MASARYK UNIVERSITY

Faculty of Science
Department of Mathematics and Statistics

DISSERTATION

Eva PEKARKOVA Brno 2009



ERS
é\\l 1]:7

o Q&«; BST .3417%
ROk
%% fw g
y S @%

MASARYK UNIVERSITY

Faculty of Science
Department of Mathematics and Statistics

SV,
SNSVIly o
VENs1S

Eva PEKARKOVA

ASYMPTOTIC PROPERTIES
OF SECOND ORDER

DIFFERENTIAL EQUATION
WITH p-LAPLACIAN

Dissertation

Supervisor: Prof. RNDr. Miroslav Bartusek, DrSc. Brno 2009



Bibliographic entry

Authors name
Title of dissertation

Nazev dizertacni prace

Study programme
Study field
Supervisor

Year

Keywords

Kli¢ova slova

Eva Pekarkova

Asymptotic properties of second order differential
equation with p-Laplacian

Asymptotické vlastnosti obycejné diferencidlni rovnice
2.fadu s p-Laplacidanem

Mathematics

Mathematics analysis

Prof. RNDr. Miroslav Bartusek, DrSc.

2009

second order differential equation; p-Laplacian;

damping term; forcing term; singular solution; weakly
oscillatory solutions; global solution; asymptotic properties;
upper estimate; lower estimate; Bihari’s inequality;
Dannan’s inequality

obycejna diferencialni rovnice druhého fadu;
p-Laplacian; tlumici ¢len; nutici ¢len; singuldrni feSent;
slabé oscilatorické feSeni; globdlni feSeni; asymptotické
vlastnosti; horni odhad; dolni odhad; Bihariho nerovnost;
Dannanova nerovnost



© Eva Pekérkové, Masaryk University, 2009



Acknowledgements

I would like to sincerely thank my supervisor Prof. RNDr. Miroslav Bartusek,
DrSc. for his helpful advices, leading in the topic, great patience and other dis-
cussion. I also highly appreciate the cooperation with my advisor Prof. RNDr.
Milan Medved, DrSc. from Comenius University of Bratislava during my study.



Table of contents

[Introduction

Il 1 Historv and basic conceptﬁ L ........................

12 Themainresultd . . . . . oo oot

Referenced

cion . . ... e e
E 2 Singular solutions of the second kindl ..................
2.4 Further properties of solutions of (@ .................

4.2 Main results

5_Large behavior o:

5.2 Main results

[Referenced
[Conclusiond




Introduction

In the last time the second ordinary differential equations with p-Laplacian and
their applications are studied.

The goal of the dissertation is an investigation of sufficient conditions under
the validity of that either every solution y of these differential equations is con-
tinuable or a solution with special Cauchy conditions is continuable, to generalize
known results to a system of differential equations and to study a problem of the
asymptotic behaviour of continuable solutions.

The thesis consists of five chapters. The first one includes the problem de-
scription, introduces and explains new results which are obtained. Chapters 2-5
involves the new results and they are composed by four author’s articles, see
[P1], [P2], [P3] and [P4], respectively.



History and summary
of the results

1.1 History and basic concepts

In two last decades the existence / the nonexistence of noncontinuable solutions
are investigated for differential equation

y™ = flty, . yY) (1.1)

and it special cases where n > 2, f is a continuous function on R, x R",
R, :=[0,00), R := (—00,0).

Definition 1.1. Let y be a solution of (L)) defined on [T, 7) C R,. Then y is called
noncontinuable (singular of 2-nd kind) if 7' < oo and limsup, ., |y (t)| < .
If ' = 00, y called continuable (global).

It is important to study the existence / nonexistence of noncontinuable so-
lutions. They appear e.g. in water flow models in one space dimension (flood
waves, a flow in sewerage systems); their existence very often mean that models
failed and they have been much more precise, see e.g. [16].

Sometimes, the noncontinuability is very important in a definition of some
problems. For example, the limit-circle/limit-point problem for (L.I) has an old
history, see e.g. the monograph [7] and [8,9, 10,11} 12].

Definition 1.2. Leta € {—1,1} and af(¢, zo, ..., Zyn—1), o > 0 on R, x R". Equa-
tion (L) is said to be of the nonlinear limit-circle type if for any solution y defined
on R, and

/OOO y() f(ty, ...,y () dt < 0o

holds. Equation (L) is said to be of the nonlinear limit-point type if there exists
a solution y of (L.I) defined on R such that

/Oooy(t)f(t,y, CLyTY() dt = oo, (1.2)

According to Definition [[.2]it is necessary to know if a solution y defined on
R, and satisfying (1.2) exists. The following example is very instructive.



1. History and summary of the results

Example 1.1. Consider the differential equation

y" =ty|* sgny (1.3)
with A > 1 and a € R.

(i) Then exists ¢ > 0 such that every solution y of (L.3) with Cauchy initial
conditions |y(0)| <¢, |¢/(0)| < ¢is continuable if and only if &« < —\ —1 (see
[13]). Hence, if @« < —A — 1 then (L.3) is of the nonlinear limit-point type.

(i) If @« > —X — 1, then every solution of (L3) satisfying y(7)y'(7) > 0 at some
7 € R, isnoncontinuable (see Lemma 5]). Moreover, if o > 0, then ([1.3)
is of the nonlinear limit-circle type (see Theorem 4]).

It is important to study the nonexistence of noncontinuable solutions from
the mathematical point of view. Example [L.1{ii) shows that all nonoscillatory so-
lutions of are Kneser ones, i.e. y(t)y'(t) < 0 for large ¢ holds. In this case
it is a nonsense to investigate asymptotic properties of positive increasing solu-
tions. As concern to problems in Example[L.1(ii) for (L), see e.g. Theorem 4]
(n=2), Theorem 6] (n is even), [10, Theorem 6] (n = 4).

The first results for the nonexistence of noncontinuable solutions of ({I.1)) (or
its special cases) are given by Wintner, see or [31]. Other results are obtained
e.g. in [5]12] 14}, 22| [29] 30, 32} [35] [36], see references therein, too. Existence results
can be found e.g. in [2, 5] 15} 19, 20} 32} [39].

In the last decade a lot of papers are devoted to the study of a differential
equation with p-Laplacian (see e.g. [28])

(a(®)ly'[P"'y) +r(t)gly) =0 (1.4)

where p > 0,7 € C°(R;), g € C°(R) and g(z)z > O on R.
In sublinear case, if M > 0 and

lg(z)| < M|x|P  for large ||,

then every solution y of (1.4) is continuable, see Theorem 1.1]. Furthermore,
if g(z) = |z|* sgn ¥, A > p, Ky > 0,7 > 0 for large ¢ and

0o t
/ a v (s)ds = oo, r(t)/ a #(s)ds > Kya »(t) forlarget,
0 0

then every solution y with y(7)y'(7) at some 7 € R, is noncontinuable; i.e. y is
Kneser solution. A similar result for (L4) with forcing term is in Lemma 5].
So it is convenient to investigate the more general equation

@@y P 'y) +b(t)g(y) +r(t) fly) = e(t) (1.5)
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1. History and summary of the results

where p > 0, a € C°(R,), b € C°(R,), r € C°(R,), e € CO(Ry), f € C°(R),
g€ C'(R)and a > 0on R,.
The p-Laplace differential equation

div([|Vo])'~*Vv) = a([lz], v) (1.6)

plays an important role in the theory of partial differential equations (see e.g.
[41]]), where V is the gradient, p > 0 and ||z| is a norm of x € R" and h(y, v)
is a nonlinear function on R x R. Radially symmetric solutions of the equation
(L.6) depend on the scalar variable r = ||z|| and they are solutions of the ordinary
differential equation

) = h(r,v) (1.7)

—1
where v’ = S—Zf and p > 1. If p # n then the change of variables r = tv— transforms
the equation (L7) into the equation

(Wp(u') = f(t u)

where U, (u) = |u/|P~?u’ is so called one-dimensional, or scalar p-Laplacian [41]
and

- 1 P _p-mn_ p—1
Flt,u) =2 ‘ £ (5 ).
p—n

In the existence of periodic solutions of the system

d
(®,(u)) + EVF(U) + VG(u) = e(t)
is studied where
D, R" = R",  ®,(u) = (|u|P 2us,. .., [ua[Pu,)’.

The operator ®,(u') is called multidimensional p-Laplacian. The study of radially
symmetric solutions of the system of p-Laplace equations

div(vain_zv,Ui) :hi(HxH?’Ul)UZv"'),Un)v L= 1,2,...,71, D> 1
leads to the system of ordinary differential equations
(i) 2ul) = fi(t,ug, ug, .. yun), i=1,2,....n, p#n

where

- 1 b _p=n_ p—1

p ‘ tp(lfn)hi<t5*i7ul,U,27...,un)-
p—n

This system can be written in the form

filt,ur,ug, .. uy,) = ‘



1. History and summary of the results

where f = (f1, f2,..., [o)" and ®,(v) is the n-dimensional p-Laplacian. We will
consider the operator ®,,; with p > 0 and for the simplicity we denote it as ®,,
i.e.

@, (u) = (Jur]P~ g, JugP ug, . . |un P ).

So it is reasonable to shall study the initial value problem

(A(t)2,(y) + B(t)g(y') + R(t) f(y) = e(t), (1.8)
y(0) =vo, ' (0)=1u (1.9)

where p > 0, yo,y1 € R", A(t), B(t), R(t) are continuous, matrix-valued functions
on R;, A(t) is regular forallt € R, ,e : R, — R"and f,g : R* — R" are
continuous mappings.

The equation (L.8) with n = 1 has been studied in Chapter 2. Many papers are
devoted to the study of the existence of periodic solutions of scalar differential
equation with p—Laplacian and in some of them it is assumed that A(0) = 0. We
study the system without this singularity. From the recently published papers
and books see e.g. [33] 34}, 41} [44]. The problems treated in Chapter 3 are close to
those studied in [3, 4], 5,16, 17, 18, 26, 27, 31, 39, |40, [41), [44]).

We also study asymptotic properties of the second order differential equation
with p-Laplacian

(| [P~ ) + f(t,u,u’) =0, p>1. (1.10)

In the sequel, it is assumed that all solutions of the equation (L.I0) are con-
tinuously extendable throughout the entire real axis. We shall prove sufficient
conditions under which all global solutions are asymptotic to at + b, as t — 400
where a, b are real numbers. The problem for ordinary second order differential
equations without p—Laplacian has been studied by many authors, e.g. [23]
25| 37,138, 142, 143 45| [46]. Our results are more close to these obtained in the pa-
pers 43]]. The main tool of the proofs are the Bihari’s and Dannan’s integral
inequalities. We remark that sufficient conditions on the existence of continuable
solutions for second order differential equations and second order functional-
differential equations with p—Laplacian are proved in the papers [3} 4}, 13]. Many
references concerning differential equations with p—Laplacian can be found in
the paper [41], where boundary value problems for such equations are treated.

Let

u(to) = uo, U(to) =w (1.11)

where ug, u; € R be initial condition for solutions of (1.10).

10



1. History and summary of the results

1.2 The main results

The goal of the thesis is

e an investigation of sufficient conditions under the validity of that either ev-
ery solution y of (L.5) or a solution with special Cauchy conditions is con-
tinuable,

e to generalize known results to a system of differential equations of the form

@s),
e to study a problem of the asymptotic behaviour of continuable solutions.

In the second chapter, we study the existence of continuable solutions of a forced
second order nonlinear differential equation of the form (L5).
A special case of equation (L.5) is the unforced equation

(a®)ly'"™y) +0(B)g(y') + (1) f(y) = 0. (1.12)
We will often use of the following assumptions
f(z)x >0 onR (1.13)

and
g(x)r >0 onR,. (1.14)

Definition 1.3. A solution y of (L5) is called proper if it is defined on R, and
SUPiero0)|y(t)| > 0 for every 7 € (0,00). A proper solution y is called nonoscil-
latory if y # 0 in a neighbourhood of oc; it is called weakly oscillatory if it is
nonoscillatory and ¢’ has a sequence of zeros tending to co. A solution y of (L.5)
is called singular of the 1-st kind if it is defined on R, there exists 7 € (0, c0)
such that y = 0 on [r, 00) and supr<;<,|y(t)| > 0 for every T' € [0, 7). It is called
noncontinuable (singular of the 2-nd kind) if it is defined on [0,7),7 < oo and

supo<i<r|y'(t)| = oo.

We define the function R : R, — Rby R(t) = a%(t)r(t).

The following theorem gives a nonexistence result for noncontinuable solu-
tion.

Theorem 1.1. Let M > 0 and |g(z)| < |z|P and |f(z)| < |z|P for |z| > M.
Then there exist no noncontinuable solution y of and all solutions of are de-
fined on R,

Remark 1.1. The result of Theorem [LIl for Equation (L.5) with p < 1 and without
the damping (b = 0) is a generalization of the well-known Wintner’s Theorem,
see e.g. [20, Theorem 11.5] or [31, Theorem 6.1].

11



1. History and summary of the results

The following result shows that noncontinuable solutions of (L5) do not exist if
r > 0 and R is smooth enough under weakened assumptions on f.

Theorem 1.2. Let (T13), R € C*(R,), r > 0 on R, and let either
(i) M € (0,00) exist such that |g(x)| < |z|P for |z| > M
or

(i) ([@L.14) hold and b(t) > 0 on R,.

Then all solutions of (L.5) are defined on R.

Remark 1.2. Note that the condition |g(z)| < |z|P in (i) can not be improved.

1—¢

Example 1.2. Let ¢ € (0,1). Then the function y = (&)  is a noncontinuable
solution of the equation

y” |y,|€y, C1|y|%7z Sgn Yy = 0
on [O 1) with C' = (—1 E)s ! S e
’ €2 ez

Remark 1.3.

(i) The result of Theorem [1.2]is obtained in [9] in case b = 0 using a the similar
method.

(ii) Note that Theorem [[.2]is not valid if R ¢ C'(R,); see [3] or for the case
g=0.

Remark 1.4. Theorem[1.2]is not valid if » < 0 on an interval of a positive measure,
see e.g. [20, Theorem 11.3] (for (I.4) and p = 1). The existence of noncontinuable
solutions for (L.5) with > 0 is an open problem.

The following lemma shows that e(¢) has to be trivial in a neighbourhood of oo
if Equation (L.5) has a singular solution of the first kind.

