BERNSTEIN–GELFAND–GELFAND SEQUENCES

JAN SLOVÁK

Abstract. This survey follows the lecture presented at the conference “100 years after Sophus Lie”, RIMS Kyoto, December 12, 1999. The aim is to describe the recent geometric treatment of the distinguished complexes of invariant differential operators between homogeneous vector bundles, known under the name Bernstein–Gelfand–Gelfand resolutions, in the realm of the so called parabolic geometries. The basic reference for this paper is [12], the exposition has been influenced essentially by [14, 10].

The talk presents some results of a long time joint effort with Andreas Čap and Vladimír Souček. Further essential influence comes from the recent extensive cooperation with Michael Eastwood, Rod Gover, and Gerd Schmalz.

1. General background

1.1. Klein’s geometries. We shall deal with invariant operators for certain geometries. First we discuss such operators in the cases where the underlying geometry is that of a homogeneous space G/P for some Lie subgroup P in a Lie group G. This leads to problems studied for several decades in representation theory in terms of Verma module homomorphisms. Later on, we pass to the so called parabolic geometries and the homogeneous cases play then the rôles of the flat models. Our considerations apply to both smooth and holomorphic categories and we shall not distinguish these two cases explicitly. (The main difference is the local existence of the holomorphic sections.) On the other hand, we shall deal with complex representations only in order not to have to distinguish between many real forms of the complex groups.

In order to enjoy the general features in terms of explicit examples, we shall pay special attention to several flat models: four different geometries on the three–sphere (projective, conformal Riemannian, projective contact, and CR–contact), accomplished with the conformal Riemannian four–sphere. In the two projective cases, the sphere is considered as the space of the rays emanating from the origin, but with different group actions: SL(4, R) and Sp(4, R), respectively. The conformal spheres are regarded as projective quadrics in R^{n+2} , n = 3, 4, and the corresponding symmetry groups are O(n + 1, 1). The CR–sphere is understood as the non–degenerate real quadric in C^2 , and the symmetry group is SU(2, 1). The isotropy groups of distinguished fixed points form the subgroups P in all cases.

For each Kleinian geometry G/P , there are the homogeneous vector bundles E(G/P ) corresponding to P –modules E. More explicitly, we consider G → G/P as the principal P –bundles and E(G/P ) is the associated vector bundle G ×_P E. This is a functorial construction and, in particular, the left action of G on the homogeneous space induces the action on the (sheaf of local) sections of E(G/P ). Moreover, each (local) section s : G/P → E(G/P ) is expressed (in its frame form) as a P –equivariant function G → E and, in this picture, the action of G on sections is given by the left shifts: g · s = s ∘ ℓ_g−1 . The invariant differential operators are those operators between sections of homogeneous bundles which intertwine these actions. 1

1.2. Cartan’s geometries. The curved version of these considerations was suggested by Cartan in conenction with his exterior calculus. In this approach, the main object describing all features of the Kleinian geometry is the Maurer–Cartan form ω ∈ Ω^1(G, g) which is right–invariant (with respect to the whole G), reproduces the fundamental vector fields (even all left invariant fields), and offers an absolute parallelism (with vanishing curvature — the Maurer–Cartan equations). The curved geometry of type G/P (generalized space in Cartan’s terminology) is then given by a principal fiber bundle G → M with structure group P , and absolute parallelism ω ∈ Ω^1(G, g) which is again right–invariant (with respect to P ), and reproduces the fundamental vector fields. The structure equations dω = − 1 2 [ω, ω] + K define then the horizontal two–form K ∈ Ω^2(G, g), the curvature. By means of the absolute parallelism, the curvature is given by the curvature function κ : G → Λ^2(g/h)^∗ ⊗ g.

We talk about Cartan geometries (G, ω), and Cartan connections ω. Morphisms φ : (G, ω) → (G^′, ω^′) between Cartan geometries are those principal bundle morphisms (over identity on P ) which preserve the Cartan connections, i.e. φ^∗ω^′ = ω. In particular, the automorhpisms of the flat model are just the left shifts by elements of G, cf. [25], Theorem 3.5.2.

