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1. Introduction

In this paper we study the discrete trigonometric and hyperbolic systems and certain
properties of their solutions. A motivative factor for this research were results, especially
from [16], which are known for continuous trigonometric and hyperbolic systems — but
they do not have discrete analogues yet. We present a compact theory for discrete trigono-
metric and hyperbolic systems. Hence we “recall” some results which are known in the
literature. In particular, we quote the results for trigonometric systems from [3], where
special coefficients were considered (but results remain true for more general matrices as
well), and the results for hyperbolic systems from [27]. All statements are presented with-
out proofs, because the discrete trigonometric and hyperbolic systems are special cases
of their time scales extensions, which were studied in [33], or they can be found in some
recent papers.

Continuous trigonometric and hyperbolic systems are special cases of a linear Hamil-
tonian system, which was paid interest in [18-21,34,36]. On the other hand, discrete
trigonometric and hyperbolic systems are special cases of a discrete symplectic system,
which was established and investigated in [2,4,8,12,22 24, 25,31,32,37,38|.

The system of the form

X' =QHU and U =—-Q(H)X, (CTS)

where t € [a,b], X(t), U(t), and Q(t) are nxn matrices and additionally the matrix Q(t) is
symmetric for all ¢ € [a, b], is called a continuous trigonometric system (CTS). The origin
of the study of scalar and matrix trigonometric functions can be found in [7]. Other
results were published in [5,14,15,17,28,29,35]. Discrete scalar and matrix trigonometric
functions were studied in [3,9-11,38] and more recently in [13,26].

Properties of continuous hyperbolic systems, i.e., the systems in the form

X' =9#)U and U =Q(t)X, (CHS)

where t € [a,b], X(t), U(t), and Q(f) are n x n matrices and additionally the matrix Q(¢)
is symmetric for all ¢ € [a, b], can be found in the work [30]. Discrete hyperbolic systems
were studied in [27,38].

This paper is organized as follows. In the next section we recall the definition and basic
properties of the discrete symplectic systems. In Section 3 we show all (known and new)
results for discrete trigonometric systems. Similar results for discrete hyperbolic systems
are presented in Section 4. In Section 5 we show some identities for scalar continuous
time trigonometric and hyperbolic functions which we “cannot” generalize into the n-
dimensional discrete case and we explain the reason why it is not possible.

Note, that we consider only real case situation (i.e., for the real-valued coefficients and
solutions), but the results hold in the complex domain as well (we only need to replace the
transpose of a matrix by the conjugate transpose, the term “symmetric” by “Hermitian”,
and “orthogonal” by “unitary”).
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2. Preliminaries on symplectic system

The discrete symplectic system is the first order linear difference system of the form

Zk+1 = Sk, (1)

where k € {0,1,2,.... N}:=[0,N],, N € N, z;, = (if) € R*", 23, up € R", S}, € R¥<2"
and additionally the matrix Sy is symplectic for all k € [0, N], i.e., SFTJS = J for all
k € [0, N],, where J:= (_}{).

Since any symplectic matrix is invertible, it is obvious, that symplectic system (1)
supplemented with the initial condition 2z, = 2(), where ko € {0, 1,..., N+1}:= [0, N+1],
and 2(® € R?" has a unique solution. Hence we can consider symplectic system (1) as a

matrix system
Xit1 Xy
=S ,
(Uk+1 "\ U
A By

where X, U, € R"". Moreover, when we use the block notation &, = <Ck Dk)’ where
Ak, By, Cr, Dy € R™™ we can rewrite symplectic system (1) in the form

Xpp1 = Ak Xy + BpUy, and Uy = Cp Xy + DUy (S)

The condition for the symplecticity of the matrix S, takes the following (using the block
notation) equivalent form

AiD, - ClB,=1=D[ A, — BiC., AD{ —BCl =1=D, Al —CBL, (2
Alc, —Ccl Ay =0=BI'D, —DlC., ABF—BLAl =0=C.DI —DCF.  (3)

If Z=(3) and Z = (g) are any matrix solutions of (§), then their Wronskian matriz
is defined on [0, N + 1], as

W(2,2):=2"9%2 =X"U-U"X.

It is known, see [8, Remark 1 (ii)], that the Wronskian matrix is constant on [0, N +1],. A
solution Z = () of (S) is said to be a conjoined solution of (S) if W(Z,Z) =0, i.e., the
matrix X7 U is symmetric at one (and hence for all) k € [0, N +1],. Two solutions Z and
Z are called normalized it W(Z,Z) = I. A solution Z is said to be basis if rank Z = n for
all k € [0, N 4+ 1],. It is known that for any conjoined basis Z there always exists another
basis Z such that Z and Z are normalized, see 8, Remark 1 (ii)].

If the matrix solutions Z = (%) and 7 = <§> form normalized conjoined bases the
following identities

XU, — Ul Xy = I = X, UF — X,.UF, (4)
X X! = X, XF =0=00" —UUT (5)
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are true for all k € [0, N + 1],. Moreover, for all k € [0, N|, the following identities hold

XU — X UL = Ay, (6)
X1 Xi — Xen X[ = By, (7)
Upr UL = Uy UL = Cy., (8)
Upr X = U X' = Dy (9)

The matrix solution Z = (g) of the initial value problem (S), Xy, = 0 and Uy, = I, with
ko € [0, N + 1], is called the principal solution at ko.

