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For each NFA there exists a complete DFA accepting the
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finite automata is closed with respect to complements.




For each NFA there exists a complete DFA accepting the

same language. Consequently, the class of all languages accepted by
finite automata is closed with respect to complements.

Syntactic structures

An idempotent semiring is a structure (S, -, V) where
(S,-) is a monoid with the neutral element 1,
(S, V) is a semilattice with the smallest element 0,

vV ., U L\ U ——1 (] ANd (d U —




For each NFA there exists a complete DFA accepting the
same language. Consequently, the class of all languages accepted by
finite automata is closed with respect to complements.

Syntactic structures

An idempotent semiring is a structure (S, -, V) where

(S,-) is a monoid with the neutral element 1,

(S, V) is a semilattice with the smallest element 0,
(Va,bece S )(albVe)=abVacand (aVb)c=acVbc),




For each NFA there exists a complete DFA accepting the
same language. Consequently, the class of all languages accepted by
finite automata is closed with respect to complements.

Syntactic structures

An idempotent semiring is a structure (S, -, V) where

(S,-) is a monoid with the neutral element 1,

(S, V) is a semilattice with the smallest element 0,
(Va,bece S )(albVe)=abVacand (aVb)c=acVbc),




Note that this set with the operations U -V ={ wv |uec U, v eV }
and usual union form a free idempotent semiring over the set A.




Note that this set with the operations U -V ={ w |u e U, v eV }
and usual union form a free idempotent semiring over the set A.

Let L C A* be a regular language. We define the following

relations :

for u,v,uy,...,ug,v1,...,0 € A",

u ~p vifandonlyif (Vz,ye A" )(zuy e L < zvye L),




Note that this set with the operations U -V ={ w |u e U, v eV }
and usual union form a free idempotent semiring over the set A.

Let L C A* be a regular language. We define the following

relations :

for u,v,uy,...,ug,v1,...,0 € A",

u ~p vifandonlyif (Vz,yc A" )(zuye L < zvye L),

Ui, ..., Ut ~1 {v1,...,v;} if and only if




Note that this set with the operations U -V ={ w |u e U, v eV }
and usual union form a free idempotent semiring over the set A.

Let L C A* be a regular language. We define the following

relations :

for u,v,uy,...,ug,v1,...,0 € A",

u ~p vifandonlyif (Vz,yc A" )(zuye L < zvye L),

{ug,...,ur} ~p {vi,...,v} if and only if




the syntactic semiring of the language L.




the syntactic semiring of the language L. The assignments

kp:u—u=p and ¢r : {uy,...,ux}t — {uy, ..., upt ~p

are called syntactic monoid/semiring homomorphisms.




the syntactic semiring of the language L. The assignments

kp:u—u=p and ¢r : {uy,...,ux}t — {uy, ..., upt ~p

are called syntactic monoid/semiring homomorphisms.

The monoid (O (L), ) is ordered by the relation

v < urp ff (Ve,ye A" ) (zuy e L = zvy e L)




the syntactic semiring of the language L. The assignments

kp:u—u=p and ¢r : {uy,...,ux}t — {uy, ..., upt ~p

are called syntactic monoid/semiring homomorphisms.

The monoid (O (L), ) is ordered by the relation

v < urp iff (Ve,ye A" ) (zuye L = axvy € L)




H (O, <) (all hereditary subsets)

,...,Uk%]

U~ — {u} ~



Regular expressions

Let A be a fixed finite alphabet, let X = {z1,...,2,,}
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symbol * over the variables z1,...,x,,. The elements of Reg (A, X)
are called regular expressions over A in X.
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(Kleene)

The languares realized by regular expressions are exactly the
languages accepted by NFA's. We speak about regular languages.

Proof
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Let G = (V, E) be a finite oriented graph. We define the loop
complexity IcG of GG inductively by

ic({v},0) =0, lc({v}, {(v,v)}) =1 and for [V] > 2
for strongly connected G : IcG = min{lc(G \v) |v € V } + 1,

otherwise : IcG = max{IcH | H is a s.c. component of G }.
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with a. So let u;, = av;,, ui, = aviy, ..., 11 <2 < ....

