ON INVARIANT OPERATIONS ON A
MANIFOLD WITH CONNECTION OR METRIC

JAN SLOVAK

ABSTRACT. The study of the invariant local operations on exterior forms is a clas-
sical and well understood subject. However, we reconsider the problem assuming
only the locality of the operations and we still derive a complete explicit classifica-
tion. In particular, both the finiteness of the order and polynomiality follow. Hence
the present paper generalizes considerably the classical results and suggests a nice
axiomatic definition of well known operations.

First we present our main technical tools. Next we classify all (possibly non-linear)
operators on exterior forms on a manifold with connection, they are generated by
the Chern forms, the exterior differential and the wedge product. Finally, we discuss
operations on Riemannian manifolds. The results involve a generalization of the well
known Gilkey theorem on the uniqueness of the Pontrjagin forms.

1. THE MAIN TOOLS

1.1. Bundle functors. Our aim is to classify all geometrically defined operators
transforming exterior forms on a manifold endowed with connection or metric. A
suitable explicit formulation of the problem is provided by the general theory of
bundle functors and natural operators which was worked out after the Nijenhuis’s
paper [Nijenhuis, 72], see e.g. [Terng, 78], [Palais, Terng, 77], [Epstein, Thurston,
79]. Recently, this general and precise setting for geometric objects and operations
has been developed systematically and extended to more general categories of man-
ifolds in the monograph [KolaF, Michor, Slovak]. Let us recall that a bundle functor
on the category M f,, of m-dimensional manifolds and local diffeomorphisms (i.e.
globally defined but locally invertible smooth mappings) with values in the category
FM of fibered manifolds i1s a functor F': M f,, — FM which satisfies

(1) B o F =iday,, where B: FM — Mf is the base functor

(i) for every inclusion iy : U < M of an open submanifold, F'U is the restric-
tion phl(U) of the value FM = (ppr: FM — M) to U and Fiy is the
inclusion phl(U) — I'M.

If for every point # € M and every local diffeomorphism f: M — M’ the
restriction of F'f to the fiber F; M over x depends only on the r-jet j7 f, then the
bundle functor F' is said to be of order r.

In the sequel we shall deal with the following bundle functors: AP7T™ — the bundle
functor of exterior forms; 7(%P) — p-times covariant and ¢-times contravariant tensor
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fields; S_zl_ T* — the subbundle of positive definite symmetric 2-forms in S27, i.e. the
Riemannian metrics; P! — the first order frame bundle, i.e. PM = invJ}(R™, M);
QP! — the connection bundle on Pl ie. (QPYM = J'PIM/GL(m,R) is the
bundle of linear connections on M; @, P! — the subbundle in QP! of symmetric
linear connections. The last two bundle functors are of order two. All the other
ones are first order bundle functors and moreover vector bundle functors, except
S_ZI_T* which is an open sub bundle functor in S?T™*.

The expression F' x G means the product of two bundle functors F' and G.
Since all natural transformations between bundle functors on M f,,, are formed by
morphisms over identities, the value (F x G)M is the fibered product FM x 3 GM
and similarly for morphisms.

1.2. Natural operators. If Y — M is a fibered manifold, we write C*(Y) for
the space of all smooth sections of Y. Given two fibered manifolds Y, ¥’ over the
base M, a mapping D: C™(Y) — C°(Y’) is called a local smooth operator if for
each point ¢ € M and every section s € C*°(Y'), the value Ds(z) depends only on
the germ of s at 2 and if all smoothly parameterized families s;, ¢ € R* of sections
are transformed into smoothly parameterized families.

A bundle functor F' defines for every m-dimensional manifold M an action of the
diffeomorphism group Diff(M) on the value FM. This induces the action on the
spaces of sections f,s = Ffoso f~'. A natural operator D: F — E between two
bundle functors is a system of local smooth operators Dy : C®(FM) — C*(EM),
M € ObM f,,, such that

(1) fe(Dars) = Dn(fes) for all sections s € C°(F M) and all diffeomorphisms
f+M—>N

(i1) (Dms)|lv = Du(s|v) for each open submanifold U — M.

A natural operator D is said to be of order k < oo if the operators Dys depend on
k-jets of the sections only.

In view of (ii), the natural operators can be equivalently considered as systems
of mappings defined on local sections or even on the germs of local sections. We can
also view the natural operators as natural transformations D: C*® o FF — C'* o (¢
satisfying the properties corresponding to (i) and (ii).