3. Discrete trigonometric system

In this section we consider the symplectic system (S) with the matrix

P
Sk = (—QZ P ) ’
where Py, Qr € R"*" for k € [0, N],. From (2) and (3) we get that the matrices Py and
Q. satisfy
PiPi+ Qi Qi =1="PPr + QOy, (10)
PLO, — Q[P =0="P.Q] — QyP/. (11)
The following definition is in accordance with definition of discrete trigonometric system
from [3].
Definition 3.1 (Discrete trigonometric system). The system
X1 = PreXp + QUs,  Uky1 = — Qe Xg + PrUs, (DTS)

where the matrices Py, and Qy satisfy identities (10), (11) for all k£ € [0, N],, is called a
discrete trigonometric system.

Remark 3.2. By a straightforward calculation we may show that the matrix Sy for the
trigonometric system satisfies J7S,J = Sy for all k € [0, N],. Therefore, trigonometric
systems are self-reciprocal, see e.g. [23].

Remark 3.3. We justify the terminology “trigonometric” system. Let us consider scalar
discrete trigonometric system
Th1 = Dkk + ek, and  Upp1 = —qrTk + PrUk (12)

with the initial conditions xg = 0 and ug = 1. The coefficients must satisfy (in order to
be trigonometric) p? + g7 = 1 for all k € [0, N],. Hence the motivation is the fact that
there exist ¢, € (0,27] such that cos ¢, = py and sin ¢, = gx. Thus, the pair

k—1 k-1
) = sin (Z cpj> and wug = cos <Z <pj>
j=0

J=0

is the solution of (12).
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By an easy calculation we can verify the following lemma.

Lemma 3.4. The pair (¥) solves system (DTS) if and only if the pair (7)U() solves the

same trigonometric system. Equivalently () solves (DTS) if and only if (_)U() solves
(DTS).

Definition 3.5 (Discrete matrix-valued trigonometric functions). Let kg € [0, N + 1], be
fixed. We define the discrete n x n matrix-valued functions sine (denote Sing) and cosine
(denote Cosg) by

Sink;kozz Xk, COSk;koiz Uk,
where the pair () is the principal solution at kg of (DTS). We suppress the index kg
when ko = 0, i.e., we denote Sing: = Sing,, and Cosy : = Cosy.

Remark 3.6. By using Lemma 3.5, we may define the matrix-valued trigonometric func-

tions alternatively — as Cosg,: = )?k and Sing, : = —ﬁk, where the pair (?7() is the
solution of system (DTS) with the initial conditions Xy, = I and Uy, = 0.

Remark 3.7. The solutions of system (CTS) with n = 1 take the form Sin(t) =
sin [ Q(7)dr and Cos(t) = cosh [  Q(r)dr. Hence, we can see the discrete matrix
functions Sing.k, and Cosy., as n-dimensional discrete analogs of the scalar continuous

trigonometric functions for sin(t — s) and cos(t — s), which are solution of scalar system
(CTS) with Q(t) = 1.

From the initial conditions and from the constancy of the wronskian matrix follows,
that (§2%) and (~8&%) form normalized conjoined bases of system (DTS) and the matrix

o, — (COS]c - Slnk)
ke Slnk COSk
is a fundamental matrix of (DTS). Hence, we can express every solution () of (DTS) in
the form
X = Cosg Xog — Sing Uy, and U, = Sing Xy + Cos;, Uy
for all k € [0, N + 1],. This statement corresponds to [3, Lemma 1].

The following identities are consequences of formulaes (4)—(9) and the next two corol-
laries can be found in [3, Theorem 5 and Lemma 7].

Corollary 3.8. For all k € [0, N + 1], the identities

Cos; Cosy, + Sin}, Sing = I = Cosy, Cos;, 4 Siny, Sing (13)
Cosi Sing — Sin; Cosy = 0 = Cos;, Sinf — Siny, Cos;. (14)
hold, while for all k € [0, N], we have the identities
Cosyy1 Cosy + Singy1 Sint = Py, (15)
Cosy1 Sinj, — Sing, 1 Cos) = Q. (16)

From formula (13) we get the following identity, which is a discrete matrix analogue
of the fundamental formula cos?(t) + sin?(t) = 1 for scalar continuous time trigonometric

1
functions. Here ||| is the usual Frobenius norm, i.e., ||V|r = (szzl v2)?, see [6,
pg. 346].
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Corollary 3.9. For all k € [0, N + 1], we have the identity
ICos|[7 + [ISin|f7 = n. (17)

Remark 3.10. If the matrix Cos is invertible for some k& € [0, N + 1],, then we can
calculate from (13) and (14) that

Cos, ' = Cos}, + Sin{ Cos] ' Sin; .

Similarly,
Sin; ' = Sin{ + Cos; Sin; ' Cos;,
holds if the matrix Siny, is invertible for some k € [0, N + 1],.

