Invariant operators and semi-holonomic Verma modules

Jan Slovák

Department of Algebra and Geometry Masaryk University Janáčkovo n. 2a 662 95 Brno, Czech Republic

Abstract

This brief survey aims to discuss a recently discovered relation between invariant operators in certain geometries, non-holonomic jet prolongations and the corresponding non-holonomic generalizations of the usual Verma modules. Since we wish to provide a sort of bridge between the differential geometric and representational theoretic backgrounds, we also recall a few elementary concepts on both sides. A more detailed information can be found in [EasS], [CSS1], [CSS2], [Slo], and further papers will follow.

1 Cartan geometries

Roughly speaking, the geometries introduced by Cartan under the name ‘espace generalisé’ are curved deformations of homogeneous spaces G/P where P is a (closed) subgroup in a Lie group G. All such possibilities for G and P give the flat models G → G/P of the geometries in question. The properties of G are encoded in the (left) Maurer-Cartan form ω ∈ Ω^1(G, g) and the latter form is the subject of the deformations we have in mind. Thus instead of the principal P -bundle G → G/P we shall deal with a general principal P -bundle G → M, equipped with a oneform ω ∈ Ω^1(G, g), subject to the following properties (ζ_X denotes the fundamental vector field given by X):

Curved geometry Flat model G → M, ω ∈ Ω^1(G, g) G → G/P , Maurer-Cartan form ω ω(ζ_X ) = X for all X ∈ p ω(ζ_X ) = X for all X ∈ g (r^b)^∗ω = Ad(b^{−1}) ∘ ω ∀b ∈ P (r^b)^∗ω = Ad(b^{−1}) ∘ ω ∀b ∈ G ω_{|T}u_G : T_uG → g iso ∀u ∈ G ω_{|T}u_G : T_uG → g iso ∀u ∈ G A form ω ∈ Ω^1(G, g) with the three properties listed above is called Cartan connection (of the type G/P ). Let us notice in particular the third property, which yields the horizontal vector field ω^{−1}(X) on G for each element X ∈ g. The first condition then tells that the latter fields are the fundamental fields ζ_X for all X ∈ p. The extent of the deformation is measured by the curvature of the Cartan connection, the two-form κ ∈ Ω^2(G, g) given by the structure equation dω + 1 2 [ω, ω] = κ. In particular, (G, ω) is locally isomorphic to (G, ω) if and only if κ vanishes. It follows immediately from the definition, that κ is a horizontal form. Due to the presence of the horizontal vector fields we can view κ as a function valued in Λ^2(g/p)^∗⊗g, i.e. κ ∈ C^∞(G, Λ^2(g/p)^∗ ⊗ g).

All these old ideas go back to E. Cartan and his concept of ‘generalized spaces’, see e.g. [Car1], [Car2]. See also the recent book [Sha] for many illuminating comments.

We are mostly interested in the special class of such geometries where either p is a parabolic subalgebra in a complex semisimple Lie algebra g, or p and g represent a real form of such a situation. Following Fefferman and Graham, we are using the name parabolic geometries in this context, cf. [FefG], [Gra].

More explicitly, we deal with a pair (g, p) where g is a (real or complex) semisimple Lie algebra of the Lie group G equipped with a finite grading g = g_{−ℓ} ⊕ · · · ⊕ g_ℓ, p = g_0 ⊕ · · · ⊕ g_ℓ. The group P is then the Lie subgroup corresponding to the subalgebra p. We also write g_− for g_{−ℓ} ⊕ · · · ⊕ g_{−1} and p_+ for g_1 ⊕ · · · ⊕ g_ℓ. Then g− ≃ (g/p) and the Killing form yields (g_−)^∗ ≃ p_+. In the case of complex Lie groups P ⊂ G this just means that P is a parabolic subgroup.

The original aim of the Cartan connections was the equivalence problem and they were constructed from some simpler underlying data. Such a construction for our class of geometries was discussed extensively in the literature, see e.g. [Mor], [Tan], [Yam], and the definitive and most complete version is available in [CSch].

