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Priklady z integrdlniho poctu v redlném oboru

1 Primitivni funkce

Ve vSech vysledcich je vynechana integracni konstanta.

Ptiklad 1 (zdkladni vlastnosti). Vypoctéte integraly

@ [ vad,
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30— 28]

[%x%—?—ix 1\2/5-1-%\4/?]

[In [z — 7]

[ — arctg z]

1 2z T
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[ — sinz]
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[arctg z — 1]
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o [ L0 an

z(1+ 22)

2
(s) /1+Cos xdx,

1+ cos2z

4

A
t .
(t) /1+x2dfv

[In|z| 4+ 2 arctg ]
[5(tgz + )]

[% — z + arctg x]

Piiklad 2. Bud /f(:c) dz = F(z) + C. Ukazte, ze plati

1
/f(a$+b)dx=aF(ax+b)+C, a,beR, a#0.

Ptiklad 3 (substituce). Vypoctéte integraly

(2) j/Qxéia’

(b) /fx+1f%m,

(©) / (3 — 22)* dx,

@ [ e

() / (sin 52 — sin 50) dz,
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(2 tgh %]
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/dx
@) Sz

o [ e

Priklad 4 (substituce). Vypoctéte integraly

dz
z(l+1Inz)’
2
cos 2z dr,
inzcosz
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dzx
e? +e %’
sin x

e * coswdx,
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T
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dzx,

(p) m
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dzx,
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[—%In |1 —3e*]
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31.]
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[In | sin 2z|]
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2
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Marie a Jiri Benediktovi, 2001-2003

5/20



Priklady z integrdlniho poctu v redlném oboru

sinx + cosx

= dz,
V/sinz — cos x
(s) / _dr
i sin® z/cotgz’
arctgx
(t) /1+3c2 dz,
24
I

dx
v) /(:c—1)2+4’
2 — aresing
V-

( ) / dz
X —_—
42 + 4z + 5’
dz
() / 2 — 6z — 922

Priklad 5 (per-partes). Vypoctéte integraly

(a) /xcosxdx,

dz,

zsin 2z dz,

8
CDI
8
o
8
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8
o
8

2"Inzdz (n#1),

w
8
8
o
8

arctg r dz,

arcsin z dz,

z? e dz,
2
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29T~ s 2a]
SYETE
£ arctg? z]

- @)

(5 arctg 23]

[—2v1 — 2% — ZVarcsin® ]

[3 arctg z + 7]

5 arcsin 3”\”}%1]
[z sin z + cos ]
5 sin 2z — 1z cos 2z]

—e (a4 1)]

[zarctgz — 1 In (1 + 2?)]
[z arcsinz + /1 — 2?]
[~ (22 + 2+ )]

e

[zInz(z + V1 +22) — V1 + 22
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(1) / In” 2 dz,

(m) / (arcsin z)” dr,

(n) / ¢ (sin 2z — cos 22) dz.
(p) / arctg vz dz,

(a) j[vGﬁff§5dx,

(x) / rsin? 2 dg,

(t) /(ﬁwdx

[z(In®z — 2Inz + 2)]

[z arcsin® x 4+ 2v/1 — 22 arcsin z — 2z]
[ (sin 22 — 5 cos 2z)]

[xtgz + In|cos z||

[—vZ + (1 + x) arctg /7]

[5Va?— 2%+ % arcsm sva? — a2+ & arctg \/7]

a?—2x?

22z _ cos2x

T — §sin2p — €8]
[55%— + 745 arctg 2]
2a2(a2+zx2) 2a3 84

[ (:cfl) earctgac ]

Priklad 6 (rozklad na parcilni zlomky). Vypoctéte integraly

rdx
() / (x+1)2z+1)’

222 + 41z — 91
(b) / G-+ @1

2+t —8
—d
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32x dx
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——d
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1
In|? z+V3

[
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3(z+1)3
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[ +In Y]
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(0) /( 322 +x+3 dz,

z— 132+ 1)

B 4+r-1
(p) /Wd%

(@ / (:c25—$26x_ +1213)2
(5) /kr+m?+w%fm’

w [ o

dz,

In 7]

[;In m(;”j;fl + f arctg szl]

R

[i In W — % arctg x]

[i ln‘|/gfi7J{|1 + arctgx — ﬁ ]
ls7iay T 3 In (% + 2) — ;5 arctg ]

132159 53
[8(m2—6m+13) + 15 arctg 73]