Lemma 1.1. Let y be a singular solution of the first kind of ([L.5). Then e(t) =0
in a neighbourhood cc.

In what follows, we will only consider the equation (L.12).

Theorem 1.3. Let M > 0 and
l9(2)| < [z" and |f(z)| < [z[" for || < M.
Then there exist no singular solution of the first kind of Equation (L12).

12



1. History and summary of the results

Theorem 1.4. Consider (L13), R € C*(R,), r > 0 on R, and let either
(i) M € (0,00) exist such that |g(z)| < |z|P for |x| <M
or
(i) (L.I14) and b(t) <0onR,.
Then Equation (1.12) has no singular solution of the first kind.

Remark 1.5. Theorem [1.3|generalize results of Theorem 1.2], obtained in case
b = 0. Results of Theorem 9.4] with (b = 0, f(x) = |x|? sgn x) and of
Theorem 1] (b = 0) are special cases of Theorem [T here.

Remark 1.6. Theorem [[.4]is not valid if » < 0 on an interval of positive measure;
seee.g. [20] Theorem 11.1] (for (1.4) and p = 1). The existence of singular solutions
of the first kind of (L.12) is an open problem.

Remark 1.7. If R ¢ C'(R ), then the statement of Theorem [[.4]does not hold (see
[3] for g = 0 or [22]).

Note that condition (i) in Theorem [I.4l can not be improved.

Example 1.3. Let ¢ € (0,1). Then function y = (1 — t)(*%) for ¢t € [0,1] and y = 0
on (1, c0) is a singular solution of the first kind of the equation

7 1 1 1 = Nl—c / 1=e
Y+ 1+E+5_2 1+E ly'|" " sgny + |y|iFe = 0.

Note that p = 1 in this case.

Theorems [L1] 1.2} [1.3] and [[.4] give us sufficient conditions for all nontrivial
solutions of (LI2) to be proper.

Corollary 1.1. Let |g(z)| < |z|? and |f(z)| < |z|? for x € R. Then every nontrivial
solution y of (L.I2) is proper.

Corollary 1.2. Let (I13), R € C'(R,), r > 0on R, and |g(z)| < |z|P on R hold. Then
every nontrivial solution y of (L.12) is proper.

Remark 1.8. The results of Corollary [[.Tland Corollary [[.2] are obtained in [3] for
b=0.

In the last part of Chapter 2, simple asymptotic properties of solutions of (I.12)
are studied. Mainly, sufficient conditions are given under which zeros of a non-
trivial solutions are simple and zeros of a solution and its derivative separate
from each other.

13



1. History and summary of the results

Corollary 1.3. Let the assumptions either of Theorem [L.3or of Theorem [L.4] hold. Then
any nontrivial solution of (1.12) has no double zeros on R

Corollary 1.4. Let f(x)x > 0 for x # 0 and one of the following possibilities hold:
(i) r#A0on R, and

lg(@)] < [z” and |f(z)| < |z[" for zeR;

(i) Re CY(R,),r >0on R, and

lg(@)] < [z” for x| € R;

(iii) Re CY(R,),b<00nR,,r>00nRy, g(x)r > 00on R, and M > 0 exists such
that
lg(z)| = [« for |z] = M;

(iv) Re C*Ry), r>00nR,,b>00nR,, g(x)r > 0on Rand M exists such that

lg(x)] < [z” for o[ < M.

Then the zeros of y and ' (if any) separate from each other, i.e. between two consecutive
zeros of y (y') there is the only zero of y (v').

Theorem 1.5. Let g(0) = 0, r # 0 on Ry and f(x)x > 0 for x # 0. Then (L12) has
no weakly oscillatory solution and every nonoscillatory solution y of (L12) has a limit as
t — oo.

The following examples show that some of the assumptions of Theorem [1.5]
cannot be omitted.

Example 1.4. The function y = 2 +sint, t € R, is a weakly oscillatory solution of

the equation

" sint + cost
sy 2 +sint Y

In this case r # 0, Theorem [1.5]is not valid.

=0.

Example 1.5. The function y = 2 +sint, t € R, is a weakly oscillatory solution of
the equation

441 —22 forlz|<1;

" "4+ 2y=0 with g(x) =
y' —g(y) + 2y g9(x) {4 for [o] > 1.

In this case g(0) # 0, Theorem [L.Hlis not valid.

14



1. History and summary of the results

Remark 1.9. If ¢ = 0, the result of Theorem is known, see e.g. [39, Lemma
5.1].

In Chapter 3, the problem of the existence of continuable solutions of the sys-
tem (L.8), (1.9) is studied. In this chapter ||z||, z € R™ is the Euclidean norm.

Definition 1.4. A solution y(t), t € [0,T') of the initial value problem (L.8), (1.9) is
called nonextendable to the right if either 7" < co and

tim sup{fy(¢) | + ly' ()] = oo

or T = oo, i.e. y(t) is defined on R,. In the first (second) case y(t) is called
noncontinuable (continuable).

The main result is the following theorem.

Theorem 1.6. Let p > 0, A(t), B(t), R(t) be continuous matrix-valued functions on
Ry, A(t) be reqular forall t € Ry, e : Ry — R", f,g : R* — R" be continuous
mappings and yo, y1 € R". Let

/ |R(s)[|s™ ds < o0
0
and there exist constants K1, Ko > 0 such that
lgC)ll < Kallull™,  [[f () < BKsllol™, w0 € R" (1.15)
Then the following assertions hold:

1. If 1 < 'm < p, then any nonextendable to the right solution y(t) of the initial value
problem (L.8)), (1.9) is continuable.

2. Let m >p,m>1,

As = sup [JA()7Y| < oo, ROZ/ [1R(s)| ds,
0<t<oo 0
t

Ewi= sup || [ e(s)ds] <o, Q(s):= / |R(o) o™ do

0<t<oo 0 s
and
— m—p t
M IR A / (B B(s) ] + 27 KaQ(s)) ds < 1
0

p 0<t<oo

b
2

n
forall t € [0, 00) where
D = n% A (1A©O)@, (1)l + 2" Kallyoll™ Ro + Exc).

Then any nonextendable to the right solution y(t) of the initial value problem (L.8),
(@.9) is continuable.

15



1. History and summary of the results

In Chapter 2, sufficient conditions for all solution of (1.8) with n = 1 to be
defined on R are given. The method of proofs is not applicable in the case n > 1.
Our proof of Theorem [L.6]is completely different from those applied in Chapter
2. The main tool of our proof is the discrete and also continuous versions of the
Jensen’s inequality, Fubini theorem and a generalization of the Bihari theorem.
The application of the Jensen’s inequality is possible only under the assumption
m > 1. Therefore we do not study the case 0 < m < 1. Note, that the case m <1
is studied in where our method of the proof is used.

Let y(t) be a solution of the initial value problem (L.8), (I.9) defined on an in-
terval [0,77),0 < T < oco. If we denote u(t) = y/(t), then y(t) = yo + fot u(s) ds and
the equation (L.8) can be rewritten as the following integro-differential equation
for u(t):

t

(A®@ ) + Blgule) + ROL o+ [ uls)ds) =) (116)
0
with
u(0) = y;. (1.17)
The following theorem is the main tool for the proof of Theorem [I.6land the
obtained estimates may be important for further investigations of solutions, too.

Theorem 1.7. Let p > 0, A(t), B(t), R(t) be continuous matrix-valued functions on R,
A(t) regular forallt € Ry, e : Ry — R, f, g : R® — R" be continuous mappings on
Ry, yo,y1 € R, [T ||R(s)||s™'ds < coand 0 < T < oo. Let the condition (LI5)
be satisfied and let u : [0,T) — R™ be a solution of the equation (L16) satisfying the
condition (LID). Let Ry := [~ || R(s)]| ds.

Then the following assertions hold:

1. If m =p > 1, then
lu(t)]| < dp el Prds o<t <T
where
Fe(t) = nf Br (K[ BG)]| + 27 KoQ(s) ),

Q) = [ 1R@)lom do,

s

t
Er = Orgtzg%HE(t)H, E(t) ::/O e(s)ds,

dr = 0¥ Ar (L AQ)®, (y0)l| + 2 Kallyoll Fo + Br )

_ -1
Ar = max [|A()7

16



1. History and summary of the results

2. If1 <m < p, then

1

p—m —m t —
) < (4" +2=ar [ Fris)as)

p
3. Letm >p, m > 1and

Ay = sup Ap <oo, E.:= sup ||E(t)| < oo,
0<T <00 0<t<oo

— m—p t
it o SR / (K2 IB(s)| + 27 Ko Q(s) ) ds < 1
0

p 0<t<oo

b
2

n

where
D = n% A (I1A©O)@, (1)l + 2" Kallyoll™ Ro + Exc).
Then

1

[ (KaBel+2 ) ds)

lull < D> (1 - n?

where 0 < t < oo.

The fourth chapter studies the estimates from bellow of norms of a noncon-
tinuable solution of (L.8) and its derivative. Estimates of solutions are important
e. g. in proofs of the existence of such solutions, see e. g. [4], [5] for (LI). For
generalized Emden-Fowler equation of the form (L.I), some estimates are proved
in [1].

We will derive estimates for a noncontinuable solution y on the fixed defini-
tion interval [1,7) C Ry, 7 < oo. Note, that the results of Theorem [L.6] are the
basic tool of proofs of the following two theorems.

Theorem 1.8. Let y be a noncontinuable solution of system ([L.8) on [T,7) C Ry,
T—T <1,

Ap == max ||A(t)||7", Bo:= max ||B(t)],

T<t<t T<t<t
Ro = puax RO, By = ma o)
and let there exist positive constants Ky, Ky and m > p such that
lg(w)|| < Killul™,  [[f()]] < Kafv]™, w,veR™

. 2m—+1 m
() Ifp>1land M = %, then

| A2, (Y ()] + 27 Kally (@)™ Ro + Eo(7 = £) = Co(r — 1) 7
fort € [T, 1) where

___pm ——B_ - _mpr 3 _mzip
Cl —=n 20m-p) AO mee <mp p) |:§K1B0 + MK2R0 .

17



1. History and summary of the results

(ii) Ifp <1, then

JA@®) D, (' (6)) || 4 2™ K1 Bolly' (¢) ™ + 22" Ko Ry ||y ()] ™+
FEy(r—t) > Co(r —t) 7m

fort € [T, T) where

p

p("” p(m+1) mpp 3 m—p
Cy =205 A P(mp p) [2K130+MK230 .

Now consider special case of equation (L.8)
(A0, (y))" + R(1) f(y) = 0. (1.18)
In this case a better estimation can be proved.

Theorem 1.9. Let m > p and y be a noncontinuable solution of system (118)) on interval
[T, 7) C Ry. Let there exist constant Ky > 0 such that

£ ()] < Ksljv|™, v €R™

Let Ay, Ry and M be given by Theorem L8] Then

(m+1)

IA@) @, (5 ) + 2™ K|y ()" Ro = Ci(r — )™

where
Cy =n 2w A e (m p) o [MKQRO]_’“L*P incase p>1
p
and 1)
[A@®)P,(y)] + 22" Ky [y ()™ Ro > ColT — )~
with

(m+1) i
Cy =271 Ay () TMER) 7 inease p<.
p

We can prove more results for a scalar differential equation

(a(t)p(y))" +r(t)f(y) =0 (1.19)

where p > 0, a(t), r(t) are continuous functions on R, a(t) > 0 for t € Ry,
/R — Ris a continuous mapping and ®,(u) = |ul|P~ u.

Definition 1.5. A noncontinuable solution y of (LI9) defined on [0, 7) is called
oscillatory if there exists a sequence {t;};°,, tx € [0,7) of its zeros such that
limy,_. ty, = 7; otherwise it is called nonoscillatory.

18



1. History and summary of the results

Theorem 1.10. Let y be a noncontinuable oscillatory solution of equation (L.19) defined
on [T', 7). Let there exist constant Ky > 0 such that

1f(v)| < Ky|v|™, v €R. (1.20)
Let {tx}7° and {7 }5° be the increasing sequences of all local extremes of solution y and

ylW = a(t)®,(y') on [T, 7), respectively. Then constants Cy and Cs exist such that

p(m+1)

ly(ty)| > C1(T — t))” ™=
and in the case v # 0 on Ry and f(x)x > 0 for z # 0.

_ p(m+1)

[y (Tl = Co(r — 7)™ o

fork>1,2,....

Example 1.6. Consider (L.19) and (1.20) with m = 2, p = 1 and a = 1. Then from
Theorem [L.I0]we obtain the following estimates

ly(t)| > Cr(r — )72, yW(m)] > Co(r — )~

_ 56 V42 - _ 3
where M = %, €} = 8K ,1g and Cp = 118Karo

Example 1.7. Consider (.19) and (1.20) with m = 3, p = 2 and a = 1. Then from
Theorem [L.I0]we obtain the following estimates

ly(t)| > C(r — )75, [yW(m)] > Co(r — 7)™

2
_ 288 | 10\ 3 — (5 \?
where M = =2, ') = 55— (%)° and Gy = (144K2r0) :

Now, let us turn our attention to nonoscillatory solutions of (1.19).

Theorem 1.11. Let m > p and M > 0 hold such that
|f(x)] < |z|™ for |z| > M.

If y be a nonoscillatory noncontinuable solution of (119) defined on [T, T), then constants
C, Cy and a left neighborhood J of T exist such that

p(m+1)

ly' ()| > C(r —t) " mmw,  tel

Let, moreover, m < p + /p> + p. Then

m? —2mp —p

|y(t)\ Z Co(T — t)ml, ZUZH’Z mq = < 0.

m(m — p)
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1. History and summary of the results

Our last application is devoted to the equation
y' =r®)lyl" seny (1.21)
where r € C°(R.) and m > 1.
Theorem 1.12. Let 7 € (0,00), T € [0,7) and r(t) > 0 on [t, 7].

(i) Then (L.Z1)) has a nonoscillatory noncontinuable solution which is defined in a left
neighbourhood of T.

(ii) Let y be a nonoscillatory noncontinuable solution of (L21)) defined on [T, 7). Then
constants C, Cy, Cy and a left neighbourhood I of T exists such that

2(m+3) m-+1

@) < Clr =) = and |y (t)] =2 C(r —t) =0, tel

If, moreover, m < 1+ V2, then

m2—2m —1
< —_— mi th = —_— @ @ @ @ .
|y(t)| < CQ(T t) w1 ma m(m — 1) <0

In the fifth chapter, we study asymptotic properties of the initial value prob-
lem (L.10), @.ID.