Each P –module E defines a functor on the category of Cartan geometries of type G/P , (G → M, ω) → G ×_P E =: E(M) with the obvious action of morphisms. These functors are called natural vector bundles and the invariant operators are those systems of differential operators D_G : Γ(E(M)) → Γ(F(M)) which intertwine the action of morphisms.

The Cartan geometry (G, ω) is locally isomorphic to its flat model G/P if and only if the curvature K vanishes. In particular, there is the full subcategory of locally flat Cartan geometries of type G/P .

A readable modern introduction to this approach to differential geometry is offered in [25].

2. Bernstein–Gelfand–Gelfand resolutions

2.1. |k|–graded Lie algebras. In the rest of the paper, we shall assume that G is a semi–simple Lie group (real or complex) and P its parabolic subgroup. In particular this implies that g comes equipped by the grading

g = g_{−k} ⊕ · · · ⊕ g_{−1} ⊕ g_0 ⊕ g_1 ⊕ · · · ⊕ g_k,

k > 0, p = g_0 ⊕ · · · ⊕ g_k, the reductive part of p is g_0 and the nilponent part is p_+ = g_1 ⊕ · · · ⊕ g_k. We also write g_− for the negative components and we identify this space with the P –module g/p. We say that g is |k|–graded.

The Killing form provides the isomorphisms g^∗_i ≃ g_{−i} for all components of the |k|–graded semisimple Lie algebra g, i = −k, . . . , k. In particular, its restrictions to the center z and the semisimple part g^{ss}_0 of g_0 are non–degenerate. Now, for each Lie group G with the |k|–graded Lie algebra g, there is the closed subgroup P ⊂ G of all elements whose adjoint actions leave the p–submodules g^j = g_j ⊕ · · · ⊕ g_k invariant, j = −k, . . . , k. The Lie algebra of P is just p and there is the subgroup G_0 ⊂ P of elements whose adjoint action leaves invariant the grading by g_0–modules g_i, i = −k, . . . , k. This is the reductive part of the parabolic Lie subgroup P , with Lie algebra g_0. We also define subgroups P^j_+ = exp(g_j ⊕ · · · ⊕ g_k), j = 1, . . . , k, and we write P_+ instead of P^1_+. Obviously P/P_+ = G_0 and P_+ is nilpotent. Thus P is the semisimple product of G_0 and the nilpotent part P_+. More explicitly (cf. [8,

Proposition 2.10], or [27, 29]), each element g ∈ P is expressed in the unique way as g = g_0 exp Z_1 exp Z_2 . . . exp Z_k, with g_0 ∈ G_0 and Z_i ∈ g_i, i = 1, . . . , k.

2.2. Jet–modules. In this section, we shall deal with operators between homogeneous vector bundles and we shall write briefly F instead of F(G/P ), for any P –module F. The next step in our exposition consists in a few standard observations.

First, each kth order differential operator is given as a mapping J^kE → F on the jet prolongation and the action of G on sections of F induces an action on J^kE(G/P ). Moreover, there is the obvious identification J^kE ≃ G ×_P J^kE where the P –module J^kE is the fiber over the origin of G/P with the induced action of P . Thus, the invariant operators are given by P –module homomorphisms J^kE → F.

Second, seeking for P –module homomorphisms J^kE → F is equivalent to seeking for the dual homomorphisms F^∗ → (J^kE)^∗ , or better F^∗ → (J^∞E)^∗ where the latter module is the inverse limit of the kth order ones. For irreducible P –modules, these inverse limits are (g, P )–modules known (in representation theory) under the name generalized Verma modules. These modules are highest weight modules with the highest weights contained in F. Thus we obtain the so called Frobenius reciprocity theorem claiming the bijective correspondence { P –module homomorphisms J^kE → F } � � generalized Verma module homomorphisms (J^∞F)^∗ → (J^∞E)^∗ .

