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populace
v diskrétńım čase
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zákon
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populace
v diskrétńım čase
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Aristid Lindenmayer (1925–1989)

Abeceda: množina A

Stav: konečná posloupnost prvků z A

Axiom: iniciálńı stav s0
Přepisovaćı pravidla: zobrazeńı f : A → A ∪A2 ∪ A3 ∪ . . .
Stav si+1 vznikne ze stavu si tak, že každý člen x v si se nahrad́ı výrazem f(x)
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Aristid Lindenmayer (1925–1989)

Abeceda: 1, 2, 3, 4, 5, 6, 7, 8, (, )
Axiom: 1
Přepisovaćı pravidla: 1 7→ 23 2 7→ 2 3 7→ 24 4 7→ 54 5 7→ 6

6 7→ 7 7 7→ 8(1) 8 7→ 8 ( 7→ ( ) 7→ )
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Abeceda: 1, 2, 3, 4, 5, 6, 7, 8, (, )
Axiom: 1
Přepisovaćı pravidla: 1 7→ 23 2 7→ 2 3 7→ 24 4 7→ 54 5 7→ 6

6 7→ 7 7 7→ 8(1) 8 7→ 8 ( 7→ ( ) 7→ )

s0 =1
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Abeceda: 1, 2, 3, 4, 5, 6, 7, 8, (, )
Axiom: 1
Přepisovaćı pravidla: 1 7→ 23 2 7→ 2 3 7→ 24 4 7→ 54 5 7→ 6

6 7→ 7 7 7→ 8(1) 8 7→ 8 ( 7→ ( ) 7→ )

s0 =1

s1 =23
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Abeceda: 1, 2, 3, 4, 5, 6, 7, 8, (, )
Axiom: 1
Přepisovaćı pravidla: 1 7→ 23 2 7→ 2 3 7→ 24 4 7→ 54 5 7→ 6

6 7→ 7 7 7→ 8(1) 8 7→ 8 ( 7→ ( ) 7→ )

s0 =1

s1 =23

s2 =224
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p̌repisováńım
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Abeceda: 1, 2, 3, 4, 5, 6, 7, 8, (, )
Axiom: 1
Přepisovaćı pravidla: 1 7→ 23 2 7→ 2 3 7→ 24 4 7→ 54 5 7→ 6

6 7→ 7 7 7→ 8(1) 8 7→ 8 ( 7→ ( ) 7→ )

s0 =1

s1 =23

s2 =224

s3 =2254
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Abeceda: 1, 2, 3, 4, 5, 6, 7, 8, (, )
Axiom: 1
Přepisovaćı pravidla: 1 7→ 23 2 7→ 2 3 7→ 24 4 7→ 54 5 7→ 6

6 7→ 7 7 7→ 8(1) 8 7→ 8 ( 7→ ( ) 7→ )

s0 =1

s1 =23

s2 =224

s3 =2254

s4 =22654
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Abeceda: 1, 2, 3, 4, 5, 6, 7, 8, (, )
Axiom: 1
Přepisovaćı pravidla: 1 7→ 23 2 7→ 2 3 7→ 24 4 7→ 54 5 7→ 6

6 7→ 7 7 7→ 8(1) 8 7→ 8 ( 7→ ( ) 7→ )
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p̌repisováńım
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Axiom: 1
Přepisovaćı pravidla: 1 7→ 23 2 7→ 2 3 7→ 24 4 7→ 54 5 7→ 6

6 7→ 7 7 7→ 8(1) 8 7→ 8 ( 7→ ( ) 7→ )

s0 =1

s1 =23 s5 =227654

s2 =224 s6 =228(1)7654

s3 =2254

s4 =22654
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s0 =1
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s2 =224 s6 =228(1)7654
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Matematika v biologii I – 4 / 20

Abeceda: 1, 2, 3, 4, 5, 6, 7, 8, (, )
Axiom: 1
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Matematika v biologii I – 4 / 20

Abeceda: 1, 2, 3, 4, 5, 6, 7, 8, (, )
Axiom: 1
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Axiom: M
Pravidla: M 7→ S[+M ][−M ]SM S 7→ SS
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Abeceda: M , S, +, −, [, ]
Axiom: M
Pravidla: M 7→ S[+M ][−M ]SM S 7→ SS

i = 0
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Abeceda: M , S, +, −, [, ]
Axiom: M
Pravidla: M 7→ S[+M ][−M ]SM S 7→ SS

i = 1
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Abeceda: M , S, +, −, [, ]
Axiom: M
Pravidla: M 7→ S[+M ][−M ]SM S 7→ SS

i = 2
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Abeceda: M , S, +, −, [, ]
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Pravidla: M 7→ S[+M ][−M ]SM S 7→ SS

i = 3
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Pravidla: M 7→ S[+M ][−M ]SM S 7→ SS

i = 4
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Abeceda: M , S, +, −, [, ]
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Pravidla: M 7→ S[+M ][−M ]SM S 7→ SS

i = 5
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stadíı
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model
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Leonardo Pisánský, Fibonacci (1170–1250):

