(Q)Z + c(t9)Z2),
we have
[v(t2)z + c(t2) 2] < p(t2)
and

[y (t2 4 O)p(t2, 2)(0) + c(t2 4 O)p(t2, 2)(0)] < @(t2 +0) (4.24)

for (ty,2) € ZN N and 6 € [—r,0]. Clearly, the inequality (4.24) holds also for (fs,2) €
ZN {25 and 6 € [—7,0).

Using the topological principle for retarded functional differential equations (see Ry-
bakowski [45, Theorem 2.1]), we infer that there is a solution zy(t) of (3.2) such that
(t,20(t)) € 2° for all t > ty for which the solution z(t) exists. Obviously zy(t) exists for
all t >ty and

(v(8) = le@®)D]20(O)] < [v(B)20() + c(t)20(D)] < @(t)  for t > to.
Hence
20(1)] <

— (1) = e(®)]

for t > ts.
]
Remark 4.2. £ 0,(t) > 0 for k= 1,...,m, ni () A(t) > [B(¢)] > 05.(t) + Co(t) > 0, where

k=1

0 < mi(t) <1, the functions 7, A and 6, are continuous on [T, 00) and A(t) < O(t) a. e. on

[T, 00), then the choice of £ is possible in (4.22) such that {(¢) = m (¢)A(t)+ B(t) > 0,.(t) —
k=1

C~1o(t) on [T, 00). Moreover, in some cases, the condition |3(¢)| > 0} (t)+C~'o(t) > 0 can
k=1
be omitted if Theorem 4.2 is used. For instance, the identity |8(¢)] > 6,.(t) +C~to(t) = 0
k=1

implies (3(t) kz ;. (t) = 0, o(t) = 0 and consequently, in view of (4.6), (4.7), (ii), we have
=1

Me(t) =0, ki(t) =0, Ag(t) = 0, Bi(t) =0, ¢(¢,0,0,...,0) = 0. Thus the equation (3.2)
has the trivial solution zo(¢) = 0 in this case.
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Remark 4.3. Theorem 4.2 generalizes theorems contained in previous papers.

Taking A, (t) = A(t), Ay =0for k=2,...,m, By(t) = B(t), By =0 for k =2,...,m,
01(t) =t —ro, where 0 < ry < r, in Theorem 4.2, we obtain a generalization of Theorem 5
of [19].

Taking A,(t) = A(t), Ay =0for k=2,...,m, By(t) = B(t), By =0for k =2,...,m,
01(t) = 6(t), in Theorem 4.2, we get Theorem 4 of [21].

Theorem 4.3. Suppose that the hypotheses (i), (i), (it,), (i), (iii,), (iv,) are fulfilled for
Tn > T andn € N, where R,, > 0, im£I R, =0. Let A, 0, be continuous functions satisfying
ne

the inequality A(t) < O(t) a. e. on [T,00), where O is defined by (4.11). Assume that
£ [T —r,00) — R is a continuous function such that

20 +50 Y 0o | - [ coras] e > aneton (- i) @

k=1 O (t

fort € [T, 00) and some constant C > 0. Suppose

i s [ /T (A (s) — £(5)) ds + In %} o, (4.26)

| exp [ [r&(0) do] - [ _
gﬂh%%;W%W”;AW@qu—Q (127
ot { / Au(0) do — In(y(t) + |c(t)])] > (4.28)

forn € N, where 0(t) = min 0i(t) and v € (—o0,00). Then there exists a solution zy(t)

of (3.2) such that )

.....

lim min |z(s)] = 0. (4.29)

t—00 4(t)<s<t

Proof. By the use of Theorem 4.2 we observe that there is a to > T and a solution z(t) of
(3.2) with property

O t
)] < —2—exp [ / £(s) ds} (4.30)
7(t) — le(?)] T
for t > t5. Suppose that (4.29) is not satisfied. Then there is €g > 0 such that

li i > g.
P )

Choose N € N such that
2
max {RN, —RNGV} < &p.
14

It holds that )
min |zo(s)| > max {RN, ;RNG_V} (4.31)

0(T)<s<t
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for some 7 > max{T, 7y, t2}. In view of (4.27) we can suppose that

By (7)C max 2 UT d(’ Z/ o(s)]) ds < RNe v (4.32)

o(r)<s<r Y(s) —

Therefore, taking into account (4.4), (4.30), (4.31), (4.32) and the nonpositiveness of [y,
we have

(v(7) = le(m)Dlz0(7)] + B (7)  max [zo(s IZ/H( s) +|e(s)]) ds

exp [ fT do T
> (3(7) = o)l )+ v(r)C e RIS j{;]Q: c(s)) ds

2 1
> u—Rye ™ — —Rye ™ > Rye™".
0 2

Moreover (4.28) implies

in Vt Aw(s) ds — In(v(t) + \c(t)])} > > —o0,

T<t<oo

By Theorem 4.1 we obtain an estimation

YO oI As) ds
012 S5 e [ v 45
for all ¢ > 7, ¥ being defined by
U(r) = 2o(T N max 2o(s ds.
(1) = (v(7) = le(m)Dlz0(T)] + B () | max | |Z/k(7) c(s)])