2.3. Verma module homomorphisms. The homomorphisms of Verma modules have been studied for many years. The first breakthrough was achieved in [5]. It turned out, that for Borel subgroups P all homomorphisms group nicely into equal patterns, starting by a G–module V and being described by suitable combinatorial properties of the Weyl group of g. In view of the Kostant’s Bott–Borel–Weil theorem, we may state the final result roughly as follows: Each P –module with a regular central character (i.e. sharing the central character with some G–module V^∗) appears in the Lie algebra cohomology H^∗(p_+, V^∗) with multiplicity one and all Verma module homomorphisms are then included in the pattern (including non–zero compositions)

V^∗ � H^0(p_+, V^∗)� . . .� H^{max}(p_+, V^∗).

Moreover, the sequence always forms a complex which is called the Bernstein– Gelfand–Gelfand resolution of V^∗ (shortened to BGG in what follows).

Let us remark that the cohomologies are always completely reducible and, of course, the non–zero compositions may appear only in the picture of the individual components of the horizontal arrows between the irreducible components of the cohomologies (and they have to cancel properly each other in the sum).

In terms of the homogeneous vector bundles and invariant operators, we obtain the resolution of the constant sheaf corresponding to V:

V �Γ(H^0_V) �. . . �Γ(H^{max}_V ) (1) where H^j_V are the homogeneous bundles correspoding to the P –modules H^j_V = H^j (g/p, V). This resolution is called again the BGG resolution of V.

Similar problems for arbitrary G–modules and parabolic subgroups P have been studied carefully in representation theory for many years, cf. [23] and the references therein. There are two types of homomorphisms in general, those coming as direct images of the Borel case, which create again resolutions of the constant sheaves, but also new ones appearing on places where the direct images vanish but non–zero homomorphisms still exist. The former ones are called standard homomorphisms, the latter ones non–standard.

The general theorem due to [23] claims that all standard operators appear again in patterns (1), while the non–standard ones appear as additional arrows in the same patterns. The explicit form of these resolutions can be encoded nicely in terms of highest weights of the modules and Dynkin diagrams. For the relevant recipes, including the computation of the irreducible components in the cohomologies, see [3]. An algorithm for the determination of all non–zero homomorphisms is available in [6] (and the Brian Boe’s computer implementation of this algorithm is very useful).

The highest weights of all complex irreducible representations of p ⊂ g are described as integral linear combinations of the fundamental weights for g and their coefficients can be depicted as labels associated to the corresponding nodes in the Dynkin diagrams. The choice of the parabolic subalgebra is described by crossing out those nodes, which correspond to simple negative roots which are not in p. Finally, p–dominant weights are given by those labeled diagrams with non–negative coefficients over the uncrossed nodes.

2.4. Examples. Let us illustrate this notation on the adjoint representations of the symmetry groups of five geometries mentioned in the introductory part (projective 3–sphere, conformal 3–sphere, projective contact 3–sphere, CR–contact 3–sphere, and conformal 4–sphere). The adjoint representations g, viewed as P –modules, are never irreducible, and their highest weights generate the only irreducible components g_k (in the same order as above): × 1 • 0 1 • × 0 2�_{• ×}�^{2 0}_{• ×}^{1 1}_{× •}^1_×^{0 1}_•

For the sake of simplicity, the standard notational convention for the homogeneous bundles in the BGG–resolutions uses the dual modules (i.e. the highest weights for the corresponding Verma modules). A straightforward computation yields for all general complex g–modules V (i.e. arbitrary integral coefficients a, b, c ≥ 0) the sequences of invariant operators which are indicated by ∇^j where j refers to the order:

3–dimensional projective:

×^a •_b^c•^{∇(a+1)} � ×^{−a−2} •_{a+b+1}^c•^{∇(b+1)} � ×^{−a−b−3}•_b^{b+c+1}•^{∇(c+1)} � ×^{a−b−c−4}•_a^b• (2) 3–dimensional conformal Riemannian: × a b �_•^{∇(a+1)} �_×^{−a−2}_{2a+b+2}�_•^{∇(b+1)} �_×^{−a−b−3}_{2a+b+2}�_•^{∇(a+1)} �_×^{−a−b−3}_b�_• (3) 3–dimensional projective contact:

×�^a_{b•}^{∇(a+1)} �_×�^{−a−2}_{a+b+1•}^{∇(2b+2)} �_×�^{−a−2b−4}_{a+b+1•}^{∇(a+1)} �_×�^{−a−2b−4}_{b•} (4) 3–dimensional CR–contact: × −a−2 a+b+1 × ∇^{(a+b+2)} �

