PARABOLIC GEOMETRIES AND BERNSTEIN–GELFAND–GELFAND SEQUENCES

JAN SLOVÁK

Abstract. This is an enlarged abstract of the talk with the same title, presented at the Fourth International Workshop on Differential Geometry and its Applications in Brasov, 1999. The goal is to provide a brief survey on the background and recent achievements in this newly expanding area of differential geometry, as well as a guide to some of the old and new bibliography. More detailed information in all aspects can be found in [8, 9, 10, 11, 12, 14, 28, 30].

My talk aims to review the recent development of the general theory of geometrical structures modeled over the homogeneous spaces G/P with G complex semisimple and P parabolic, or any real form of this situation. The lecture is based on a long time project of the author joint with Andreas Čap and Vladimír Souček, and further joint papers with Mike Eastwood, Rod Gover, and Gerd Schmalz.

1. Comments on the background. Let us first say a few words about the history of the subject. The origin of all such geometries goes back to the Cartan’s idea of generalized spaces, i.e. certain deformations of the homogeneous spaces G/P defined by means of an absolute parallelism on a principal P –bundle. These concepts are closely related to the Cartan’s general method for the equivalence problem. Many well known geometries have been shown to allow a canonical object of such type with a suitable choice of simple G and parabolic P , cf. the theory of non–degenerate CR–structures of hypersurface type due to [32, 13], and the pioneering series of papers by Tanaka, see [33, 37, 26, 9] and references therein for more details and more recent results. Nowadays, the name parabolic geometry has been adopted, reflecting the relation to the parabolic invariants program initiated by Fefferman, [15]. Some years ago, the relation to the twistor theory caused the general interest in a new calculus for such geometries, with the aim to improve the techniques in conformal geometry and to extend them to the whole class of parabolic geometries, or at least to some of those. See e.g. the papers by Eastwood, Baston, Gover, Čap, and the author in the enclosed bibliography. The important source of inspiration was the classical theory of the conformal invariants, see e.g. [34, 35, 36] and also the differential geometry of conformal Riemannian manifolds (see e.g. [17, 16]). The most recent results are presented in [9, 10].

Here we shall discuss the first essential application of a new approach to this topic, combining the Lie algebraic tools with the frame bundle approach. This research started in [11] and the basic reference for this lecture is [12].

The Bernstein-Gelfand-Gelfand resolutions of arbitrary G–modules have been studied carefully in representation theory for many years, cf. [25] and references therein. An important feature of our approach is the exclusive usage of the elementary (finite dimensional) representation theory. One could even say that the representation theory enters rather as a language and the way of thinking. Some more involved representational theoretical aspects were indicated in [14].

The research supported by GACR, Grant Nr. 201/99/???? 1

2. |k|–graded Lie algebras. Let G be a real or complex semisimple Lie group with a |k|-graded Lie algebra g, i.e.

g = g_{−k} ⊕ · · · ⊕ g_0 ⊕ · · · ⊕ g_k

and assume that no simple ideal of g is contained in g_0 and that the (nilpotent) subalgebra g_− = g_{−k} ⊕ · · · ⊕ g_{−1} is generated by g_{−1}. We write p_+ = g_1 ⊕ · · · ⊕ g_k and p = g_0 ⊕ p_+. We also write g_− = g_{−k} ⊕ · · · ⊕ g_{−1}, and g^j = g_j ⊕ · · · ⊕ g_k, j = −k, . . . , k. Then p is a parabolic subalgebra of g, and actually the grading is completely determined by this subalgebra, see e.g. [37, Section 3]. In particular, all complex simple |k|–graded g are classified by subsets of simple roots of complex simple Lie algebras, up to conjugation. The real |k|–graded simple Lie algebras are classified easily by means of Satake diagrams, see [22] or [37] for more details. Very helpful notational conventions and computational recipes may be found in [4].

