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Replikátorová
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Matematika v biologii II – 7 / 39

x′ = J(x)∇H(x) kde J(x) = −J(x)T

Plat́ı:
∂

∂t
H(x) =

(

∇H(x)
)T

x′ =
(

∇H(x)
)T

J(x)∇H(x) = 0

Platón, Timaios 28a: ,,Nejprve jest podle mého ḿıněńı stanoviti tuto rozluku:
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■ x′ = rx



Modely populačńı dynamiky
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■ Modifikace: x′ = x
(

r − g(x)
)

Modely splečenstev:
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xi = xi(t) . . . velikost i-té populace společenstva v čase t.
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■ Modifikace: x′ = x
(

r − g(x)
)

Modely splečenstev:
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Matematika v biologii II – 10 / 39

x′=x(r − by),
y′ = y(−s+ cx).

Bipartitńı systém
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ξ′i = ξiϕi(ξ), i = 1, 2, . . . , n

N :=
n
∑

j=1
ξj , N ′ =

n
∑

j=1
ξjϕj(ξ)

xi :=
ξi

N
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ξ′i = ξiϕi(ξ), i = 1, 2, . . . , n
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rovnice II
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fáze

fáze
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fáze

zygoty
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fáze
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fáze

zygoty
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fáze
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fáze

zygoty
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w . . . náhodná veličina ,,zdatnost alely”
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Úvod

Motivace: Fyzika

Ekologie

Genetika

Replikátorová
rovnice I
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Matematika v biologii II – 16 / 39

x′i = xi



fi(x)−
n
∑

j=1

xjfj(x)



 , i = 1, 2, . . . , n
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n =
{

x ∈ R
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n

n-rozměrný simplex, resp. jeho vniťrek, resp. jeho hranice.
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Matematika v biologii II – 16 / 39

x′i = xi



fi(x)−
n
∑

j=1

xjfj(x)



 , i = 1, 2, . . . , n

■ x(0) ∈ Sn ⇒ x(t) ∈ Sn pro všechna t ≥ 0
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Matematika v biologii II – 16 / 39

x′i = xi



fi(x)−
n
∑

j=1

xjfj(x)



 , i = 1, 2, . . . , n
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j=1

xjfj(x)



 , i = 1, 2, . . . , n

fi(x1, x2, . . . , xn) =
n
∑

k=1

aikxk

x′i = xi





n
∑

k=1

aikxk −
n
∑

j=1

n
∑

k=1

xjajkxk



 , i = 1, 2, . . . , n

Taylorova-Jonkerova rovnice

x′i = xi
(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

x′i = xi(ei − x)TAx, i = 1, 2, . . . , n

x′ = x ◦
(

(E− x1T)Ax
)
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(
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)

, i = 1, 2, . . . , n
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x′i = xi
(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

Položme bij = anj − aij , ri = ain − ann pro i, j = 1, 2, . . . , n− 1.
Transformace nezávisle proměnné (času) a funkćı xi dané rovnostmi

τ =
t
∫

0

xn(s)ds, yj =
xj

xn
, j = 1, 2, . . . , n− 1

zobraźı trajektorie replikátorové rovnice s počátečńı hodnotou ve vniťrku
simplexu S◦

n na trajektorie Lotkova-Volterrova systému

dyj
dτ

= yj

(

rj −

n−1
∑

k=1

bjkyk

)

, j = 1, 2, . . . , n− 1

s počátečńı hodnotou v kladném orthantu R
n−1
+ .
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x′i = xi
(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

y′j = yj
(

rj − (By)j
)

, j = 1, 2, . . . , n− 1

Systémy jsou topologicky ekvivalentńı
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a11 a12
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A =

(

a11 a12
a21 a22

)

odpov́ıdaj́ıćı Lotkova-Volterrova rovnice je

dy

dτ
= y

(

a12 − a22 − (a21 − a11)y
)
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To je (Verhulstova) logistická rovnice.
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A =

(

a11 a12
a21 a22

)

odpov́ıdaj́ıćı Lotkova-Volterrova rovnice je

dy

dτ
= y

(

a12 − a22 − (a21 − a11)y
)

To je (Verhulstova) logistická rovnice.