Since we want to classify geometrically defined operators on exterior forms, we
should extend the definition of bundle functors to involve functors with infinite di-
mensional values and we should deal with the functor E associating to each mani-
fold M the infinite dimensional space of all operators C°(APT*M) — C°(AT*M)
and natural transformations D:1Id — FE (i.e. the corresponding operators Dpy
have no arguments). Further, we should replace the category Mf,, by the cate-
gory of Riemannian manifolds or manifolds with connection and the corresponding
morphisms. However, the connections and metrics themselves are sections of val-
ues of bundle functors which are preserved by the morphisms in question, and
one verifies easily that our problem is equivalent to finding all natural operators
D: QP x APT* — AT* or D: S_ZI_T* x APT* — AT* (working in the category
Mfm). We shall always restrict ourselves to symmetric linear connections, the
general case can be treated by adding the torsion tensor to the arguments of the
operator.

Since the objects in M f,, are locally diffeomorphic to R and since the action
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of the diffeomorphisms on R™ is transitive, every natural operator D: F — E
is determined by the values of Dgm on the germs of sections at the origin 0 €
R™. Moreover, if D is of order k& < oo and if the order of the bundle functors
F and E 1s r, then the whole operator i1s determined by the induced mapping
D: JE(FR™) — EoR™ = JI(ER™) (the so called associated map) and the nat-
urality implies that this mapping commutes with the induced actions of the so
called jet group G7 1% = inVJg‘i'k (R™,R™)g on the fibers J&(FR™) and EgR™. On
the other hand, each G7}*-equivariant mapping J&(FR™) — EgR™ determines a
unique natural operator D: F' — E. So we have recalled the well known bijection
between the natural operators and suitable equivariant mappings, see e.g. [Terng,

78],

Proposition. There is a bijective correspondence between the set of k-th order
natural operators D: F — E and the set of all GE}"-equivariant smooth mappings
JE(FR™) — EgR™.

If we deal with vector bundle functors (or affine bundle functors or subbundles
of these bundle functors), the standard fibers J§ FIR™ are vector spaces (or affine
spaces or invariant submanifolds in these spaces) and we call a natural operator
D polynomial if the associated map D 1s polynomial. In this case, the coordinate
expressions of the operators Djs in arbitrary local coordinate systems on M are
given by a universal polynomial expression induced from D.

1.3. Nonlinear Peetre theorem. A nonlinear generalization of Peetre’s theorem
on the finiteness of the order of local linear operators was proved by the author in
[Slovak, 88]. The general result is rather technical and so we formulate a special
case which we shall need.

Proposition. LetY — M andY’ — M be fibered manifoldsand let D: C*(Y) —
C*®(Y") be a smooth local operator. Then for every fixed section s € C*°(Y') and
for every compact set K C M, there is an order r € N and a neighborhood V of s
in the compact open C'*°-topology such that for every x € K and sy, s» € V the
condition jhs) = jhso implies Dsy(x) = Dsa(z).

As a direct consequence of this result, we see that each natural operator D: F' —
Eis of order k = oo and so D is determined by the associated G5F-equivariant map
D: JP(FR™) — EgR™.

Let us remark that a stronger version of the above proposition (without the
smoothness assumption) is also proved in [Kola¥, Michor, Slovak] and it is applied
there in an alternative proof of the regularity and the finiteness of the order of
bundle functors which avoids the original manipulation with infinite dimensional
Lie groups G2, cf. [Epstein, Thurston, 79].

1.4. Lemma. Let F': Mf,, = FM be an arbitrary bundle functor and p > q be
non-negative integers. Then every natural operator D: Q, x T'9P) — F has finite
order.

Proof. Let us write £ = Q, x T@P). By 1.3, D is determined by the associated
map D: JP(ER™) — FyR™ induced by Dgm. Furthermore, for every jet ji°s €
J§°(ER™) there is an order r < oo, a neighborhood U, of jjs in J§(ER™) and
a smooth mapping D,: U, C JJ(ER™) — FyR™ such that for all j§°¢ € V; :=
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(72°)~1U, we have D(j5°q) = D,.(jiq). The naturality of D implies that if the
open neighborhood U, is the maximal one with this property, then V, is G%7-
invariant. The induced action of G turns J§(ER™) into a sum of G} -invariant
linear subspaces in the tensor spaces (R™ @ @T2R™*) @ (@*R™ @ @ HR™) £ < k.
Since r > s, the action of the homotheties (i.e. the center) in G}, shows, that the

orbit of any neighborhood of the jet j&0 of the zero section under the action of G
coincides with the whole space J§(ER™). O

1.5. A classical observation due probably to Schouten claims that the geometric
operations of order k on tensor fields depending on a connection factorize through
the covariant derivatives of the arguments up to the order k& and through the cur-
vature and its covariant derivatives up to the order & — 1. Several authors derived
more precise formulations involving some further assumptions, see e.g. [Lubczonok,
72], [Atiyah, Bott, Patodi, 73], [Epstein, 75], [Krupka, Janyska, 90]. A (rather tech-
nical) verification of such reduction without any additional assumption is presented
in the framework of natural operators by Kold¥ in [Kola¥, Michor, Slovdk]. The
proof is based on the study of G%t?-equivariant mappings between the standard
fibers and a suitable description of the orbits under the action of the jet group. On
the set-theoretical level, this is a more or less classical technical computation, but
the subtle point is the smoothness.