The relation (4.30) together with (4.33) yield

LG R o ox

s ew [ ] < g Sgee | faoa]
o o 1(1) — le(t) R

[ 1) —enas + 1 152 H”_/AMﬁilK7MH

for t > 7. However, the last inequality contradicts (4.26) and Theorem 4.3 is proved. [

Remark 4.4. Theorem 4.3 is a generalization of results published in the papers [19] and
[21].

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) =t — 1o, where 0 < 1y < r, we obtain a generalization of Theorem 8 of [19]. Notice
that in the case ro = 0 (i. e. 6,1(t) = t) the condition (4.27) can be omitted and (4.29) is
of the form hm |z(t)] = 0.

IfwetakeAl( )=A(t), Ay =0fork=2,...,m, Bi(t) = B(t), B, =0fork =2,...,m,
01(t) = 0(t), we get Theorem 6 from [21].
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4.1.3 Corollaries and examples

From Theorem 4.1 we easily obtain several corollaries.

Corollary 4.1. Let the assumptions of Theorem 4.1 be fulfilled with Ry > 0. If

lim inf [ / o(s) ds — In(y(0) + (O] = ¢ > v, (4.34)

oo Ly
then to any €, 0 < & < Rpe* ™", there is a ty > t1 such that
|z(t)] > € (4.35)
for all t >ty for which z(t) is defined.

Proof. Without loss of generality we can assume ¢ > Ry. Choose y, 0 < x < 1 such that
Ry < e < xRpes™". In view of (4.34) there is ty > t; such that

t
/ Ao(s)ds —In(y(t) + |c(t)]) > ¢+ Inx
t1

for ¢ > t9. Hence

/t Ao(s)ds — In((t) + |c(t)]) > v +In Rio

for t > t5. The estimation (4.14) together with (4.13) now yield
€
t)] > Roe Ve’ — =
[Z(0)] > Roe "e" o =

for all t > t, for which z(t) is defined. O

Corollary 4.2. Let the assumptions of Theorem 4.1 be fulfilled with Ry > 0. If

/ Ao(s) ds — n(1(t) + [e(t)])| = oo, (4.36)

lim
t—o0 ¢
1

then for any € > 0 there exists a to > t1 such that (4.35) holds for allt >ty for which z(t)
15 defined.

The efficiency of Theorem 4.1 and Corollary 4.2 is demonstrated in the following ex-
ample.

Example 4.1. Consider the equation (3.2) where a(t) = 4+3i, b(t) = 2, Ax(t) = 0, Bi(t) =
0, 0x(t) = klnt for k = 1,...,m, g(t,z,wy,...,wy) = 2+ > * e twy,. Suppose ty = m

;ndi > ™. Then y(t) = |a(t)|++/[a(®)2 — ) = 5+/21, ¢(t) = a(t)b(t)/|alt)| = .
urther,
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lv(@®)g(t, z, w1, ... wy) +c(t)g(t, z,wr, ..., wn)| < |y(t)z + c(t)Z]

m

koo
—e |y (0(t O(t))wy|.
#3200
Taking s6(t) = 1, kor(t) = Z e, 9(t) =0, a(t) =2, 70 =T, Ry =0, Bo(t) = —~ e,
Ao(t) =6p(t) =2-4=1+mpby(t) =L —mLte? e ! (> 0) in Theorem 4.1, we have

— -7 _
— 5
0. (t) 5o (t) < —Aox(t), B(t) > O(t)o(t) for t € [T, 00) and we are able to apply Theorem
4.1 and Corollary 4.2 to the considered equation.

The following corollary is a consequence of Theorem 4.2.

Corollary 4.3. Let the assumptions of Theorem 4.2 be satisfied. If

i | (/ )] <

then there is a bounded solution zy(t) of (3.2). I

lim [m exp (/th(s) ds)] _

then there is a solution zo(t) of (3.2) such that

lim 2(¢) = 0.

t—o0

The next example shows how Theorem 4.2 and Corollary 4.3 (namely the first part)
can be used.