The existence of the horizontal fields ω^{−1}(X) for each X ∈ g yields the so called invariant differential ∇^ω acting on all vector-valued functions C^∞(G, E), in particular on the sections of the corresponding associated bundles. Simply, the differential is defined for all u ∈ G, X ∈ g_−, by the Lie derivative of functions

∇^ω : C^∞(G, E) → C^∞(G, g^∗_− ⊗ E), ∇^ωs(u)(X) = L_ω�1_{(X)}s(u).

For our purposes, we shall assume the Cartan connection on G → M is given. Then a rich geometrical structure is induced and the main source for various underlying concepts and their relations lies in the grading of the Lie algebra g.

2 Jet-modules

Let us fix some notation. For each representation λ of P , we shall write E_λ for the corresponding P -module. Given the principal P -bundle G and such a module E_λ , we write E(E_λ ), or just E(λ) for the induced associated vector bundle. The kth jet prolongation of such bundles E, i.e. the vector spaces of all jets of their local sections will be denoted by J^kE.

In the special case of the homogeneous vector bundle E(λ) = G ×_P E_λ over the homogeneous space G → G/P , the jet prolongations J^kE(λ) inherit the action of G. If we view sections in C^∞E(λ) as P -equivariant functions s ∈ C^∞(G, E_λ )^P , then the 1-jets of sections at the distinguished point o ∈ G/P are identified with 1-jets of these equivariant functions at the unit e ∈ G and the action is given by g.(j^1_e s) = j^1_e (s ∘ ℓ_g�1 ) for all g ∈ G. Indeed, for each section s and any local section u of G we have g.j^1_o(x → {u(x), s(u(x))}) = j^1_o (x → {ℓ_g ∘ ℓ_g�1 ∘ u(x), s(ℓ_g�1 ∘ u(x))}) = j^1_0 (x → {u(x), s ∘ ℓ_g�1 (u(x))}). Thus the induced action of Z ∈ p on the section s is given by differentiation in the direction of the right invariant vector field ζ^R_Z on G, Z.j^1_e s = −j^1_e ζ^R_Z .s.

We shall write the jets as j^1_e s = (v, φ) ∈ E_λ ⊕ (g^∗_− ⊗ E_λ ), where we identify T_eG ≃ g_− ⊕ p via ω, i.e. v = s(e) and φ(X) = ω^{−1}(X).s(e). Now we can express the action of Z ∈ p in these terms (we use the commuting of the left invariant fields and the right invariant fields and the fact that their values at e coincide)

(1)

(v, φ) → −j^1_e ζ^R_Z .s = ( −ζ^R_Z .s(e), (X → −ω^{−1}(X).(ζ^R_Z .s)(e)) ) = ( −ω^{−1}(Z).s(e), (X → −ω^{−1}(Z).(ω^{−1}(X).s)(e)) ) = ( λ(Z)(v), (X → −ω^{−1}(X).(ω^{−1}(Z).s)(e) − [ω^{−1}(Z), ω^{−1}(X)].s(e)) ) = ( λ(Z)(v), (X → λ(Z) ∘ φ(X) − φ ∘ ad_−(Z)(X) + λ(adp(Z)(X)(v))) ) = ( λ(Z)(v), λ(Z) ∘ φ − φ ∘ ad_−(Z) + λ(adp(Z)( ))(v) ) . So we define the p-module J^1E_λ as E_λ ⊕ (g^∗_− ⊗ E_λ ) with the p-action given by (1). We call this module the first jet prolongation of E_λ .

By the construction, there always is the P -module structure on J^1E compatible with (1). In our case, with P ⊂ G parabolic, the whole P is a semidirect product of its reductive part G_0 and the nilpotent exponential image of p_+ = g_1 ⊕ · · · ⊕ g_ℓ.

Now, J^1E_λ = E_λ ⊕(g^∗_− ⊗E_λ ) as G_0-module and we can read the P -module structure off (1) as well.

Obviously, for each P -module homomorphism α : E_λ → E_μ the mapping J^1α : (v, φ) → (α(v), α ∘ φ) is a well defined P -module homomorphism J^1E_λ → J^1E_μ . Thus J^1 is a functor on P -modules. We shall also write J^1λ for the corresponding representation.

As well known from the classical differential geometry, the iteration of the jet functors leads to the non-holonomic jet prolongations and the semi-holonomic and holonomic ones are defined as certain equalizers. Since we have posed no restrictions on the representation λ above, we can also iterate the functors J^1 on the P -modules.