Definition 1.6. We say that a solution u(t) of (I.I0) possesses the property (L) if
u(t) = at + b+ o(t) as t — oo, where a, b are real constants.

Theorem 1.13. Let p > 1, r > 0 and t, > 0. Suppose that the following conditions are
satisfied:

(i) f(t,u,v)isacontinuous function in D = {(t,u,v) : t € [tg,00),u,v € R} where
to > 0;

(ii) there exist continuous functions h, g : Ry — R such that

Dw, (t,u,v) € D

lul
t

e < 0o

where for s > 0, the function g(s) is positive and nondecreasing,

/ooh(s)ds<oo

to

and if we denote

G(z) = / s
o shg(sh)

[e'e} 00 P_9
G(OO):/ zdsz :]_)/ T dr = 00
o seg(se)  1Jo 9(7)

then

AR

where a = (to)
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1. History and summary of the results

Then any continuable solution u(t) of the equation (I.1Q) possesses the property (L).

Example 1.8. Letty =1, p>r>0,p>1

ft,u,u) = nt)t e G)p_r In [2 + (@)} (W), t>1

where 0 < a < 1 and 7(t) is a continuous function on interval [1,00) with
K = sups; [n(t)| < co. Then all conditions of Theorem are satisfied for ev-
ery continuable solution u(t) of the initial value problem (1.10), (I.11)) there exist
numbers a, b such that u(t) = at + b+ o(t)as t — oo.

Theorem 1.14. Let p > 1,7 > 0 and t, > 0. Suppose the following conditions are
satisfied:

(i) The function f(t,u,v) is continuous in D = {(t,u,v) : t € [ty,00),u,v € R},
(ii) there exist continuous functions hy, ho, hs, g1, g2 : Ry — Ry such that

|ul

w0 < o ([B21]) + atodalef) + 1a(0), ) € 0

for s > 0 the functions ¢;(s), g2(s) are nondecreasing and if

v ds
Gﬂf - T ANE
= ], o o

then

o ds p [ 7 ldr
to g1(s7) +ga(s?) T Ja 91(7) + g2(7)
where a = (ty)7.

Then any continuable solution u(t) of the equation (I.1Q) possesses the property (L).

Example 1.9. Letty=1,p>r>0,p>1

F(tu,0) = my ()t e (%)p_r In |2+ (%)]

+ ()2 e P In(3 + u") 4 n3 ()t T3

where 0 < «a; < 1 and 7;(t) are continuous functions on interval [1,c0) with
K = sup; [mi(t)| < 00,i=1,2,3.

Then all assumptions of Theorem [I.14] are satisfied and thus any continuable
solution u(t) of the equation (L.I0) possesses the property (L).

Theorem 1.15. Let ¢ty > 0. Suppose that the following assumptions hold:
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1. History and summary of the results

(i) There exist nonnegative continuous functions hy, he, g1, g2 : Ry — R such that

|l

ol < mattan([51]) + hamery

(ii) for s > 0 the functions g,(s), g2(s) are nondecreasing and
gi(au) < hi(a)gi(u), g2(au) < ha(a)ga(u)

for o > 1, u > 0, where the functions ¢, («), 12(a) are continuous for o > 1;

(iii) ftzo hi(s) ds = H; < oo,i = 1,2. Assume that there exists a constant K > 1 such
that

K_1<w1(K) - %(K))?—l(ﬂl - H2> = /t Oo 91(55) fl1-892(32)

P /+°° rrtdr
rJo  91(T) + ga(T)
where a = (tg)7.

Then any continuable solution wu(t) of the equation (LIQ) with initial data u(ty) = uo,
u'(to) = uy such that (|ug| + |u1|)? < K possesses the property (L).

Example 1.10. Let t, > 0. Consider the equation (L.10) withp > 1, 2 = 2,
ftu,v) = ha(t)u® + ha(t)v”

where A, (t) = BE-aet hy() = po()t 2, 0 < o < 1,7(t),i = 1,2 are
continuous functions on the interval [0, co) with K; = sup,, [7:(t)| < co. Then all
assumptions of Theorem .15 are satisfied and therefore any continuable solution
u(t) of the equation (I.10) (independently on the initial values ug, u;) possesses
the property (L).

Theorem 1.16. Let t, > 0. Suppose that the asumptions (i) and (iii) of Theorem [L.15
hold, while (ii) is replaced by

(ii") for s > 0 the functions g,(s), g2(s) are nonnegative, continuous and nondecreas-
ing, g1(0) = ¢2(0) = 0 and satisfy a Lipschitz condition

lg1(u+v) = gi(w)] < Av,  [g2(u+v) — g2(u)] < Asv
where \1, \y are positive constants.

Then any continuable solution wu(t) of the equation (LIQ) with initial data u(ty) = uo,
u'(to) = uy such that |ug|? + |u1|P < K possesses property (L).
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1. History and summary of the results

Theorem 1.17. Let t, > 0. Suppose that there exist continuous functions h : R, — R,
91,92 : Ry — R, such that

|l

w0 < 10 ([51])authr)

t

where for s > 0 the functions g,(s), g=(s) are nondecreasing;
/ h(s) ds < oo
to

and if we denote
G(z) :/ %7
to g1(s7)g2(s7)

dr = 400 where a = (to)*.

Tg !
g1(7)g2(7)

SA bt

then G(+o0) =2 [~

Then any continuable solution u(t) of the equation (L10) possesses the property (L).

Example 1.11. Letty =1,p > r > 0,

=) sl (Y ]

where 7)(t) is a continuous function on [1, c0) with K = sup,¢; o) 7(t) < oo.
Then all assumptions of Theorem [[.17] are satisfied and this means that any con-
tinuable solution of the equation (L.I0) possesses the property (L).

Theorem 1.18. Let t, > 0. Suppose that the following conditions hold:

(i) there exist nonnegative continuous functions h, g1, go : R — R such that

o) <o |0 Y gy

t

(ii) for s > 0 the functions g,(s), g2(s) are nondecreasing and

gi(au) < i(a)gi(u),  ga(om) < o(a)gs(u)
for o > 1,u > 0, where the functions 1, («), 12(a) are continuous for o > 1;

(iii) ftzo h(s) ds = H < +o0o. Assume also that there exists a constant K > 1 such

that
B & ds p [ rtdr
K 'Hy (K K - £
1(E)¥alK) < /1 g1(s7)ga(s?) T/a 91(7)92(7)

AR

where a = (to)».
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1. History and summary of the results

Then any continuable solution u(t) of the equation (LIQ) with initial data u(ty) = uo,
u/(tg) = uy such that 277 (Jug|? + |uy|P) < K possesses the property (L).

Theorem 1.19. Let t, > 0. Suppose that the assumptions (i) and (iii) of Theorem [1.18
hold, while (ii) is replaced by

(ii") for s > 0 the functions g,(s), ga2(s) are continuous and nondecreasing,
91(0) = g2(0) = 0 and satisfy a Lipschitz condition

lg1(u+v) —gr(W)] < Mw,  ga(u+v) — gau)| < Ao
where \1, \y are positive constants.

Then any continuable solution u(t) of the equation (LIQ) with initial data u(ty) = uq,
u'(to) = uy such that |ug|? + |uy|P < K possesses the property (L).

Note, that the methods of proof in [P2] are used to other types of differential
equations, see. e.g. [13,[15].
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On existence of proper solutions
of quasilinear second order
differential equations

2.1 Introduction

In this chapter, we study the existence of proper solutions of a forced second
order nonlinear differential equation of the form

(a@®)]y'"y) + b(6)g(y) +r(t) f(y) = e(t) (2.1)

where p > 0,a € C°(R,), b € C°Ry), r € C°(Ry), e € C°(R,), f € C°R),
g€ C'R), R, =[0,00), R=(—00,0) and a > 0 on R,.
A special case of Equation (2.]) is the unforced equation

(a(®)ly'"™y') +b(D)g(y') + (1) f(y) = 0. (2.2)
We will often use of the following assumptions
f(x)x>0 onR (2.3)

and
g(x)r >0 on R,. (2.4)

Definition 2.1. A solution y of 2.I) is called proper if it is defined on R, and
SUPsefr,00)|Y(t)] > 0 for every 7 € (0,00). It is called singular of the 1-st kind
if it is defined on R, there exists 7 € (0,00) such that y = 0 on [r,00) and
supr<i<-|y(t)| > 0 for every 7' € [0, 7). It is called singular of the 2-nd kind if
it is defined on [0, 7), 7 < oo and supo<i<. |y (t)| = oo.

Note, that a singular solution y of the 2-nd kind is sometimes called noncon-
tinuable.

Definition 2.2. A proper solution y of (2.1)) is called oscillatory if there exists a se-
quence of its zeros tending to co. Otherwise, it is called nonoscillatory. A solution
y of .1)) is called weakly oscillatory if there exists a sequence of zeros of ¢’ tend-
ing to oo.
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2. On existence of proper solutions of quasilinear second ODE

It is easy to see that (2.I) can be transformed into the system

Yy = a(t)_%|y2|% sgn Yo,
vy = —b()g(a(t) 7 |ya| P sgn ys) — r(t)f (1) + e(t); 2.5)

the relation between a solution y of 2.I) and a solution of 2.5) is y;(t) = y(t),
v2(t) = a(®)ly' (O ~1y (1)

An important problem is the existence of solutions defined on R or of proper
solutions (for Equation (2.2)). Their asymptotic behaviour is studied by many
authors (see e.g. monographs [7], [9] and [10], and the references therein). So, it
is very important to know conditions under the validity of which all solutions of
(2.1) are defined on R or are proper. For a special type of the equation of 2.2),
for the equation

(a@®)ly' ") + () f(y) =0, (2.6)
sufficient conditions for all nontrivial solutions to be proper are given e.g. in [1],
[8], [9] and [10]. It is known that for half-linear equations, i.e., if f(z) = |z|? sgn z,
all nontrivial solutions of (2.4) are proper, see e.g. [6]. For the forced equation
2.1) with @3) holding, a € C*(R;), arr € ACL.(Ry)and b = 0, itis proved in [2]
that all solutions are defined on R, i.e., the set of all singular solutions of the
second kind is empty. On the other hand, in [4] and [5] examples are given for
which Equation (2.6) has singular solutions of the first and second kinds (see [1],
as well). Moreover, Lemma 4 in [3] gives sufficient conditions for the equation

(a(t)y’) +r(t)f(y) =0

to have no proper solutions.

In the present paper, these problems are solved for (2.1)). Sufficient conditions
for the nonexistence of singular solutions of the first and second kinds are given,
and so, sufficient conditions for all nontrivial solutions of (2.2) to be proper are
given. In the last section, simple asymptotic properties of solutions of (Z.2) are
given.

Note that it is known that Equation (2.6) has no weakly oscillatory solutions
(see e.g. [10]), but as we will see in Section 4, Equation (2.J) may have them.

It will be convenient to define the following constants:

5 p+1 5 p+1
p(A+1) p

We define the function R : R, — Rby R(t) = ar (t)r(t).
For any solution y of 2.I), we let

() = a)ly' (OF 'y (1)
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2. On existence of proper solutions of quasilinear second ODE

and if 23) and r» > 0 on R, hold, let us define

a y(t)
v<t>=i§|y'<t>|P+l+v s
[1](4)|8 y(t)
_ |yR((f))| +7/0 f(s) ds > 0. 27)

For any continuous function h : Ry — R, we let hy(t) = max {h(¢),0} and
h_(t) = max {—h(t),0} so that h(t) = hy(t) — h_(t).

2.2 Singular solutions of the second kind

In this section, the nonexistence of singular solutions of the second kind will be
studied. The following theorem is a generalization of the well-known Wintner’s
Theorem to 2.7).

Theorem 2.1. Let M > Oand |g(x)| < |z[P and |f(x)| < |z[P for |x| > M. Then
there exist no singular solution y of the second kind of @2.0) and all solutions of 2.1)) are
defined on R.,.

Proof. Let, to the contrary, y be a singular solution of the second kind defined on
[0,7), T < co. Then,

sup |y (t)) =oc  and sup [yt (t)] = 0. (2.8)
o<t<r o<t<r

The assumptions of the theorem yield
[f@)l < My + [z and  g(2)] < My + [af? (2.9)

with M; = max<a | f(s)| and My = max < [g(s)]. Let ¢y € [0, 7) be such that

et <1, / a1(s)[b(s)| ds < % (2.10)
to
and
o Tabs ds) < L 2.11)
Or%}sa§7|r(s)|( ; a 7 (s) s) <3 (2.
Using system (2.5)), by an integration we obtain
t
(0] < o)l + [ a (o)l ds 212)
to
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2. On existence of proper solutions of quasilinear second ODE

and

ly2(t)] < |ya(to)]

+ / (1(s)g(als) ™7 |ya(s)|7 sgn ya(s))] + [r()]| £ (w1(s))] + [e(s)]) ds.  (2.13)

to

Hence, using (2.9), @10) and 2.12), we have for ¢ € [ty, )

8)] < Jal to|+/|b Ma + a=(s)lyals) ] ds

/|7’ [[M1 + [y1(s)["] d8+/| )| ds

<M3+— max |y2( )| ds

2 to
T / () [lya (o) | + / 0 (0)|ya(0)|Fdol? ds (2.14)
to to
withM3:|y2(t0)|+M2LZ|b( |ds+M1ft Ir(s |ds+ft s)| ds.

Denote u(to) = [ya(to)] and v(t) = max,<oc: [92(5)], ¢ € (to, 7). Then @I0), €12
and (2.14) yield

v(t) < Mz + %v(t) + /to ()] (to)] + Mav(s)7]” ds

1 t
< My + golt) + 20y / W2(t) + MPu(s)] ds

to

1
< M3 + 5’0@) + Qng)y;f(t(]) + QPMffMg,v(t)

with M, = ft a_% Ydo, M5 = maxg<s<, |7(8)].

From this and from (2.11), we have
1
év(t) < Mz + 2" Msyi(to), t € [to, 7).

But this inequality contradicts (2.8) and the definition of v. O

Remark 2.1. The results of Theorem 2.Ilfor Equation (2.1)) with p < 1 and without
the damping (b = 0) is a generalization of the well-known Wintner’s Theorem,
see e.g. [9, Theorem 11.5.] or [7, Theorem 6.1.].