∇^{(2b+2)} � � � � � × b −a−b−3 × ∇^{(b+1)} � � × a b ×

∇^{(a+1)} � �

∇^{(b+1)} � �^× −b−2 −a−2 ×

× a+b+1 −b−2 × ∇^{(a+b+1)} � ∇^{(2a+2)} � � � � � × −a−b−3 a × ∇^{(a+1)} � �

(5)

4–dimensional conformal: • b × −a−b−3 a+b+c+2 • ∇^{(c+1)}� • a × b c • ∇^{(b+1)}� • a+b+1 × −b−2 b+c+1 • ∇^{(a+1)} �

∇^{(c+1)} � � • b+c+1 × −a−b−c−4 a+b+1 • ∇^{(b+1)} � •c × −a−b−c−4 a •

• a+b+c+2 × −b−c−3 b • ∇^{(a+1)} � �

(6)

2.5. de Rham complexes. The simplest examples are the trivial representations, i.e. the choice a = b = c = 0. For the |1|–graded algebras, these are exactly the (complexified) de Rham complexes, see (2), (3), (6). Surprisingly enough, the remaining two sequences include bundles of lower dimensions. Indeed, instead of the standard one–forms the second column contains the dual space to the (complexified) contact distribution (which splits in the CR–case into the holomorphic and antiholomorphic parts), etc. Another surprising fact is that the order of the operators is not always one. More generally, there is the so called twisted de Rham seuqence corresponding to a G–module V and the striking feature of the BGG–resolution is that they compute the same cohomology as the twisted de Rham complexes, but they have much smaller dimensions.

We shall not pay any attention to the so called singular infinitesimal characters and the half–integral weights, although they involve many important operators, see e.g. [15] for a complete discussion in the special case of the conformal Riemannian geometries.

3. Parabolic geometries

Even for the (curved) conformal Riemannian and projective geometries, the general discussion on the invariant operators occupies mathematicians for many decades. Since the beginning of the 20th century, a few similar geometrical structures were known to fit within the framework of the Cartan geometries, i.e. they were shown to allow a canonical Cartan connection under suitable normalizations. See e.g. Kobayashi’s treatment of groups of geometric transformations in [21], the generalization of Cartan’s description of 3–dimensional CR–geometry to all non– degenerate CR–structures of hypersurface type due to [26, 13], and the pioneering series of papers by Tanaka, cf. [27] and the references therein, as well as [29, 24, 8]. The name parabolic geometry has been commonly adopted for the general class of all Cartan geometries with G semisimple and P parabolic. There is also the closely related parabolic invariants program initiated by Fefferman, [16], see also [17, 4].

Tanaka’s motivation came from pfaffian systems of PDE’s, while the relation to twistor theory renewed the interest in a good calculus for such geometries, with the aim to improve the techniques in conformal geometry and to extend them to other geometries. See e.g. [3] for links to twistor theory and representation theory, [28] for classical methods in conformal geometry, and [1, 2, 4, 19] and references therein, for generalizations. One of the main objectives was the construction of invariant differential operators.

Motivated by the remarkable (but quite unclear) papers [1, 2], the systematic combination of Lie algebraic tools with the frame bundle approach was developed in [11] and the first strong applications for all parabolic geometries were given in [12]. The main aim of this lecture is to describe roughly the results of the latter paper. For further essential development of both the abstract calculus and the differential geometry in the general setting see [7, 9], and in particular [10].

3.1. Semi–holonomic jet–modules. The algebraic core of our apporach are the semi–holonomic jet–modules. While the standard jet prolongations of homogeneous vector bundles are again homogeneous vector bundles corresponding to certain jet– modules, this construction does not extend out of locally flat geometries, i.e. those without curvature. On the other hand, the defining absolute parallelism allows such a construction for one–jets and a simple check shows that we can proceed to all orders with the semi–holonomic prolongations.