Example 4.2. Consider the equation (3.2) where a(t) = 4 + 3i, b(t) = i, Ag(t) = 0,
Bp(t) =0, Op(t) =t —e M for k =1,...,m, g(t,z,wi,...,wy) = 32+ Z —wy, + e

Obviously ¢t — 1 < Qk( ) < t and 0’( ) = 1 +ke’kt >1>0fort>0. Suppose to =1 and
T > 2. Then ~(t) )] 4+ /Ja(t O =5+ 2V6, c(t) = a(t)b(t)/|a(t)] = 2.
Further,

|7(t)g(t7z,w1,... Wyy) + c(t)g(t, z, w1, .. )| <

: : 2|7( )Z + c( )Z| + v+ \C| Z[Lh(g(t»wk + C(Q(t))wk|] +et =

-
\Fl SEEAS
— 7§|7(t)z +c(t)z] + 2 Z

—_

S

DO WO



If we take s(t) = 22, mi(t) = 125, 9(t) = 0, a(t) = 1, B(t) = — 155, A(t) = Ot) =
4 — 2*([ =2 % in Theorem 4.2, we observe that 0}(t)3(t) = —(1 + ke_kt)h\f@ <
_4;[\/5 = —\x(t) for t € [T, 0). Then for { =0 and C' = 1 we have
S t 16 V3 V3
A(t) + B(t Q’tex{— sds}— t)=———=— (1+ke™) >
O+50 2 Wew| = [ b~ =757 4mf2
16 V3 V3 16 V3 (
> - - - " 2m=——"Z>1>e'=p(t)0 lex —/ sds)
> T3 e =5 o(t) p{— ) &)
for t € [T, 00), and
b = e (, 04)] =
imsup | —————— exp s)ds || = 00,
oo | y(t) = |e(t)] T 4426
hence the assertions of Theorem 4.2 and the first part of Corollary 4.3 hold true.
4.2 The case liminf(| Ima(t)| — |b(t)|) > 0
t—00
Instead of the case litm inf(|a(t)| — [b(t)|) > 0 investigated in Section 4.1, we consider the
equation (3.2) in the case when
li{ninf(| Ima(t)| — [b(t)]) > 0 (4.37)

and study the behavior of solutions of (3.2) under this assumption. This situation corre-
sponds to the case when the singular point 0 of the system (1.3) is a centre or a focus. In
fact, this section is an unstable analogy of Section 3.3.

A simple example which is situated after Corollary 4.5 in Subsection 4.2.3 shows that,
in some cases, the results of this section can be applied more suitable than those given in
Section 4.1.

4.2.1 Assumptions

Regarding (4.37) and since the delay functions 6, satisfy tlim 01 (t) = oo, there are numbers
Ty > tg, T'> T7 and p > 0 such that

| Ima(t)| > [b(t)|+pfort >Ty, t>0(t) >Tifort>T (k=1,...,m). (4.38)

Denote

A(t) = Ima(t) + /(Ima(t))? — |b(t)|2sgn(Ima(t)), &t) = —ib(t). (4.39)
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Notice that, unlike the function v from Section 4.1, the above defined function 4 need

not be positive.
Since |¥(t)| > |Ima(t)| and |&(t)| = |b(t)], the inequality

(@] > 1e@)] + (4.40)

is valid for ¢ > T3. It can be easily verified that 7,¢ € AC,.([17, ), C).
For the rest of this section we shall denote

3y - R BOZO) (20 =7 050 (4.41)

The instability and boundedness of solutions are studied subject to suitable subsets of
the following assumptions:

(i) The numbers T} > to, T > Ty and p > 0 are such that (4.38) holds.

(ii) There exist functions 3, kg, ¢ : [T, 00) — R such that

7 () g(t, z,wr, .. wy) + E(0)G(t, 2wy, .. w,)| <2(0)|5(t)z + E(t)Z]

m

k=1

fort > T, zyw, € C (k=1,...,m), where p is continuous on [T, 00).
(ii,) There exist numbers R,, > 0 and functions ,, fn : [T, 00) — R such that

|F()g(t, z, w1, ..., W) + E(E)G(t, 2w, . .. W) < 36, (8)|7(E) 2 + &(8)Z]

3 RO (1) s + (64 (0) 0

fort > 7, >T, |z| + > |wi| > Rn.
k=1
(i) 3 € ACioe([T, 00),R?) is a function satisfying
0,.(1)3(t) < —Ai(t) a. e. on [T,00), (4.42)

where Sxk is defined for ¢t > T by

. 01+ Jete)
ult) = #alt) + (4400 + B0 T (4.43

(iiin) B, € AC1e[T, 00),R?) is a function satisfying
0.(1)3,(t) < —Aui(t) a. e. on [r,, 00), (4.44)
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where ank is defined for ¢t > T by

>

w(t) = Fonk (1) + (| AR (t)] + | Br(1)]) W(it) +1e()]

|
70k ()| — 1€(0k(t))]

(1Vn) A, is a real locally Lebesgue integrable function satisfying the inequalities ﬂ (t) >
An(1)Bn(t), On(t) > A,(t) for almost all t € [r,, 00), where 6, is defined by

On(t) = Rea(t) + 9(t) — 32,(t) + mB,(1). (4.46)

(4.45)

Obviously, if Ay, By, i, 0} are locally absolutely continuous on [T', 00) and Ak(t) >0,
#,.(t) > 0, the choice §(t) = - max [Me(t)(0,(t)) 1] is admissible in (iii). Similarly, if

Ay, By, Fng, 0, are locally absolutely continuous on [7T',00) and Ani(t) >0, 85.(t) > 0, the
choice 3,(t) = — nax Mk () (8,(1)) Y] is admissible in (iiiy ).