Taking wy, ug, ..., u;—1, Vi, Uiy, - .. We get a contradiction with the
“minimality”. [

= : Let L = A*a1A%ay... A*ap A*, that is L is the set of all words
having ai ...ax as a subword. Clearly

(Vp,gr€A*)(pge L = pug€ L) (%)
The same is true for finite unions of such languages.
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Again, denote by [uq, ..., u| the transformation of U given by the
set {u1,..., Uk}

The transformation monoid
{ lug,...,uk] | k>0, uy,...,up € A* } with the operations of
composition and |uq,...,uk| V [v1,..., 0] = [u1, ..., ug,v1,...,0]].
is isomorphic to the syntactic semiring (S (L), -, V) of the language
L. An isomorphism is given by: |u1,...,ug] — {ug,..., up}~.

We have to show that {uy,...,ugx} ~ {vi,..., v} is
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KNL

L K M N O | A"

ba

bab







We can proceed by calculating the matrices dc(M) (down
completion) and rc(M) placing them into a single schema.



SIS VI VIRV S8

L K M N O| A

SHOROGROGROGRORG
Z < OO0 00
SQQQQQO0

< O = 00 =

N = Q=00

=)
S

bab

@\
1a.ba.m




The matrix dc(M) gives us the syntactic semiring S of L; its order
reduct is depicted below. The parts of labels after semicolons
correspond to the representation of the syntactic semiring by
L-closed subsets. Here Q = Lb~! = (ab)*a +1, R = (ab) Lo~ ! =
(ab)*a, S =a 'Lb~! = b(ab)*a + 1.

a’= 0; A*

bab; K

b; P

a;, R
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Eilenberg-type theorems

Eilenberg 1976 : varieties of (regular) languages correspond to
pseudovarieties of finite monoids; L +— (O (L), ).
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For a semigroup S and a € S there is exactly one idempotent in a
subsemigroup of S generated by a; we denote it a®.
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Eilenberg-type theorems

Eilenberg 1976 : varieties of (regular) languages correspond to
pseudovarieties of finite monoids; L — (O (L), -).

star-free languages +— aperiodic monoids = Mod (z¥ "1 = zv)
For a semigroup S and a € S there is exactly one idempotent in a
subsemigroup of S generated by a; we denote it a®.

Pin 1995 : positive varieties of languages correspond to
pseudovarieties of finite ordered monoids; L — (O (L), -, <).

* * *
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complements of finite unions of +-languages XA*U A*Y U Z
where XY, Z C A™ are finite —
Mod ( z“yzx® = a2, z“y* = z¥z V ty* )
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complements of finite unions of +-languages XA* U A*Y U Z
where XY, Z C A™ are finite —
Mod ( z“yzx® = a2, z“y* = z¥z V ty* )

Straubing 2002 : C-varieties of languages correspond to
C-pseudovarieties of monoid homomorphisms;
L— (kr: (A% ) = (O(L),")).

certain classes of languages connected with circuit complexity
classes — all kK : A* — O such that the stable subsemigroup of
(the idempotent among (x(A))™ in the power monoid of O )
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L~ (kp: (A%, =)—> (0(L),, <))

L.P. 2003 : ID-varieties of languages correspond to ID-pseudovarieties
of idempotent semiring homomorphisms;

L (615 (A%,-,U) = (S(L),, V)
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L~ (kp: (A%, =)—> (0(L),, <))

L.P. 2003 : ID-varieties of languages correspond to ID-pseudovarieties
of idempotent semiring homomorphisms;
L (6r: (A%, U) = (S (L), V)
It covers all previous results.
the so-called multiliteral varieties of languages.




L~ (kg : (4% =) > (0(L),, <))

L.P. 2003 : ID-varieties of languages correspond to ID-pseudovarieties
of idempotent semiring homomorphisms;
L— (¢L : (AD7 '7U) 7 (S (L)7 '7\/))'
It covers all previous results.
the so-called multiliteral varieties of languages.

D-pseudovarieties of semiring homomorphisms

Let S be the class of all finite idempotent semirings. Let
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We consider a category D of homomorphisms between finitely
generated free idempotent semirings, i.e. objects are all semirings
A" where A is a finite set and the sets of morphisms D(B", A")
consist of certain semiring homomorphisms from B" to A"-.
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We consider a category D of homomorphisms between finitely
generated free idempotent semirings, i.e. objects are all semirings
A" where A is a finite set and the sets of morphisms D(B", A")
consist of certain semiring homomorphisms from B" to A"-.

Basic examples are the category D,;; of all semiring
homomorphisms, and the categories D¢, Dy, Diyy and D of all
multi-non-erasing, monoid induced, multi-literal and literal
homomorphisms, respectively. For finite alphabets A, B :

f € Dyne(B7, A7) iff for each b € B there are uq,...,up € AT
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that f({b}) = {a1,...,ar}, and
f € Dy(B", A°) iff for each b € B there is a € A such that

f(1b}) = {a}.
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that f({b}) = {a1,...,ar}, and
f € Dy(B", A°) iff for each b € B there is a € A such that

f(1b}) = {a}.