£(z?+15)
[216?w2+9)2 + g5 arctg ]

—i—iln”—zzz]

[2(w2—|—1 (1+)

z2 2z%—3 3 z2—1
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2+1

[z — tarctgz + ﬁ [arctg(l —V2x) — arctg(1 + \/533)} +

+ 1 [l |22 + & £2e])

Pfiklad 7 (odmocniny). Vypoctéte integraly
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R
(b) /\/fd
(c) /,/;édx,

Ve+1l—-+Vz—-1
(@) t/v%+1+v%—1dﬁ

/24
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/ ad dz
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_ _ .
o [ i) + 258
264923 _
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Priklad 8 (goniometrické funkce). Vypoctéte integraly
(a) / sin® x cos® z du,

cos* z +sin* z

sin® 2z cos® 3z dz, [—1

sin®
x’

costx
dx

dzx,

cos2 x — sin® x

sin bx cos x dx,

cos x cos 2x cos 3x dz,

3
6

dx

sinz + cosz’

dx

a,beR,

3

[£ cos® z — 5 cos® z]

1 1
[300533: - cosm]

(n|tgz| — 55

2sin? x
1 3
[tgx + 7 sin 2z — 5]

[(tg2 z—1)(tg? z+10tg2 z+1) ]
3tgdz

[sinz — Zsin® z + 1 sin® 2]

5 1 3 13
[i62 — 78in 2z + &7 sin4x + 45 sin” 2]
[z — 3 cotg® z + cotg z]
[3tg*z — S tg?z — In|cos z|]

[i (ln

—Lcosdr — L cosbz
8 12

1+tgx
1-tgx

+ sin Qx)]

T sin 2x sin 4z sin 6
[Z+ s T 16 T 24]

cos 2z + 6% cos 4z + ﬁcosz — 3 cos 8z + 155 cos 12z

128 192
5 Intg (5 +3)]]
[3(z + In|sinz + cos z|)]

[% arctg (2 tg g)]

5tg %+4]

2 arctg =3

o — oy anct (V2 1g.2)
[ arctg (452)]

[\/%Tarctg( ﬁtg%); D<exl
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1 e+cosr+ve2—1sinz.
Ve2—1 In l+ecosz ; €2 1]

sin z cos x "
sm:c+cosx du, [§(s1nx—cosx)——ln|tg( + 3

s
/sm T + costz [f arctg (tfﬁ:K)]
W e
O [ S

_|_fl V22— 1+tg2]

[—2 arctg (cosz — sin z) N T

sin’® z + cos3

sin?z — cos’ -

dﬂ?, [ 1 In V2 S}n2w]

sin? z + c0s4 2v2 " V2+sin 2z

tg5—t —Va2 2152

(¥) GbER. [ In|EiTh g = eVl g e/t
asinx + bcos x’ VaZtb tg 7—t2 b

Piiklad 9. Oznaéme

I, :/sin":cd:v, anfcos"xdx, L, =/ , M, / : > 2.
sin” z’ cos"x

Ukazte, ze plati

o n—1 : n—1
COS Z sin r n-—1 sin & cos r n-—1
In = — + In72a Kn = + anQa
n n n n
CcoSZT n—2 sin x n— 2
L,=- — + L, -, M, = M, .

(n—1)sin" "z n-1 (n—1)cos" oz n-—1

Ptiklad 10 (hyperbolické funkce). Vypoctéte integraly
(a) /sinh2 z dz, [sinh2e _ g]
(b) /tgh2 zdz, [ — tghz]

sinh® z dz, £ cosh® z — cosh z]

)/
/smhx [ln|tg§|]
e

[z tgh z — In cosh ]

cosh® z
Priklad 1
T T T 562 T
@ /33dx (5 -5 +%-2)
/x sin bz dz, [— (% — 42% + ?é’;) cos bz + ( 2! 112;5 3125) sin 5z
g2
(c) /ac7e ? da, [— 55— (2® + 32" + 62° + 6)]
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[eam [% + a cos 2bx+2bsin 2bx ]

ar 2
e* cos” br dx, 5(aZ 1 46%)

()
(e)
(f)

Piiklad 12. Vypoctéte integraly

(a) / e —du, [e” —In (1 4 e%)]

1+e

(b) / dz [z —31n [(l—l-e%)\/l—i—e%} — 3arctges]