Let us look more carefully at J^1J^1E_λ and the non-holonomic second order prolongation J^1J^1E(λ). There are two obvious p-module homomorphisms J^1J^1E_λ → J^1E_λ , the first one given by the projection p_λ : (v, φ) → v defined on each first jet prolongation and the other obtained by the action of J^1 on p_λ. Thus there is the submodule J̄^2E_λ in J^1J^1E_λ on which these two projections coincide. As a vector space, this is J̄^2E_λ = E_λ ⊕ (_g^∗_− ⊗ E_λ ) ⊕ (_g^∗_− ⊗_g^∗_− ⊗ E_λ ).

The two P -module homomorphisms J^1p_λ, p_J1_λ give rise to fiber bundle morphisms J^1J^1E(λ) → J^1E(λ) which are just the two standard projections on second nonholonomic jet prolongations.

Iterating this procedure, we obtain the kth semi-holonomic jet modules J̄^kE_λ and their prolongations J^1(J̄^kE_λ ) equipped with two natural projections onto J̄^kE_λ , which correspond to the usual projections on the first jet prolongation of semiholonomic jets. Their equalizer is then the P -submodule J̄^{k+1}E_λ . As a vector space (and G_0-module),

J̄^kE_λ = k⨁ i=0 (⊗^ig^∗_− ⊗ E_λ ).

Now, the existence of the Cartan connection ω on our principal bundle G provides important geometrical identifications: In particular, we have the mapping

ι : C^∞(G, E_λ )^P → C^∞(G, J^1E_λ )^P , ι(s)(u) = (s(u), (X → ∇^ωs(u)(X)))

which yields a diffeomorphism J^1E(λ) ≃ G ×_P J^1E_λ .

Indeed, the mapping ι : s → (s, ∇^ω s) is well defined and depends on first jets only, but we have to check its equivariance. This means exactly the commuting with the derivatives in the directions of fundamental vector fields ω^{−1}(Z), Z ∈ p. So we aim at −ζ_Z ι(s)(u) = J^1λ(Z) ∘ ι(s)(u). To see this, we just have to copy the computation in (1) and to remember that the curvature of any Cartan connection is horizontal: −ζ_Z.ι(s)(u) = ( −ω^{−1}(Z).s(u), (X → −ω^{−1}(Z).(ω^{−1}(X).s)(u)) ) = ( λ(Z)(s(u)), (X → −ω^{−1}(X).(ω^{−1}(Z).s)(u) − ω^{−1}([Z, X]).s(u)) ) = ( λ(Z)(s(u)), (X → λ(Z) ∘ ∇^ωs(u)(X) − ∇^ωs(u) ∘ ad_−(Z)(X) + λ(adp(Z)(X))(s(u))) ) Clearly, we have constructed a diffeomorphism J^1E(λ) → G ×_P J^1E_λ .

Now, consider a homomorphism α : E_λ → E_μ . The corresponding homomorphism f : E(λ) → E(μ) is defined by {u, v} → {u, α(v)}, and so the induced action on sections is (x → {u(x), s(u(x))}) → (x → {u(x), α ∘ s(u(x))}). Taking 1-jet of this expression we obtain just the homomorphism J^1α. Thus, for each fiber bundle morphism f : E(λ) → E(μ) given by a P -module homomorphism α : E_λ → E_μ , the first jet prolongation J^1f corresponds to the P -module homomorphism J^1α.

Since the higher order semi-holonomic jets are built by means of iterations, we obtain the following consequences for higher orders: For each integer k > 0, the kth semi-holonomic jet prolongation J̄^kE(λ) carries the natural structure of the associated fiber bundle G ×_P J̄^kE_λ . Moreover, the invariant differential defines the natural embedding J^kE(λ) ∋ j^k_us → {u, (s(u), ∇^ωs(u), . . . , (∇^ω)^ks(u))} ∈ J̄^kE_λ ≃ G ×_P J̄^kE_λ . It is just the existence of the natural associated bundle structure on J̄^kE(λ) (i.e.

depending on ω only) which gives rise to the differential operator D_Φ : C^∞E(λ) → C^∞E(μ) for each P -module homomorphism Φ : J̄^kE_λ → E_μ . In view of the existence of the canonical Cartan connections on the parabolic geometries, this means that each such P -module homomorphism defines an invariantly defined operator on manifolds with the appropriate geometric structures. On the other hand, not all invariant operators arise in this way, see e.g. [CSS1, EasS, Slo].