The following result shows that singular solutions of the second kind of (2.I) do
not exist if 7 > 0 and R is smooth enough under weakened assumptions on f.
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Theorem 2.2. Let @3), R € C*(R,), r > 0 on R, and let either

(i) M € (0,00) exist such that |g(x)| < |z|P for |z| > M
or

(ii) @4) holds and b(t) > 0on R.,.

Then Equation @2.1)) has no singular solution of the second kind and all solutions of (2.1)

are defined on R,

Proof. Suppose y is a singular solution of the second kind defined on I = [0, 7).

Then sup,ejo.|y'(t)] = oo and (2.7) yields

V() = (%) @)+ %y’(t)(y[”(t))’+5f(y(t))y’(t)
1 / 1 0 / !
= W) @) + ROk ()[e(t) — b(t)g(y'(t))

—r(t)f ()] +6f(@)y'(t)

or
Vi(t) = (%) I + sy ety - LD

for t € I. We will estimate the summands in 2.15). We have

<L) ‘y[l](ma _ —R'(t) |y[1](t)|5 _ R/_(t)V(t)

R(t) R(t) R() ~ R()
on /.
From |z| < |z]* 4+ 1for s > 1 and = € R, we get
se(t) .| |de)ar )y ()
NORAR Il

< 5|e<t>|a%<t>%

_ eIyt @P | dle)] _ dle®V(t) | dle(t)]

a(t)R(t) r(t) —  a(t) r(t)

on /. Furthermore, in case (ii), we have

SOy OW O oy Ol O
AU 20
SPpOIyMOF oy AOIV(E)
=v(t) + dORE + o)

(2.15)

(2.16)

(2.17)

(2.18)
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2. On existence of proper solutions of quasilinear second ODE

with 515(0)|
v(t) = ) ‘glllgﬁ\sg(sﬂ-
Due to the fact that b > 0, inequality (2.18) holds in case (i) with v(¢) = 0. From

this and (2.15), 2.16) and (2.17), we obtain

V(1) < ]Z—(g) + %He(tﬂ O] V() + ‘5%’;)' Tolt).  (2.19)
The integration of (2.19) on [0, t] € I yields
v -vo < [T el + )| Vis) as
)

+
T 1 dle(t)]
—i—/o ) + v(t)

dt.

Hence, Gronwall’s inequality yields

X exp /0 ' [i—(g) + %He(tﬂ + |b(t)|]} ar. (2.20)

Now V(t) is bounded from above on I since I is abounded interval, so (2.7) yields
that |y!!l(#)|° and |y/(t)| are bounded above on I. But this inequality contradicts

2.3). O

Remark 2.2. It is clear from the proof of Theorem 2.2 (ii) that if b = 0, then as-
sumption (2.4) is not needed in case (ii).

Remark 2.3. Note that the condition |g(z)| < |z|? in (i) can not be improved upon
even for Equation (2.2).

1—e
¢ is a singular solution

Example 2.1. Let e € (0, 1). Then the function y = (1)
of the second kind of the equation

Y =1y + Cly| 7% sgny = 0
on [0,1) with C' = (%)H1 - L

Remark 2.4.

(i) The result of Theorem [2.2]is obtained in [2] in case b = 0 using a the similar
method.
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2. On existence of proper solutions of quasilinear second ODE

(ii) Note that Theorem 2.2lis not valid if R ¢ C*(R.); see [] or [4] for the case
g=0.

Remark 2.5. Theorem is not valid if » < 0 on an interval of positive measure,
see e.g. [9, Theorem 11.3.] (for (2.6) and p = 1). The existence of singular solutions
of the second kind for (2.1) with r > 0 is an open problem.

2.3 Singular solutions of the first kind

In this section, the nonexistence of singular solutions of the first kind mainly for
(2.2) will be studied. The following lemma shows that e(¢) has to be trivial in a
neighbourhood of oo if Equation (2.1)) has a singular solution of the first kind.

Lemma 2.1. Let y be a singular solution of the first kind of @.1). Then e(t) = 0 in
a neighbourhood oo.

Proof. Let y be a singular solution of (2.I) and 7 the number from its domain of
definition. Then y = 0 on [r, 00) and Equation 2.1 yields e(t) =0 on [1,00). O

In what follows, we will only consider Equation (2.2).
Theorem 2.3. Let M > 0and
l9(x) < |2|” and | f(z)] < |a]” for x| < M. (2.21)
Then there exist no singular solution of the first kind of Equation (2.2).

Proof. Assume that y is a singular solution of the first kind and 7 is the number
from Definition 2.1l Using system @2.5), we have y; = yo = 0 on [r,00). Let
0 < T < 7 be such that

@ <M, |y(t)| <M onl[T,7] (2.22)
and
T T 1 p T 1
/T a(s)|b(s)| ds + (/T a v (s) ds) /T Ir(s)| ds < 3" (2.23)
Define I = [T, 7] and
01 (t) = tg}ga%(‘r |y1($)|, tel ) (224)
v9(t) = Tnax lya(s)], tel. (2.25)

From the definition of 7, 2.22)), (2.24) and (2.25), we have
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2. On existence of proper solutions of quasilinear second ODE

0<wv(t) < M,0<wy(t) <M on [T,7).
An integration of the first equality in (2.5) and (2.25) yield
Ol < [ a PO ds< [ Ol ds
t t
<l [ a5 () ds
t
onI.If M, = [fa~ P s) ds, then

1 (£)] < My|oa(t)|7
and from (2.24) we obtain
vi(t) < Myfua(t)|7, t eI

Similarly, an integration of the second equality in (2.5) and 2.21) yield
0 < [ ool (aF o) s 9) s
/ Ir(s) s))| ds
</ \b<s>|<a;<s>\v2<s>\%>p ds+ [ ) m(s) ds
Hence, from this, (2.21)), (2.23) and (2.28)

[y2(t)| < va(t) [/TT a(s)|b(s)| ds + v} (¢) /TT r(s)] ds]

< wt)| [ atolbol s+ 0t [ ol as] < 20,

T

t
Hence v,(t) < % )
conclusion.

Theorem 2.4. Consider @3), R € C'(R,), r > 0 on R, and let either

(i) M € (0,00) exist such that |g(x)| < |z|P for |z| <M
or

(il) @4) and b(t) <0 on R,.
Then Equation (2.2) has no singular solution of the first kind.

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

and so v5(t) = 0 on I. The contradiction with (2.26) proves the

0
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2. On existence of proper solutions of quasilinear second ODE

Proof. Let y(t) be singular solution of the first kind of (Z.2). Then there exists
7 € (0,00) such that y(t) = 0 on [r,00) and supy,., |y(s)| > 0 for T € [0, 7).
Then, similar to the proof of Theorem 2.2} (2.15) and the equality in (2.16) hold
with e = 0. From this we have

R(t) r(t)
>~ olyope - OO g

Let (i) be valid. Let 7" € [0, 7) be such that |y'(t)| < M on [T, 7], and let ¢ > 0 be
arbitrary. Then,

Vit OF (s B
VO 1o ROV T ]( R +° ”'b(”')
)

> ol (0 + ot o)

> — <a5(t) J}}(g) + Jar (1)|b(t) |) : (2.33)

An integration on the interval [t, 7] C [T, 7] yields

e V(r)+e s (RL.(s) 1
Vi T V) te Zexp{ —/t [a <S)W+5a (s)|b(s)@ ds}.

As e > 0 is arbitrary, we have

0> V(t)exp{ —/t [a (s )Jj;é)) —i-&w( )b(s)} ds}, telT, ]

Hence, V(t) = 0 on [T, 7] and 2.7) yield y(t) = 0 on [T, 7]. The contradiction to
SUpyeir.. [4(t)| > 0 proves that the conclusion holds in this case.
Let (ii) hold; then from (2.7) and (2.32) we have

V(1) R (), s pan 007 (Ob(E)g(y' ()Y (1)
= { -0 gy wp - OO
x (V(t) +e)7!
V() 5 RL() R (t)
> —v<t>+€a6(t) R0 > —ad’(t) RO (2.34)

for t € [0, 7]. Hence, we have a similar situation to that in (2.33) and the proof is
similar to case (i). O

37



2. On existence of proper solutions of quasilinear second ODE

Remark 2.6. Theorem generalized results of [10, Theorem 1.2.], obtained in
case b = 0. Results of [7, Theorem 9.4.] with (b = 0, f(x) = |z|P sgn z) and of
Theorem 1] (b = 0) are special cases of Theorem 2.1 here.

Remark 2.7. Theorem 2.4]is not valid if » < 0 on an interval of positive measure;
see e.g. [9, Theorem 11.1.] (for (2.6) and p = 1). The existence of singular solutions
of the first kind of (2.2) is an open problem.

Remark 2.8. If R ¢ C'(R,), then the statement of Theorem 2.4]does not hold (see
[1] for g = 0 or [A]).

Note, that condition (i) in Theorem 2.4 can not be improved.

Example 2.2. Let ¢ € (0, 1). Then function y = (1 — )% fort € [0, 1] and y = 0
on (1, 00) is a singular solution of the first kind of the equation

1" 1 1 1 = pe / 1=e
Yy + 1+g+8—2 1+g [y sgny + [y[iTe = 0.

Note that p = 1 in this case.

Theorems 2.7 2.2] and 2.4] gives us sufficient conditions for all nontrivial
solutions of (2.2) to be proper.

Corollary 2.1. Let |g(z)| < |z|? and |f(z)| < |z|? for x € R. Then every nontrivial
solution y of (2.2)) is proper.

Corollary 2.2. Let @3), R € CY(R,),r > 0on R, and |g(x)| < |z|? on R hold. Then
every nontrivial solution y of (2.2)) is proper.

Remark 2.9. The results of Corollary 2.1l and Corollary 2.2] are obtained in [I]
for b = 0.

2.4 Further properties of solutions of (2.2)

In this section, simple asymptotic properties of solutions of (2.2) are studied.
Mainly, sufficient conditions are given under which zeros of a nontrivial solu-
tions are simple and zeros of a solution and its derivative separate from each
other.

Corollary 2.3. Let the assumptions either of Theorem [2.3or of Theorem 2.4 hold. Then
any nontrivial solution of (2.2) has no double zeros on R..
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2. On existence of proper solutions of quasilinear second ODE

Proof. Let y be a nontrivial solution of (2.2) defined on R, with a double zero
atT € Ry, ie. y(r) = y/(7) = 0. Then it is clear that the function

y(t) =y(t)on[0,7], gt)=0fort>r

is also solution of (Z.2). As ¢ is a singular solution of the first kind, we obtain
contradiction with either Theorem 2.3 or with Theorem 2.4 O

Lemma 2.2. Let g(0) =0, r # 0on Ry, and f(x)x > 0 for x # 0. Let y be a nontrivial
solution of 2.2) such that y'(t1) = y'(t2) = 0 with 0 < t; < ty < oc. Then there exists
ts € [t1,to] such that y(t3) = 0.

Proof. We may suppose without loss of generality that ¢, and ¢, are consecutive
zeros of '; if t; or ¢, is an accumulation point of zeros of ¢/, the result holds. If we
define z(t) = y!1(¢),t € R, then

Z(tl) = Z(tz) =0 and Z(t) §£ 0 on (tl, tg) (235)
Suppose, contrarily, that y(¢) # 0 on (¢, ;). Then either
y(tl)y<t2) >0 on [tl, tg] (236)

or
y(t)y(t) =0 (2.37)
holds. If (2.36)) is valid, then (2.2) and the assumptions of the lemma yields

sgn 2'(t1) = sgn 2'(t2) # 0

and the contradiction with (2.35) proves the statement in this case.
If (2.37) holds the conclusion is valid. O

Corollary 2.4. Let f(x)x > 0 for x # 0 and one of the following possibilities hold:
(i) r#0o0on R, and
lg(@)| < |zlP and |f(z)| < |zl for ze€R;
(i) Re CY(Ry),r > 0on Ry and
lg(@)| < |z|” for |z € R;
(i) Re CYR,),b<0on Ry, r>00nR,, g(x)xr > 0on Ry and M > 0 exists
such that

lg(@)| = |2[P for o] = M;
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2. On existence of proper solutions of quasilinear second ODE

(iv) Re CY(Ry),r>00n R, b>0o0n Ry, g(x)x > 0on Rand M exists such that

lg(x)| < |zP for |z| < M.

Then the zeros of y and y' (if any) separate from each other, i.e. between two consecutive
zeros of y (y') there is the only zero of y (v').

Proof. Accounting to our assumptions, Corollary 2.3lholds and hence all zeros of
any nontrivial solution y of (2.2) are simple, there exists no accumulation point
of zeros of y on R, and there exists no interval [a, 3] € R, a < (3 of zeros of y.
Then, the statement follows from Lemma and Rolle’s Theorem. O

Theorem 2.5. Let g(0) = 0, r # 0 on Ry and f(x)x > 0 for & # 0. Then 2.2)) has
no weakly oscillatory solution and every nonoscillatory solution y of 2.2)) has a limit as
t — oo.

Proof. Let y be a weakly oscillatory solution of (2.2). Then there exist ¢y, t; and ¢,
such that 0 <ty < t; < ty, y(t) # 0 on [tyg,00) and y/(t1) = y/'(t2) = 0. But this fact
contradicts Lemma 2.2 O

The following examples show that some of the assumptions of Theorem
cannot be omitted.

Example 2.3. The function y = 2 +sint, t € R, is a weakly oscillatory solution

of the equation
, sint+ cost

"
vyt 2 +sint
In this case r # 0, Theorem 2.5]is not valid.

y:

Example 2.4. The function y = 2 +sint, ¢t € R, is a weakly oscillatory solution
of the equation

44+1—2a? for|z| <1,

! / .
Yy —9)+ 2y =0 with g(x) =
) (@) 4 for |z| > 1.

In this case ¢(0) # 0, Theorem 2.5is not valid.