1+e?+e3+es

v ]
“ / \/de’ [In (e” +v/€? —1) + arcsin e~
(§]
d
\/%’ [z —In[2 + e +2v/1 + e® + 22|
e €

(e) /lnz(a:+\/1+x2)dac, [zIn? (z + V1 + 22) — 2v/1 + 22In (z + V1 + 22) + 21]

re”sinxdz, ¢ [z(sinz — cos z) + cos ]

— — —

2% e” cos z dr, [£[(z — 1)?sinz + (22 — 1) cos z]]

(f) /ln(\/l—x—i—\/l-l—x)dx, [-Z +zIn(vV1—z++1+42)+ ;arcsinz]
Inz zlnx / 2 zlngx .
(g) m d.?'), [m —In (.7) + 1 +x ) = ﬁ — argsmh .7)]
(h) /\/Earctg Vi dz, [-2+iln(1+2)+ % arctg /x|
1 2
(i) /xlnli—idx, [z + 251 In {£2]
. dz 1 atgzr 2 2
(_]) m, a,bER, [um arctg m;a —-b >0,
atg r—v/b%2—a?
2a\/l712—a2 I uziz—f—\/zz—az ; a? — b < 0]
e e
(k) / e dz, (22 — 4)VT+ e + 2In Y]
Z arctg x z+(x2—1) arctg =
(1) / (1 + 22)2 dz, [4(x2—+1)g]
re® .
d e
[ e e
tgx 2 1+2tg
(x) /1+tgm+tg2xdx’ lv = J5 arctg = 5]
(O) /sinh ax cos bx diC, [acosh azx cos(ll)gc_—tgzsinh azx sin bz
) [ lalda, =)
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Priklady z integrdlniho poctu v redlném oboru

(q) /e|w| dz, [e* —1prox <0; 1 —e™® proz > 0]
(r) /max{l,ajz} dz. [z pro |z| < 1; ? + 2sgnz pro |z| > 1]
2 Urdity integral

Priklad 1.
8

(a) / Yz de, 5]
-1

v o[ e

16 dz
() /0 ma [12]
¢ dx
W) i .
(e) Vi L dz, a€R, neN, [&:]
0 Va2 — x2n 6n

/ —— | duz, [%]
i 5 _ i

@ [ e 2

_z 14 coszx’
3
(h) / cos® x sin 2z du, 3]
0
. ~1 cos® 21 9
O f, Ve e
2
2
i) /1$10g2$d$: 2 41?12]

(n) Agﬁ\/fldx, [7+2In2]
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Priklady z integrdlniho poctu v redlném oboru

a? cos? x + b2sin?

0<ex<,

I

(w) /72r sin x cos x dz, a.beR,
0
|

2 dz
(y) /0 a2sin?z + b2cos2 z’ a,beR \ {O}

Piiklad 2. Bud

s

In = / sin™ x cos™ z dz, m,n > 0.
0
Ukazte, ze plati
n—1 m—1
Im,n = m,n—2 — Im72,n
m+n m+n

Uzitim této formule vypoctéte

1
/ 2P(1 — z)dx, p,q € N.
0

[In % = argsinh e — argsinh 1]

[16]

2 2+v3
V2 vz Tl

[ +1n(2 - v3)]

[ 1 _p 3+v5 24-23]
5045 2 34.54

[V3—3In(2+V3)]
[% arctg %]

53

[#‘ﬁl)!; poloZte z = sin? t]
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Priklady z integrdlniho poctu v redlném oboru

Piiklad 3. Vypoctéte nasledujici integraly tak, Ze je vyjadrite jako limitu integralnich
soucti

(a) / " 2 de, 3]

(b) /0 sin 2 dz. 1

[NER

Piiklad 4. Uzitim urcitého integralu najdéte

"1 2 dw

li In 2; uzijt —

W Jm 3 I wijee [ <
) “ 1 e Uodz

(b) 7}1—>nolonzn2+k2’ i UZ”te/O el

1

P D A p

(c) 7}3& anZk p > 0. [7; uZijte /0 2P dx]

Priklad 5 (derivace integralu). Najdéte
(a) — / sin 2% dz, [0]
(b) —/ sin 2% dz, [~ sin ]

(c) db sin 22 dz. [sin 5]

Priklad 6 (derivace podle meze). Vypoététe derivace

(a) %/j %1;2 dt, proz=1, [%]
d;dx/;\/H—tht, pro x = 0; pro x = Z [—1; —2]
Priiklad 7. Vypoctéte
1 [®
(a) il_I)I(l) | cos t*dt, [1]