Řešeńı s počátečńı podḿınkou y(0) = y0 > 0 je

y(τ ) =
(a12 − a22)y0

(a21 − a11)y0 +
(

a12 − a22 − (a21 − a11)y0
)

e(a22−a12)τ
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x′i = xi
(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n
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x′i = xi
(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

■ Sn, ∂Sn, S
◦

n jsou pozitivně invariantńı množiny rovnice.
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x′i = xi
(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

■ Sn, ∂Sn, S
◦

n jsou pozitivně invariantńı množiny rovnice.

■ Přičteńı diagonálńı matice k matici A nebo přičteńı konstantńıho vektoru
ke sloupci (̌rádku) matice A nezměńı řešeńı rovnice.
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x′i = xi
(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

■ Sn, ∂Sn, S
◦

n jsou pozitivně invariantńı množiny rovnice.

■ Přičteńı diagonálńı matice k matici A nebo přičteńı konstantńıho vektoru
ke sloupci (̌rádku) matice A nezměńı řešeńı rovnice.

■ Evolučně stabilńı stav x̂ má vlastnost

x̂TAx > xTAx

pro všechny x ∈ Sn ∩ (U r {x̂}); U je okoĺı x̂.
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Hra dvou hráč̊u v normálńım tvaru:
čtvěrice G = (X,Y, u, v), kde X, Y jsou konečné množiny a u, v jsou funkce
X × Y → R.

Množiny X, resp. Y . . .množiny strategíı prvńıho, resp. druhého, hráče.

Funkce u, resp. v. . . výplatńı funkce prvńıho, resp. druhého, hráče.
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Položme
X = {1, 2, . . . , n} Y = {1, 2, . . . ,m}

aij = u(i, j) bji = v(i, j)

A =











a11 a12 . . . a1m
a21 a22 . . . a2m
...

...
. . .

...
an1 an2 . . . anm











, B =











b11 b12 . . . b1n
b21 b22 . . . b2n
...

...
. . .

...
bm1 bm2 . . . bmn











.
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Položme
X = {1, 2, . . . , n} Y = {1, 2, . . . ,m}

aij = u(i, j) bji = v(i, j)

A =











a11 a12 . . . a1m
a21 a22 . . . a2m
...

...
. . .

...
an1 an2 . . . anm











, B =











b11 b12 . . . b1n
b21 b22 . . . b2n
...

...
. . .

...
bm1 bm2 . . . bmn











.

S t́ımto označeńım máme

u(i, j) = aij = eTi Aej , v(i, j) = bji = eTj Bei.

Matice A, B . . . výplatńı matice.
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G = (X,Y, u, v) = (A,B)

Hra může být reprezentována tabulkou

hráč 2

1 2 . . . m

1
b11

a11

b21
a12

. . .
bm1

a1m

h
rá
č
1 2

b12
a21

b22
a22

. . .
bm2

a2m
...

...
...

. . .
...

n
b1n

an1

b2n
an2

. . .
bmn

anm
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Pravděpodobnostńı rozš́ı̌reńı bimaticové hry G = (X,Y, u, v):

čtvěrice G∗ = (X∗, Y ∗, u∗, v∗);

X∗ = Sn, Y
∗ = Sm,

u∗, v∗ jsou funkce X∗ × Y ∗ → R, definované rovnost́ı

u∗(x,y) = xTAy, v∗(x,y) = yTBx.

X, Y . . . ryźı strategie

X∗, Y ∗ . . . sḿı̌sené strategie
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Pravděpodobnostńı rozš́ı̌reńı bimaticové hry G = (X,Y, u, v):

čtvěrice G∗ = (X∗, Y ∗, u∗, v∗);

X∗ = Sn, Y
∗ = Sm,

u∗, v∗ jsou funkce X∗ × Y ∗ → R, definované rovnost́ı

u∗(x,y) = xTAy, v∗(x,y) = yTBx.