The following theorem is a discrete analogue of [29, Theorem 1.1] and is contained
in [3, Theorem 9 and Corollary 10].

Theorem 3.11. For k,l € [0, N + 1], we have

Sing, = Sin, Cos] — Cosy, Sinj (18)
Cosyy = Cosy, Cos] + Siny, Sinj (19)
Siny = Sing,y Cos; + Cosy, Siny, (20)
Cosy, = Cosg, Cos; — Sing, Sin; . (21)

Remark 3.12. With respect to Remark 3.7, identities (18) and (19) are discrete matrix
extensions of the formulae

sin(t — s) = sin(t) cos(s) — cos(t) sin(s),
cos(t — s) = cos(t) cos(s) + sin(t) sin(s).
Interchanging the parameters k and [ in (18) and (19) yields to the following identities,

which are n-dimensional discrete analogues of the statement about the parity for the
scalar goniometric functions. This statement can be found in [3, Corollary 11].

Corollary 3.13. Let k,l € [0, N +1],. Then
Sing = — Sinlj:k and  Cosyy = Coslq:k : (22)

In Theorem 3.11 we generalized the sum and difference formulaes for solutions of
one trigonometric system with different initial conditions. Now, we shall deal with two
trigonometric systems and their solutions with the same initial conditions. In the contin-
uous case it was done in [16, Theorem 1].

Consider the following two discrete trigonometric systems

X1 =PV X+ QY U, and Upy = -0V X, + PP U, (23)

with initial conditions Xéi) = 0 and Uéi) = I, where ¢« = 1,2. We denote by Sinl(f)
and Cos,(f) the corresponding solutions of system (23) by Definition 3.5. Note, that for
simplicity we use the following notation (Q,(j))T = QI(CZ)T, (P,EZ))T = P,(CZ)T, (Sing))T =
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Sin{’", (Cost))T = Cos’", (Sinf)” = SingT, (Cosp)” = Cos;”, (Siny)” = Sim;”, and
(Cos, )T = Cos,.". Now, we put
Sini’: = SinY Cos?" + CosM Sin{?",
Cosf: = COSS) Cos,(f)T - Sing) Sin,(f)T,
Sin, : = Sin,(cl) Cos,(f)T - COS,(:) Sin(z)T,
Cos,,: = Cos,(:) Cos,(f)T + Slnk Y Sm,&2

Theorem 3.14. Let the matrices 73,9 and Q,(f), i =1,2, satisfy (10) and (11). The pair
Sinl. and Cos}, solves the system

Xen = PGP + U0 + 90 (=X, + U,
Ui = =@ (X P + U ") + P (=X + Ui,
with the initial conditions Xo = 0 and Uy = I. The pair Sin, and Cos,, solves the system
Xin= PP =) + V(X" + TP,
U1 = —Qk (XixP 152)T - UkQ;(f)T) (1)(Xka + UkP;EQ)T),
with the initial conditions Xo = 0 and Uo = 1. Moreover, for all k € [0, N + 1], we have

Sinf Sin!” + Cos} Cost” = I = Sini” Sinf + Cos.” Cos}, (28)
Sin, Slnk + Cos,, Cosk = I = Sin,” Sin,, + Cos, " Cos,, (29)
Sin} Cost” — Cosf Sinf" = 0 = Sin}” Cos}, — Cos}.” Sin, (30)
Sin,, Cos,” — Cos,, Sin,” = 0 = Sin,” Cos, — Cos,.” Sin, . (31)

Remark 3.15. Although the above two systems are visually of the same form as the
discrete trigonometric system (DTS) and identities (28) and (30) for the pair Sin} and
Cos}, and identities (29) and (31) for Sin, and Cos, appear to be like the properties of

normalized conjoined bases of system (S), the solutions ( 8‘;;1) and (Sm ) are not conjoined

bases of their corresponding systems, because these systems are not symplectic.

When the two systems in (23) are the same, we obtain the following corollary. It is
discrete analogue of [28, Theorem 1.1].

Corollary 3.16. Assume that the matrices Py, and Qy, satisfy (10) and (11). Then the
system

Xy = Po(XpPy + Uk Qf) + Qu(= X, Qf + Uy Py),
U1 = —Qu(Xi Py + Up QL) + Pr(— X1 Q. + UpPy)
with initial conditions Xo = 0 and Uy = I possesses the solution
X3, = 2Siny Cosf, and U, = Cosy COSZ — Siny, Sin;f,

where the functions Sing and Cosy are the matriz functions in Definition 3.5. Moreover,
the above matrices X and U commute, i.e., XU, = U X},.
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Remark 3.17. The previous corollary can be viewed as the discrete n—dimensional
analogy of the double angle formulae for scalar continuous time trigonometric functions

sin(2t) = 2sin(t) cos(t) and cos(2t) = cos?(t) — sin*(t).