Let F be a first order bundle functor on M f,,, £ be an open natural sub bundle
of a natural vector bundle £/ on M f,,. The curvature and its covariant derivatives
are natural operators pi: @, P! — Ry, with values in tensor bundles Ry, RyR™ =
R™ x Wy, Wy = R™@R™ @ AZR™, Wit1 = Wi @ R™*. Similarly, the covariant
differentiation of sections of E forms natural operators dy: Q, P! x E — Ej, where

Ey=FE, EgR™ =R™x V, dg is the inclusion, EyR™ = R™ x Vi, Vi1 = Vi QR™*.
Let us write D* = (po,...,pr—2,do,...,dg): Q- P' x E — RF=2 x E* where
R'=Ryx...x R, E' = Fyx ...x E;. All D* are natural operators.

Lemma. There are sub bundle functors Z% C R*~? x E* such that D¥: Q,P' x
E — 7% and the associated maps D*: JE=H(Q, P'R™) x JE(ER™) — ZER™ are
surjective submersions for all k. Furthermore, for each point z € Z¥R™ the preim-
age (D*)~1(2) forms one orbit under the action of the kernel Bf"'l of the projection
71"f+1: GhHL 5 Gl

1.6. Reduction theorem. Let us write S; for the tensor space R™ @ Si+2R™*
@ = Sy for the standard fiber of the bundle of symmetric connections and

S:JETHR™ Q) = JETHQ,PIR™) = Sy x ... x Sk

be the ”symmetrization of the derivatives of the Christoffel symbols” (i.e. we express
the jet space Jg_l(QTPHRm) as the sum of the tensor spaces corresponding to the
individual degrees of derivatives and apply the symmetrization to the individual
summands). A more or less classical construction leads to a polynomial mapping

Wi Wox oo X Wi_a x Vo x . x Ve x (S x ... x Sk_1) — JETHR™, Q) x JE(R™ V)

such that ¢ o (D* x 8) is the identity on JE~H(R™, Q) x JE(R™, V). Using this poly-
nomial mapping and the above lemma, one concludes (cf. [Kola¥, Michor, Slovik])
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Proposition. For every natural operator D: Q, P! x | — F which depends on
k-jets of sections of the bundles EM and on (k — 1)-jets of the connections, there
is a unique natural transformation (i.e. a zero order natural operator) D: 7k 5 F
such that D = Do DF. Furthermore, D is polynomial if and only if D is polynomial.

Since the standard fiber Vg of the bundle EyR™ is embedded identically into
ZER™ by D*, we can also add:

D is polynomial in all variables except those from Vy with smooth real functions
on Vy as coefficients if and only if D is polynomial with smoth real functions on V;
as coefficients.

bl

1.7. Even if we have no estimate on the order, we can get an analogous result.
Proceeding as in the proof of 1.4, we obtain an open filtration of the whole fiber
J&((Q- P! x E)R™) consisting of maximal GS-invariant open subsets Vi where
the associated mapping D factorizes through Dy : 75° (Vi) C JE((Q, P x E)R™) —
FyR™. Now, we can apply the same procedure as in 1.6 to this invariant open
submanifolds 73° (V).

Let us define the functor Z* as the inverse limit of Z¥ k € N, with respect
to the obvious natural transformations (projections) 71'?: Zk = 7'k > (, and
similarly D*®°: Q,P' x E — Z°.

Theorem. For every natural operator D: , P! x E — F there is a unique natural
transformation D: Z°° — F such that D = D o D*. Furthermore, for every m-
dimensional compact manifold M and every section s € C®(Q;P*M x5 EM),
there is a finite order k and a neighborhood V of s in the C*-topology such that

Dy |(D*®)pr (V) = (72°)* (D) 1 for some (Dy)ar: (D*)ar (V) = C(Z% M)
DM|V = (Dk)M ¢ (Dk)MH/

In words, a natural operator D: @); x £ — F is determined in all coordinate
charts of an arbitrary m-dimensional manifold M by a universal smooth mapping
defined on the curvatures and all their covariant derivatives and on the sections
of EM and all their covariant derivatives, which depends ”locally” only on finite
number of these arguments.