.....

Denote 3 }
O(t) = Real(t) + 9(t) — 5(1). (4.47)

From the assumption (i) it follows that

o < ROV =Ll = (L L+ 1)
- — [P R
e
T < L1+ ),

therefore the function ¢ is locally Lebesgue integrable on [T, 00), assuming that (i) holds
true. If the relations 3, € AC)oe ([T, 00),R_), 5, € Lio.([T,00),R) and 5, (t)/0n(t) < O,(t)
for almost all ¢ > 7,, together with the conditions (i), (ii,) are fulfilled, then we can choose

An(t) = O, (t) for t € [T, 00) in (ivy).

4.2.2 Main results

The aim is to generalize the results for ordinary differential equations recalled in Chapter
2 as well as the results contained in [20] (one constant delay) and [27] (one nonconstant
delay).

The main result concerning instability is Theorem 4.4. The proof of this theorem is
similar to the proof of Theorem 4.1. In the proof we use Lemma 4.1 again.

Theorem 4.4. Let the assumptions (i), (iig), (iiig), (ive) be fulfilled for some 19 > T.
Suppose there exist t1 > 19 and v € (—o0,00) such that

inf
t>t1

If z(t) is any solution of (3.1) satisfying

/ Ao(s)ds — In(|5(t)] + [E()]) | > v. (4.48)

t1

min |z(s)| > Ry, A(ty) > Roe™”, (4.49)

6(t1)<s<t1
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where

A(t) = (110 = [e))]2(8)] + Bo(t) omax |2(s Ny /(!’?(8)\+\5(8)|)d8

< <t 1
TO0(t)

then

=012 e o L, )] 450
for allt >ty for which z(t) is defined.

Proof. Let z(t) be any solution of (3.2) satisfying (4.49). Consider the Lyapunov functional

V(t) = U(t) + Golt) Z / U(s)ds, (4.51)
kzlek(t)
where
U(t) = [7(t)=(t) + c(t)z(t)]- (4.52)

For brevity we shall denote wy(t) = z(0x(t)) and we shall write the function of variable ¢
simply without indicating the variable ¢, for example, 4 instead of ¥(¢).
In view of (4.51) we have

U/+502/ $)ds +mpoliz + 2| — Zekﬁow O () wn + E(0,(t)) @] (4.53)

for almost all ¢ > t; for which z(t) is defined and U’(t) exists. Put K = {t > ¢ :
z(t) exists, |z(t)| > Ro}. Clearly U(t) # 0 for t € K. The derivative U’(t) exists for almost
all t € IC.

Since z(t) is a solution of (3.2), we obtain

=Re[(72 + ¢2) (¥ 2z + 72 + z + ¢Z')]

:Re{(’?z+éz) {72’#—02—1— (az+bz+z Akwk+Bkwk)+g)
k=1

+é(az+ bz + Z(Akwk + Brwy,) + g)] }
k=1
= Re{(ﬁi + ¢2) [7 24+ &%+ (Fa + &)z + (b + éa) Z Agwy + Brwg) + g)
k=1

+ é(zm:(Akwk + Bwy) + g)} }
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for almost all ¢ € K. Taking into account
(Ya + éb)é = (b + éa)7, (4.54)

we get

uu' > Re{(ii—l—éz)(ia—kél})(z—i— %Z)} +

k:l k=1

+Re{(7z + ¢2) (59 )}+Re{(fyz+cz)(~’z+5/2)}

Vz+z

> 2 Ef _ 5 = - 2 '
> U Re(a—kfyb) U(|7|+|c|)(kz:;|Akwk+Bkwk|) Ulig + 29l + U Re =

By the use of Lemma 4.1 we get

Yz+7z

>
Yz +CcZ

Re

The last inequality together with (4.45), taken for n = 0, the assumption (iip) and the
relation

Re (a + %b) = Rea (4.55)

yield

UU' > U*(Rea+10 — 5) — U Z(/%Okw(ek)wk + &6 )y |) —

|Ak||wk|+|Bk||wk| - N
-0+ ) (3 R 07000 - D)
ZUQ(RecH—Q?—%O)—
oF A+l .
= U{30 [+ (1441 + Bul) ] 0 + 0 | >

k=1

> U*(Rea+9 = 50) = U Y Mokl 7(0k)wr + &(0k )

for almost all t € K.
Consequently,

U' >U(Rea+19 — ) Z Xok |7 (01 )wy, + (0),) @y, (4.56)
k=1
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for almost all ¢t € K. The inequality (4.56) together with the relation (4.53) give
V/ Z U(Rea + 19 - 20 + mﬁo Z )‘Ok + Hkﬁo |7(0k)wk —+ c(@k)wkH
k=1

+B{)Z / 19(s)z(s) + ¢(s)z(s)|ds.

k=Loct)

Using (4.44) and (4.46) for n = 0, we obtain

V'(t) > U(t)Oy(t) / Uls

Hence, in view of (ivq)

V/(t) — A()V () > 0 (4.57)

for almost all t € K.