Corollary 3.18. For all k € [0, N + 1], the following identities hold

Sin,(gl) Sin,(f)T = % (Cos,, — Cos}), (32)
CostV Cos?™ = % (Cos;, + Cos}), (33)
Sing) COS](f)T = % (Sinj, + Sin}). (34)
Remark 3.19. Identities (32)—(34) are discrete n-dimensional generalizations of
sin(t) sin(s) = % [cos(t — s) — cos(t + s)],
1

cos(t) cos(s) = = [cos(t — s) 4 cos(t + s)],

sin(t) cos(s) = = [sin(t — s) + sin(t + s)].

N — DN

According to the definition in [3, pg. 42] we introduce the discrete n-dimensional ana-
logues of scalar trigonometric functions tangent and cotangent.

Definition 3.20. Whenever the matrix Cos;, is invertible we define the discrete matrix-
valued function tangent (we write Tan) by

Tan,: = Cos,;1 Siny, .

Whenever the matrix Sin, is invertible we define the discrete matrix-valued function
cotangent (we write Cotan) by

Cotany: = Sin,;1 Cosy, .

In the following two theorems we show properties of discrete matrix-valued functions
tangent and cotangent, which were published in [3, Corollary 6 and Lemma 12].

Theorem 3.21. Whenever Tany, is defined we have

Tan; = Tany, (35)
Cos; ' Cos; ! — Tan} = I. (36)

Moreover, if the matrices Cosy and Cosyy1 are invertible, then
A Tany, = Cos; |, Qx Cosp . (37)
Remark 3.22. In the scalar case n = 1 identity (35) is trivial. In the scalar continuous

time case (CTS) with Q(t) = ¢(t) identity (36) takes the form

¢ km

—tan®(s) =1 with s= /q(T) dr # —

cos?(s) a 2
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Finally, for the above s identity (37) takes the form

(tan/atqm d7>,  cos? E(Z)(r) ar

Theorem 3.23. Whenever Cotany is defined we get
Cotan], = Cotany, (38)
Sing ' Sin] ' — Cotan} = 1. (39)

Moreover, if the matrices Sing, and Singq1 are invertible, then
A Cotany = — Sin;}, Q Sin; . (40)
Remark 3.24. In the scalar case n = 1 identity (38) is trivial. In the scalar continuous

time case (CTS) with Q(t) = ¢(t) identity (39) reads as

———— — cotan’®(s) = 1,
sin?(s) (s)

where s # km is from Remark 3.22. And for these values of s identity (40) reduces to

(cotwn [atryar ) = S P

Next, similarly to the definitions of the discrete matrix functions Sin,(f), Cos,(:), Sinf,
and Cosif from (24)-(27) we define the following functions

Tang) t= (Cos/l(;))_1 Sinl(f), Cotan,(j) i= (Sinl(:))_1 Cos,(j),
Tan} : = (Cos}) ™' Sinf, Cotanl, : = (Sinf) ™" Cosf,
Tan,, : = (Cos, )" Siny, Cotan, : = (Sin;) ™" Cos,, .

Remark 3.25. Of course, the matrix-valued functions Tanf and Cotan,f have similar
properties as the functions Tan, and Cotany. In particular, it follows from (30) and (31)
that Tanf and Cotanf are symmetric.

Theorem 3.26. For all k € [0, N+1], such that all involved functions exist, the following
tdentities hold

41

R 42

Tan,gl) - Tan,(f) = Tan,, (Cotank Cotankl)
Tan,il)—i—Tan,g (Cos,(f)) ! (Cosk )T ! 43
Tan,(cl) —Tan,(C (Cosgc)) L Sin, ” (Cosk )T_l7 44
( ) .
( )

Tan,(:)jLTan,(f) = ng (Cotank +Cotan(2)) Tank : (41)
3 ) (42)

(43)

(44)

Tan] = Cos,(f) =1 - Tan,(gl) Tan,(f)) (Tan£)+Tank )Cosk , (45)
(46)

(47)

(48)

Tank )

Cos,(f) = (I+Tan(1) Tan,(c))_ (Tan,g) Tank )Cosk T (46
47
48

Tank
Cotan,(:) + Cotan Cotan,(C ) (Tan,i )+ Tan N Cotan/,(C ),
Cotank Cotan,(C Cotan,g)(Tan,g) Tank N Cotan,g),
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Cotan!” 4 Cotan!” = (Sin{”)~" Sint”(Sin{")"~1, (49)
Cotan,(:) - Cotan,(f) = —(Singf))_l Sin;T(Sin,(:))T_l. (50)

Cotanf, = (Sing”)"" (Cotan;” + Cotani) !

X (Cotanél) Cotan,(f) —1I) Sin,(f)T, (51)
Cotany, = (Sin;”)" " (Cotan;” — Cotany”) ™!