X, Y . . . ryźı strategie

X∗, Y ∗ . . . sḿı̌sené strategie

G∗ = (X∗, Y ∗, u∗, v∗) = (A,B)
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x̄ ∈ X∗ . . . nejlepš́ı odpověď na strategii y ∈ Y ∗:
(∀x ∈ X∗) u∗(x̄,y) = x̄TAy ≥ xTAy = u∗(x,y)

ȳ ∈ Y ∗ . . . nejlepš́ı odpověď na strategii x ∈ X∗:
(∀y ∈ Y ∗) v∗(x, ȳ) = ȳTBx ≥ yTBx = v∗(x,y).
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x̄ ∈ X∗ . . . nejlepš́ı odpověď na strategii y ∈ Y ∗:
(∀x ∈ X∗) u∗(x̄,y) = x̄TAy ≥ xTAy = u∗(x,y)

ȳ ∈ Y ∗ . . . nejlepš́ı odpověď na strategii x ∈ X∗:
(∀y ∈ Y ∗) v∗(x, ȳ) = ȳTBx ≥ yTBx = v∗(x,y).

(x̄, ȳ) ∈ X∗ × Y ∗ . . . (Nashova) rovnováha:

∀(x ∈ X∗)∀(y ∈ Y ∗) x̄TAȳ ≥ xTAȳ, ȳTBx̄ ≥ yTBx̄

tj. x̄ je nejlepš́ı odpověd́ı na ȳ a současně ȳ je nejlepš́ı odpověd́ı na x̄.
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G = (A,B), c ∈ R+
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G = (A,B), c ∈ R+

G se nazývá c-partnerská hra, pokud

(∃D,p, q) A = D+ 1qT, B = cDT + 1pT

tj. aij = dij + qj , bji = cdij + pi



Partnerská hra
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G = (A,B), c ∈ R+

G se nazývá c-partnerská hra, pokud

(∃D,p, q) A = D+ 1qT, B = cDT + 1pT

tj. aij = dij + qj , bji = cdij + pi

G se nazývá hra se stejným zájmem (identical interest game), pokud

c = 1, p = o = q

tj. A = BT
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G = (A,B)
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G = (A,B)

G se nazývá symetrická hra, pokud
A = B

tj. u(i, j) = v(j, i)
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G se nazývá symetrická hra (maticová hra), pokud
A = B

tj. u(i, j) = v(j, i)
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G = (A,B)

G se nazývá symetrická hra (maticová hra), pokud
A = B

tj. u(i, j) = v(j, i)

(x̄, ȳ) ∈ X∗2 je rovnovážnou strategíı, pokud

(∀x,y ∈ X∗) x̄TAȳ ≥ xTAȳ, ȳTAx̄ ≥ yTAx̄
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G = (A,B)

G se nazývá symetrická hra (maticová hra), pokud
A = B

tj. u(i, j) = v(j, i)

(x̄, ȳ) ∈ X∗2 je rovnovážnou strategíı, pokud

(∀x,y ∈ X∗) x̄TAȳ ≥ xTAȳ, ȳTAx̄ ≥ yTAx̄

x̄ ∈ X∗ je symetrická (Nashova) rovnováha, pokud
(x̄, x̄) je rovnováhou hry (A,A), tj.

(∀x ∈ X∗) x̄TAx̄ ≥ xTAx̄
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x′i = xi
(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n
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x′i = xi
(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

x̂ – evolučně stabilńı stav rovnice
⇓

x̂ – nejlepš́ı odpověď na jakoukoliv strategii z jej́ıho okoĺı ve hře G = A



Maticová hra a replikátorová rovnice
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x′i = xi
(

(Ax)i − xTAx
)

, i = 1, 2, . . . , n

x̂ – evolučně stabilńı stav rovnice
⇓

x̂ – nejlepš́ı odpověď na jakoukoliv strategii z jej́ıho okoĺı ve hře G = A

N . . . množina symetrických Nashových rovnováh maticové hry G = A
E . . . množina stacionárńıch řešeńı rovnice
S . . . množina stabilńıch stacionárńıch řešeńı rovnice

S ⊆ N ⊆ E
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x′i =xi
(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m
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x′i =xi
(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

x′i =xi(ei − x)TAy, i = 1, 2, . . . , n
y′j = yj(ej − y)TBx, j = 1, 2, . . . ,m
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x′i =xi
(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

x′i =xi(ei − x)TAy, i = 1, 2, . . . , n
y′j = yj(ej − y)TBx, j = 1, 2, . . . ,m

(

x

y

)

′

=

(

x

y

)