Remark 2.10. If g = 0, the result of Theorem [2.5]is known, see e.g. [10, Lemma
5.1.] or a direct application of (2.5).
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Existence of global solutions
for systems of second order
differential equations

with p-Laplacian

3.1 Introduction
The p-Laplace differential equation
div([[Vo])""*Vv) = h(]lz], v) (3.1)

plays an important role in the theory of partial differential equations (see e.g.
[21]) where V is the gradient, p > 0 and ||z| is the Euclidean norm of = € R",
n > 1 and h(y,v) is a nonlinear function on R x R. Radially symmetric solutions
of the equation (3.I) depend on the scalar variable r = ||z|| and they are solutions
of the ordinary differential equation

) = h(r,v) (3.2)

where v/ = ‘é—;’ and p > 1. If p # n then the change of variables r = ti-n transforms
the equation (3.2) into the equation

(Wp(u) = f(t u) (3.3)

where U, (u) = |u/|P~?u is so called one-dimensional, or scalar p-Laplacian
and

p— 1 ‘p p—n p—1
tou) = ¢t h(tr ) .
) = [P [ otn = )

In the existence of periodic solutions of the system

(®,(u)) + %VF(U) + VG(u) = e(t) (34)

is studied where

D, R" = R", &,(u) = (|u|P un, ..., Jun[Pu,)’.
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3. Existence of global solutions systems of second ODE with p-Laplacian

The operator ®,(u') is called multidimensional p-Laplacian. The study of radially
symmetric solutions of the system of p-Laplace equations

diV(vain_2vvi) = hi(||z|, v1,v2, ..., 0,), 1=1,2,...,n, p>1

leads to the system of ordinary differential equations

(| P~2u) = fi(t,ur, ug, ..y up), i=1,2,....n, p#n (3.5)
where 1
— p p—n p—1
filt,ur, ug, - . uy) = ‘p = hy(Er=r Uy, Ug, - - Up).
p—n
This system can be written in the form
(Pp(u)) = f(t,u) (3.6)

where f = (f1, f2, ..., fa)" and ®,(u') is the n-dimensional p-Laplacian. Through-
out this paper we consider the operator ®,,, with p > 0 and for the simplicity we
denote it as @, i. e.

By () = (fr[P e, sl f ).
We shall study the initial value problem
(A)P,(y) + B(t)g(y') + R(t)f(y) = e(?), (3.7)
y(0) =y, ¥'(0)=w (3:8)

where p > 0, yo,y1 € R", A(t), B(t), R(t) are continuous, matrix-valued functions
on Ry = [0,00), A(t) is regular forallt € R, ,e : R, — R"and f,g : R" —
R™ are continuous mappings. The equation (3.7) with n = 1 has been studied
by many authors (see e.g. references in [21]). Many papers are devoted to the
study of the existence of periodic solutions of scalar differential equation with
p—Laplacian and in some of them it is assumed that A(0) = 0. We study the
system without this singularity. From the recently published papers and books
see e.g. 13} 21, 22]. The problems treated in this paper are close to those
studied in [1}, 2, 3, 4} 5, [7, 18, 0] [10} 11} [18, 20} 21, 22]. The aim of the paper is to
study the problem of the existence of global solutions to (3.7) in the sense of the
following definition.

Definition 3.1. A solution y(t), t € [0,T) of the initial value problem (B.7), (3.9) is
called nonextendable to the right if either 7" < oo and

lim sup[ly (£)]] + ly' ()] = oo

or T = oo, i.e. y(t) is defined on R, = [0, 00). In the second case the solution y()
is called global.
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The main result of this paper is the following theorem.

Theorem 3.1. Let p > 0, A(t), B(t), R(t) be continuous matrix-valued functions
on [0,00), A(t) be reqular forallt € R, e : Ry — R”, f,g : R* — R™ be contin-
uous mappings and yo,y1 € R". Let

/000 |R(s)[|s™  ds < oo (3.9

and there exist constants K, Ko > 0 such that
lg(w)|| < Kil[ul™,  [[f(0)]] < Kaf[v|™, w0 € R™ (3.10)
Then the following assertions hold:

1. If 1 <'m < p, then any nonextendable to the right solution y(t) of the initial value

problem (3.7), (3.8) is global.

2. Let m >p,m>1,

As == sup |JA@)™Y| < oo, Ro=/ [R(s)| ds,
0<t<oo 0
t

Eri= sup | [ e(s)ds| <o, Q(s):= / IR@)|lo™ " do

0<t<oo 0 s
and

p M — P _ m=p t -1
ne D7 A, sup / <K1||B(s)|| +2m KQQ(S)) ds <1
0

p 0<t<oo

forall t € [0, 00) where
D = n A (A2, (91) | + 2" Ko g0 " Bo + Ewc ).

Then any nonextendable to the right solution y(t) of the initial value problem (3.7),
B.9) is global.

In [5] a solution w : [0,7') — R™ with 0 < T' < oo of the equation (3.7) with
n = 1is called singular of the second kind, if sup,_,.+ |¢/(t)| = cc. By [5, Theorem
1]if m = p > 0 (we need to assume m > 1) and the condition (3.10) is fulfilled
then there exists no singular solution of the second kind of (3.7) and all solutions
of (3.7) are defined on R, i. e. they are global. The proof of this result is based
on the transformation y;(t) = y(t), y2(t) = A(®)|y'(t)[P~'y/(¢) transforming the
scalar equation (3.7) into the form

Y, = A(t)"F |ys|7sgn ya, (3.11)
vy = —B(t)g(A(t) rsgnys) — R(t)f(y1) + e(t).
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An estimate of the function v(#) = maxo<s<; |y2(s)| proves the boundedness of
|y'(t)| on any bounded interval [0, T). By [5, Theorem 2], if n = 1, R € C'(R,,R),
R(t) > 0, f(x)xr > 0 for all t € R, and either |g(z)| < |z|P for |z| > M for some
M € (0,00) or g(x)x > 0 or g(x) > 0 for all z € R, then the equation (3.7) has no
singular solution of the second kind and all its solutions are defined on R, i. e.
they are global. The method of proofs are based on the study of the boundedness
from above of the scalar function V' (t) = %W(t)\p“ + pTTl foy(t) f(s)ds on any
bounded interval [0,7"). We remark that in [5] the case n = 1,m = p > 0 is stud-
ied. The method of proofs applied in [5] is not applicable in the case n > 1. Our
proof of Theorem [B.T]is completely different from that applied in [5]. The main
tool of our proof is the discrete and also continuous version of the Jensen’s in-
equality, Fubini theorem and a generalization of the Bihari theorem (see Lemma),
proved in this paper. The application of the Jensen’s inequality is possible only
under the assumption m > 1. Therefore we do not study the case 0 < m < 1. This
means that the problem is open for n > 1 and 0 < m < 1. The natural problem
is to formulate sufficient conditions for the existence of solutions which are not
global, or solutions which are not of the second kind. This problem is not solved
even for the scalar case and it seems to be not simple. By [5, Remark 5] the exis-
tence of singular solutions of the second kind of (3.7) is an open problem even in
the scalar case. M. Bartusek proved (see [1, Theorem 4]) thatifn = 1,0 < p < m,
then there exists a positive function R(t), t > 0 such that the scalar equation (3.7)
with A(t) = 1, B(t) = 0, e(t) = 0 and f(y) = |y|? has a singular solution of the
second kind. The case 0 < p < m,n = 1, studied by Bartusek, corresponds to
the assertion 2 of our Theorem [3.1] however for the example given by Bartusek
in [5] the assumptions of the assertion 2 are not satisfied. The function R(t) is
constructed using a continuous, piecewise polynomial function and the integral
Ry is not finite. Let us remark that for the case p = 1, i.e. for second order
differential equations without p-Laplacian and also for higher order differential
equations some sufficient conditions for the existence of singular solutions of the
second kind are proved by Bartusek in the papers [2} 3, 4]. A result on the exis-
tence of singular solutions of the second kind for systems of nonlinear differential
equations (without the p-Laplacian) are proved by Chanturia [7, Theorem 3] and
also by Mirzov [18].
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3. Existence of global solutions systems of second ODE with p-Laplacian

3.2 Proof of the main result

First we shall prove the following lemma.

Lemma 3.1. Let ¢ > 0, m > 0, p > 0, ty € R be constants, F(t) be a continuous, non-
negative function on Ry and v(t) be a continuous, nonnegative function on R satisfying
the inequality

v(t)P <c+ /t F(s)v(s)™ds, t>to. (3.12)

to

Then the following assertions hold:

1. If 0 < m < p, then

i — t =
ot < (5 + 2 m/ Fs)ds )7 b2t (3.13)
p to
2. Ifm>p m>1land
m — m—p ¢
c v sup / F(s)ds < 1,
p to<t<oo Jty
then )
u(t) < « L t> 4 (3.14)

m—p

(1 — ke ftz F(s) ds) o

m

Proof. Let G(t) be the right-hand side of the inequality (3.12). Then v(t)™ < G(t)»
which yields
F(t)v(t)™

G <FO)
i.e. )
“O < ).
G(t)F

Integrating this inequality from ¢, to ¢ we obtain

/tt G’(sm s :/G@) dg _ L(G(t)plm _G(to)p;m> - /tF(S) N

o G(s)7 Glto) O p—m

Since G(ty) = ¢ we obtain

—m - t jm
o(t) < G < (7 + 220 / F(s)ds) ™"
p to

The assertions and (3.2) follow from this inequality. O
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3. Existence of global solutions systems of second ODE with p-Laplacian

Remark 3.1. If p = 1, m > 0 then this lemma is a consequence of the well known
Bihari inequality (see [6]). Some results on integral inequalities with power non-
linearity on their left-hand sides can be found in the B. G. Pachpatte monograph
[19]. The idea of the proof of this lemma is based on that used in the proofs
of results on integral inequalities with singular kernels and power nonlinearities
on their left-hand sides, published in the papers [16,17].

Let y(t) be a solution of the initial value problem (3.7), (3.8) defined on an in-
terval [0,7"), 0 < T < oo. If we denote u(t) = y/(t), then

y(f)=:yo+—J€ u(s) ds (3.15)

and the equation (3.7) can be rewritten as the following integro-differential equa-
tion for u(t):
/ t
(A®@u ) + Blgule) + ROL (m+ [ uls)ds) =) (316)
0
with
u(0) = y;. (3.17)

Theorem 3.2. Let p > 0, A(t), B(t), R(t) be continuous matrix-valued functions on R,
A(t) regular forallt € R, e : Ry — R”, f,g : R* — R" be continuous mappings
on Ry, yo,y1 € R, [T || R(s)||s™tds < coand 0 < T < oo. Let the condition (3.10)
be satisfied and let u : [0,T) — R™ be a solution of the equation (3.16) satisfying the
condition BI7). Let Ry := [~ || R(s)]| ds.

Then the following assertions hold:

1. If m =p > 1, then
lu(t)| < dp e PrOd o<t <T
where
Fr(t) = nf Br (K| B(s)]| + 2" KaQ(s) )

a) - | IR lo™ " do,

0<t<T

t
Er = max ||[E(t)|, E(t) ::/ e(s)ds,
0
dr = n Ar (IAQ0)®, (y)| + 27~ K lyoll™ Bo + Er ).

Ap = max [|A®)7.

0<t<T
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3. Existence of global solutions systems of second ODE with p-Laplacian

2. If1 <m < p, then

1

p—m —-m t =
) < (a7 + 2= [ Froas) ™

3. Let m >p, m > 1and

As = sup Ap <oo, FE. := sup |E(t)] < oo,
0<T<o0 0<t<co

» M — p m—p t 1
3 D » A, sup / <K1||B(s)|| +2m KQQ(S)) ds <1
0

p 0<t<oo

n

where
D = n% A (1A©O)@, (1)l + 2" Kallyoll™ Ro + Exc).

Then

A% [ (BBEI + 2 Q) ds) T

|u(t)|| < D> (1 N Ml 4

where 0 < t < oo.

Proof. We shall give an explicit upper bound for the solution u(t) of the equation
(3.16), defined on the interval [0, T), satisfying (3.17). From the equation (3.16)
and the condition (B.I7) it follows that

By (u(t) = A0 {402, 1) - [ Bls)glu(s)) ds
0 (3.18)

—/OtR(S)f<yo+/OSU<T)dT) ds +E(t)}

where E(t) = [, ¢(s) ds. This inequality together with the conditions (3.10) yield
t
LA I [ @p(u() ] < [[A0) Py () +K1/0 I1B(s)l[lu(s)]™ ds

t s m
e / 1R (Il + / lu(r)lar) " ds + [ B
(3.19)
We shall use the integral version of the Jensen’ s inequality

t

(/th(s) dg)ﬁ < t"“l/ h(s)fds, Kk>1,t>0 (3.20)
0 0

for h € C(Ry,R,) (for a more general integral Jensen’s inequality, see e.g.
Chapter VIII, Theorem 2]). Also we shall use its discrete version

(Ar+ Ao+ + A <IHAY + A5 + -+ Af) (3.21)
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3. Existence of global solutions systems of second ODE with p-Laplacian

for Ay, Ay, ..., A >0,k > 1 (see [15, Chapter VIII, Corollary 4]).
Let m > 1. Then using the inequalities (3.20) and (3.21)) we obtain the inequal-

ity
Y +/ u(r d7m§2m_1 Yol|™ + / u(T d7‘m
(ool + /Nl ) (ool ( | rutryliar) ™)
<2 (Jual + 57 [t ).
0
Putting this inequality into (3.19) we obtain
A 17 ()] < [AO)P, () -+
t t
w5 [ 1B ds +27 Kolwl™ [ IR )
t s
22 [ (IR [ ar) ds + 1)

Now we shall apply the following consequence of the Fubini theorem (see e. g.
[23, Theorem 3.10 and Exercise 3.27]): If h : [a,b] X [a,b] — R is an integrable

function, then
// xydxdy—// (z,y) dydz.

If h(r,s) = ||R(s)||s™ Hu(r)||™, a=0,b=t,y=s,x=r,then

/Ot/OSh(TaS)deSI/Ot/Tth(T,s)dsdr,
[ [ 1wl aras = [ ([ 1r61sm as) i ar

This yields

i.e.