Let us consider a representation E of P , the corresponding homogeneous bundle E(G/P ) = G ×_P E and its first jet prolongation J^1(E(G/P )) → G/P . The action of P on its standard fiber

J^1(E) := J^1(E(G/P ))_o = E ⊕ (g^∗_− ⊗ E)

is defined by means of the action of fundamental vector fields on the equivariant functions s ∈ C^∞(G, E)^P . The formula for the action of Z ∈ p_+ on elements of J^1(E) viewed as pairs (v, φ), where v ∈ E and φ is a linear map from g_− to E, is given by Z · (v, φ) = (Z · v, X → Z · (φ(X)) − φ(ad_−(Z)(X)) + ad_p(Z)(X) · v), i.e. we get the tensorial action plus one additional term mapping the value–part to the derivative–part.

By iteration, we obtain the semi–holonomic jet modules

J̄^kE = E ⊕ (g^∗_− ⊗ E) ⊕ · · · ⊕ (⊗^kg^∗_− ⊗ E)

with the appropriate action of P as the equalizers of the natural projections

J^1(J̄^{k−1}E) → J̄^{k−1}E ⊂ J^1(J̄^{k−2}E).

Now, the semi–holonomic jet prolongations of natural bundles with standard fiber E turn out to be natural bundles corresponding to P –modules J̄^kE.

This has a striking consequence: P –module homomorhpisms Ψ : J̄^kE →→ F give rise to invariant operators D : Γ(E) → Γ(F).

3.2. Setting of the problem. Still two essential questions are obviously left. First, how to recognize the non–zero operators? Second, are all invariant operators of this type? Unfortunately, the answer to the second question is no, while the first one provides an unpleasant challenge. We call the operators which come this way strongly invariant and the conformally invariant square of the Laplacian on function on four–dimensional conformal Riemannian manifolds (the so called Paneitz operator) is an example of an invariant operator which is not strongly invariant, cf. [20], or see [15] for more examples.

On the other hand, each invariant operator on the locally flat geometries has an invariant symbol. This is a tensor and thus it exists as an invariant on all curved geometries as well. Thus we have a simple problem to deal with: Given invariant operator D_{G/P} between homogeneous bundles, is there an invariant operator on all parabolic geometries which restricts to D_{G/P} ? We shall deal with this problem in the rest of the paper and we call such operators curved versions of the invariant operators on G/P . The first observation to make is that if an invariant operator on G/P is given by a homomorphism of the semi–holonomic jet–modules, then its symbol (i.e. the symmetrized part of the restriction to the highest order component) does not vanish and so the resulting strongly invariant operator definitly does not vanish too. Moreover, this operator clearly is the curved version of its restriction to G/P .

3.3. Remarks. Let us also notice that the defining Cartan connection ω determines a well defined differential operator on functions on G. First, recall that ω is a absolute parallelism and so it defines the constant vector fields ω^{−1}(X) on G for all X ∈ g, ω(ω^{−1}(X)(u)) = X, for all u ∈ G. In particular, ω^{−1}(Z) is the fundamental vector field if Z ∈ p. The constant fields ω^{−1}(X) with X ∈ g_− are called horizontal.

Now, let us consider any natural vector bundle EM = G ×_P E. Its sections are P –equivariant functions s : G → E and the Lie derivative of functions with respect to the constant horizontal vector fields defines the invariant derivative ∇^ω : C^∞(G, E) → C^∞(G, g^∗_− ⊗ E) ∇^ωs(u)(X) = L_ω−1_{(X)}s(u). We also write ∇^ω_X s for values with the fixed argument X ∈ g_−.

The invariant derivative is a helpful substitute for the Levi–Civita connections in Riemannian geometry, but there a problem: it does not produce P –equivariant functions even if restricted to equivariant s ∈ C^∞(G, E)^P . One good way how to avoid this drawback is to extend the derivative to all constant fields, i.e. to consider ∇ : C^∞(G, E) → C^∞(G, g^∗ ⊗ E) which preserves the equivariance. This is a helpful approach in the the so called twistor and tractor calculus, see e.g. [7, 10]. An easy computation reveals also the (generalized) Ricci and Bianchi identities and a quite simple calculus is available, cf. [12, 9, 10]. Moreover, this calculus involves a class of distinguished connections underlying each parabolic geometry, always parametrized by one–forms. In the conformal case, these are the Weyl connections of the conformal Riemannian maifolds. The general theory extends surprisingly many features of the conformal geometry and it has been worked out recently in [9].