1.8. The Riemannian case. On Riemannian manifolds, there is the natural
operator I': S_ZI_T* — @, P! defined by the Levi-Civita connection. Every operator
S_ZI_T* x E — F can be viewed as an operator @, P! x S_zl_ T* x B — F, independent
of the first argument. Since S_ZI_T* C S%T™ is an open sub bundle functor, we can
consider the compositions D* o (T, id): S_ZI_T* xE = QP x S_ZI_T* x [ — RF=2 x
(S_Zl_T* X E)k and apply the above Proposition. Since all covariant derivatives of
the metric with respect to the metric connection are zero, the covariant derivatives
of the metric will not appear in the codomain of the operators D*. Hence we get

(cf. [Kola¥, Michor Slovék])

Proposition. There are sub bundle functors Z* C RF~? x E* such that DF o
(T,id): S_ZI_T* x B — S_ZI_T* x Z* for all k, and for every k-th order natural operator
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D: S_ZI_T* x E — F, there is a natural transformation D: S_ZI_T* x 7% — F such
thatD:DoDko(F x id).

Let us notice that the bundles Z*M involve the curvature of the Riemannian
connection on M, its covariant derivatives, and the covariant derivatives of the
sections of FM. Similarly as above, we define the inverse limits Z° and D*° and
we get

Corollary. For every natural operator D: S_ZI_T* x E — F there is a natural
transformation D: S3T* x Z*° — I such that D = Do D®o (T,id). Fur-
thermore, for every m-dimensional compact manifold M and every section s €
C®(S3T*M xy EM), there is a finite order k and a neighborhood V of s in the
C*-topology such that

Dar|(D™ o (L, id))ar (V) = (m°)" (Di)ar,
where  (Dg)ar: (D¥ o (T,id))ar (V) — C®(Z*F M)
Dy |V = (Di)ar o (DF)pr o (T, id) a| V-

1.9. The polynomial operations on Riemannian manifolds. We call a nat-
ural operator D: S_ZI_T* x E — F a polynomial operator on Riemannian manifolds
if the associated map D: J§°(STR™) x J§°(ER™) — FyR™ depends polynomially
on k-jets of sections of FR™ for some k.

By the nonlinear Peetre theorem, this means that for each Riemannian manifold
(M, g) the operator Dyy is given by a universal polynomial expression depending on
the derivatives of the sections of EM but the coefficients are functions depending
on (locally finitely many) derivatives of the metric.

Let us consider now a k-th order operator D and the natural transformation
D corresponding to D, see 1.8. In the center of normal coordinates, each metric
has the canonical euclidean form and so the whole transformation D is determined
by the restriction of the associated map D to {id} x ZER™. This restriction is
polynomial if and only if D depends polynomially on elements from ZER™ | the
metric g;; and the square root of the inverse of its determinant det(g;;). Indeed,
in order to find the transformation of coordinates which maps the euclidean metric
to ¢;; we need to decompose g;; = AAT with A € GL(m,R). The same applies
to D: if this G}F-equivariant map depends polynomially on the derivatives of the
metric and the jets of sections of FIR™, then the values of the metric appear in
D polynomially through g;; and the square root of the inverse of its determinant
det (gij)~

Now, let us fix g;;. Since I' depends polynomially on the 1-jet of the metric
and the values of the inverse metric, it follows that D depends polynomially on the
elements from ZFR™ if and only if D depends polynomially on the derivatives of the
metric g;; and on the jets of the sections of E (with functions of g;; as coefficients),
and this happens if and only if D depends polynomially on the jets of the metrics,
the jets of the sections of £ and on the square root of the inverse of the determinant

of (gij)~
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Let us remark that such operations were introduced in [Atiyah, Bott, Patodi, 73]
under the name reqular operators, a reason why they should be distinguished among
the polynomial operations on Riemannian manifolds is also shown in [Stredder, 75].

1.10. Invariant tensors. The above reduction procedure restricts our consider-
ations to G} = GL(m,R)-equivariant mappings between the standard fibers. If
we are able to prove that the operation in question is polynomial, we can apply
the standard polarization technique which reduces the problem to classification of
all invariant tensors. It is well known that all GL(m,R)-equivariant operations on
tensors are linearly generated by permutation of indices, contractions and tensor
multiplication by invariant tensors, i.e. tensor products of identities on R™. In
the Riemannian case, we meet polynomial dependence on all variables except the
metric, with coefficients depending smoothly on the metric entry. Hence we have
to restrict the equivariance to the orthogonal group O(m,R) and to use a descrip-
tion of all O(m)-equivariant operations. The H. Weyl’s theorem implies that these
operations are linearly generated by tensorizing by the metric tensor g: R™ — R™*
or by its inverse §: R™* — R™ contractions and permutations of indices.

2. MANIFOLDS WITH CONNECTION

2.1. Let us first discuss the natural operators D: Q, PxT(") — T@P) with r > s.
Given a connection on M and a tensor field, we can take covariant derivatives of
the field, the covariant derivatives of the curvature, we can tensorize, we can apply
any G'L(m,R)-equivariant operation, we can take linear combinations and we can
iterate these steps.

Lemma. All natural operators Q,P' x T") — TP are obtained by this pro-
cedure. In particular, all of them are polynomial.