Kdosi uḿıstil pár kráĺık̊u na určitém ḿıstě, se všech stran ohrazeném
zd́ı, aby poznal, kolik pár̊u kráĺık̊u se při tom zrod́ı pr̊uběhem roku,
jestliže u kráĺık̊u je tomu tak, že pár kráĺık̊u přivede na svět měśıčně
jeden pár a že kráĺıci poč́ınaj́ı rodit ve dvou měśıćıch svého věku.
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Kdosi uḿıstil pár kráĺık̊u na určitém ḿıstě, se všech stran ohrazeném
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jestliže u kráĺık̊u je tomu tak, že pár kráĺık̊u přivede na svět měśıčně
jeden pár a že kráĺıci poč́ınaj́ı rodit ve dvou měśıćıch svého věku.

x(t) – počet pár̊u kráĺıků v t-tém měśıci
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Leonardo Pisánský, Fibonacci (1170–1250):

Kdosi uḿıstil pár kráĺık̊u na určitém ḿıstě, se všech stran ohrazeném
zd́ı, aby poznal, kolik pár̊u kráĺık̊u se při tom zrod́ı pr̊uběhem roku,
jestliže u kráĺık̊u je tomu tak, že pár kráĺık̊u přivede na svět měśıčně
jeden pár a že kráĺıci poč́ınaj́ı rodit ve dvou měśıćıch svého věku.

x(t) – počet pár̊u kráĺıků v t-tém měśıci

x(t) = x(t− 1) + x(t− 2)
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jestliže u kráĺık̊u je tomu tak, že pár kráĺık̊u přivede na svět měśıčně
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x(t) – počet pár̊u kráĺıků v t-tém měśıci

x(t) = x(t− 1) + x(t− 2)

x(t+ 2) = x(t+ 1) + x(t), x(0) = 1, x(1) = 2
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Leonardo Pisánský, Fibonacci (1170–1250):

Kdosi uḿıstil pár kráĺık̊u na určitém ḿıstě, se všech stran ohrazeném
zd́ı, aby poznal, kolik pár̊u kráĺık̊u se při tom zrod́ı pr̊uběhem roku,
jestliže u kráĺık̊u je tomu tak, že pár kráĺık̊u přivede na svět měśıčně
jeden pár a že kráĺıci poč́ınaj́ı rodit ve dvou měśıćıch svého věku.

x(t) – počet pár̊u kráĺıků v t-tém měśıci

x(t) = x(t− 1) + x(t− 2)

x(t+ 2) = x(t+ 1) + x(t), x(0) = 1, x(1) = 2

t 0 1 2 3 4 5 6 7 8 9 10 11 12
x(t) 1 2 3 5 8 13 21 34 55 89 144 233 377
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Leonardo Pisánský, Fibonacci (1170–1250):

Kdosi uḿıstil pár kráĺık̊u na určitém ḿıstě, se všech stran ohrazeném
zd́ı, aby poznal, kolik pár̊u kráĺık̊u se při tom zrod́ı pr̊uběhem roku,
jestliže u kráĺık̊u je tomu tak, že pár kráĺık̊u přivede na svět měśıčně
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x(t) = x(t− 1) + x(t− 2)

x(t+ 2) = x(t+ 1) + x(t), x(0) = 1, x(1) = 2

x(t) =
1√
5

(

1 +
√
5

2

)t+1

− 1√
5

(

1−
√
5

2
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σ2 – pod́ıl plodných pár̊u, které přežij́ı jedno obdob́ı
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Patrick Holt Leslie (1900–1972)
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Leonard Lefkowitch (1929–2010)
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Obojživelńıci: vaj́ıčko – pulec – dospělý jedinec
Hmyz: vaj́ıčko – larva – kukla – imago

Rostliny: semeno – malá r̊užice – sťredńı r̊užice – velká r̊užice – kvetoućı rostlina
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Matematika v biologii I – 10 / 20

x(t+ 1) = Ax(t)
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Leonhard Euler (1707–1783), Introductio in analysin infinitorum (1748)