It is remarkable that the general calculus shows that each invariant operator is given by a uniform formula in terms of the (generalized) Weyl connections. Even in the locally flat cases, these formulae involve the curvatures of the Weyl connections. Their explicit and closed forms for the curved versions of all BGG–resolutions for |1|–graded algebras have been computed in [11], Part III.

Another essential part of the general theory is the construction of the normalized Cartan connection out of some more elementary underlying structures. We do not touch this problem here and refer the reader to [27, 29, 24, 8]. In fact, our constructions of the curved BGG–sequences work for all Cartan connections, without any normalization.

3.4. Twisted invariant operators. A useful observation reveals that for each P –module E and each G–module V, the mapping s ⊗ v → (g → s(g) ⊗ g^{−1} · v) defines the identification Γ(E) ⊗ V ≃ Γ(E ⊗ V). This implies that for each invariant operator D : Γ(E) → Γ(F) on the flat model, there is the twisted invariant operator D_V : Γ(E ⊗ V) ≃ Γ(E) ⊗ V^{D⊗idV} �Γ(F) ⊗ V ≃ Γ(F ⊗ V). Now, reading off the information on level of the semi–holonomic jet modules, we conclude: For each strongly invariant operator D and each G–module V, there is the twisted strongly invariant operator D_V.

The easiest, but most important, example is the exterior differential d : Ω^j (M) → Ω^{j+1}(M) which is clearly strongly invariant. For each G–module V, the twisted operator d_V is given by the homomorphism J^1(Λ^j p ⊗ V) → Λ^{j+1}p

(v_0, Z ⊗ v_1) → ∂v_0 + (j + 1)(Z ∧ v_1) where Z ∈ p_+ and Z ∧ v_1 means the obvious alternation and ∂ is the Lie algebra cohomology differential.

There are two crucial remarks in order: First, Ω^j (M; V(M)) splits into irreducible components once a reduction of the structure group P to its reductive part is chosen. The above formula shows, that only the differential ∂ preserves the homogeneity, while the rest increases the homogeneity. Second, the exterior covariant derivative d^ω with respect to the Cartan connection ω (which acts on V–valued forms on G), relates to d_V as d_Vφ = d^ω φ − i_κφ where κ is the curvature function of (G, ω).

3.5. Main construction. Since our |k|–graded g is semisimple, there is the adjoint codifferential ∂^∗ to the Lie algebra cohomology differential ∂, see e.g. [22]. Consequently, there is the Hodge theory on the cochains which allows to deal very effectively with the curvatures. Moreover ∂^∗ is a P –module homomorphism and so there are the well defined projections

π : Ω^j (M; VM) ⊃ ker ∂^∗ → H^j_VM.

Next, consider an irreducible G_0– component E_0 of the P –module H^j_V. Of course, E_0 is in the kernel of the algebraic Laplacian, but this is not P –invariant. Thus we consider the P –submodule E generated by E_0 and we try to define a suitable homomorphism J̄^ℓE_0 → E, i.e. a differential operator, splitting π. There is the surprising technical result:

Lemma. There is a unique differential operator

L : Γ(H^j_V → ker ∂^∗) ⊂ Ω^j (M; VM)

such that π ∘ L(s) = s and d_V ∘ L(s) ∈ ker ∂^∗ ⊂ Ω^{j+1}(M; VM).

The proof is consists of an iterative procedure and represents the technical core of [12]. At the same time, it provides an explicit construction of the operator L. On the level of the operators, we obtain the diagram

ker(∂^∗) π � ker(∂^∗) π � . . . � d_V∘L � � � � Γ(H^i_VM) L �_{dV∘L} � � � � � Γ(H^{i+1}_V M) L �

� . . . where the dotted horizontal arrows are the newly constructed operators D^V.

In other words, the twisted exterior derivatives produce plenty of natural differential operators in a purely algebraic way.