X (Cotan,(:) Cotan,(f) +1) Sjnl(f)T’ (52)

Remark 3.27. In the scalar continuous time case (CTS) with Q(¢) = 1 take the identities
(41) and (42) the following form

tan(t) + tan(s) = [cotan(t) + cotan(s)] tan(t) tan(s),
tan(t) — tan(s) = [cotan(s) — cotan(t)] tan(t) tan(s),

~—

respectively, identities (43) and (44) correspond to

sin(t + s)
cos(t) cos(s)

tan(t) + tan(s) = . tan(t) — tan(s) = sin(t — s)

cos(t) cos(s)’

respectively, identities (45) and (46) have the form

tan(t + 5) = tan(t) + tan(s)

_ tan(t) — tan(s)
1 —tan(t) tan(s)’ tan(t — )

1+ tan(t) tan(s)’
respectively. Although the identities in (47) and (48) reduce to

cotan(t) + cotan(s) = [tan(t) + tan(s)| cotan(t) cotan(s),
cotan(t) — cotan(s) = [tan(s) — tan(t)] cotan(t) cotan(s),

it is common to write them as

tan(t) + tan(s) _ tan(s) — tan(t)
cotan(t) + cotan(s)  cotan(t) — cotan(s)

tan(t) tan(s) =

The identities in (49) and (50) are equivalent to

sin(t + s)

sin(t) sin(s)’

_sin(t =) _ sin(s — t)
sin(t) sin(s)  sin(¢) sin(s)’

cotan(t) + cotan(s) =

cotan(t) — cotan(s) =

respectively. Finally, the identities (51) and (52) are in accordance with

cotan(t) cotan(s) + 1
cotan(s) — cotan(t) ’

cotan(t) cotan(s) — 1

tan(¢ =
cotan(t + 5) cotan(t) + cotan(s)

, cotan(t —s) =

respectively.
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4. Discrete hyperbolic system

In this section we define discrete hyperbolic matrix functions and show analogous results
as for the trigonometric functions in the previous section. Some of these results are known
from [27] but some results and identities are new.

In this section we consider the system (S) with the matrix Sy in the form

Si— (gz ?,z) ,
where the coefficients matrices Py, Qp € R™*" satisfy for all k& € [0, N|, the identities
PrPe — QL QO = I = PrPT — Q.07 (53)
POy — QfPr = 0= P.Q] — Q. P}, (54)
see also [27, identity (10)].

Remark 4.1. It was shown in [27] that from identities (53) and (54) follows that the
matrix Py is necessarily invertible for all & € [0, N],, and moreover the identities (Py £
Q) =PI+ o and (P,'Qx)T = P, 'Q;, hold, see [27, identities (11) and (12)].

The following definition was not stated in [27] explicitly, but it corresponds to the
system from [27, identity (19)].

Definition 4.2 (Discrete hyperbolic system). The system
Xiv1 = P Xy + QuUs, Ugi1 = QXi + PrUy, (DHS)

where the matrices P, and Qi satisfy identities (53) and (54) for all k € [0, N],, is called
a discrete hyperbolic system (DHS).

Remark 4.3. Similarly to Remark 3.3 we can show the justifiability of the terminology
“hyperbolic” system. It follows from [27, formulaes (27) and (28)], that the solution of
the scalar discrete hyperbolic problem

Thy1 = DpTi + Qr,  and  Upp = @y + PRy,

with the initial conditions zqg = 0 and ug = 1 can be expressed in the form

k=l k-1 k=1 k-1
Ty = (H sgnpi) sinh <Z In|p; + q2|> and  uy = <H sgnpi> cosh (Z In|p; + q1|> .
i=0 i=0 =0 i=0

By analogy to Lemma 3.4 we may proove the following lemma.

Lemma 4.4. The pair () solves the discrete hyperbolic system (DHS) if and only if the
pair (§) solves the same hyperbolic system.

The following definition was published in [27, Definition 3.1].

Definition 4.5 (Discrete matrix-valued hyperbolic functions). Let kg € [0, N + 1], be
fixed. We define the discrete n x n matrix-valued functions hyperbolic sine (denoted by
Sinhy.y, ) and hyperbolic cosine (denoted Coshy,) by

Sinhk;ko L= Xk, COShk;kO L= Uk,
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where the pair () is the principal solution of system (DHS) at ko. We suppress the index
ko when ky = 0, i.e., we denote Sinhy: = Sinhy,, and Coshy,: = Coshy,.

Remark 4.6. The solutions of the scalar continuous time system (CHS) take the form
Sinh(t) = sinh fat Q(7)dr and Cosh(t) = cosh f; Q(r)dr, see [30, pg. 12]. Hence, we can
see discrete matrix functions Sinhy., and Coshy.y, as n-dimensional discrete analogs of
the scalar continuous hyperbolic functions sinh(¢ — s) and cosh(¢ — s), which are solutions
of the scalar system (CHS) with Q(¢) = 1.

Since the solutions (§25) and (2inh) form normalized conjoined bases of (DHS), it follows
that
The Cosh,  Sinhy
B (smhk Coshk)

is a fundamental matrix of system (DHS). Therefore, every solution () of (DHS) has
the form

Xk = COShk Xo + Smhk U(] and Uk = Slnhk X() + COShk U()

for all k € [0, N + 1],, see also [27, Theorem 3.1].
From formulas (4)—(9) we get the following properties for solutions of discrete hyperbolic
systems, which correspond to [27, Corollary 3.1 and Theorem 3.2].