Proof. By 1.4, every such operator has some finite order k& and so it is determined
by a smooth G¥2-equivariant map f = (f;i;;) JER™ Q) x JER™ V) = S,
where @) is the standard fiber of the connection bundle and S = QIR @ QPIR™*.
Let us assume, we have chosen k in such a way that f depends on (k — 1)-jets
of the connections only. If we apply the equivariance of f with respect to the

transformation z +— ¢~'x, ¢ € R positive, from the center of G, we get

peq piteig ol 3 i1 i1 ds _
¢ fjl...jp(rm""’Fm,zl...zk_uvjl...jra~~~’vj1...jrz1...zk)—
_ plidg L. kpl . r—s_ d1...0s r—s+4k_ i1...9s
= fjl...jp(crm""’c N R L R R« U )

where the subscripts £; denote the usual derivatives. By a general theorem on
homogeneous functions (cf. [Kola¥, Michor, Slovak]), f;ll;;’)
mogeneous polynomials.

Now, 1.6 and 1.2 imply that there is a unique smooth G} -equivariant map g on

must be sums of ho-

ZER™ which is a restriction of a polynomial map g = (gzizi) W x oo x Wg_a x
Vo x ... x Vi = S and satisfies f = g o D*. Therefore the coordinate expression of
our operator is given by polynomial mappings

i1 dg (i i B1.cis i1.s
gjl...jp( ks Bktmy o Uiy i Vi iy m)
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where the subscripts m; denote the covariant derivatives. If we apply once more
the equivariance with respect to the homotheties 6_1(5;» € GL,, we get

p—q i1.ig (i i 1. 1., _
¢ gjl...jp( jkl""’Rjklml...mk_g’ FPNN NP il...irml...mk)
o d1.dg 0 2 i k i r—s_%1...0s k+r—s_ i1...9s
= jl...jp(c Rjkla"'ac Rjklml...mk_g’c Vil dpr o€ vil...irml...mk)'

This homogeneity implies that the g’s must be sums of homogeneous polynomials

of degrees a; and by in the variables Ry, ., and vil e satisfying

(1) 2ap+ -+ kag_o+ (r—s)bo+ -+ (k+r—s)by =p—gq.
Now we consider the total polarization of each multi homogeneous component to
obtain linear mappings

SOW @ @S2 W,y @SV @@ 8%V, = S.

The description of all invariant tensors implies that the polynomials in question are
linearly generated by monomials obtained by multiplying an appropriate number
of variables Ri’klml...mp zi:::ziml...mz and applying G'L(m)-equivariant operations.
This yields the coordinate description of the statement of the Lemma. O

If ¢ = p, then the polynomials must be of degree zero, and so only the GL(m)-
invariant tensors can appear. If ¢—p < 0, there are no non negative integers solving

(1) and so all natural operators in question are the zero operators only.

2.2. Now we can pass to our aim, the operators with values in exterior forms.
In order to determine all natural operators D: Q, P x T(0") — AT* we have to
consider the case s = 0 in the above construction, to contract all superscripts and
to apply the alternation on all remaining subscripts at the very end.

Every GL(m,R)-invariant polynomial P defined on R™ @ R™* determines via
the Chern-Weil construction a natural form, i.e. a natural operator of our type
independent on the second argument. In particular, the homogeneous components
of the invariant polynomial det(I,,, + A) give rise to the Chern forms ¢,. The wedge
product of exterior forms defines the algebra structure on the space of all operators
in question.

Theorem. The algebra of all natural operators D: Q, P x T(®") — AT* is gen-
erated by the alternation, the exterior derivative d and the Chern forms c,. The
operators which do not depend on the second argument are generated by the Chern
forms only.

In particular, we see that all natural forms have even degrees. Since the exterior
differential is natural, they must be closed.

2.3. In the proof of this result, we shall need several lemmas. The most of the
covariant derivatives of the curvature and of the forms which are involved in the
general construction from 2.1 are disabled by some of their symmetries during the
final alternation. Let us first recall the antisymmetry of the curvature form, the
first and the second Bianchi identity. In coordinates we have

(2) R§kl = _Rélk

(3) R§kl + RZU + Rfjk =0
(4) ot Fpmp + R = 0.
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Lemma. The alternation of R;klml...ms on any 3 indices among the first three or
four subscripts is zero.

Proof. Since the covariant derivative commutes with the tensor operations like the
permutation of indices, it suffices to discuss the variables Ry and R By (3),
the alternation on the subscripts in R;kl is zero and (4) yields the same for the

alternation on k, [, m in R%,, . In view of (2), it remains to discuss the alternation

: Fkim ' :
of Ry on j, I, m. (2) implies Rl = — R and so we can rewrite this
alternation as follows

Ripim + Bjppt + Bt — B
+ R+ B + Bojie — Bojik
+ R + Bijem T Rimjr — Bimjk-

The first three entries on each row form a cyclic permutation and hence give zero.
The same applies to the last column. O

2.4. Lemma. For every tensor field t = (til...z’q), the alternation of its second

covariant derivative V%t = (ts). i 4ig4r1iqq2) oD all indices is zero.