A few further arguments lead in [12] to

3.6. Theorem. Let (G, ω) be a real parabolic geometry of the type (G, P ) on a manifold M, V be a G–module. If the twisted de Rham sequence

0 �Ω^0(M; V M)^{dV}�Ω^1(M; V M)^{dV}� . . .^{dV}�Ω^{dim(G/P )}(M; V M) �0.

is a complex, then also the Bernstein–Gelfand–Gelfand sequence

0 �Γ(H^0_VM)^{DV} �Γ(H^1_VM)^{DV} � . . .^{DV} �Γ(H^{dim(G/P )}_V M) �0

defined above is a complex, and they both compute the same cohomology.

The same statement is true for complex parabolic geometries (G, ω) under the additional requirement that G → G/P_+ admits a global holomorphic G_0–equivariant section.

All these operators belong to the class of standard operators. The name comes from representation theory and it is related to the fact that the corresponding Verma module homomorphisms for a general parabolics descend from the homomorphisms in the Borel case. There are also natural operators which are not standard, the so called non–standard ones, for which our methods have not been effective enough yet.

An important feature of our theory is the exclusive usage of the elementary (finite dimensional) representation theory. With a bit of exaggeration we could say that the representation theory enters rather as a language and the way of thinking. On the other hand, there are also purely representation theoretical aspects of interest as indicated in [15].

3.7. Remarks. The complex version of the Theorem may be understood as: If the twisted de Rham sequence induces a complex on the sheaf level, then the same is true for the Bernstein–Gelfand–Gelfand sequence. In particular, if the twisted de Rham sequence induces a resolution of V, then so does the BGG–sequence. Now, the original representation theoretical version of the (generalized) BGG–resolution follows immediately by duality.

The Theorem also claims that all the BGG–resolutions on homogeneous spaces admit canonical curved analogs. In particular, the examples (2), (3), (4), (5), and (6) make sense for all curved gemetries of the corresponding types. Moreover, the powers of the nablas refer to the iteration of the invariant derivative and we may expand this derivative in terms of the underlying Weyl connections. Partial results in this direction were achieved earlier in [1, 18]

Next, consider any torsion free real parabolic geometry of type (G, P ) on M. Then the de Rham cohomology of M with coefficients in K = R or C is computed by the (much smaller) complex

0 �Γ(H^0_K M)^{DK} �Γ(H^1_K M)^{DK} � . . .^{DK} �Γ(H^{dim(G/P )}_K M) �0.

Similarly, if (G, ω) is a flat real parabolic geometry, then for any representation V of G the BGG–sequence is a complex, which computes the twisted de Rham cohomology of M with coefficients in the bundle V M, which is defined as the cohomology of the complex given by the covariant exterior derivative d^ω induced by the Cartan connection ω.

3.8. Further development. The theory is developing very quickly and we do not have place here to mention all main recent achievements. But we cannot miss the paper [10] which extends the definition of our operator L to the whole spaces of forms (and provides a nice alternative definition of L too). This enables the authors to work out differential pairings which restrict to cup product on the cohomologies in the homogeneous case. Some applications are included as well, in particular first steps toward the deformation theory and an interpretation in terms of linearized field theories.

References

[1] R.J. Baston, Verma modules and differential conformal invariants, J. Diff. Geom. 32 (1990), 851–898.

[2] R.J. Baston, Almost Hermitian symmetric manifolds, I: Local twistor theory; II: Differential invariants, Duke. Math. J., 63 (1991), 81–111, 113–138.

[3] R. J. Baston, M. G. Eastwood, The Penrose Transform. Its Interaction with Representation Theory, Oxford Science Publications, Clarendon Press, 1989.

[4] T.N. Bailey, M.G. Eastwood, C.R. Graham, Invariant theory for conformal and CR geometry, Annals of Math. 139 (1994), 491–552.

[5] I.N. Bernstein, I.M. Gelfand, S.I. Gelfand, Differential operators on the base affine space and a study of g–modules, in: Lie Groups and their Representations (ed. I.M. Gelfand), Adam Hilger 1975, 21–64 [6] Boe, Brian D.; Collingwood, David H. Multiplicity free categories of highest weight representations. I, II. Commun. Algebra 18 (1990), No. 4, 947-1032, 1033-1070.