Corollary 4.7. For all k € [0, N + 1], the identities
Coshj Coshy, — Sinh; Sinhy = I = Coshy, Cosh] — Sinh;, Sinh} (55)
Cosh} Sinhy, — Sinh} Coshy = 0 = Coshy, Sinh], — Sinh;, Coshy, (56)
hold, while for all t € [0, N], we have the identities
Coshyyq Cosh;‘g — Sinhg4 Sinh;‘: =P,
Sinhy,; Cosh] — Coshy Sinh} = Q.

Similarly to Corollary 3.9, with using the Frobenius norm, we can establish a matrix
analog of the formula cosh®(¢) — sinh®(t) = 1, which is [27, Corollary 3.2].

Corollary 4.8. For all k € [0, N + 1], the next identity holds
|Cosh||7 — ||Sinh||7 = n.

Remark 4.9. The matrix-valued function hyperbolic cosine has the natural property of
scalar hyperbolic cosine. It follows from (55) that the matrix Coshy is invertible for all
k € [0, N + 1],. Moreover, from (55) and (56) we get

Cosh; ! = Cosh] — Sinh; Cosh}, ! Sinh} .

On the other hand, the invertibility of the matrix Sinh; is not automatically guaranteed.
However, if the matrix Sinh is invertible at some point k € [0, N + 1],, then

Sinh; ' = Coshy Sinh] ' Cosh; — Sinh; .

The following sum and difference formulas were established in [27, Theorem 3.3 and Corol-
lary 3.3].
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Theorem 4.10. For k,l € [0, N + 1], we have

Sinhy, = Sinhy, Cosh] — Coshy, Sinh; (57)

Coshy,; = Coshy, Costh — Sinhy, Sinth, (58)

Sinhj = Sinhy,; Cosh; + Coshy,; Sinhy, (59)

Coshy, = Coshy,; Cosh; 4 Sinhy,; Sinh; . (60)

Remark 4.11. With respect to Remark 4.6 for the scalar continuous time case with

Q(t) = 1, identities (57)—(58) are matrix analogues of

sinh(¢ — s) = sinh(¢) cosh(s) — cosh(t) sinh(s),
cosh(t — s) = cosh(t) cosh(s) — sinh(¢) sinh(s).

By interchanging the parameters k and [ in (57) and (58) we get the following corollary,

which we can see as n-dimensional discrete extensions of the statement about the parity
for the scalar hyperbolic functions, see also [27, Corollary 3.4].

Corollary 4.12. Let be k,l € [0, N + 1],. Then the identities
Sinhyy = — Sinhj,;,  and  Coshy, = Coshy, (61)
are true.

Now, by using the same idea and technique as for the discrete trigonometric functions,
we can derive analogous results to Theorem 3.14 for discrete hyperbolic systems. For
continuous time hyperbolic systems it was shown in [30, Theorem 4.2]. Hence, we consider
the following two discrete hyperbolic systems

Xp1 = G)l(j)Xk + Q](j)Uka Ukt1 = Qﬁf)Xk + fP;(f)Uk (62)

with initial conditions X(()i) = 0 and Uéi) = [, where ¢ = 1,2. Denote by Sinh,(f)

and Cosh,(j) the corresponding matrix hyperbolic sine and hyperbolic cosine functions

from Definition 4.5. Note, that for simplicity we use the following notation (Q,(;))T =

QT (PhT — pOT (ST = Sinh” (Cosh!”)T = Cosh!’", (Sinh)” = Sinki”,
(Cosh})T = Cosh}”, (Sinh;)T = Sinh,”, and (Cosh, )" = Cosh,”. Now, we put

Sinh! : = Sinh{" Cosh{”" + Cosh(" Sinh{*" | (63)

Coshl : = Cosh{"” Cosh”” + Sinh{" Sinh{?” (64)

Sinh;, : = Sinh{" Cosh{?" — Cosh" Sinh{*" (65)

Coshy, : = Coshg) Cosh,(f)T - Sinh,(:) Sinh,(f)T . (66)

For two different discrete hyperbolic systems with the same initial conditions the fol-

lowing sum and difference “formulaes” hold. For two same discrete hyperbolic systems
with different initial conditions it is shown in Theorem 4.10.
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Theorem 4.13. Assume that i]),(f) and Q,(f), i = 1,2, satisfy (53) and (54). The pair
Sinhl and Cosh}, solves the system
X1 = PV (P07 + 0907 + oV (XG0P + U PP,
Uer = OV (XD + 0,977) + 20 (X90" + U227,

with the wnitial conditions Xo = 0 and Uy = I. The pair Sinh, and Cosh, solves the
system

X1 = CPIE:I)(XIciP/(gQ)T — Ungf)T) + Q(l)(—XkQEf)T + Uk?ng)T)a
Uk = QO (XP0T = UQPT) + PO (-0 + 0P,
with the initial conditions Xo = 0 and Uy = I. Moreover, for all k € [0, N + 1], we have

Coshf, Cosh}” — Sinhf Sinhf” = I = Cosh}” Cosh}, — Sinh{” Sinh}, (67)
Coshj, Cosh,,” — Sinhj, Sinh,” = I = Cosh,” Cosh, — Sinh,” Sinh,, (68)
Sinhf Cosh}” — Cosh} Sinhf” = 0 = Sinh};” Coshf — Cosh}” Sinh, (69)
Sinh, Cosh,” — Cosh;, Sinh,” = 0 = Sinh, " Cosh,, — Cosh, " Sinh . (70)

Remark 4.14. An analogous statement as in Remark 3.15 for the pairs (gg;i) and ((Sjlons:

now holds for the solutions ( (5;‘()‘;}}1;) and (8;2‘;}) It means, these two pairs are not conjoined

bases of their corresponding systems, because these systems are not symplectic.