The rest of the proof is identical to the corresponding part of the proof of Theorem
4.1. ]

Remark 4.5. Theorem 4.4 represents a generalization of previous results.

If we take A (t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) =t — ro, where ro > 0, we get a slight generalization of Theorem 1 of [20]. Notice
that in the case 7o = 0 (i. e. 01(t) = t) the condition (4.49) takes the form

1
(001> Foma {1, ey

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork =2,...,m,
01(t) = 6(t), we obtain Theorem 1 from [27].
Similarly to the section 4.1, to obtain results on the existence of bounded solutions, we

shall suppose that (3.2) satisfies the uniqueness property of solutions. Again, we suppose
that the delays are bounded, i. e., that the functions 6, satisfy the condition

t—r <Oi(t) <t for t>ty+r,
where r > 0 is a constant. Our assumptions imply the existence of numbers 77 = ¢y + r,
T > Ty and g > 0 such that
la(t)| > |b(t)| + p for t > T, t>0k(t)y>t—rfort>T (k=1,...,m). (4.38)

In view of this, we replace (4.38) in the assumption (i) with (4.38’). All other assump-
tions we keep in validity.
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Wazewski topological principle for retarded functional differential equations of Carathéodory
type is used in the proof of the following theorem. Details of this theory can be found in
the paper of K. P. Rybakowski [45].

Theorem 4.5. Let the conditions (i), (i), (iii) be fulfilled and A6, (k=1,...,m) be
continuous functions such that the inequality A(t) < ©O(t) holds a. e. on [T,0), where ©
is defined by (4.47). Suppose that & : [T —r,00) — R is a continuous function such that

313 04(1) exp [

fort € [T, o0] and some constant C' > 0. Then there exists to > T and a solution zy(t) of
(3.2) satisfying

t

s<>ds]—s<> exp[/s e

O (t

C t
zo(t Sfexp[/fs ds] 4.59
= =) L 459
fort > t,.
Proof. Rewrite the equation (3.2) in the form (3.2"). Let 7 > T'. Put
Utz 2) = [3(t)z + &(1)2] — o(t),

o-con| 0]

= {(t,2) € (1,00) x C: U(t,z,z) < 0},
9(7 = {(t,z) € (1,00) x C: U(t, 2, z) = 0}.
Repeating the approach used in the proof of Theorem 4.2, we get

DT, 0(0), (0)) = [F(t06(0) + &(t)(0) | Re ”W’E) SULIL 0

) 3(09(0) +1)9(0)
+[3(09(0) + EFO)| " Re{FOEHR0) + E0)0(0) P, v)
+ A GOD0) + HHO) F(t, 1))

Y @P0) +Z@p(0)
= [7()1(0) + &(t)y(0)| Re S00(0) + 20D 0) —¢'(t)

(
+17()(0) + ()1 (0)] 7" Re{(3(1)1(0) + &(t)v(0)) (J() F (¢, 4) + () F(t,4) }.
Using (4.54), (4.5

D*U(t,4(0),4(0)) = [3(£)4(0) + &()db(0)| Rea(?)
[ Ax(@)¥(01(t) — ) + Br()1 (0u(t) = I(IF@O)] + [E@)]) — 2(6)[7(£)¥(0) + &(t)1(0)]

5) and (ii), similarly to the proof of Theorem 4.4, we obtain

Ms

k

1

NE

RO (0r(0)1 (01(t) — 1) + (00 (1)) (0n(t) — 1)
+ () (0) + EB)(0)] — oft) — ' (1)

e
I
—
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and consequently

D*U(t,4(0),4(0)) = (Rea(t) + 9(t) — 5(1))|3(£)¢(0) + &(t)¢ (0)|
=2 M)A O ) (O(8) — ) + O (D) P(Ok(E) — )] — o(t) — () =

O(1)|7()(0)+(t)P(0)] + B(£) >~ O ()T (Ok()t(Bk(t) — £)+E(Bk(£)) W (B(t) — )]
—o(t) — ¢(t) >

AWD)F(E)(0)+E()P(0)] + B() Y O (D)F(Ok(£) (O (t) — £) + &0k (1)) (0x(1) — 1)

: — olt) — (1)

for almost all ¢ € (7,00) and for ¥ € C sufficiently close to ¢.