/0 |R(s)])s™ / u(r)m drds < / Qlu()mdr  (3.23)

where -
Qr) = / |R(s)]ls™ 1 ds

for 7 > 0.
Let0 < T < ocandt € [0,T). From the inequalities (3.22) and (3.23) it follows
that

IA@®) [ @p(w(®)] < er +/0 Fo(s)|lu(s)[™ ds (3.24)
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3. Existence of global solutions systems of second ODE with p-Laplacian

where
or = [|A0)@,(y1)]| + 2™ " Kalyo|| ™ Ro + Er, (3.25)
Fo(s) = K| B(s)|| + 2" K>Q(s), (3.26)
Er = max |E@®)]. (3.27)
0<t<T

If k€ {1,2,...,n}, then
P < 1B, (a(E)I] = (Jua(B) + Jua () + -+ [ua(£)P7)

t
< Ager + / ArFo(s)||u(s)|™ ds;
0

i. e.
t
lur ()P < cor +/ For(s)[Ju(s)||™ ds (3.28)
0
where
Ap = max ||A@)7Y| if T < oo, (3.29)
0<t<T
cor = Arer,  For(t) = ArFo(t). (3.30)
This yields

Jult)] < n (cor + [ Fur)luts) | )

and therefore we have obtained the inequality

[u(®)]|” < dr +/0 Fr(s)[lu(s)||™ ds (3.31)

where
dr = n?cor, Fr(t) = n® For(t). (3.32)

Now applying Lemma [3.1] (case m = p follows from the Gronwall’s lemma)
to the inequality (3.31) we obtain the assertion 1. and assertion 2. In the proof
of the assertion 3. we use the assumptions A := supg<,.o. [|A(t) ]| < oo and
Eo = SUPg<i<o [[E(t)|| < 00. From the inequality (3.31) we obtain the inequality,

t
Ju(®)][P < D+/ G(s)||u(s)||™ds (3.33)
0
where D is defined in Theorem 3.1]
G(s) == n2 A (K[| B(s)| + 2" K>Q(s))

and Q(s) = [ ||R(0)o™ || do. Now if we putin LemmaBlt, = 0, v(t) = [|u(t)|],
c¢= D and F(t) = G(t), then we obtain the inequality from the assertion 3. O
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3. Existence of global solutions systems of second ODE with p-Laplacian

Proof of Theorem3.1l Lety : [0,7) — R" be a nonextendable to the right solution
of the initial value problem (3.16), (3.17) with 7' < co. Then

y(t) =yo + /Ot u(s)ds

where u(t) is a solution of the equation (3.16)) satisfying the condition (3.17). From
Theorem B.2] it follows that M = supg,<7 [[u(t)|| < oo and since @.15) yields
Ny < lyoll + tsupp<s<r [[u(s)|] we obtain lim,_7- [|y(s)|| < occ. This is a contra-
diction with nonextendability of y(t). O
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Estimations of noncontinuable
solutions

41 Introduction

Consider the differential equation

(A1) 2p(y) + B(t)g(v) + R(t) f(y) = e(t), (4.1)

where p > 0 and A(t), B(t), R(t) are continuous, matrix-valued function on
Ry :=[0,00), A(t) is regular for allt € Ry, e : R* — R} and f,¢g : R* — R" are
continuous mappings, ®,(u) = (lu1|P " tus, ..., |u, P u,) foru = (uq, ..., u,) € R™
Letu = (uy,...,u,) € R". Then ||u|| = max;<;<, |u.

Definition 4.1. A solution y of (4.I) defined on ¢ € [0, T) is called noncontinuable
if T < oo and limsup, ., ||¥/(¢)|| = oo. The solution y is called continuable if
T = oo.

Note, that noncontinuable solutions are called singular of the second kind,

too, see e.g. [2], [8], [13].

Definition 4.2. A noncontinuable solution y is called oscillatory if there exists an
increasing sequence {t;}7>, of zeros of y such that lim,_... t;, = 7; otherwise y is
called nonoscillatory.

In the two last decades the existence and properties of noncontinuable solu-
tions of special types of (4.1)) are investigated. In the scalar case, see e.g. [2,[3,5,

16,9, 13} 15] and references therein. In particular, noncontinuable solutions
do not exist if f is sublinear in neighbourhoods of +o0, i. e. if

lg()l < 2|’ and  [f(z)[ < [z[" forlarge || (4.2)

with R is positive. Hence, noncontinuable solutions may exist mainly in the su-
perlinear case, i. e. if | f(x)| > |z|™ with m > p.

As concern to system (d.1)), see papers [7], where sufficient conditions are
given for (4.1) to have continuable solutions.

The scalar equation (.I) may be applied in problems of radially symmetric
solutions of the p-Laplace differential equation, see e.g. [14]; noncontinuable so-
lutions appear e.g. in water flow problems (flood waves, a flow in sewerage

systems), see e.g. [10].
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4. Estimations of noncontinuable solutions

The present paper studies the estimations from bellow of norms of a noncon-
tinuable solution of (.1 and its derivative. Estimations of solutions are impor-
tant e.g. in proofs of the existence of such solutions, see e.g. [3], [8] for

y™ = fty, . yY) (4.3)

withn > 2 and f € C°(R;,R"). For generalized Emden-Fowler equation of the
form (4.3), some estimation are proved in [1]].

In the paper there is studied differential equation (.1 with initial condi-
tions

y(0) =vo, ¥'(0) = (4.4)

where 1, y; € R".

We will use the following version of Theorem 1.2. from [14] and of Theo-
rem 1.2. from [7].

Theorem A. Let m > p and there exist positive constants K;, K, such that
lg(w)|| < Kil[ul™,  [[f(0)]] < Kaf[v|™, w0 € R™ (4.5)

and [;* [|R(c0)||s™ ds < oo. Denote

t

Ay = sup [[A(t)]| ' <00, Es:= sup || [ e(s)ds| < oo,
0<t<oo 0<t<oo  Jo

Ro = / TR ds,  Bu = / T IB) a.

0

(i) Letm > 1 and let

m — mep [
ppAooDlp/ (il B)l| + 27 Kos™ | R(s)]) ds < 1
0

b
2

n
forall t € R, where
Dy = n A A0)@, (y1) | + 2 Kllyo" Roe + Enc .
(i) Letm < 1 and let

m—p

m_ [oe)
2m+17pAOOD2 v /0 (K1||B(s)|| + K2$m||R(S)||> ds <1

p
for all t € R, where

Dy = A A0)@,(50) + 2" Kyl " Boe + 2™ Ko Recllyol|™ + Ei b

Then any nonextendable to the right solution y(t) of the initial value problem

(4.1), @.4) is continuable.
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4. Estimations of noncontinuable solutions

4.2 Main results

We will derive estimates for a noncontinuable solution y on the fixed definition
interval [T, 7) C Ry, 7 < 0.

Theorem 4.1. Let y be a noncontinuable solution of system @&.I) on [T,7) C Ry,
T—T <1,

T<t<t

Ag = max ||A@)||™!, By := nax 1B,

Ro = max R, Eo = max |le(®)]

T<t<

and let there exist positive constants Ky, Ky and m > p such that
lg()l| < Kaflull™,  If()] < Ko™, w,veR™ (4.6)

() Ifp>land M = % then

JAD@,( ()] + 2" Kally (D" Bo + Byl — 1) > Ci(r — )5 (47)

fort € [T, 1) where

p

Oy = n 7w A (u) [3K130+MK2R0 o
p

(ii) Ifp <1, then
IA®) @, (' ()| + 2" Ky Bolly' (1) + 2" T Ka Ro[ly () |+ (4.8)
+E0(’7‘ — t) 2 CQ(T — t)_m

fort € [T, T) where

p

3 “m—p
bm&+Mmm .

p(m+1) m—p

Cy=27 AT (FE)

Proof. Let y be a singular solution of system (@.I)) on interval [T, 7). We take ¢ to
be fixed in interval [, 7) and for simplicity sign

D = n~Tem A, ™ P(mp p) e (4.9)

Assume, contrarily, that

[A@) D, (y' ()| + 2" Ko |ly(t)[" Ro + Eo(T — 1) (4.10)
<D gKlBO + MK2R0:| o (T — t)_mz:p.
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4. Estimations of noncontinuable solutions

Together with the Cauchy problem

(A()@p(y) + B(2)g(y) + R(x)f(y) = e(x), =z €[t,7) (4.11)
and
yt)=w, Yt)=un (4.12)
we construct a helpful system
(A(s)@p(2))" + B(s)g(2') + R(s)f (=) = é(s), (4.13)
2(0) = 29, 2'(0) =2z (4.14)

where s € R, 29, z1 € R", A(s), B(s), R(s) are continuous, matrix-valued func-
tion on R, given by

- A t if 0<s<7—1,
A= JAG+DHEOss<r (4.15)
A(r) if T—t<s< o0,
’B(s+t) if 0<s<7—14,
B(s) = —@5—1—23(7—15) if T—t<s<2(1-1), (4.16)
L0 if 2(71—1t)<s<oo,
(R(s%—t) if 0<s<r71—1,
R(s) = —@5—1—21%(7'—15) if T—t<s<2(t—1t), (4.17)
L0 if 2(r—1t) <s<oo,
’6(8 if 0<s<r7—t¢,
é(s) =9 — Mgy 2e(r—t)  if T-t<s<2T—t), (4.18)
0 if 2(1—1t) <s<oo.

We can see that A(s) is regular for all s € R,

Hence, systems (.11) on [¢t,7) and (&I3) on interval [0, 7 — t) are equivalent
with s = x — t. Let 2o = y(t) and z; = /(t). Then the definitions of functions
A, B, R, & give that

2(s) =y(s+1t),s € 0,7 —t) 1isthe noncontinuable solution (4.19)

of system (@.13), @&.14) on [0, 7 — t). By the application of Theorem A(i) on system
(4.13), @.14) we will see that every z satisfying

IA)@p(20) || + 2™ Ko |20/ ™ Ro +/ le(s)[| ds (4.20)
0

__ P
m—p

<D [/Ow (KlﬂB(w)H + 2m—1K2||R<w)||wm) dw]
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4. Estimations of noncontinuable solutions

is continuable. Note, that according to (@.I5)-@.20) all assumptions of Theo-
rem A are valid. Furthermore, we will show that (4.10) yields (.20).
We calculate integrals and estimate the right side of the (£.20)

m—p

G:=D [/OOO <K1||B(w)|| + zm—lKQHR(w)me) dw]

2(T—t) B B
> D / (KillBw) | + 2" || R(w) ™) dw]
0

> D|K; max ||B(s+1t)|[(t—1)

0<s <7—t

2Ar=) B(r—1
+K1/ I —(715)10%—23(7‘—15) | dw

—t T —
(T _ t)m-i—l

d
m+1 v

+ 2™ K, max  ||R(s+t)]|
0<s <(1—t)
m—p

2(T—t) _t
+2m—1K2/ || —Lt)w—l—QR(T—t) | w™ dw] |
T—1

T —

1
G>D [Kl max [B)|(r — ) + 5K B(r = )[[(7 — 1)

+ Ml max | R()|(r = )" + M| R(r = 1)) (7 = w*l]
where
om—1 om+2(9 — —
Mo and i, g1 27 22m ) —8m =5
m+1 (m+1)(m+2)
Hence,
G>D gKlBO(T —t) + MKyRo(T — t)mH] (4.21)
as M > M, + M.
As we assume that 7 — ¢ < 1, @.10) and @.21) imply
G>D gKlBo +MKsRy| (1= t)777 = Ci(r —t) 7 (4.22)

> A6,y ()] + 2" K [ly ()™ Ro + Eo(r — t)

= ||A(0)(I>p(z1)||+2m_1K2||zo||mR0+/ le(s)]| ds
0
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where C; = D [%KlBo + M K2R0i| """, Hence (#20) holds and the solution =
of (.13) satisfying the initial condition z(0) = yo and 2’(0) = y; is continuable.
The contradiction with (£.19) proves the statement.

If m < 1 then the proof is similar, we have to use Theorem A(ii) instead of
Theorem A(i). O

Now consider special case of equation (4.1)
(AB)2p(y") + R(t)f(y) =0 (4.23)
for allt € R,. In this case a better estimation can be proved.

Theorem 4.2. Let m > p and y be a noncontinuable solution of system (4.23)) on interval
[T, 7) C Ry. Let there exist constant Ky > 0 such that

[f )] < Ksfjol™, v eR™ (4.24)

Let Ay, Ry and M be given by Theorem €1l Then

_p(m+1)

[A) P, (y' ()] + 2" 2 Ks|ly (1) Ry > Cy(r — 1)~ 77 (4.25)

where
Cp=n 2w A, "7 (m _p) o [MKQRO}_’“L*P incase p>1
p

and )

[A®) D, (y )| + 22" Koy (t) | Ry = Co(r — )~ m»
with

(mt1) —-—m_ — P\ s —r_
Cy = 9= mh Ay (mp p) "[MK>Ry| ™ incase p<1.

Proof. Proof is similar the one of the Theorem Bl for B(t) = 0 and e(t) = 0. Let
p > 1. We do not use assumption 7 — ¢ < 1, we are able to improve an exponent
of the estimation (1.7). Equation #.22) has changed to

_ p(m+1)

G Z 01(7' - t) m=p
> AP,y (1))l + 27 Kolly (1) ™ Ro
> [ A(0) @, (2" (0)) ] + 2™ Ko || 2(0)[|™ Ro

where C} = DM K>Ry|~ ow . If p < 1, the proof is similar. O
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4. Estimations of noncontinuable solutions

4.3 Applications
In this section we study a scalar differential equation

(a(t)p(y))" +r(t)f(y) =0 (4.26)

where p > 0, a(t), r(t) are continuous functions on R, a(t) > 0 for t € Ry,
/R — Ris a continuous mapping and ®,(u) = |ul|P~ u.

Theorem 4.3. Let y be a noncontinuable oscillatory solution of equation (A.26)) defined
on [T', 7). Let there exist constants Ky > 0 such that

|f(v)] < Ko™, v €R. (4.27)

Let {t}3° and {1:}° be increasing sequences of all local extremes of solution y and
yW = a(t)®,(y) on [T, 7), respectively. Then constants Cy and Cs exists such that

p(m+1)

ly(te)| > Cr(T — tg) mim=» (4.28)
and in the case r # 0 on R and f(x)x > 0 for x # 0.

_ p(m+1)

(7)) = Co(r — 7))~ e (4.29)
fork>1,2,....