◦

(

O (E− x1T)A
(E− y1T)B O

)(

x

y

)
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x′i =xi
(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

x′i =xi(ei − x)TAy, i = 1, 2, . . . , n
y′j = yj(ej − y)TBx, j = 1, 2, . . . ,m

(

x

y

)

′

=

(

x

y

)

◦

(

O (E− x1T)A
(E− y1T)B O

)(

x

y

)

(

x

y

)

′

=

(

x

y

)

◦

[

E−

(

1xT O
O 1yT

)](

O A
B O

)(

x

y

)
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x′i =xi
(
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)

, i = 1, 2, . . . , n
y′j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m
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m jsou pozitivně invariantńı množiny
rovnice
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x′i =xi
(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

■ Sn × Sm, ∂Sn × ∂Sm S◦

n × S◦

m jsou pozitivně invariantńı množiny
rovnice,

■ v důsledku toho může být (n+m)-dimensionálńı systém redukován na
(n+m− 2)-dimensionálńı:

x′i = xi(ei − x)T
(

Ãy − â
)

, i = 1, 2, . . . , n− 1,

y′j = yj(ej − y)T
(

B̃x− b̂
)

, j = 1, 2, . . . ,m− 1.

kde ãij = aij − aim − anj + anm, âi = anm − aim

b̃ij = bij − bin − bmj + bmn, b̂j = bmn − bjn.



Př́ıklad: n = m = 2
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A =

(

a11 a12
a21 a22

)

, B =

(

b11 b12
b21 b22

)

.
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A =

(

a11 a12
a21 a22

)

, B =

(

b11 b12
b21 b22

)

.

Redukovaný systém:

x′ = x(1− x)(α1y − α2)

y′ = y(1− y)(β1x− β2)

kde α1 = a11 − a12 − a21 + a22, α2 = a22 − a12,
β1 = b11 − b12 − b21 + b22, β2 = b22 − b12
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Redukovaný systém:
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y′ = y(1− y)(β1x− β2)

kde α1 = a11 − a12 − a21 + a22, α2 = a22 − a12,
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Fázový prostor: [0, 1]× [0, 1]
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A =

(

a11 a12
a21 a22

)

, B =

(

b11 b12
b21 b22

)

.

Redukovaný systém:

x′ = x(1− x)(α1y − α2)

y′ = y(1− y)(β1x− β2)

kde α1 = a11 − a12 − a21 + a22, α2 = a22 − a12,
β1 = b11 − b12 − b21 + b22, β2 = b22 − b12

Fázový prostor: [0, 1]× [0, 1]

Stacionárńı řešeńı: (0, 0), (0, 1), (1, 0), (1, 1) odpov́ıdaj́ı ryźım strategíım.

Pokud α1 6= 0, 0 <
α2

α1
< 1, β1 6= 0, 0 <

β2

β1
< 1, pak vniťrńı stacionárńı řešeńı:

(

β2

β1
,
α2

α1

)

odpov́ıdá sḿı̌seným strategíım.
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Redukovaný systém:

x′ = x(1− x)(α1y − α2)

y′ = y(1− y)(β1x− β2)

Variačńı matice systému:

J(0, 0) =

(

−α2 0
0 −β2

)

, J(0, 1) =

(

α1 − α2 0
0 β2

)

,

J(1, 0) =

(

α2 0
0 β1 − β2

)

, J(1, 1) =

(

α2 − α1 0
0 β2 − β1

)

,
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Redukovaný systém:

x′ = x(1− x)(α1y − α2)

y′ = y(1− y)(β1x− β2)

Variačńı matice systému:

J(0, 0) =

(

−α2 0
0 −β2

)

, J(0, 1) =

(

α1 − α2 0
0 β2

)

,

J(1, 0) =

(

α2 0
0 β1 − β2

)

, J(1, 1) =

(

α2 − α1 0
0 β2 − β1

)

,

J

(

β2

β1
,
α2

α1

)

=









0
α1β2(β1 − β2)

β2
1

α2β1(α1 − α2)

α2
1

0









.
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x′i =xi
(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

N . . . množina Nashových rovnováh bimaticové hry G = (A,B)
E . . . množina stacionárńıch řešeńı systému
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x′i =xi
(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