Again recalling the steps of the proof of Theorem 4.2 and using a topological principle
for retarded functional differential equations (see Rybakowski [45, Theorem 2.1]), we see
that there is a solution zo(t) of (3.2) such that (¢, 29(t)) € §2° for all ¢ > ¢, for which the
solution zy(t) exists. Obviously z(t) exists for all ¢ > ¢, and

(YOI = [e@®)D]z0(t)] < [7(t)20(t) + () 2o()] < @(t)  for ¢ >t
Hence
(t)
7] = [e(t)]

|20(t)| < for t > t,.
[

Remark 4.6. If 0,.(t) > 0 for k= 1,...,m, () A(t) > |B(t)] i 0,.(t)+C~to(t) > 0, where
k=1

0 < m1(t) < 1, the functions 7;, A and @), are continuous on [T, c0) and A(t) < O(t) a. e. on
[T, 00), then the choice of € is possible in (4.58) such that &(t) =y (t) A(t) + 5(t) Z (1) —
C~1o(t) on [T, 00). Moreover, in some cases, the condition |3(t)| Z 0,.(t)+C~o(t) > 0 can

be omitted if Theorem 4.5 is used. For instance, the identity |3(t)| Z 0,.(t) +Clo(t) =0
k=1

implies 3(¢) 3 6;,(t) = 0, o(t) = 0 and consequently, in view of (4.42), (4.43), (i), we have
k=1

Ae(t) =0, R(t) =0, Ag(t) =0, Bi(t) =0, g(t,0,0) = 0. Thus the equation (3.2) has the

trivial solution zo(t) = 0 in this case.

Remark 4.7. Theorem 4.5 generalizes theorems contained in previous papers.

Taking A;(t) = A(t), Ay =0for k=2,...,m, Bi(t) = B(t), By, =0for k=2,...,m,
01(t) =t — ro, where 0 < ¢ < r, in Theorem 4.5, we obtain a generalization of Theorem 2
of [20].
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Taking A,(t) = A(t), Ay =0for k=2,...,m, By(t) = B(t), By =0 for k =2,...,m,
61(t) = 0(t), in Theorem 4.5, we get Theorem 2 of [27].

Theorem 4.6. Suppose that the hypotheses (i), (ii), (i), (i), (iiin), (iv,) are fulfilled for
Tn 2> T andn € N, where R,, > 0, in£I R, =0. Let A, 0), be continuous functions satisfying
ne

the inequality A(t) < O(t) a. e. on [T,00), where O is defined by (4.47). Assume that
[T —r,00) — R is a continuous function such that

i+ 503 tten | - [ KoL |- et > o0 e (- [eoras) o

k=1 Or (¢

fort € [T, 00) and some constant C' > 0. Suppose

lirtriilolp U;(/In(s) —&(s))ds +1n %1 = o0, (4.61)

o [0 g SRS S [ o] <0 s
Lt | [ o) dr = (ato) + o] = v (.63

forn €N, where 0(t) = min 04(t) and v € (~00,00). Then there evists a solution z(1)
of (3.2) such that o o o]0 o

t—00 O(t)<s<t

Proof. The proof is same as the proof of Theorem 4.3 except that we use Theorem 4.4
instead of Theorem 4.1 and Theorem 4.5 instead of Theorem 4.2. ]

Remark 4.8. Theorem 4.6 is a generalization of results published in the papers [20] and
27].

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork=2,...,m,
01(t) =t — 1, where 0 < 1y < r, we obtain a generalization of Theorem 3 of [20]. Notice
that in the case ro = 0 (i. e. 61(t) = t) the condition (4.62) can be omitted and (4.64) is
of the form tlim |z(t)| = 0.

If we take A;(t) = A(t), Ay =0fork =2,...,m, By(t) = B(t), By =0fork=2,...,m,
01(t) = 6(t), we get Theorem 3 from [27].

4.2.3 Corollaries and examples

From Theorem 4.4 we easily obtain several corollaries which can be proven similarly as the
corollaries in the Subsection 4.1.3.
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Corollary 4.4. Let the assumptions of Theorem 4.4 be fulfilled with Ry > 0. If

lim inf [ / Ao(s)ds — n(J5(8)| + [e@)]) | = ¢ > v, (4.65)

oo Ly
then to any €, 0 < & < Rpe*™", there is a ty > t1 such that
|2(t)] > ¢ (4.66)
for all t >ty for which z(t) is defined.
Corollary 4.5. Let the assumptions of Theorem 4.4 be fulfilled with Ry > 0. If

/&@@—MWMﬂwm:w, (4.67)

lim
t—o0 ¢
1

then for any e > 0 there exists ty > t1 such that (4.66) holds for all t > ty for which z(t)
15 defined.

The efficiency of Theorem 4.4 is demonstrated in the following example which shows
that it is worth to consider the case (4.37) as well.