The existence of the canonical embedding provided by the iterated differential suggests a straightforward method for explicit constructions of such operators. Given a P -module homomorphism Φ : J̄^kE_λ → E_μ we compose this with the iterated differentials to obtain quite explicit analytic expressions for the operators. On the other hand, we can also start with an arbitrary G_0-module homomorphism Φ, compose it with the differentials and discuss the equivariance of the resulting expression. Its expansion in terms of the underlying generalized Weyl geometries yields an algorithmic method for finding operators, see e.g. [CSS1, Slo].

While the semi-holonomic prolongations J̄^kE(λ) are constructed by a purely algebraic construction, the embedding of J^kE(λ) depends of course heavily on the curvature of the Cartan connection. This makes the discussion on the algebraic conditions for the existence of invariant operators which are not coming from P - module homomorphisms much more difficult.

3 Semi-holonomic Verma modules and the translation principle

Instead of seeking for P -module homomorphisms Φ : J̄^kE_λ → E_μ , we can pass to their dual morphisms Φ^∗ : E^∗_μ → (J̄^kE_λ )^∗. This simple observation has amazing consequences.

Let us first recall the notion of the (generalized) Verma modules. It is well known for holonomic jets that the dual modules (J^kE_λ )^∗ enjoy the nice algebraic structure of the finite dimensional parts of the filtered induced module

Vp(λ) = U(g) ⊗U_(p_) E^∗_λ .

In particular, the (topological) dual to the inverse limit J^∞E_λ is the whole generalized Verma module Vp(λ). Thus, instead of looking for homomorphisms defined on the highly reducible P -modules J^kE_λ we have only to discuss morphisms defined on the highest weight modules Vp(λ) and the whole task is reduced to the discussion on the so called singular vectors in the Verma modules. These are quite well known in representation theory and the description of the invariant operators on the homogeneous bundles is reduced to a purely algebraic question in this way. See e.g. [Dob], [BasE] for many further links. Fortunately, our ‘less symmetric’ P -modules J̄ kE_λ have quite similar duals, first studied in [EasS].

We start with a modification of the definition of U(g). Our algebra Ū(g) is defined as the quotient of the free tensor algebra T (g) by the two-sided ideal I which is generated by {X ⊗ Y − Y ⊗ X − [X, Y ]; for all X ∈ p, Y ∈ g}. Thus, we force the compatibility of the commutator with the bracket only for those brackets with at least one element in p.

The semi-holonomic Verma module induced from the P -module E_λ is the (g, P )- module V̄p(λ) =¯_U(_g) ⊗U_(p_) E^∗_λ .

The obvious filtration of Ū(g) gives rise to the filtration of the semi-holonomic Verma module

E^∗_λ = F0^¯Vp(λ) ⊂ F1^¯Vp(λ) ⊂ . . .

by U(p)-modules, with

F_{k+1}V̄p(λ)/F_kV̄p(λ) ≃ ⊗^{k+1}g_− ⊗ E^∗_λ

as G_0–modules.

A straightforward computation shows that the U(p)-modules (J̄^kE_λ )^∗ dual to the semi-holonomic jet modules are naturally identified with the U(p)-submodules F_kV̄p(λ) in the semi-holonomic Verma module V̄p(λ).

The next ingredient we need is the translation principle for homomorphisms of Verma modules which is based on the properties of the central (or infinitesimal) character. We do not have a straightforward analogy of the central character for semi-holonomic Verma modules, but we can still extend the translation functors due to Zuckerman and Jantzen. In fact we can show that once the essential homomorphisms building these functors would exist in the semi-holonomic setting, then also the whole translation principle worked as well. Special situations were studied in great detail in [EasS].

Roughly speaking, the key observation for the original translations is that for each G-module W the induced module Vp(E_λ ⊗ W) is naturally isomorphic to

Vp(E λ )⊗W and so each homomorphism φ : Vp(λ) → Vp(μ) gives rise to the ‘twisted’

homomorphism φ ⊗ idW and the compositions of the latter morphism with the projections and embeddings given by the decompositions by the central character yield the ‘translated’ operators.