For each our |k|–graded Lie algebra g, there is the unique element E ∈ g_0 with the property [E, Y ] = jY for all Y ∈ g_j , j = −k, . . . , k, the grading element. Of course, E belongs to the center z of the reductive part g_0 of p ⊂ g. Moreover, the Killing form provides isomorphisms g^∗_i ≃ g_{−i} for all i = −k, . . . , k and, in particular, its restrictions to the center z and the semisimple part g^{ss}_0 of g_0 are non–degenerate. Now, for each Lie group G with the |k|–graded Lie algebra g, there is the closed subgroup P ⊂ G of all elements whose adjoint actions leave the p–submodules g^j = g_j ⊕ · · · ⊕ g_k invariant, j = −k, . . . , k. The Lie algebra of P is just p and there is the subgroup G_0 ⊂ P of elements whose adjoint action leaves invariant the grading by g_0–modules g_i, i = −k, . . . , k. This is the reductive part of the parabolic Lie subgroup P , with Lie algebra g_0. We also define subgroups P^j_+ = exp(g_j ⊕ · · · ⊕ g_k), j = 1, . . . , k, and we write P_+ instead of P^1_+. Obviously P/P_+ = G_0 and P_+ is nilpotent. Thus P is the semisimple product of G_0 and the nilpotent part P_+. More explicitly (cf. [9, Proposition 2.10], or [33, 37]), each element g ∈ P is expressed in the unique way as g = g_0 exp Z_1 exp Z_2 . . . exp Z_k, with g_0 ∈ G_0 and Z_i ∈ g_i, i = 1, . . . , k.

3. Parabolic geometries. The (real or complex) parabolic geometry (G, ω) of type G/P is a (smooth or holomorphic) principal fiber bundle G with structure group P , equipped by a (smooth or holomorphic) one–form ω ∈ Ω^1(G, g) satisfying (1) ω(ζ_Z )(u) = Z for all u ∈ G and fundamental fields ζ_Z , Z ∈ p (2) (r^b)^∗ω = Ad(b^{−1}) ∘ ω for all b ∈ P (3) ω|_{TuG} : T_uG → g is a linear isomorphism for all u ∈ G.

In particular, each X ∈ g defines the constant vector field ω^{−1}(X) defined by ω(ω^{−1}(X)(u)) = X, u ∈ G. The one–forms with properties (1)–(3) are called (smooth or holomorphic) Cartan connections, cf. [29].

The morphisms between parabolic geometries (G, ω) and (G^′, ω^′) are principal fiber bundle morphisms φ (over the identity on P ) which preserve the Cartan connections, i.e. φ : G → G^′ and φ^∗ω^′ = ω.

The structure equations define the horizontal smooth form K ∈ Ω^2(G, g) called the curvature of the Cartan connection ω: dω + 1 2 [ω, ω] = K. The curvature function κ : G → ∧^2g^∗_− ⊗g is then defined by means of the parallelism

κ(u)(X, Y ) = K(ω^{−1}(X)(u), ω^{−1}(Y )(u)) = [X, Y ] − ω([ω^{−1}(X), ω^{−1}(Y )]).

In particular, the curvature function is valued in the cochains for the second cohomology H^2(g_−, g). Moreover, there are two ways how to split κ. We may consider the target components κ_i according to the values in g_i. The whole g_−–component κ_− is called the torsion of the Cartan connection ω. The other possibility is to consider the homogeneity of the two forms κ(u), i.e. κ = 3k∑ ℓ=−k+2 κ^{(ℓ)}, κ^{(ℓ)} : g_i × g_j → g_{i+j+ℓ}.

Since we deal with semisimple algebras only, there is the adjoint codifferential ∂^∗ to the Lie algebra cohomology differential ∂, see e.g. [24]. Consequently, there is the Hodge theory on the cochains which allows to deal very effectively with the curvatures. In particular, we may use several restrictions on the values of the curvature which turn out to be quite useful: The parabolic geometry (G, ω) with the curvature function κ is called flat if κ = 0, torsion–free if κ_− = 0, normal if ∂^∗ ∘ κ = 0, and regular if normal and κ^{(j)} = 0 for all j ≤ 0. In particular, the normality ensures that the curvature is in certain sense minimal and is governed by the Lie algebra cohomology H^2(g_−, g) in a nice way, see [37, 9] for more details.