Example 4.3. Consider the equation (3.2) where a(t) = 4 + 3i, b(t) = 2, Ax(t) = 0,
Bi(t)=0fork =1,...,m, 0(t) = t+5(coskt—1), g(t,z, w1, ..., wp) =324y, 5 € wy.
k=1

Obviously t—1 < Qk() < tand 3 < 6,(t) < 3. Suppose tp = 1 and T > 2. Then

(1) = la®)] + V/]alt @P = 5+ V2L clt) = altb()/la(t)] = 5, 5 = 3+ V5,
c= —2@ Further
|v()g(t, z,wr, . we) 4+ c(t)g(t, 2w, . we)| < 3|y(E)z + c(t)Z]

£ e OO + Ol

+ Z 5 e_t |0 (t) )wi + (O (t) ) wi|.

Following Theorem 4.1, we obtain »(t) = 3, kee(t) = ¢, I(t) = 0, a(t) = 2,

Ao(t) < Op(t) = =2 +mpo(t) < —2 —mAe(t)(04(t)) ' < —2 < 0 and we see that neither

Theorem 4.1 nor Corollary 4.2 is applicable, because the relations (4.12) and (4.36) cannot
be fulfilled. On the other hand, taking 3¢(t) = 3, Rox(t) = ﬁe_t, 70 =1T, Ry = 0,
It) = 0, Bot) = —Le™t, Ag(t) = Oy(t) = 1 — e (> 0) in Theorem 4.4, we have
0,.(t) Bo(t) < —Aar(t), Bh(t) > Oo(t)Bo(t) for t € [T, 00) and Theorem 4.4 and Corollary 4.5
are applicable to the considered equation.
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The following corollary is a consequence of Theorem 4.5.

Corollary 4.6. Let the assumptions of Theorem 4.5 be satisfied. If

s | ex"(/ foyas )] <o

lim sup
then there is a bounded solution zo(t) of (3.2). I

i | e"p(/5 is)| =0

then there is a solution z(t) of (3.2) such that

lim zy(t) = 0.

t—o0
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Chapter 5

Conclusion

This thesis is focused on the study of asymptotic behaviour of solutions of real two-
dimensional differential delayed systems. The goal is to generalize previous results to
the case of finite number of nonconstant delays. We use the combination of two methods,
the method of complexification and the method of Lyapunov-Krasovskii functional. In
some cases we utilize a version of Wazewski topological principle. This approach allows us
to treat the two-dimensional system as one equation and thus to simplify the computations
and the finding of examples.

In the beginning we went through preliminary part containing historical review of study-
ing of the problem. Then we made a recapitulation of used methods and previous results.
Chapter 3 we devoted to the case corresponding to the situation when the singular point 0
of the autonomous system (1.3) is stable. Acquired results on the stability and asymptotic
stability are more general than those published in previous papers and we supplied several
corollaries and explanatory examples. In Chapter 4 we focused on the case corresponding
to the situation when the singular point 0 of the autonomous system (1.3) is unstable. We
obtained improved criteria for instability properties of the solutions as well as conditions
for the existence of bounded solutions. Corollaries and examples are appended to this part
as well.

The methods and techniques utilized in this thesis can be used in further applications.
For instance, the semistable case corresponding to the situation when the singular point
0 of the autonomous system (1.3) is a saddle point can be investigated. We can try to
find the conditions for the existence of periodic solutions. One of the open problems is the
application to the study of asymptotic behaviour of solutions of other types of equations
with delay, for example neutral equations. Another open problem is to find similar easy
applicable results for equations with advanced argument.

The thesis is a generalization of previous papers and works. The results are new and
unpublished except for the results of the Section 4.1 which are to be published in [26].
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Chapter 6

Appendix

This chapter contains several older results which are used in proofs.
Theorem (1.1) from Chapter IX. of [46]:

Theorem 6.1. Given a finite function of a real variable F', each of the following sets is at
most countable:

(i) the set of points at which the function F assumes a strict maximum or minimum,
(ii) the set of the points x at which

limsup F'(t) > limsup F'(t) or li{tn inf F(t) < liminf F(t);

t—x t—az+ t—z+

(iii) the set of the points x at which
DYF(z) < D_F(z) or D F(x)< D,F(z).

Theorem ”Véta 90” from [17], p. 189:

Theorem 6.2. Let I be a finite function on (a,b). Let Ny be the set of such x € (a,b)
for which DYF(x) < D_F(x); let Ny be the set of such x € (a,b) for which D™ F(x) <
D, F(z). Then Ny U Ny is at most countable.

Remark 6.1. Here the symbol DY F(z) represents the right upper derivative of F'. The
other symbols have analogous meanings.

Theorem 2.1 from [45] and preliminaries:
Definition 6.1. Let A C X be any two sets of topological space. A is called a retract of

X, if there exists a continuous mapping f: X +— A such that f(z) =z for all z € A. f is
called a retraction of X onto A.