N . . . množina Nashových rovnováh bimaticové hry G = (A,B)
E . . . množina stacionárńıch řešeńı systému

N ⊆ E

(S◦

n × S◦

m) ∩N = E ∩ (S◦

n × S◦

m)
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x′i =xi
(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

Uvažujme systém na množině S◦

n × S◦

m

Transformace
ãij = aij − anj , âi = aim − anm,

b̃ji = bji − bmi, b̂j = bjn − bmn,
ui = ln

xi

xn
, vj = ln

yj

ym
,

u′i=

m−1
∑

k=1

ãike
vk + âi

1 +
m−1
∑

k=1

evk
, i = 1, 2, . . . , n− 1,

v′j =

n−1
∑

k=1

b̃jke
uk + b̂i

1 +
n−1
∑

k=1

euk

, j = 1, 2, . . . ,m− 1.
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x′i =xi
(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

Uvažujme systém na množině S◦

n × S◦

m

Nechť (A,B) je c-partnerská hra a (x̄, ȳ) ∈ S◦

n × S◦

m je Nashova rovnováha.

Pak funkce

H(x,y) = c

n
∑

i=1

x̄i lnxi −
m
∑

j=1

ȳj ln yj

je invariantem systému.
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x′i =xi
(

(Ay)i − xTAy
)

, i = 1, 2, . . . , n
y′j = yj

(

(Bx)j − yTBx
)

, j = 1, 2, . . . ,m

Uvažujme systém na množině S◦

n × S◦

m

Nechť (A,B) je c-partnerská hra a (x̄, ȳ) ∈ S◦

n × S◦

m je Nashova rovnováha.

Substituce rij = aij − anj − aim + anm,

ui = ln
xi

xn
, vj = ln

yj

ym
,

pro i = 1, 2, . . . , n− 1, j = 1, 2, . . . ,m− 1
transformuje replikátorový systém na Hamiltonovský:

(

u

v

)

′

=

(

O R
−RT O

)(

∇uH

∇vH

)
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Jesťráb Holubice

Jesťráb 1
2V − C V

Holubice 0 1
2V

V – hodnota zdroje
C – náklady na boj
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Jesťráb Holubice

Jesťráb 1
2V − C V

Holubice 0 1
2V

V – hodnota zdroje
C – náklady na boj

Verhulstova logistická rovnice ekvivalentná s touto replikátorovou:
dy

dτ
= y

(

1
2V − (C − 1

2V )y
)

C > 1
2V ⇒

(

x1(t)
x2(t)

)

−→

(

V
2C−V

2(C−V )
2C−V

)

C ≤ 1
2V ⇒

(

x1(t)
x2(t)

)

−→

(

1
0

)



Strategie pá̌reńı
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Ještěrka Uta stansburniana

velké teritorium, několik samic 0 vyhrává prohrává

teritorium s jedinou samićı prohrává 0 vyhrává

žádné teritorium vyhrává prohrává 0
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Hra kámen-nůžky-paṕır

0 vyhrává prohrává

prohrává 0 vyhrává

vyhrává prohrává 0
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Kámen Nůžky Paṕır

Kámen 0 1 −1

Nůžky −1 0 1

Paṕır 1 −1 0

Replikátorová rovnice
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Kámen Nůžky Paṕır

Kámen 0 1 −1

Nůžky −1 0 1

Paṕır 1 −1 0

Replikátorová rovnice

d

dt





x

y

z



 =





x

y

z



 ◦









1 0 0
0 1 0
0 0 1



 −





x x x

y y y

z z z













0 1 −1
−1 0 1
1 −1 0









x

y

z



 =

=





x(y − z)
y(z − x)
z(x − y)



 =





0 −1 1
1 0 −1
−1 1 0









yz

xz

xy



 =





0 −1 1
1 0 −1
−1 1 0



∇xyz
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Kámen Nůžky Paṕır

Kámen 0 1 −1

Nůžky −1 0 1

Paṕır 1 −1 0

Replikátorová rovnice

d

dt





x

y

z



 =





0 −1 1
1 0 −1
−1 1 0



∇xyz

Hamiltonovský systém
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Strategie
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samice zdrženlivá nevázaná

V – hodnota potomka
2C – rodičovská investice
c – náklady na námluvy
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