Proof. Letm > p and y be a oscillatory noncontinuable solution of equation (4.26)
defined on [T, 7). An application of Theorem .2 to (£.26)) gives

_ p(m+1)

[y + 22" Ky (1) ™o = C(r — 1) e (4.30)

where C' is a suitable constant and 7y = maxy<;<, |r(t)|. Note, that according to
@26), » (z!)) has a local extreme at t, € (T, 7) if and only if z!/(ty) (z(to) = 0).
From this an accumulation point of zeros of = (z')) does not exist in [T, 7). Other-
wise, it holds y(7) = 0 and y/(7) = 0. That is in contradiction with (4.30). If {¢;}°
is sequence of all extremes of solution y, then y/(t;,) = 0, i.e. y!(t;) = 0. We obtain
the following estimate for y(t;) from @.30)

_ p(m+1)

‘y(tk)‘ Z Cl(T — tk) m(m—p)

where ¢ = Cn (221 Kyry)~m and @28) is valid. If {7,}5° is the sequence of all
extremes of y!(7;), then y(7,) = 0. We obtain the following estimate for y!(7;)

from (£.30)

_ p(m+1)

|y[1](7-k?)| Z 02(7_ — ’Tk) m—p
where C; = C and #29) is valid. -
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4. Estimations of noncontinuable solutions

Example 4.1. Consider (4.26) and @.27) with m = 2, p = 1 and a = 1. Then from
Theorem 4.3 we obtain the following estimates

ly(te)] = Cr(m —t)72, |y ()| > Colr — )73

_ 56 V12 - _3
where M = 3 7 Cl — 148Karo and C2 T 448Koarg "

Example 4.2. Consider (4.26) and .27) with m = 3, p = 2 and a = 1. Then from
Theorem .3 we obtain the following estimates

ly(te)] = Cr(m — )73, |y(m)| = Colr — )~

2
where M = 22, Cy = (%)% and €, = (778)
The following lemma is a special case of Lemma 11.2. in [13].

Lemma4.1. Let y € C?[a,b), 6 € (0,1) and y/'(t)y(t) > 0,y"(t)y(t) > 0on [a,b). Then

. b
(v'y1) > = w/t ly" ()" ly(s)[*~*ds, ¢ € [a,b) (4.31)

where w = [(1 —26)6°(1 — 6)179]7L,
Now, let us turn our attention to nonoscillatory solutions of (4.26).
Theorem 4.4. Let m > pand M > 0 hold such that
[f@)] < fal™ for |z[ = M. (4.32)

If y be a nonoscillatory noncontinuable solution of @.26) defined on [T, T), then constants
C, Cy and a left neighborhood J of T exist such that

_ p(m+1)
' ()| > C(r —t) mem=m1, te.J (4.33)
Let, moreover, m < p + /p? + p. Then
m? —2mp —p

(1) > Co(r — )™  with my = < 0. (4.34)

m(m — p)

Proof. Let y be a nonoscillatory noncontinuable solutions of (4.26) defined on in-
terval [T, 7). Then t, € [T, 7) exists such that y(t)y(t) > 0 for t € [to, 7). Let

y(t) >0and y'(t) >0 fort e J:= [ty,T);

the opposite case < 0 and 2’ < 0 can be studied similarly. As y is noncontinu-
able, lim, ..~ 4/(t) = co. Moreover, lim,_... y(t) = oo as, otherwise, 3"/ and y are
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4. Estimations of noncontinuable solutions

bounded on the finite interval J. Hence, t; € J exists such that y/'(t) > 1 for [t;,7),
y(t) > M fort > t; and

v =vt) + [ V) ds Syl 0 <30, tefnn. (@39

to
Note, that due to y > M it is enough to suppose {.32) in stead of (#.24) for an ap-
plication of Theorem 4.2l Hence, Theorem H.2lapplied to @.26), (£35) and y' > 1
imply

Ci(r — )55 < a(t)(y' (1) + Coy™ (t)
< a(t)(y' (1)) + Co(2r)™ (3 ()™

< Cs(y'(t)"
or
, _ p(m+1)
y'(t) > Cy(t —t) mtm=»)  on [ty,7)

where (', (s, C5 and C, are positive constants which do not depend on y. More-
over, the integration of (£.33) implies

t t )
y(t) = y(to) +/ y'(s)ds > C/ (1 — S)—f;((mt;) ds
to to
¢ C
Z — )" — (T —ty)"™] > _f\ym
2 ol =™ = (=)™ 2 5 ()

for ¢ lying in a left neighbourhood I, of 7. Hence, @.33) and (£.34) are valid. O
Our last application is devoted to the equation
y'=r)lyl" seny (4.36)
where r € C°(R,), m > 1.
Theorem 4.5. Let 7 € (0,00), T € [0,7) and r(t) > O on [t, T].

(i) Then [@.36) has nonoscillatory noncontinuable solution which is defined in a left
neighbourhood of 7.

(ii) Let y be a nonoscillatory noncontinuable solution of (@.36) defined on [T, 7). Then
constants C, Cy, Cy and a left neighbourhood I of T exist such that

2(m+3) m-+1

ly(t)| < C(r—t)"m 1 and |y(t)] > Ci(r —t) =n-D, tel.

If, moreover, m < 1+ V2, then

m2—2m—1
< _H™ with _mmam=r g
ly(t)] < Co(r —t)™  with my 1) <0
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4. Estimations of noncontinuable solutions

Proof. (i) The conclusion follows from Theorem 2 in [4].

(ii) Let y be a noncontinuable solution of (£.36) defined on [T, 7). According to
Theorem (4.4l and its proof we have lim, ..~ |y(t)| = co and (#.33) holds. Hence,
suppose that ¢, € [T, 7)is such that

y(t) >land y'(t) >0 on [ty, 7).

Furthermore, ¢, € [ty, 7) exists such that

t

) = ylte) + [ 3/(5) ds < ) + ¥ (7 ~t0) < Car/ (1)
to

for t € [t;,7) with C5 = 2(7 — ;). Now, we estimate y from bellow. Applying

Lemma@.Jlwith [a,b) = [t1,7) and § = —2= € (0, 3). We have dm + 30 — 2 = 0 and

m—+3 _ 2(m+3)

Cy =y (m = (f () T 2 w/tT(@/’(S))‘S(y(S))?"S_2 ds

> 04/ YOm0 (s) ds = Cy(T —t) on [ty,T)
t

where Cy = wminy <,<, [r(0)|. From this
y(t) < Clr —t) T on [t,7)

with a suitable positive C. The rest of statement follows from Theorem4.5 O
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Large behavior of second order
differential equation
with p-Laplacian

5.1 Introduction

In this paper, we study asymptotic properties of the second order differential
equation with p-Laplacian

(l' PP~ ) + f(tu,u') =0, p>1. (5.1)

In the sequel, it is assumed that all solutions of the equation (5.1) are contin-
uously extendable throughout the entire real axis. We refer to such solutions as
to global solutions. We shall prove sufficient conditions under which all global
solutions are asymptotic to at + b, as t — 400, where a, b are real numbers. The
problem for ordinary second order differential equations without p—Laplacian
has been studied by many authors, e. g. by D. S. Cohen [6], A. Constantin [7],
E. M. Dannan [8], T. Kusano and W. F. Trench [9, [10], Y. V. Rogovchenko [13]],
S. P. Rogovchenko, Y. V. Rogovchenko [14], J. Tong and W. F. Trench [16]. Our
results are more close to these obtained in the papers [13,[14]. The main tool of the
proofs are the Bihari’s and Dannan’s integral inequalities. We remark that suffi-
cient conditions on the existence of global solutions for second order differential
equations and second order functional-differential equations with p—Laplacian
are proved in the papers 11]. Many references concerning differen-
tial equations with p—Laplacian can be found in the paper by I. Rachunkov4,
S. Stanék and M. Tvrdy [12], where boundary value problems for such equations
are treated.

Let

u(to) = uo, u'(to) = us, (5.2)

where g, u; € R be initial condition for solutions of (5.1).

Definition 5.1. We say that a solution u(t) of possesses the property (L) if
u(t) = at + b+ o(t) as t — oo, where a, b are real constants.
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5. Large behavior of second order differential equation with p-Laplacian

5.2 Main results

Theorem 5.1. Let p > 1, r > 0and t, > 0. Suppose that the following conditions are
satisfied:

(i) f(t,u,v)isacontinuous function in D = {(t,u,v) : t € [tg,00),u,v € R} where
to > 0.

(ii) There exist continuous functions h, g : Ry = [0, 00) — R such that

|ulr

ol <o (2] )l ey e 0

where for s > 0, the function g(s) is positive and nondecreasing,

/ s)ds < oo

and if we denote

then

’txl*

where a = (to)7.
Then any global solution u(t) of the equation (5.I) possesses the property (L).

Proof. Without loss of generality we may assume ¢, = 1. Let u(t) be a solution

of (3.1), (3.2). Then
WP < ert [ 17l (o)) ds 63)
where ¢ = |uy|P. Let w(t) be the right-hand side of inequality (5.3). Then
W/ ()] < w(t)s

and
O <t [w(e) ds et (b= Dup <tatu@l] G

where ¢; = |ug], i. e.

3=

u(t) <tleg +w(t)r], t>1.
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5. Large behavior of second order differential equation with p-Laplacian

Applying the inequality (A + B)P < 2P"'(AP + BP), A, B > 0 and the assumption
(ii) of Theorem B.1lwe obtain from (5.4):

(@)p < 2P 4+ 27 (1) (5:5)
< 1k 4ol <02 + /It h(s)g(puf”r) ()] d$> .
Let
d=2""c +¢p), H(t) = 2P h(t). (5.6)
Then ) .
<|“(tt)|) < d+/1 H(s)g([mis)qr)\u/(s)\r ds == (1), (5.7)
i. e.

B3

('“f)')r < ()5,

From the assumption (ii) of Theorem[5.1land the inequality (5.3) it follows

wior <+ [ o M Yo as < 00,

i. e. we have
|/ (t)|P < 2(t).

Since ¢(s) is nondecreasing, the inequality (5.5) yields

g([wi—t)q) < g(2(t)7)

and so we conclude for ¢ > 1

2(t) < d+ /1 H(s)g(z(t)7)z(t)7 ds.

From the assumption (ii) of Theorem [B.1] it follows that the inverse G~' of G is
defined on the interval (G(+0),00). Applying the Bihari theorem (see [5]) we
obtain

2(t) <G (G(d) + 2r~t /OO h(s) ds) =K < 0.
Therefore the inequality (5.6) yields 1
W/(t)] < L= K7
and from (5.5) we have

u®l
Ol <
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5. Large behavior of second order differential equation with p-Laplacian

Since

[ st wonatonias < [uer([F) Jutor as <0 <5

fort > 1, theintegral [ |f(s,u(s),u/(s))| ds exists. From (57) it follows that there
exists a € R such that
Jim u'(t) = a.

By the I'Hospital rule, we can conclude that

t
'(1)d
lim ut) = lim = i w(r)dr = lim «/(t) = a.

t—oo t—o0 t—00

Therefore there exist b € R such that u(t) = at + b + o(t). O

Example 5.1. Letty =1, p>r>0,p>1

ft,u,u) =nt)t e G)p_r In [2 + (@)} (W), t>1

where 0 < a < 1 and 7(t) is a continuous function on interval [1,00) with
K = sup;q [n(t)] < oo.
The function f(t, u, ') can be written in the form

u

sttty =g [5] )y

where h(t) = n(t)t' e, g(u) = ur " In(2 + |u|). Obviously g(u) is positive, con-
tinuous and nondecreasing function, [~ |h(s)|ds < KT(a) = K [;~ s'"%¢* ds

and )
/°° e tdr /°° dr /°° dr
— = > = 00
. T9(7) 1 TIn(2+47) 1 24 7)In(2+17)

Thus we have proved that all conditions of Theorem [5.T]are satisfied. This means
that for every solution u(t) of the initial value problem (5.1)), (5.2) there exist num-
bers a, b such that u(t) = at + b+ o(t)as t — oc.

Theorem 5.2. Let p > 1,7 > 0 and ty > 0. Suppose the following conditions are
satisfied:

(i) The function f(t,u,v) is continuous in D = {(t,u,v) : t € [ty,00),u,v € R}.
(ii) There exist continuous functions hy, ho, hs, g1, g2 : Ry — Ry such that

|ul

w0 < o ([51]) + aaer) + 1a(0), 0y € 0
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5. Large behavior of second order differential equation with p-Laplacian

for s > 0 the functions ¢;(s), g2(s) are nondecreasing and if

m ds
G(z) = F —,
= ), 5 o

then

G(oo)—/oo ds _Z_’/wﬁ_i_oo
to 91(5£)+92(85) " Jo 91(T) + ga(T)

where a = (tg)».

T3

Then any global solution u(t) of the equation (5.1) possesses the property (L).

Proof. Without loss of generality we may assume ¢, = 1. By the standard existence
results, it follows from the continuity of the function f that equation (5.I) has
solution u(t) corresponding to the initial data u(1) = ug, v/(1) = u;. Two times
of integration (G.I) from 1 to t, yields for ¢t > 1

W < Jual? + / (s, uls),o(s))] ds, (5.8)

t
lu(®)] < up+ (t — 1) {ulf +/ | (s,u(s),w/(s))| ds| . (5.9)
1
It follows from (5.8) and (5.9) that for ¢ > 1

/()] < wit)e,

Q=

u(®)] < t(er + w(t)?)

where ¢; = |ug|, co = |ug|P, w(t) = o + flt |f(s,u(s),u/(s))| ds. Using the assump-
tion (ii) of Theorem 5.2l we obtain for ¢t > 1

ol < e+ [ ([ as+ [t as+ [ e ]

S 1 1

|=

3=

‘u(t)| <c+ {Cg—l—/lt h1(8)g1([‘u<8)‘y) ds—l—/lt hz(s)gz(\u/(S)V) ds"‘/lt h3(5) dS_

t s
Applying the inequality (A + B)? < 2°71(AP + BP), where A, B > 0, we obtain

(MO <as [ oo ([ as+ (o)l ()1 ds

t S
t
+ / Hs(s) ds, (5.10)
1
where d = 2P (] + ¢3), H;(t) = 2P hy(t), i = 1,2, 3.
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5. Large behavior of second order differential equation with p-Laplacian

Denote by z(t) the right-hand side inequality (5.10)
[/ (8)]" < =(t),
('u(t”) < 2(1)5. (5.11)

t

Since the function ¢;(s) and g»(s) are nondecreasing for s > 0, we obtain

o (10r) < (+07).
() <n(o)

T T

z(t)gd—i-/ltHl(s)gl(z(s)P ds+/ Hs(s)g2(2(s)7) ds+/ Hj(s

Thus, fort > 1

Furthermore, due to evident inequality
Hi(s)g1(2(5)7) + Ha(s)g2(2(8)7) < (H(s) + Ha(s))(91(2(5)7) + g2(2()7)) (5.12)
we have by (5.12)

B3

2(t) §d+H3+/1 (Hi(s) + Ha())(g1(2(5)7) + g2(2(s)7)) ds

where H; = fl Hj(s) ds. Le.