Now, the semi-holonomic Verma modules also satisfy V̄p(E_λ ⊗W) ≃ V̄p(E_λ )⊗W for G-modules W, see [EasS], but new features appear. In general, there are just two main points: (1) We have to find ‘initial data’ to start the translations with. (2) We have to collect enough of P -module homomorphisms providing the necessary splittings.

There are many homomorphisms of semi-holonomic Verma modules in general. Therefore we restrict our attention only to those which posses a given symbol, we talk about ‘liftings’ of the homomorphisms between classical Verma modules to the semi-holonomic ones.

In [EasS], this was done in detail for the conformal Riemannian geometries. Both in even and odd dimensions m, the initial data consist of the exterior differentials on forms, the powers of the Laplace operator and the Dirac operator (though even these may be translated, essentially all from just a sigle identity operator — but such translations are highly non-trivial and work only in one direction, as a rule). All the necessary splitting operators are then obtained from the choice of the standard representation W = R^{m+2} of G = Spin(m + 1, 1, R) and they all exist in the semiholonomic case since their orders are at most two. In odd dimensions, this works for all powers of the Laplacians and the rest is achieved by translations, while in even dimensions m = 2n the critical nth power of the Laplacian does not exist in the form of a P -module homomorphism of the semi-holonomic Verma modules, see [EasS]. On the other hand, it is known that these critical powers do exist as invariant operators on conformal Riemannian manifolds. Consequently, there are homomorphisms of (holonomic) Verma modules which do not have semi-holonomic lifts.

Thus, we are able to get very general structural results on the existence of the homomorphisms of semi-holonomic Verma modules. On the other hand, even if we find the singular vectors in V̄p(λ) defining those homomorphisms, it is not evident how to find analytic formulae for the operators in a direct algorithmic way.

Of course, an explicit expression of the singular vector in terms of the rising and lowering operators will provide the analytic formula in terms of the invariant differential. In the flat case, such formulae are discussed in several papers, see e.g. [Dob] and the references therein. From the point of view of differential geometry, expressions of these operators in terms of the underlying linear connections on the manifold in question seem to be more relevant. An algorithmic procedure expanding the invariant differential in these terms is worked out in [CSS1], [Slo].

The combination of the direct discussion on the jet level with the dual picture seems to be most promising. More explicitly, the twisted homomorphisms exist also on the semi-holonomic jet modules and they can be computed in a very explicit way. Also the splittings admit quite concrete expressions. Thus the existence and structural results on the homomorphisms of semi-holonomic Verma modules find their explicit counterparts on the level of the jets. See [Cap] for further information.

4 Final remarks

We skip completely the discussion on the holonomic cases, these are more or less understood in the representation theory.

The treatment of the semi-holonomic modules is in its beginning and the paper [EasS] shows the first steps only. At present, any concrete type of parabolic geometries, i.e. any choice of G and P as discussed above, allows a similar procedure along the lines of the latter paper, but it seems that a satisfactory understanding of the general case of all parabolic geometries requires further new ideas. One of them will definitly be the algebraic understanding of the geometric formal adjointness, as discussed in [Eas].

There is also the possibility of a direct approach on the (finite) jet level. In fact, the ‘twisted’ operators between semi-holonomic Verma modules do have their counterparts and all the splitting operators are built by a quite nice geometric construction using the canonical Cartan connections. First steps in this direction can be traced in several papers, see e.g. [BEG] discussing the Thomas’s D-operators. The general and very explicite constructions are presented in [Cap]. This approach has also proved as very fruitful when applied to the special case of the so called curved analogs of the Bernstein-Gelfand-Gelfand resolutions. In [CSS4], the latter analogs are constructed for all parabollic geometries and all irreducible G-modules, without referring to the flat case.

Acknowledgments

Support from the Australian Research Council and GaČr, Grant 201/96/0310 is gratefully acknowledged. Many useful discussions with Andreas Čap, Michael Eastwood, and Vladimír Souček were also essential.