Definition 6.2. Let A be a convergence space, let 2 C R x A be open in R x A, and let x
be a mapping, associating with every (o, A) € 2 a function z(o, A): D,y — R" where D, )
is an interval in R. Assume (1), through (3):
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(1) o€ Do-’)\;

(2) if (op, An) € Q, (0,0) € Q. t,, t € R, t €intD,, and if 0,, — 0, A\, = A, t,, — t as
n — oo, then there is an ng such that for all n > ny it holds that ¢, € D, ».;

(3) if (op, An) € Q, (0,N) € Q, 0, =0, N\, > Xand t,, € D, ., t € Dy, t, — t, then
(0, M) (tn) — z(o, N (t).

If all the above conditions are satisfied, then (A, ), z) is called a system of curves in R™.

Let r > 0, and C = C([-r,0,R"). If t € R and x: [-r + t,t] — R™ is a continuous
mapping, then z; is the element of C' defined as z:(0) = z(t + 0), 6 € [—r,0].
Suppose 2 C R x C'is an open set and F': {2 — R" is a mapping. Consider the equation

¥ = F(t,x). (6.1)

A mapping x: [-r + 0,0 + A] - R", A > 0 is called a solution of (6.1) on [o,0 + A), if
x(t) € ACipe([o,0 + A),R™) and 2/(t) exists and is equal to F'(¢,x;) a. e. on [o,0 + A).

Definition 6.3. Let {l;}, {m;}, i € {1,...,p}, j € {1,...,¢} be two classes of real-
valued functions defined on R x R™. One of the classes may be empty. We assume that
every [; and every m; is an element of Lipi,.(R x R",R) N AC)oc(R x R™,R). The set
w={(tz) x RxR" Li(t,z) <0, mj(t,z) <0,ie{l,....,p},5 € {L,...,q}} is called a
(time-dependent) polyfacial set generated by {l;} U {m;}.

Definition 6.4. Let w be a (time-dependent) polyfacial set. w is called regular with
respect to (6.1), if («), (8) and () below hold:

(a) If (t,¢) € R x C is such that (t +6,¢(f)) € w for all § € [—r,0), then (¢, ¢) € Q.

(B) If i € {1,...,p} is arbitrary and if (¢,y) € Ow and ¢ € C are such that [;(¢,y) = 0,
»(0) = y, and ¢(f)) € w for all & € [—r,0), then there exists a neighbourhood
V(t,¢) C Qof (t,¢) and a null-set N(¢,¢) C R such that for every (s,9) € V(,¢)\
(N(t,¢) x C):

limsup(1/h)(l;(s + h,¥(0) + h - F(s,v)) — Li(s,1(0))) > 0.

h—0t+

(v) If j €{1,...,q} is arbitrary and if (¢,y) € Ow and ¢ € C are such that m;(t,y) = 0,
»(0) = y, and ¢(f)) € w for all & € [—r,0), then there exists a neighbourhood
V(t,¢) C Qof (t,¢) and a null-set N(t,¢) C R such that for every (s,¢) € V(¢,¢) \
(N(t, ¢) x C):

liminf(1/h)(m;(s+ h,(0) + h - F(s,v)) —m;(s,¢(0))) < 0.

h—0t
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Theorem 6.3. Let F': Q — R" satisfy the Carathéodory condition on w and let the equa-
tion (6.1) satisfy the uniqueness property of solutions. Suppose w is a reqular polyfacial set
with respect to (6.1), and let W be defined as follows:

W ={(t,y) € Ow | m;(t,y) <0 forall j €{1,...,q}}.

Assume that there is a subset Z C w U W satisfying (i) or (ii) below:

(i) Z N W is a retract of W, but Z "W is not a retract of Z.

(i) Z =wUW and W is not a strong deformation retract of Z.
Finally, let p: B=ZN(ZUW) — C be a continuous mapping such that if z = (t,y) € B,
then (t,p(z)) € Q and such that (iii) and (iv) below hold:

(i) If A = {z = (0,y) € ZNw | Thereis at > o such that (t,z(o,p(2))(t)) ¢ w},
then (o +60,p(2)(0)) € w for 8 € [—r,0] and z € A.

() If z = (o,y) € WN B, then p(z)(0) =y and (o + 6,p(z)(0)) € w for 6 € [—r,0).

Under all the above hypotheses, there is a zg = (00,Y0) € Z Nw such that for all t > oy,
if x(00,p(20))(t) is defined, then (t,z (09, p(20))(t)) € w.

Remark 6.2. In the thesis, Q = JxC, F is defined below (3.2') on the page 49, w = 2° W =

5, L(ty) =U(t,2,2), m(t,y) =U(t), Z = {(t2,2) € 2°U 2, where t, > 7 + 1 is fixed},
o = tQ, og = t2.
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