Proof. Every linear connection F;k determines a connection I' with curvature R on
each vector bundle associated to the linear frame bundle. The components of R are
easily evaluated from Ry using the action of gl(m) on the tensor space in qpestion.
In our case, (aé») € GL(m) acts on a tensor w;, 4, by (a‘?)wilmiq = Eygll .. .df;’wil...iq
where ~ denotes the components of the inverse matrix, and so given a tensor field ¢
. . - q
we get the expression of the contraction (R, t) = — am1 R?Ziq+1iq+2ti1...m...iq~ If the
connection is symmetric, then the Ricci identity yields Alt(V?¢) = (R, t), where the
alternation concerns only the last two indices. Hence we can apply our alternation

to this expression. Up to a constant multiple, we get

D8Ny g = T D D D SENORE i i bioy oty
5 m g

CEX

Let us decompose this sum into summands with fixed m, s and all ¢(j) with j # s,
J#q+1,j# g+ 2. These are of the form

= pMm . .
+ ( > SgnURio<s>io<q+1>ivq+z)t%u)mmmlo(q)'
GEXs

Now the first Bianchi identity implies that all these summands vanish. O

2.5. Lemma. For every tensor t = (til...z’q), the alternation of the first covariant
derivative YVt coincides with the exterior differential d(Alt(?)).

Proof. Whenever the coordinate expressions of two natural operators coincide in
one coordinate chart, the operators are equal. The first covariant derivative is
of order zero in the connection argument, and at a fixed point the Christoffel
symbols are zero in a suitable coordinate system. But then the formula for the
alternation of the covariant derivative of the tensor ¢ coincides with that for the
exterior differential of the alternated tensor at this point. O
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2.6. Proof of Theorem 2.2. Let us continue in the discussion from 2.2 and
consider first a monomial in R’s and v’s containing at least one quantity R;klml...ms
with s > 0. Then there exists one term among the R’s in the product with three free
subscripts among the first four ones, or one term R;kl with all free subscripts, so that
the monomial vanishes after alternation. Further, (2) and (3) imply R;kl — Rfkj =
—Ry,;. Hence we can restrict ourselves to contractions on the first two subscripts
in the R’s. Obviously, no subscript in the v’s can be contracted since otherwise
the alternation would kill one of the R’s. So in view of Lemma 2.4, only the first
order covariant derivatives can appear, and they yield the exterior derivatives of the
alternated tensor v by Lemma 2.5. Hence all the possible operators are generated

. kg ke Eg—1 . )
by the expressions R !, R’ ;.. .quef where the indices a, ..., f remain free for

the alternation, v;, ; and Alt(v,, . This 1s a coordinate expression of the

Theorem. O

dpirg1)-

2.7. Operations on functions. Up to now, we have assumed r > s > 0, so
that the case » = 0 was excluded. In this case we cannot use 1.4 and so we
must apply Theorem 1.7 instead of 1.6, but the codomain of the operations in
question will still ensure the polynomiality of the operations. By 1.7, each jet
(46°T, j§°v) lies in some Goo-invariant open subset (in the inverse limit topology)
Vi C J§°(Q,PR™ x R) (in the inverse limit topology) such that the associated
mapping D of the operator is determined by a (locally defined) G*+2-equivariant
mapping f: JE(R™, Q) x JE(R™R) — S. Taken k large enough we can assume that
the jet of the zero section lies in V. Now, proceeding as in 1.4 and 2.1 we get for
every positive ¢ € R the homogeneity condition

p—q pi1-dg (L ¥ i
T (T Dt U V) =

_ pi1.dg ? k1l k
= fjl.“jp(cfij, R N T TR ARy Uy 0y )

Thus, f is a polynomial mapping in all variables except v with functions of v as
coefficients.
Using 1.6 and 1.7, we pass to G equivariant mappings

11...14 ; ;
jl...jp( 21 ISR Rjklml...mk_Q y Uy eeny vml...mk)

with the homogeneity

p—q t1.--0g i i _
c gjl...jp( GRLy jklmg...mk_g’v’""vm1~~~mk)_

_ i 200 k pi k
= jl...jq(c Ripr - Bty sy V5o 5 € Umy..my)-

Hence g is polynomial with smooth functions in one real variable v as coefficients
and the degrees of its monomials satisfy (1) with » = s = 0. Now we can repeat

the arguments from the end of 2.1 and we get

Lemma. All natural operators D: Q,P' x T(09 — T(@P) are obtained by iter-
ating the following steps. Given a function, we can compose the function with
arbitrary smooth function of one real variable, we can take covariant derivatives of
the function and the covariant derivatives of the curvature, we can tensorize, we can
apply any GL(m,R)-equivariant operation, and we can take linear combinations.