References

[BEG] Bailey, T.N.; Eastwood, M.G.; Gover, A.R., Thomas’s structure bundle for conformal, projective and related structures, Rocky Mountain J. of Math. 24 (1994), 1191–1217.

[Bas1] Baston, R.J., Almost Hermitian symmetric manifolds, I: Local twistor theory, Duke Math.

J. 63 (1991), 81–111.

[Bas2] Baston, R. J., Verma modules and differential conformal invariants, J. Differential Geometry 32 (1990), 851–898.

[BasE] Baston, R.J.; Eastwood, M.G., The Penrose Transform, Its Interaction with Representation Theory, Clarenden press, Oxford, 1989.

[BoC1] Boe, B. D.; Collingwood, D. H., A comparison theory for the structure of induced representations I., J. of Algebra 94 (1985), 511-545.

[BoC2] Boe, B. D.; Collingwood, D. H., A comparison theory for the structure of induced representations II., Math. Z. 190 (1985), 1-11.

[Cap] Čap, A., Translations of natural operators on manifolds with AHS-structures, electronically available at www.emis.de, Arch. Math. Brno 32 (1996), 249–266.

[Car1] Cartan, E., Les sous-groupes des groupes continus de transformations, Ann. École Norm.

Supp 25 (1908), 57–194.

[Car2] Cartan, E., Les espaces géneralisés, Notice sur les traveaux scientifique, Ouvres Completes, Partie I, Vol. I., 1952, pp. 72-85.

[CSch] Čap, A.; Schichl, H., Parabolic geometries and canonical Cartan connections, Preprint ESI 450, electronically available at www.esi.ac.at.

[CSS1] Čap, A.; Slovák, J.; Souček, V., Invariant Operators on Manifolds with Almost Hermitian Structures, I. Invariant Differentiation, electronically available at www.emis.de, Acta Math. Univ. Commenianae 66 (1997), 33-69.

[CSS2] Čap, A.; Slovák, J.; Souček, V., Invariant Operators on Manifolds with Almost Hermitian Structures, II. Normal Cartan Connections, to appear in Acta Math. Univ. Commenianae, electronically available at www.emis.de.

[CSS3] Čap, A.; Slovák, J.; Souček, V.,, Invariant Operators on Manifolds with Almost Hermitian Structures, III. Standard Operators, to appear.

[CSS4] Čap, A.; Slovák, J.; Souček, V.,, Bernstein-Gelfand-Gelfand resolutions and their curved analogs, in preparation.

[Dob] Dobrev, V. K., q-difference conformal invariant operators and equations, Proc. Conf. 15th Winter School Geometry and Physics, Srni, 1995, vol. 43, 1996, pp. 15–56.

[Eas] Eastwood, M.G., A formal adjoint for homomorphisms of induced modules, in preparation.

[EasS] Eastwood, M.G.; Slovák, J., Semi-holonomic Verma modules, Journal of Algebra 197 (1997), 424–448.

[Gra] Graham, C. R., Invariant theory of parabolic geometries, Conf. Proc. Complex Geometry, Osaka 1990, Marcel Dekker Lecture Notes, Pure and Applied Math. 143, 1993, pp. 53–66.

[FefG] Fefferman, C.; Graham, R.C., Conformal invariants, Élie Cartan et les Mathématiques d’Aujourdui, Astérisque, 1985, pp. 95-116.

[Mor] Morimoto, T., Geometric structures on filtered manifolds, Hokkaido Math. J. 22 (1993), 263–347.

[Och] Ochiai, T., Geometry associated with semisimple flat homogeneous spaces, Trans. Amer.

Math. Soc. 152 (1970), 159–193.

[Sha] Sharpe, R.W., Differential Geometry (Cartan’s Generalization of Klein’s Erlangen Program), Springer, GTM, New York, Berlin, 1997.

[Slo] Slovák, J, Parabolic geometries, Research Lecture Notes, IGA Preprint 11/97, available at http://www.maths.adelaide.edu.au/Pure/iga.

[Tan] Tanaka, N., On the equivalence problem associated with simple graded Lie algebras, Hokkaido Math. J. 8 (1979), 23–84.

[Yam] Yamaguchi, K., Differential Systems Associated with Simple Graded Lie Algebras, Progress in Differential Geometry, vol. 22, 1993, pp. 413–494.