Populace bez omezeńı
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Matematika v biologii I – 12 / 20
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x(t+ 1) = x(t)− dx(t) + bx(t)
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r = 1− d+ b – r̊ustový koeficient, r ≥ 0
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Rekurentńı formule pro geometrickou posloupnost



Populace bez omezeńı

Matematika v biologii I – 12 / 20
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Thomas R. Malthus (1766–1834)

x(t) – velikost populace v čase t, který plyne v ,,přirozených” jednotkách

x(t+ 1) = x(t)− uhynuĺı+ narozeńı

x(t+ 1) = x(t)− dx(t) + bx(t) = (1− d+ b)x(t) = rx(t)
d – úmrtnost (pravděpodobnost úmrt́ı během časové jednotky), d ∈ 〈0, 1〉
b – porodnost (pr̊uměrný počet potomků jedince), b ≥ 0
r = 1− d+ b – r̊ustový koeficient, r ≥ 0

x(t+ 1) = rx(t)

x(0) = x0 – počátečńı velikost populace

x(t) = x0r
t











r > 1, tj. b > d, populace roste

r = 1, tj. b = d, populace má konstatntńı velikost

r < 1, tj. b < d, populace vyḿırá
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x(t+ 1) = rx(t), x(0) = x0

r̊ustový koeficient

r =
x(t+ 1)

x(t)
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x(t+ 1) = rx(t), x(0) = x0

r̊ustový koeficient

r =
x(t+ 1)

x(t)

záviśı na velikosti populace
r = r

(

x(t)
)
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Matematika v biologii I – 13 / 20

x(t)K

1

r

x(t+ 1)

x(t)
Malthus:
x(t+ 1) = rx(t)

∆x(t) = (r − 1)x(t)

Verhulst:

x(t+ 1) =

(

r − (r − 1)
x(t)

K

)

x(t)

∆x(t) = (r − 1)

(

1−
x(t)

K

)

x(t)

Ricker:
x(t+ 1) = r1−

x(t)
K x(t)

Beverton-Holt, Pielou:

x(t+ 1) =
r

1 + (r − 1)
x(t)

K

x(t)

∆x(t) =
(r − 1)

1 + (r − 1)
x(t)

K

(

1−
x(t)

K

)

x(t)



Populace s omezenými zdroji
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x(t)K

1

r

x(t+ 1)

x(t)

Základńı rovnice:

x(t+ 1) =
r

1 + (r − 1)

(

x(t)

K

)β
x(t)

∆x(t) =
r − 1

1 + (r − 1)

(

x(t)

K

)β

(

1−

(

x(t)

K

)β
)

x(t) =
r − 1

r

(

1−

(

x(t)

K

)β
)

x(t+ 1)
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x(t)K

1

r

x(t+ 1)

x(t)

Rovnice se zpožděńım:

x(t+ 1) =
r

1 + (r − 1)

(

x(t− 1)

K

)β
x(t)
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Warder Clyde Allee (1885–1955)

x(t)Kϑ

1

r

x(t+ 1)

x(t)

Allee:

x(t+ 1) = r
4K

(K−ϑ)2

(

1−
x(t)
K

)

(x−ϑ)
x(t)
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Benjamin Gompertz (1779–1865)

x(t)Kϑ

1

r

x(t+ 1)

x(t)

Gompertz:

x(t+ 1) =
(

rx(t)−
ln r
ln K

)

x(t)
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Růst jedné populace (Ricker̊uv model)

x(t+ 1) = r1−
x(t)
K x(t), x(0) = x0

r̊ustový koeficient: r1−
x(t)
K klesá s rostoućı velikost́ı populace

x(t), y(t) – velikosti dvou interaguj́ıćıch populaćı v čase t

Lotka-Volterra:

x(t+ 1) = r
1− x(t)

K1
−α12y(t)

1 x(t), x(0) = x0

y(t+ 1) = r
1− y(t)

K2
−α21x(t)

2 y(t), y(0) = y0
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Růst jedné populace (Ricker̊uv model)

x(t+ 1) = r1−
x(t)
K x(t), x(0) = x0

r̊ustový koeficient: r1−
x(t)
K klesá s rostoućı velikost́ı populace

x(t), y(t) – velikosti dvou interaguj́ıćıch populaćı v čase t

Lotka-Volterra:

x(t+ 1) = r
1− x(t)
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1 x(t), x(0) = x0

y(t+ 1) = r
1− y(t)

K2
−α21x(t)