(b) mh_)ng.lo\/aﬂi/ arctg” t dt, [Tz]

[
()  lim % 7
0
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Priklady z integrdlniho poctu v redlném oboru

b
Pi¥iklad 8. Najdéte / F(z)dz, je-li

$2 Pro 0 S X S 17 2
(a) CL—O, b—27 f(ﬂ?) { 2 —1 pro 1<$S2a [6]
€T pI‘O 0 S Z S ti
_ — = 1— 2
(b) a O, b 17 f(ﬂf) t 1 :Z pro t <z S ]-a [2]
—x pro x € <_27 _1>’
- B _Jo pro z € (—1,0), Z
() a=-2, b=2 f(z)= Vi—z®> pro z€(0,1), 2
2 _ pro z € (1,2).

Pf-iklad 9. Budte f(z) suda a g(z) lichd funkce, které jsou intergrovatelné na intervalu
(—a, a). Ukazte, ze

/f d:r—2/f /Zg(g;)dx:o.

Priklad 10. Pomoci vét o stiedni hodnoté odhadnéte integral I

27
d
(a) / 1x ’ [4% <I< 47'(']
o l+jcosz
g [l <I<1]
o itz 0V =1 =
100 e % L L
() /0 1100 4 < < 1
2007 _:
SInx 1
@ [ 1] < g
b e—am aa
(e) / dz. (7] < 2]
a xz

Piiklad 11 (nevlastni integréal). Vypoctéte integrély

@ [ 4 4

(b) / e ®dz, a>0, [1]
0
+oo 2
(c) / ﬂi—tl dz, [diverguje]
Foo dz
@ | iy 2
]
(e) / " dz, [diverguje]
2
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8
o
&

z?(x+ 1)

8

.2
re ¥ dx,

3

rsinzdz,

3

e % cos bz dzx,

8

o,
8

8
- .
ol o
TIE g
« )

+
3

(o

8

|
8
%
+
8
+
=

8

H
—~
—_
g +
K
[\&)

—
|

8
N

¢ dz
(p) Y o
() 1 dz
a 12+ 2/1- 2
M [ S

b dzx
S , a<b,
R AN CED e

a dz, a<0b,

R AN CED DR

3

dx

3

8

s
@

8
o
8
3
m
2

3

2
> e~ dz, n €N,

8

dx
o (a®+z2)n’

°

T TN TS TN T Ty TS TS T T T ST TS ST T T S S T
Ta
e

n €N,

S

[1—1n2]
3]
[diverguje]

[z pro a > 0; diverguje pro a < 0]

[

[Z + 1In2]
2

305]

5 =1

3]

H

2]

[5v5)
[diverguje]

[]

[7r(a+b) ]

2

(2’[173)” T
(2n—2)! 2a2n-1 ]
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Priklady z integrdlniho poctu v redlném oboru

/Ol%dx n € N. [%2 pro n = 2k; 2k+1)" pro n = 2k + 1]
Priiklad 12. Vysetiete konvergenci integrali
(a) / ) % dz, [konverguje]
1
(b) \/1_7_;7363 ; [konverguje]
(c) /2 ) \/7 [diverguje]
(d) /1 ) smx [konverguje]
(e) /0°° A xQ 1 dz, [konverguje]
(f) /0 2 13—2 [diverguje]
(2) / N a? e [konverguje pro p > 0]
0
(h) /000 T2 x, m,n €N, [konverguje pro n —m > 1]
(i) /0 \/1\/_573:4 dz, [konverguje]

(i) / 3 dz, [diverguje]

() /

diverguje
/ e? —CcosT [ gt ]

(=]

S’;‘

dx, [konverguje|

('D

3 Uziti urcitého integralu

Priiklad 1. Najdéte obsah rovinného oboru, omezeného kiivkami
2

N

(a) az =y’ ay =27, (%]

(b) y=2z=2% z+y=0, [3]

(¢) y=uz; y=z+sin’z, 0<z<m, 2]

(d) y=—2*+ 42 — 3 a tenami k této kiivce v bodech [0, —3] a [3, 0], [%]
2

(6) 22+4y*=8; y= % (dva obory), 27 + 55 6m — 3]
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Priklady z integrdlniho poctu v redlném oboru