[7] A. Čap, A. R. Gover, Tractor calculi for parabolic geometries, ESI Preprint 792 (1999), electronically available on www.esi.ac.at.

[8] A. Čap, H. Schichl, Parabolic geometries and canonical Cartan connections, ESI Preprint 450 (1997), to appear in Hokkaido J. Math., electronically available at www.esi.ac.at.

[9] A. Čap, J. Slovák, Weyl structures for parabolic geometries, Preprint ESI 801 (1999), electronically available at www.esi.ac.at.

[10] D. M. J. Calderbank, Differential invariants and curved Bernstein–Gelfand– Gelfand sequences, Preprint MS-99-010, Edinburgh, electronically available at http://xxx.lanl.gov/abs/math.DG/0001158.

[11] A. Čap, J. Slovák, V. Souček, Invariant operators on manifolds with almost Hermitian symmetric structures, I. Invariant differentiation, Acta Math. Univ. Commenianae, 66 (1997), 33–69, electronically available at www.emis.de; II. Normal Cartan connections, Acta Math. Univ. Commenianae, 66 (1997), 203–220, electronically available at www.emis.de; III. Standard operators, ESI Preprint 613 (1998), to appear in Diff. Geom. Appl. (2000), electronically available at www.esi.ac.at.

[12] A. Čap, J. Slovák, V. Souček, Bernstein–Gelfand–Gelfand sequences, ESI Preprint 722 (1999), electronically available at www.esi.ac.at.

[13] S.S. Chern, J. Moser, Real hypersurfaces in complex manifolds, Acta Math. 133 (1974), 219–271.

[14] M. Eastwood, Variations on the de Rham complex, Notices Amer. Math. Soc. 46, No 11 (1999), 1368–1376.

[15] M. Eastwood, J. Slovák, Semi–holonomic Verma modules, J. of Algebra, 197 (1997), 424– 448.

[16] C. Fefferman, Parabolic invariant theory in complex analysis, Adv. in Math. 31 (1979), 131–262.

[17] C. Fefferman, R.C. Graham, Conformal invariants, in: Élie Cartan et les Mathématiques d’Aujourdui, Astérisque, 1985, 95–116.

[18] A. R. Gover, Conformally invariant operators of standard type, Quart. J. Math. 40 (1989), 197–208 [19] A.R. Gover, Aspects of parabolic invariant theory, in: Proc. Winter School Geometry and Physics, Srni 1998, Supp. Rend. Circ. Mat. Palermo, 59 (1999), 25–47.

[20] C.R. Graham, Conformally invariant powers of the Laplacian, II: Nonexistence, J. London Math. Soc., 46 (1992), 566–576 [21] S. Kobayashi, Transformation groups in differential geometry, Springer-Verlag, Berlin, 1972. [22] B. Kostant, Lie algebra cohomology and the generalized Borel–Weil theorem, Ann. Math.

74 No. 2 (1961), 329–387 [23] J. Lepowsky, A generalization of the Bernstein–Gelfand–Gelfand resolution, J. of Algebra 49 (1977), 496–511.

[24] T. Morimoto, Geometric structures on filtered manifolds, Hokkaido Math. J. 22, (1993), 263–347.

[25] R.W. Sharpe, Differential Geometry, Graduate Texts in Mathematics 166, Springer–Verlag 1997.

[26] N. Tanaka, On non–degenerate real hypersurfaces, graded Lie algebras and Cartan connections, Japanese J. Math. 2 (1976), 131–190.

[27] N. Tanaka, On the equivalence problem associated with simple graded Lie algebras, Hokkaido Math. J., 8 (1979), 23–84.

[28] T.Y. Thomas, On conformal geometry, Proc. N.A.S. 12 (1926), 352–359. [29] K. Yamaguchi, Differential systems associated with simple graded Lie algebras, Advanced Studies in Pure Mathematics 22 (1993), 413–494.

Department of Algebra and Geometry, Masaryk University, Janáčkovo nám. 2a, 662 95 Brno, Czech Republic E-mail address: slovak@math.muni.cz