As in Corollary 3.16, when the two systems in (62) are the same, we obtain from
Theorem 4.13 the following. It is a discrete analogue of [30, Corollary 1].

Corollary 4.15. Assume that Py and Qi satisfy (53) and (54). Then the system
Xps1 = Pr(X0PE + UpQF) + Qu( X397 + U P,
Upi1 = Q(XpPr + UpQY) + Pu(XiQF + UpPY)
with the initial conditions Xo = 0 and Uy = I possesses the solution
X, = 2Sinhy, Cosh;  and U = Coshy, Cosh; 4 Sinhy, Sinh},

where Sinh and Cosh are the matriz functions in Definition 4.5. Moreover, the above
matrices X and U commute, i.e. XU, = U X.

Remark 4.16. The previous corollary can be viewed as the n—dimensional discrete
analogy of the double angle formulae for scalar continuous time hyperbolic functions

sinh(2t) = 2sinh(¢) cosh(t) and cosh(2t) = cosh?(t) + sinh?(t).
Now we can formulate similar identities as for trigonometric functions in Corollary 3.18.

Corollary 4.17. For all k € [0, N + 1], we have the identities

1

Sinh{" Sinh{*" = 5 (Coslii — Coshy), (71)
1

Cosh,(:) Cosh,(f)T =3 (Cosh} + Coshy, ), (72)
1

Sinh!"” Cosh®” = 5 (Sinh + Sinky). (73)
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Remark 4.18. Identities (71)—(73) are discrete n-dimensional analogues of

sinh(¢) sinh(s) = = [cosh(t + s) — cosh(t — s)],

el A B

cosh(t) cosh(s) = = [cosh(t + s) + cosh(t — s)],

sinh(t) cosh(s) = = [sinh(t + s) + sinh(¢ — s)].

| — DO

The next definition of discrete matrix hyperbolic functions tangent and cotangent is
known from [27, Definition 3.2]. Recall that the matrix function Coshy is invertible for
all k € [0, N + 1],, see Remark 4.9.

Definition 4.19. We define the discrete matrix-valued function hyperbolic tangent (we
write Tanh) by

Tanhy: = Cosh,;1 Sinhy, .

Whenever Sinhy is invertible we define the discrete matrix-valued function hyperbolic
cotangent (we write Cotanh) by

Cotanhy,: = Sinh,;1 Coshy, .

Analogous results for discrete hyperbolic tangent and cotangent as in Theorem 3.21 and
Theorem 3.23 for trigonometric functions tangent and cotangent were published in [27,
Theorem 3.4].

Theorem 4.20. For k € [0, N + 1], we have

Tanh; = Tanhy, (74)
Coshy ' Cosh” ™', + Tanh} = I, (75)

and for k € [0, N],
A Tanhy, = Cosh;}, Q;, Coshy . (76)

Remark 4.21. In the scalar case n = 1 identity (74) is trivial. In the scalar continuous
time case (CHS) identity (75) takes the form
t

m + tanhQ(S) =1 with s= /Q(T) dr.

Finally, identity (76) takes the form

(tanh / o(r) d7>, -— zt(g(ﬂ —

Theorem 4.22. Whenever Cotanhy is defined we get
Cotanh] = Cotanhy, (77)
Cotanhi — Sinh,* Sinh} ™' = 1. (78)

Moreover, if Sinhy and Sinhy | are invertible, then

A Cotanhy, = — Sinh; |, Q; Sinhj . (79)
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Remark 4.23. In the scalar case n = 1 identity (77) is trivial. In the scalar continuous
time case (CHS) identity (78) reads as

=1
sinh”(s)

where s # 0 is from Remark 4.21. Finally, for fat Q(7) dr # 0 reduces identity (79) to

(COtanh/aé(T) d7>/ - sinhQ}?g()T) dr

Next, similarly to the definitions of the time scale matrix functions Sinh,(j), Cosh,(;),

Sinh", and Cosh® from (62)(66) we define

cotanh?(s) —

Tanh{”: = (Cosh{”)~" Sinh{", Cotanh!”: = (Sinh{”)~" Cosh",
Tanh} : = (Cosh}) ™" Sinh}, Cotanh} : = (Sinh!) ™! Cosh},
Tanh,, : = (Cosh, )" Sinh,, Cotanh, : = (Sinh, )~ Coshj .

Remark 4.24. As in Remark 3.25 we conclude that the first identities from (69) and
(70) imply the symmetry of the functions Tanhi and Cotanhi’.