() 2?2 +y?=d% 22 —20° = %2 (t¥i obory), [a? [% - g In (v/3 + \/5)} dva obory;

@[5 + (V34 V2]
(&) v’ =2%y=8 z=0, 19,2]
) v =2 — ), o
(i) 4@y*—2*)+2%=0, 1251
() 254y =as (astroida). 371;2]

Priklad 2. Najdéte obsah rovinného oboru, omezeného parametricky zadanou kiivkou

z=19(t),y=¢(t), t € (a,B)

(a) =z =ua(t—sint), y =a(l —cost) (cykloida) ¢ € (0,27); y =0, [3ma?]
(b) z =3t y=3t—1 [2V/3]
() z=t"—1,y=1—t, (=]
(d) z=a(2cost—cos2t), y=a(2sint —sin2t) (kardioida), [6ma?]
(e) 2°+y® — 3azy = 0 (Descartiiv list). 34?; predpokladejte, ze y = tx]

Navod. Urijte vzorct

s=|[ ﬂw(t)w'(t)dt‘

Ptiklad 4. Uzitim vzorce (1) najdéte obsah rovinného oboru, omezeného kiivkou v polér-
nim tvaru r = r(yp)

(a) r? = a®cos2y (lemniskata), [a?]
(b)  r =acosby (pétilista rize), [%’12]
(c) 7 =asiny (Ctyflista riize), [ﬂTaz]
(d) r =a|sin2¢p]| (Ctyilistek), (7]
() 7 =2+ cos2p vné kiivky r = 2 + sin ¢. [%‘6/5]

Piiklad 5. Najdéte délku oblouku krivky
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Priklady z integrdlniho poctu v redlném oboru

4
(a) y* =2 pro p¥imku z = 3 57
(c) yzacoshz, 0<z<h, [asinhg]
a

b
d) y*=2pzr, 0 <z <z, [24/ 20 (xo-i-g)-l-pln\/w_o% V;m]
2

(

() y=+z — 22+ arcsin /7, 2]
(f) zx=ua(t—sint), y =a(l —cost), 0 <t <2, [8a]
(8) x=a(cost+tsint), y=a(sint —tcost), t € (0,2m), [27%a]
(h) (2)3 + (%) P21, ab>0, [aEebit’)
i) r=ua(l+cosyp), [8a]
) ]

ap (Archimedova spirdla) 0 < ¢ < 27, [Tav1 + 47?2 4 2 1n (2m + /1 + 472)

Priklad 6. Najdéte objem rotac¢niho télesa, které vznikne rotaci oboru

(a) y=sinz, y=0, 0 <z <, kolem osy z; kolem osy ¥, [”—2; 27
2 2

(b) % — ZQ =1; y = +b, kolem osy x; kolem osy v, 474t (94/2 — 1); Sra’]

(c) a3+ y3 = a3 kolem osy symetrie, 3?%]

(d) 2>+ (y—b)?=a* 0<a<b, kolem osy z, [272a?D]

() z=ua(t—sint), y=a(l —cost), 0 <t <2m y=0, kolem osy z; kolem osy y;
kolem piimky y = 2a. [br2a3; 6m3a3; Tr2ad)

Priklad 7. NaJdete obsah plasté rota¢niho télesa, které vznikne rotaci kiivky

(a) y= acosh 2 2 —a < z < a, kolem osy =, [ra?(sinh 2 + 2)]
(b) 42”4 y* = 4 kolem osy z; kolem osy , [4m (2 + %) ;2 (1 + ;—\%)]
(c) y= a:\/g, 0 <z < a, kolem osy z, [427;‘32 (21\/ 13+ 21In 3+;/ﬁ>]
d) y=tgz, nggg, kolem osy z, [7 [f—ﬂ-i—ln@ww
() 2*+ (y—b)?=d? b>a, kolem osy z, [472ab]
(f) z=ua(t—sint), y=a(l —cost), 0 <t < 2w, kolem osy z; kolem osy y;

kolem pifmky y = 2a, [$7a?; 167%a?; Zma?)

(8) 2z =uacos®t, y= asin®t kolem osy x; kolem piimky y = =,

[2ra?; 2Za?(4v/2 - 1)]
(h) 7 =a(l+ cos ) kolem polarni osy, [2ma?]
(i) 7% = a®cos 2y kolem polarni osy; kolem osy ¢ = g; kolem osy ¢ = g

[27a?(2 — V/2); 2ma®V/2; 4ma?
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