4. Flag structures. The homogeneous models for parabolic geometries are the real generalized flag structures G/P and we still observe such structures in their infinitesimal forms on the curved structures. Indeed, the filtration of g by the p– submodules g^j is transferred to the right invariant filtration T^j G on the tangent space T G by the parallelism ω. The tangent projection T p : T G → T M then provides the filtration T M = T^{−k}M ⊃ T^{−k+1}M ⊃ · · · ⊃ T^{−1}M of the tangent space of the underlying manifold M. Moreover, the structure group of the associated graded tangent space Gr T M = (T^{−k}M/T^{−k+1}M) ⊕ · · · ⊕ (T^{−2}M/T^{−1}M) ⊕ T^{−1}M reduces automatically to G_0 since G_0 = G/P_+ clearly plays the role of its frame bundle. With some further simple conditions imposed, we talk about regular infinitesimal flag structures of type g/p and then a universal construction recovers both the canonical Cartan bundle and the canonical normal Cartan connection, see [9, 10] for details, [28] for some new applications.

5. Natural bundles. Each P –module V defines for all parabolic geometries (G → M, ω) of type G/P over a manifold M the associated bundle V M = G ×_P V over M. In fact, this is a functorial construction which may be restricted to all subcategories of parabolic geometries mentioned above and we call such bundles natural (vector) bundles. Similarly, we may treat bundles associated to any representation P → Diff(S) on a manifold S, the standard fiber for SM = G ×_P S. A special class of natural (vector) bundles defined by G–modules W is called tractor bundles, see [2, 8] for historical remarks. The remarkable feature of tractor bundles is that the extension of the Cartan connection ω to the principal connection form ω̃ on the extended Cartan bundle G̃ induces on them the canonical linear connections, see [8] for a powerful calculus for these objects.

6. Semi–holonomic jet–modules. While the standard jet prolongations of homogeneous vector bundles are again homogeneous vector bundles corresponding to certain jet–modules, this construction does not extend out of locally flat geometries, i.e. those without curvature. On the other hand, the defining absolute parallelism allows such a construction for one–jets and so we can go on to all orders with the semi–holonomic prolongations. This is the core of our approach to invariant operators in [12] and a straightforward iterative construction of suitable homomorphisms between semi–holonomic jet–modules provides all the distinguished operators in the BGG–sequences.

Let us consider a representation V of P , the corresponding homogeneous bundle V (G/P ) = G×_P V and its first jet prolongation J^1(V (G/P )) → G/P . This is again a homogeneous bundle, and the corresponding action of P on its standard fiber

J^1(V) := J^1(V (G/P ))_o = V ⊕ (g^∗_− ⊗ V)

is defined by means of the action of fundamental vector fields on the equivariant functions s ∈ C^∞(G, V)^P . The formula for the action of Z ∈ p_+ on elements of J^1(V) viewed as pairs (v, φ), where v ∈ V and φ is a linear map from g_− to V, is given by Z·(v, φ) = (Z·v, X → Z·(φ(X)) − φ(ad_−(Z)(X)) + ad_p(Z)(X)·v), i.e. we get the tensorial action plus one additional term mapping the value–part to the derivative–part.

By iteration, we obtain the semi–holonomic jet modules

J^kV = V ⊕ (g^∗_− ⊗ V) ⊕ · · · ⊕ (⊗^kg^∗_− ⊗ V)

with the appropriate action of P . Now, the semi–holonomic jet prolongations of natural bundles with standard fiber V turn out to be natural bundles corresponding to P –modules J^kV.

7. The BGG–resolutions. The straightforward consequence of the naturality of the semi–holonomic jet prolongation is that each P –module homomorphism

Φ : J^kV → W

gives rise to a natural differential operator between the corresponding natural bundles. Unfortunately, this correspondence is not bijective as in the case of homogeneous bundles and standard jets, i.e. a non–zero homomorphism may lead to a trivial operator and there are natural operators which are not achieved in this way. However, there is an iterative construction of homomorphisms based on the relation between the Lie algebra cohomologies and the vector valued forms on manifolds equipped with parabolic geometry, which yields the so called BGG–sequences of differential operators, first constructed in [12].