The arguments from the proof of 2.2 are also valid now and so we can extend
this theorem to the case of functions.
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Theorem. The algebra of all natural operators D: Q,P* x T\"% — AT* is gener-
ated by the compositions with arbitrary smooth functions of one real variable, the
exterior derivative d and the Chern forms c,.

3. THE RIEMANNIAN CASE

3.1. There are many natural operators on Riemannian manifolds. In particular,
using the inverse metric we can contract on any couple of indices and the complete
contractions of suitable covariant derivatives of the curvature of the Levi-Civita
connection give rise to natural functions of all even orders greater then one. Com-
posing k natural functions with any fixed smooth function B* — R we get a new
natural function. Since every natural form can be multiplied by any natural func-
tion, we see that there is no hope to describe at least all natural forms in a way
similar to the above characterization of the Chern forms. However, in Riemannian
geometry we meet operations with a sort of homogeneity with respect to the change
of the scale of the metric and these can be described in more details.

Definition. Let E and I be natural bundles over m-dimensional manifolds. We
say that a natural operator D: S37* x E — F is conformal, if D(c?g,s) = D(g, s)
for all metrics g, sections s, and all positive ¢ € R. If F' 1s a natural vector bundle
and D satisfies D(c?g,s) = ¢*D(g, s), then D is said to be homogeneous with weight
A

Let us recall that the weight of the metric g;; is 2 (we consider the inclusion
g: S_ZI_T* — S2T*), that of its inverse ¢/ is —2, while the curvature and all its
covariant derivatives are conformal. The regular operators on Riemannian mani-
folds (cf. 1.9) homogeneous in the weight were studied extensively, see e.g. [Atiyah,
Bott, Patodi, 73], [Epstein, 75], [Stredder, 75]. Using the above approach, we shall
recover and generalize some of their results.

Surprisingly enough we shall prove that among the homogeneous natural oper-
ators D: S_ZI_T* x TW") — AT* with non-negative weights, there are no other ones
then those obtained by evaluation of the operators from Theorem 2.2 using the
Levi-Civita connection. Since the Riemannian connections have one more symme-
try, namely
(5) R = — Rl
the evaluation of the Chern forms using the Levi-Civita connection yields zero in
degrees not divisible by four and the Pontrjagin forms in degrees 4/.

3.2. Theorem. There are no non-zero homogeneous natural operators D S_zl_ " x
TO") — AT* with a positive weight. The algebra of all conformal natural operators
D: S_ZI_T* x T() — AT* is generated by the Pontrjagin forms pq, the alternation
and the exterior differential. The operators which do not depend on the second
argument are generated by the Pontrjagin forms.

This generalizes the famous Gilkey theorem on the uniqueness of the Pontrjagin
forms, see [Gilkey, 73], [Atiyah, Bott, Patodi, 73]. The Gilkey theorem describes
the regular conformal natural forms, while we use no assumptions on the order or
polynomiality or regularity, only the smoothness.
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3.3. We shall start the proof by the discussion on the natural operators D: S_ZI_T* X
767 5 T(@P) with s < . Similarly to 2.7, we use 1.7 to find G P-invariant open
subsets Vi in Jgo((S_ZI_T* X T(s’r))Rm) forming a filtration of the whole jet space.
On these subsets D factorizes through smooth G%+!-equivariant mappings

T1...0¢ T1...0

ivodg _ pireadg, N
fjl...jp = fjl...jp (9i55 - - Sigl e Vi vil...irzl...zk)~

defined on 73°Vj. Using the action of the homotheties 6_1(5} for large k’s, we get

peg pitdg y B1.ds i1y _
(6) U Gigs s G s VD U iy ) =
_ opliedg 2 2+k . r—s_11..49s r—s+4k_ i1...95
= fjl,,,jp(c Jigs-- € gl 06, C Vi 45 C vil...irzl...zk)~

Now, let us add the assumption that D i1s homogeneous with weight A, choose
the change g — ¢~ 1g of the scale of the metric and insert this new metric into (6).