2 y(t), y(0) = y0

α12 > 0, α21 > 0 – konkurence, kompetice
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Růst jedné populace (Ricker̊uv model)

x(t+ 1) = r1−
x(t)
K x(t), x(0) = x0

r̊ustový koeficient: r1−
x(t)
K klesá s rostoućı velikost́ı populace

x(t), y(t) – velikosti dvou interaguj́ıćıch populaćı v čase t

Lotka-Volterra:

x(t+ 1) = r
1− x(t)

K1
−α12y(t)

1 x(t), x(0) = x0

y(t+ 1) = r
1− y(t)

K2
−α21x(t)

2 y(t), y(0) = y0

α12 > 0, α21 > 0 – konkurence, kompetice
α12 < 0, α21 < 0 – mutualismus, symbióza
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Růst jedné populace (Ricker̊uv model)

x(t+ 1) = r1−
x(t)
K x(t), x(0) = x0

r̊ustový koeficient: r1−
x(t)
K klesá s rostoućı velikost́ı populace

x(t), y(t) – velikosti dvou interaguj́ıćıch populaćı v čase t

Lotka-Volterra:

x(t+ 1) = r
1− x(t)

K1
−α12y(t)

1 x(t), x(0) = x0

y(t+ 1) = r
1− y(t)

K2
−α21x(t)

2 y(t), y(0) = y0

α12 > 0, α21 > 0 – konkurence, kompetice
α12 < 0, α21 < 0 – mutualismus, symbióza

α12 > 0, α21 < 0 – predace (populace s velikost́ı x je kǒrist, s velikost́ı y je dravec)



Lékǎrská diagnostika

Úvod

Lindenmayerovy
systémy

Maticové populačńı
modely

Růst homogenńı
populace
v diskrétńım čase

Lékǎrská diagnostika

Hardyho-
Weinbergův
zákon

K daľśımu čteńı
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Stav pacienta: má chorobu A

nemá chorobu AC

Test diagnostikuje chorobu +
nediagnostikuje chorobu −

P(A) – prevalence nebo incidence choroby 0,005
P(+|A) – senzitivita testu 0,99
P(−|AC) – specificita testu 0,95

P(A|+) = 0,0905

+ − Σ
A 4 950 50 5 000
AC 49 750 945 250 995 000
Σ 54 700 945 300 1 000 000
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Thomas Bayes (1701–1761)

Stav pacienta: má chorobu A

nemá chorobu AC

Test diagnostikuje chorobu +
nediagnostikuje chorobu −

P(A) – prevalence nebo incidence choroby 0,005
P(+|A) – senzitivita testu 0,99
P(−|AC) – specificita testu 0,95

P(A|++) =
P(+|A) P(A|+)

P(+|A) P(A|+) +
(

1− P(−|AC)
)(

1− P(A|+)
) = 0,663
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Thomas Bayes (1701–1761)

Stav pacienta: má chorobu A

nemá chorobu AC

Test diagnostikuje chorobu +
nediagnostikuje chorobu −

P(A) – prevalence nebo incidence choroby 0,005
P(+|A) – senzitivita testu 0,99
P(−|AC) – specificita testu 0,95

P(A|+++) =
P(+|A) P(A|++)

P(+|A) P(A|++) +
(

1− P(−|AC)
)(

1− P(A|++)
) = 0,952
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populace
v diskrétńım čase
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dospělý jedinec: diploidńı (2 alely v lokusu)
gameta: haploidńı (1 alela v lokusu)
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Godfrey Harold Hardy (1877–1947) Science (1908)
Wilhelm Weinberg (1862–1937) Jahresh. Wuertt. Ver. vaterl. Natkd. (1908)

dospělý samec

dospělá samice

gameta

gameta
zygota dospělý jedinec-

-

-

���*
HHHj

dospělý jedinec: diploidńı (2 alely v lokusu)
gameta: haploidńı (1 alela v lokusu)

• plodnost nezáviśı na genotypu
• přežit́ı nezáviśı na genotypu
• alela je do gamety vybrána náhodně
• náhodné ǩŕıžeńı
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Lokus A s alelami a1, a2.
Rodičovská generace: x = P(a1a1), y = P(a1a2), z = P(a2a2)
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Lokus A s alelami a1, a2.
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Filiálńı generace: P(a1a1) = p2, P(a1a2) = pq + qp = 2pq, P(a2a2) = q2
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Lokus A s alelami a1, a2.
Rodičovská generace: x = P(a1a1), y = P(a1a2), z = P(a2a2)
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2y, q = P(a2) =
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Spojeńı gamet:

Filiálńı generace: P(a1a1) = p2, P(a1a2) = pq + qp = 2pq, P(a2a2) = q2

P(a1) = p2 + pq = p(p+ q) = p, P(a2) = pq + q2 = (p+ q)q = q
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