B3

2(t) Sd+2""hs + 27 /j(hl(S) + ha(s))(91(2(5)7) + ga(2(5)7)) ds. (5.13)

Applying Bihari’s inequality (see [5]) to (5.13)), we obtain for ¢ > 1

() < G (G(d 2P 1hy) 4 2L / t(hl(s) ¥ ho(s)) ds)

1

where
ds

G(JJ) = / T T
1 g1(s7) + ga(s7)
and G~!(z) is the inverse function for G(z) defined for = € (G(+0), co). Note that
G(+0) < 0, and G~'(z) is increasing.
Now, let

K =G(d+2"""hy) + 2°7 (hy + hy) < 00

where h; = f1 s) ds, i = 1,2, 3. Since G~'(z) is increasing, we have
2(t) < GTH(K) < o0,

70



5. Large behavior of second order differential equation with p-Laplacian

so (5.11) yields

B =
T =

01 6

and |u'(t)] < (G7H(K))>.
Using the assumption (ii) of the Theorem 5.2 we have

|ul

[ 15ttt as < ity [H]) + o) + 1)

< 2(t) < (GTHK))?

where ¢ > 1, the integral flt |f(s,u(s),u/(s))| ds converges and there exists
an a € R such that
lim u/(t) = a.

t—o00

Example 5.2. Letty=1,p>r>0,p>1

a4 e 3

+ ()t 2e TP In(3 + v") + g ()t e

where 0 < «a; < 1 and 7;(t) are continuous functions on interval [1,00) with
K; = sup;>q [mi(t)| < 00,7 =1,2,3. Then f(t,u,u’) can be written as

u

fteu) = a0 ([ 5] ) + hattngat) + tato

where h;(t) = n;()t""%e™t, i = 1,2,3, g1(u) = ur In(2 + ), go(u) = ur In(2 + u).
Then

umuwnsmamm(ﬁy)+wxm@wwwwmw|

t

where (t,u,v) € D = {(t,u,v) : t € [1,00),u,v € R}, |h;(t)] < K;I'(e;), 1 = 1,2, 3
and obviously we have

©  rr-ldr o rrldr
Gloo) = /1 91(1) + ga(7) /1 7r[In(2 + 7) + In(3 + 7)]

>1/°° dr o
—2); B+1)In(B+7)

This means that all assumptions of Theorem [5.2]are satisfied and thus any global
solution u(t) of the equation (5.I)) possesses the property (L).
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5. Large behavior of second order differential equation with p-Laplacian

Theorem 5.3. Let t, > 0. Suppose that the following assumptions hold:
(i) there exist nonnegative continuous function hy, hy, g1, g2 : Ry — Ry such that

|ul

ol < matan([51]") + mamery

(ii) for s > O the functions ¢,(s), g2(s) are nondecreasing and
g1(au) < y(a)gi(u), g2(au) < ho(a)ga(u)

for o > 1, u > 0, where the functions ¢, («), 12 () are continuous for o > 1;

(iii) ftzo hi(s) ds = H; < oo, = 1,2. Assume that there exists a constant K > 1 such
that

K (1 (K) + 92(K))2 ™ (Hy + Hy) < / w 91(s7) isgm(sz)

P /+°° e ldr
rJo  91(7) + g2(7)
where a = (to)7.

Then any global solution u(t) of the equation (B.I) with initial data u(ty) = uy,
u'(to) = uy such that (|ug| + |u1|)? < K possesses the property (L).

Proof. Without loss of generality we may assume ¢, = 1. Arguing in the same
way as in Theorem [5.T, we obtain by assumption (i) of Theorem

=

o< o+ [ o[22 ) as+ [ namiuor) ds] e
|u(tt)| < Juol + [|w|” + /lt hl@)é]l([@y) ds + /: ha(s)ga(|u'(s)]") dS] 5
where ¢t > 1.

<|uit)|)p < K 4o

/jhl(s)gl([@]r) d5+/1th2(8)92(IU’(s)IT) ds] (5.15)
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5. Large behavior of second order differential equation with p-Laplacian

where K = 227 (Jug|? + [u1|?) > (Jug| + |u1|)?. Denoting by z(¢) the right-hand side
of inequality (5.15) we have by (5.14) and (5.15)

/()" < 2(t)7, (5.16)

('“f)')r < (1)F,

Since the functions g, (s), g2(s) are nondecreasing for s > 0, (5.16) yields for ¢t > 1

B3

) < K +2p-1( / n(s)s(2()F) s+ / t h2<s>gz<z<s>%>) ds.  (517)

1 1

By assumption (ii) of Theorem[5.3] the functions ¢ (), go(u) belong to the class H.
Furthermore, if ¢;(u) and g»(u) belong to the class H with corresponding multi-
plier functions v, (), ¥2(a), respectively, then the sum g;(u) + g2(u) also belongs
to the class H with corresponding multiplier function (v (a) + ¢2()). Applying
Bihari’s Theorem (see [5])) to (5.17), we have for ¢t > 1

2(t) < KWK (4 (K) + oK) 20 / (ha(s) + ho(s) ds  (5.18)

where
ds

Wiu) = ' - -
R reiEee)

and W~!(u) is inverse function for W (u). Inequality (5I8) holds for all ¢ > 1
because

(K (41 (K) + 2(K))2P " (Hy + Hy) = L < c.
Since W1 (u) is increasing, we get
2(t) < KW L) < o0,
so it follows from (5.16), (5.17) that

'“(tt”g(f(w—l(L))% and |u/(t)] < (KW™Y(L))?.

The rest of the proof is similar to that of Theorem5.2land thus it is omitted. O

Example 5.3. Let t, > 0. Consider the equation (5.I) withp > 1, £ =2,
ft,u,v) = ha(t)u® + ho(t)v?

where h,(t) = B0t hy(t) = po()t' 2, 0 < o < 1,7(t),i = 1,2 are
continuous functions on the interval [0, co) with K; = sup,, [7:(t)] < oo. Then
we can write

2
fltuv) =m@)t e (%) + o ()t 2e
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5. Large behavior of second order differential equation with p-Laplacian

and
| f(t,u, )| < KGT(an)ga(u) + Kaol'(ag)ga(u’)

where g;(u) = u?, g2(v') = (v')? . The functions g1, g» satisfy the condition (ii) of
Theorem B.3with ¢ () = ¥5(a) = a? and

/°° o ldr /°° dr
_ = — = 0.
to 91(7_) +92(7—) to T

Thus all assumptions of Theorem [5.3] are satisfied and therefore any global
solution u(t) of the equation (5.I) (independently on the initial values g, u1) pos-
sesses the property (L).

Theorem 5.4. Let ¢ty > 0. Suppose that the asumptions (i) and (iii) of Theorem[5.3hold,
while (ii) is replaced by

(ii") for s > 0 the functions ¢,(s), g2(s) are nonnegative, continuous and nondecreas-
ing, g1(0) = ¢2(0) = 0 and satisfy a Lipschitz condition

[g1(u+v) = gi(w)] < Av,  [g2(u+v) — g2(u)] < Asv
where \1, \y are positive constants.

Then any global solution u(t) of the equation (B.) with initial data u(ty) = wo,
u'(to) = uy such that |ug|? + |up|P < K possesses property (L).

Proof. Applying [8, Corollary 2] to (5.1I7), we have for ¢t > 1

1) < K 420! / (ha(s) + ha(3)) (91 (K) + ga(E))

to

X exp <2p—1 / t(Al o) (ha(7) + hZ(T))dT) ds

to
< K+ Qp_1<H1 + Hg)(gl(K) + QQ(K)) exXp (2;0—1()\1 + )\2)(]’[1 + Hg))
< +-00.
The proof can be completed with the same argument as in Theorem 5.2 O

Theorem 5.5. Let ty > 0. Suppose that there exist continuous functions h : R, — R,
91,92 : Ry — R, such that

|ul

o) < 10 ([51])autir)

where for s > 0 the functions g,(s), g2(s) are nondecreasing;

/ooh(s)ds<oo

to
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5. Large behavior of second order differential equation with p-Laplacian

and if we denote
G(x):/ #,
to 91(57)g2(s7)

dr = +oo where a = (ty)7.

p
B

Sh

then G(+o00) =2 [ T

rJa gi1(r)g2(7)

Then any global solution u(t) of the equation (5.I) possesses the property (L).

Proof. Without loss of generality we may assume ¢, = 1. Arguing as in the proof
of Theorem 5.2} we obtain for ¢t > 1

on< |+ [ ([52] )astecn d8] |
O < o+l + [ ws1on (] Vst dsr

p t ,
(M) <ovort [ (] )atwonas 619)
1
where C' = 227 (Jug? + |u1|?) > (Jug| + |u1])P. Denoting by z(¢) the right-hand

side of inequality (5.19) and using the assumptions of the Theorem 5.5 we have
fort>1

t
2(t) <1+C+ 2?’—1/ h(s)gi(z7)ga(27) ds. (5.20)
1
Applying Bihari’s inequality (see [5]) to (5.20), we obtain for ¢ > 1
t
2(t) <G <G(1 +C) + 2?’—1/ h(s) ds) <G Y(K)
1

where

w ds
Gw — —
(w) /1 g1(s57)ga(s7)

and G~!(w) is the inverse function for G(w). The function G~'(w) is defined
for w € (G(+0), 00), where G(40) < 0, it is increasing and

K:G(1+C)+2p_1/ h(s) ds < oo.
1

The rest of proof is similar that of Theorem [5.2land thus is omitted. O

Example 5.4. Letty =1,p>r >0,

Ft,u,v) = n(t)t e K%)p_ In [2 + (%)H " {Up-r In(2 + W)}

=
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5. Large behavior of second order differential equation with p-Laplacian

where 7)(t) is a continuous function on [1, c0) with K = sup,c; o) 7(t) < oo. Let

]

1
1

g1(u) = [uf-_l In(2 + u)] L g2(v) = {vf—l In(2 + v)] L h(t) =)t et

Then
ft.e) = o [4])uter)

t

and

oo P_1q 00
D Tr _p dr
ctoe) =" [ e =) mhats

r), 2+7)In(2+7) ’

Obviously |f(t,u,v)| can be estimated as in Theorem Thus all assumptions
of Theorem [5.5] are satisfied and this means that any global solution of the equa-
tion (5.1) possesses the property (L).

Theorem 5.6. Let ty > 0. Suppose that the following conditions hold:

(i) there exist nonnegative continuous functions h, g1, go : Ry — R such that

o) < 1o (] Yoo

t

(ii) for s > 0 the functions ¢ (s), g2(s) are nondecreasing and

gi(ou) < Yi(a)gi(u), golau) < ha(ar)ge(u)
for o > 1,u > 0, where the functions 1 («), 12 () are continuous for o > 1;
(iti) [ h(s)ds = H < 4o0.

Assume also that there exists a constant K > 1 such that

. o0 ds p [ i ldr
K H 1 K 2 K — T T - - 5.21
DK < /1 g1(s7)ga(s?) T/a 91(7)g2(7) 621

where a = (to)7.
Then any global solution u(t) of the equation (B.I) with initial data u(ty) = uo,
u/(tg) = uy such that 2P~ (Jug|P + |uy |[P) < K possesses the property (L).
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5. Large behavior of second order differential equation with p-Laplacian

Proof. Without loss of generality we may assume ¢, = 1. With the same argument
as in Theorem 5.2} we have fort > 1

1
p

b+ [ 16t ds] ,

luy [P + /:h(s)gl<[|u(ss)|y>g2(|ul(8)|r) ds] ;.

Applying the inequality (A + B)? < 2°~'(A? + BP), A, B > ( we obtain

[ o], oz

Denoting by z(t) the right-hand side of inequality (5.22)) we obtain for ¢t > 1

o' (t)] <

|u(®)]
t

< |uo| +

w(t)[\?
<| i”) < 227 (JugP + |ug|P) + 2P 1

At) <K + /1 H(s)01(=(5)P)on(x(s)5) ds (5.23)

where K = 2P7(|ug|P + |u;|P) and H(t) = 2P~ h(t). Assumption (ii) implies that
the functions g;(u), g2(u) belong to the class H. Furthermore, it follows from
[6, Lemma 1], that if ¢;(u) and g»(u) belong to the class H with the correspond-
ing multiplier functions ; (o) and 1, () respectively, then the product ¢, (u)g2(u)
also belongs to H and the corresponding multiplier function is ¢; ()5 («). Thus,
applying [8, Theorem 1] to (5.23), we have for ¢ > 1

() < KW (Ko (K)ot () ) (5.24)

where

W(u) = / #
1 g1(s7)g2(s7)
and W~'(u) is the inverse function for W (u). Evidently, inequality (5.24) holds
for all ¢ > 1 since by

K11 (K)e(K) /1 H(s) ds € Dom(W ™)

for all t > 1. The rest of the proof is analogous to that of Theorem 5.2l and is
omitted. O

Theorem 5.7. Let to > 0. Suppose that the assumptions (i) and (iii) of Theorem[B.6lhold,
while (ii) is replaced by
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5. Large behavior of second order differential equation with p-Laplacian

(ii") for s > 0 the functions g,(s), g2(s) are continuous and nondecreasing,
91(0) = g2(0) = 0 and satisfy a Lipschitz condition

lg1(u+0) —gr(W)] < Mw,  ga(u+v) — gau)| < Ao
where \1, \y are positive constants.

Then any global solution u(t) of the equation (B.I) with initial data u(ty) = uy,
u'(to) = uy such that |ug|? + |uy|P < K possesses the property (L).

Proof. Without loss of generality we may assume t, = 1. Applying [8, Corollary
2] to (5.23), we have for t > 1

2(t) < K + g1(K)ga2(K) /jH(s) exp ()\1)\2 /ltH(T)dT) ds
<K + Hg(K)g(K)exp (MM H) < +00.

The proof can be completed with the same argument as in Theorem O
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Conclusions

The main benefit of thesis is derivation the sufficient conditions for existence con-
tinuable solutions and the investigation one type of asymptotic behavior for spe-
cial type of second order differential equation with p-Laplacian. Specially, in the
Chapter 3 is used the original method in the proof Theorem [3.1]

The next research could study different kind of asymptotic formulas. Fur-
thermore, it is possible to study the same problem applied to other differential
equations, e.g. n-th differential equation, differential equation with delay which
appears in many applications (e.g. biology, chemistry).
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