In order to enjoy the flavor of the general result, let us look at the example of the most trivial BGG–sequence on 5–dimensional CR–geometries of hypersurface type, cf. [12, Theorem 5.2]. This example is a resolution of the sheaf of complex smooth functions by means of the holomorphic and anti–holomorphic duals T^∗_{1,0}M, T^∗_{0,1}M to the complexified CR–subspace T^{CR}_C M, and the quotient Q = T_C M/T^{CR}_C .

Λ^2T^∗_{1,0} �

� � � � Q^∗ ⊗ Λ^2T^∗_{1,0} � T^∗_{1,0} � � � � ⊗^2Q^∗ ⊗ T^∗_{1,0} � � C � E � � � � (ker L)^∗

� � � � �

� � � � Q^∗ ⊗ (ker L)^∗ � � ⊗^3Q^∗

T^∗_{0,1} � � � � ⊗^2Q^∗ ⊗ T^∗_{0,1} � �

Λ^2T^∗_{0,1} �

� � � � Q^∗ ⊗ Λ^2T^∗_{0,1} �

This complex always computes the same cohomology as the De Rham complex, but it is of smaller dimension. The orders of all operators in the middle column are two, all the other operators are of first order. Here G = SU(p + 1, q + 1), up to some covering fenomena, and for all G–modules W , we obtain the nontrivial BGG– sequences of the same shape. Moreover, these compute the same cohomology as certain twisted De Rham complex on all locally flat manifolds. Let us also remark that each irreducible P –module with regular central character appears at exactly one position in exactly one such sequence.

All these operators belong to the class of standard operators. The name comes from representation theory and it is related to the fact that the corresponding Verma module homomorphisms for a general parabolics descend from the homomorphisms in the Borel case. There are also natural operators which are not standard, the so called non–standard ones, for which our methods have not been effective enough yet.

References

[1] T.N. Bailey, M.G. Eastwood, Complex paraconformal manifolds: their differential geometry and twistor theory, Forum Math. 3, (1991), 61–103 [2] T.N. Bailey, M.G. Eastwood, A. R. Gover, Thomas’s structure bundle for conformal, projective and related structures, Rocky Mountain J. 24 (1994), 1191–1217 [3] T.N. Bailey, M.G. Eastwood, C.R. Graham, Invariant theory for conformal and CR geometry, Annals of Math. 139 (1994), 491–552 [4] R. J. Baston, M. G. Eastwood, The Penrose Transform. Its Interaction with Representation Theory, Oxford Science Publications, Clarendon Press, 1989 [5] R.J. Baston, Almost Hermitian symmetric manifolds, I: Local twistor theory; II: Differential invariants, Duke Math. J., 63 (1991), 81–111, 113–138 [6] A. Čap, Partially integrable almost CR–manifolds, to appear [7] E. Cartan, Les espaces à connexion conforme, Ann. Soc. Pol. Math., 2 (1923), 171–202 [8] A. Čap, A. R. Gover, Tractor Calculi for parabolic geometries, Preprint ESI 792 (1999), electronically available on www.esi.ac.at [9] A. Čap, H. Schichl, Parabolic Geometries and Canonical Cartan Connections, Preprint ESI 450 (1997), electronically available at www.esi.ac.at [10] A. Čap, J. Slovák, Weyl structures for parabolic geometries, Preprint ESI (1999), to appear, electronically available at www.esi.ac.at [11] A. Čap, J. Slovák, V. Souček, Invariant operators on manifolds with almost Hermitian symmetric structures, I. Invariant differentiation, Acta Math. Univ. Commenianae, 66 (1997), 33–69, electronically available at www.emis.de; II. Normal Cartan connections, Acta Math. Univ. Commenianae, 66 (1997), 203–220, electronically available at www.emis.de; III. Standard operators, ESI Preprint 613 (1998), to appear in Diff. Geom. Appl., electronically available at www.esi.ac.at [12] A. Čap, J. Slovák, V. Souček, Bernstein–Gelfand–Gelfand sequences, ESI Preprint 722 (1999), electronically available at www.esi.ac.at [13] S.S. Chern, J. Moser, Real hypersurfaces in complex manifolds, Acta Math. 133 (1974), 219–271 [14] M.G. Eastwood, J. Slovák, Semi-holonomic Verma modules, J. of Algebra, 197 (1997), 424– 448 Preprint ESI 376, electronically available at www.esi.ac.at [15] C. Fefferman, Parabolic invariant theory in complex analysis, Adv. in Math. 31 (1979), 131–262 [16] C. Fefferman, R.C. Graham, Conformal invariants, in: Élie Cartan et les Mathématiques d’Aujourdui, Astérisque, 1985, 95–116 [17] P. Gauduchon, Structures de Weyl-Einstein, espaces de twisteurs et variétés de type S^1 ×S^3, J. reine angew. Math. 469, (1995), 1–50 [18] A.R. Gover, Invariants and calculus for projective geometries, Math. Annalen, 306 (1996), 513-538 [19] A.R. Gover, Invariants and calculus for conformal geometry, Preprint (1998), to appear [20] A.R. Gover, Aspects of parabolic invariant theory, in: Proc. Winter School Geometry and Physics, Srni 1998, Supp. Rend. Circ. Mat. Palermo, 59 (1999), 25–47 [21] A.R. Gover, C.R. Graham, CR calculus and invariant powers of the sub–Laplacian, to appear [22] S. Kaneyuki, On the subalgebras g_0 and g_{ev} of semisimple graded Lie algebras, J. Math.