Theorem 4.25. For all k € [0, N + 1], such that all involved functions are defined we
have

Tanhg) +Tanh,(€ Tanh (Cotanh —{—Cotamh(2 ) Tanhk , (80)

Tanh(l) — Tanh( ) = Tanh (Cotanh Cotanh( )) Tanh/,C : (81)

Tanh( )—l—Tanh (Cosh,(f)) ! Slnh;T(Coshk )t (82)

Tanh,(f —Tanh (Cosh,(f)) ! Sinh;T(Cosh,(:)) -, (83)
Tanhi = (Cosh{”)T~! (I + Tanh!"” Tanh{*)~!

X (Tanh,(cl) —I—Tanh,(f)) Coshgf)T, (84)
Tanhy, = (Cosh(?)" " (I — Tanh{" Tanh{”)~*

x (Tanh{" — Tanh{”) Cosh®"  (85)
Cotanh + Cotanh( ) = Cotanh,il) (Tanh( )4 Tanh ) Cotanh,(g ), (86)
Cotanh Cotanh( ) = Cotanh,gl)(Tanh(z) Tanh ) Cotanh,(f), (87)
Cotanh +C0tanh = (Sinh,(f))_1 Sinh*,;T(Smhk )= (88)
Cotanh{"” — Cotanh!” = —(Sinh{”)~! Sink;” (Sinh{")"~*. (89)

Cotanh, = (Sinh,(f))T_1 (Cotanh(l) + Cotzmh(z))_1

(Cotanh Cotanh ) 41) Sinh,(f)T, (90)
Cotanh, = (Sinhgf))T’1 (Cotanh( ) Cotanh )1

(Cotanh Cotanh 2 _1) Sinh,(f)T, (91)
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Remark 4.26. Consider now the scalar continuous time case (CHS) with Q(¢) = 1. Then
identities (80) and (81) are equivalent to

tanh(¢) + tanh(s) = [cotanh(t) + cotanh(s)] tanh(¢) tanh(s),
tanh(t) — tanh(s) = [cotanh(s) — cotanh(¢)] tanh(¢) tanh(s),
respectively, identities (82) and (83) have the form

sinh(t + s)
cosh(t) cosh(s)’

respectively, while identities (84) and (85) have the form

tanh(t) + tanh(s)
h =
tanh(t + ) 1 + tanh(¢) tanh(s)’

sinh(t — s)

tanh(¢) + tanh(s) = cosh(t) cosh(s)’

tanh(t) — tanh(s) =

_ tanh(t) — tanh(s)
tanh(t - s) = 1 — tanh(¢) tanh(s)

respectively. Moreover, the identities in (86) and (87) reduce to
cotanh(t) + cotanh(s) = [tanh(¢) 4 tanh(s)] cotanh(t) cotanh(s),
cotanh(t) — cotanh(s) = [tanh(s) — tanh(¢)] cotanh(t) cotanh(s),
respectively, and the identities in (88) and (89) correspond in this case to

sinh(s — t)
sinh(¢) sinh(s)’

sinh(t + s)
sinh(¢) sinh(s)’

respectively. Finally, the identities (90) and (91) is in accordance with

_ cotanh(t) cotanh(s) 4 1 _ cotanh(t) cotanh(s) — 1

tanh(t = tanh(t — s) =
cotanh(t + s) cotanh(t) + cotanh(s) ’ cotanh(t - s) cotanh(s) — cotanh(t) ’

cotanh(t) 4+ cotanh(s) =

cotanh(t) — cotanh(s) =

respectively.

5. Concluding remarks

In this paper we extended to discrete matrix case some identities known for the scalar
continuous time trigonometric and hyperbolic functions (for an overview see e.g. [1, Chap-
ter 4]). On the other hand, there are still several trigonometric and hyperbolic identities
which we could not extend to the discrete n-dimensional case, e.g.

, , rExy T FyYy )
sinx £ siny = 2sin 5 coS 5
cosx—i—cosy:2cosx;_ycos$;y,
. Tty . y—=x
cosST — cosy = 2sin 5 sin 7
Ty TFy (92)
sinh z + sinh y = 2sinh cosh 5
COSh:L‘—f-COShyz2COSh$;—yCOth;y7
cosha:—coshy:2sinhx+ysinhx;y,
J



DISCRETE TRIGONOMETRIC AND HYPERBOLIC SYSTEMS 17

sin (x +y)sin (x —y 2y —sin?y,

COS ZL’—SIH Yy,

(z —y)
cos (z + y) cos E$ yi (93)

sinh (x + g) sinh (z — y) = sinh? z — sinh?y,

cosh (x + %) cosh (x — ) = sinh® z + cosh® y.

The first identity in (92) reduces to sinx = 2sin § cos § if we put y = 0. Its right-hand
side seems to be similar to the solution X} of the system in Corollary 3.16 but the left-
hand side is not the matrix-valued function Sinj because this system is not trigonometric.
Similar reasoning can be used for the remaining identities in (92).

Nevertheless, we can calculate the corresponding products for matrix-valued functions
Sin!, Cos, Sinh}, and Cosh], as on left-hand side in (93). But we can not to modify these
products in to the forms, which are similar to the right-hand side in (93), because the
matrix multiplication is not commutative.
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