We get

g pi1odg, N i1 By _
¢ Fin i (Gigs - Qi Vi U e ) =
_oplidgy k . r—s_11..49s r—s+4k_ i1...95
= fjl...jp(gm’ e O ije £ C Y s C vil...irzl...zk)~

1.0

L joare polynomialsin all variables except

This formula shows that the mappings f;
¢;; with functions in g;; as coefficients.
According to 1.8 and 1.9, the map D is on V} determined by a polynomial

mapping

IO TR p— i By i1
W= (le...j,,(gma Wik, - Wik, mp_as Vit ils -+ 5 Vit iimyomi )

which is G}, -equivariant on the values of the covariant derivatives of the curvatures
and the sections. If we apply once more the equivariance with respect to the
homothety = — ¢~ !z and at the same time the change of the scale of the metric
g c g, we get

p=q=X e g R i i s i _
¢ wjl"~jp (gU’ Rjkl’ M) Rjklml...mk_Q ’ vil...ir’ sy vi1~..irm1...mk) =
Beta (g PR k R res, it is r—stk it s
w‘jlmjp(g”’c Rjkl’“.’c Rjklml'“mk—2’c vilmir""’c vi1...irm1...mk)'
This homogeneity shows that the polynomial functions wzizq must be sums of
- dp
hpmpgeneous polynomials with degrees a, and b; in the variables R}klml...m[ and
11..9s . .
vjl...jrml...ml Satleylng
(7) 2a9+ -+ kag_o+ (r—s)bo+- -+ (k+r—s)by=p—qg—2A

and their coefficients are functions depending on g;;’s (in fact polynomials depend-
ing on g;; and on the square root of the inverse of the determinant of g;;, cf. 1.9).

Now, we shall fix g;; = J;; and use the O(m)-equivariance of the homogeneous
components of the polynomial mapping w. For this reason, we shall switch to
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the variables Rijkim, .m, = 9ialxim, m. (the v’s remain). Using the standard
polarization technique and the H. Weyl’s theorem as mentioned in 1.10, we get
that each multi homogeneous component in question results from multiplication of
variables Rijrim,, .. .mas Ui i Tm, . m.> § = 0,1,..., 7, and application of some O(m)-
equivariant tensor operations on the target space. Hence our operators result from
a finite number of the following steps.

(a) take tensor product of arbitrary covariant derivatives of the curvature tensor

or the covariant derivatives of the tensor fields form the domain

(b) tensorize by the metric or by its inverse

(c) apply arbitrary G L(m)-equivariant operation

(d) take linear combinations

3.4. If the codomain of the operator is AT™, then all indices which were not con-
tracted must be alternated at the end of the above procedure. Since the metric is
a symmetric tensor, we get zero whenever using the above step (b) and alternat-
ing on both indices. But contracting over any of them has no proper effect, for
Oiitija, . je = tija, . j.. So we can omit the step (b) at all.

Since the Riemannian connections satisfy Rjjx = Rpuij, Lemma 2.3 and (5) yield

Lemma. The alternation of R;jkim,...m, on arbitrary 3 indices among the first four
or five ones is zero.

Consider a monomial P with degrees a, in R;jrim,...m, and b, in Vi

In view of the above lemma, if P remains non zero after all alternations, then we
must contract on at least two indices in each Rj;xim,..m, With s > 0 and so we can
alternate on at most 2ag + - - -+ kag_2 + pbo + ... (p + k)b indices. This means
p < 2a0+4 -+ kag_2+pbo+ ... (p+ k)b = p— A Consequently A < 0 if there
is a non-zero natural form with weight A. This proves the first assertion of the
Theorem.

Let A = 0. Since the weight of ¢/ is —2, any contraction on two indices in the
monomial decreases the weight of the operator by 2. Every covariant derivative
Rijkim,..m, of the curvature has weight 2. So we must contract on exactly two
indices in each R;jkim,..m, Which implies, there are s+ 2 of them under alternation.
But then there must appear three alternated indices among the first five if s # 0.
This proves a3 = -+ = a; = 0. Moreover, there is no further contraction for
our disposal, and so any covariant derivative of the tensors of order greater then
one kills the whole monomial after alternation. Hence all the natural operators
are generated by the forms p,, the alternation and the exterior differential. This
completes the proof of the Theorem.

3.5. Remark. The discussion from the proof of the Theorem 3.2 can be continued
for any fixed negative weight. In particular, the situation is interesting for A = —2.
Beside the well known codifferential §: AP — AP~! the compositions dod and J o d
(the Laplace-Beltrami operator is A = § od 4+ d 0 4), and the multiplication by the
scalar curvature, there appear some other simple operators. The linear operators

D: APT* — APT™* were described in [Stredder, 75].

3.6. Exactly in the same way as in 2.7, we can modify the proof of Theorem 3.2 for
the case r = 0. In the implicit description of all operators D S_ZI_T* x T(0,0) — 7(ar)
in 3.3, we have to add the compositions with smooth real functions and we get
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Theorem. There are no non-zero homogeneous natural operators D: S_ZI_T* X
T — AT* with a positive weight. The algebra of all conformal natural op-
erators D: S_ZI_T* x T(©0) 5 AT* is generated by the Pontrjagin forms pq, the
compositions with arbitrary smooth functions of one real variable and the exterior
differential.
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