Soc. Japan, 45, (1993), 1–19 [23] S. Kobayashi, Transformation groups in differential geometry, Springer-Verlag, Berlin, 1972 [24] B. Kostant, Lie algebra cohomology and the generalized Borel–Weil theorem, Ann. Math.

74 No. 2 (1961), 329–387 [25] J. Lepowsky, A generalization of the Bernstein–Gelfand–Gelfand resolution, J. of Algebra 49 (1977), 496–511 [26] T. Morimoto, Geometric structures on filtered manifolds, Hokkaido Math. J. 22, (1993), 263–347

[27] T. Ochiai, Geometry associated with semisimple flat homogeneous spaces, Trans. Amer.

Math. Soc. 152 (1970), 159–193 [28] G. Schmalz; J. Slovák, The Geometry of Hyperbolic and Elliptic CR-manifolds of codimension two, Preprint MPI MIS 3/99, electronically available at www.mis.mpg.de, to appear in Asian J. Math [29] R.W. Sharpe, Differential Geometry, Graduate Texts in Mathematics 166, Springer–Verlag 1997 [30] J. Slovák, Parabolic geometries, Research Lecture Notes, Part of DrSc. Dissertation, Preprint IGA 11/97, electronically available at www.maths.adelaide.edu.au, 70pp [31] M. Takeuchi, Lagrangian contact structures on projective cotangent bundles, Osaka J. Math.

31 (1994), 837–860 [32] N. Tanaka, On non–degenerate real hypersurfaces, graded Lie algebras and Cartan connections, Japanese J. Math. 2 (1976), 131–190.

[33] N. Tanaka, On the equivalence problem associated with simple graded Lie algebras, Hokkaido Math. J., 8 (1979), 23–84 [34] T.Y. Thomas, On conformal geometry, Proc. N.A.S. 12 (1926), 352–359 [35] T.Y. Thomas, Conformal tensors, Proc. N.A.S. 18 (1931) [36] V. Wünsch, On conformally invariant differential operators, Math. Nachr. 129 (1986), 269– 281 [37] K. Yamaguchi, Differential systems associated with simple graded Lie algebras, Advanced Studies in Pure Mathematics 22 (1993), 413–494

Department of Algebra and Geometry, Masaryk University in Brno, Janáčkovo nám. 2a, 662 95 Brno, Czech Republic E-mail address: slovak@math.muni.cz