A class X C S is a D-pseudovariety of semiring homomorphisms
if it satisfies :

(H) for each (¢ : A® — S) € X and a surjective semiring
homomorphism o : S — T we have ¢ € X,
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that f({b}) = {a1,...,ar}, and
f € Dy(B", A°) iff for each b € B there is a € A such that

f(1b}) = {a}.

A class X C S is a D-pseudovariety of semiring homomorphisms
if it satisfies :

(H) for each (¢ : A® — S) € X and a surjective semiring
homomorphism o : S — T we have ¢ € X,

™/ RO AU o~ 1 A O
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that f({b}) = {a1,...,ar}, and
f € Dy(B", A°) iff for each b € B there is a € A such that

f(1b}) = {a}.

A class X C S is a D-pseudovariety of semiring homomorphisms
if it satisfies :

(H) for each (¢ : A® — S) € X and a surjective semiring
homomorphism o : S — T we have ¢ € X,
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UWEE

(@15 m)(U) = (¢1(U), ..., ¢m(U)) € S1 X - -+ X Sy, U € A7,
and for m = 0 we have (A" — {1}) € X).
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UWEE

(@15 m)(U) = (¢1(U), ..., ¢m(U)) € S1 X - -+ X Sy, U € A7,
and for m = 0 we have (A" — {1}) € X).

For finite sets A and B, a semiring homomorphism
f:(B”,-,U) — (A",-,U) and K C A*, L C B* we define

fAIE)={veB" | f({v)) CK },
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For a multiliteral homomorphlsm f: B — A~ we define the dual

multiliteral homomorphism f : A% — B” by b € f({a}) iff
a € f({b}) for a € A, b € B. Notice that fCV(K) = f(K) for

each K C A*.
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each K C A*.

A class of (regular) languages is an operator L assigning to every
finite set A a set L(A) of regular languages over the alphabet A.
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finite set A a set L(A) of regular languages over the alphabet A.
Such a class is a conjunctive variety if
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Finally, a class £ is a multiliteral variety if
(i') each L£L(A) is closed with respect to finite unions and quotients,

and
(ii") for each finite sets A and B and f € D,,;(A",B"), K € L(A)

implies f(K) € L(B).
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Finally, a class £ is a multiliteral variety if

(i') each L£L(A) is closed with respect to finite unions and quotients,
and

(ii") for each finite sets A and B and f € D,,,;(A~, B”), K € L(A)
implies f(K) € L(B).

Define £ by L(A)={ L | L € L(A) }.
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Finally, a class L is a multiliteral variety if

(i') each L£L(A) is closed with respect to finite unions and quotients,
and

(ii") for each finite sets A and B and f € D,,,;(A~, B”), K € L(A)
implies f(K) € L(B).

Define £ by L(A)={ L | L € L(A) }.

Fix a category ID. We can assign to any class of languages L the




members of L,
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members of £, and the D-pseudovariety

Sp(L)=({ ¢r | Aafiniteset, L€ L(A) } )op

Y

of idempotent semiring homomorphisms generated by all syntactic
semiring homomorphisms of members of L.
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members of £, and the D-pseudovariety
Sp(L)=({ ¢r| Aafiniteset, L € L(A) } oD

of idempotent semiring homomorphisms generated by all syntactic
semiring homomorphisms of members of L.

Conversely, for a class X of idempotent semirings and a finite set A,
we put
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members of £, and the D-pseudovariety
Sp(L) =({ ¢r| Aafiniteset, L€ L(A) } oD

of idempotent semiring homomorphisms generated by all syntactic
semiring homomorphisms of members of L.

Conversely, for a class X of idempotent semirings and a finite set A,
we put

ES
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(i) The assignments £ +— S (L) and X — L (X) are
mutually inverse bijections between the conjunctive varieties of
languages and pseudovarieties of finite idempotent semirings.
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(i) The assignments £ +— S (£) and X +— L (X) are
mutually inverse bijections between the conjunctive varieties of
languages and pseudovarieties of finite idempotent semirings.
(i) The assignments £ — Sp(L) and X — L (X) are mutually
inverse bijections between the D-varieties of languages and
ID-pseudovarieties of homomorphisms of idempotent semirings.
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(i) The assignments £ +— S (£) and X +— L (X) are
mutually inverse bijections between the conjunctive varieties of
languages and pseudovarieties of finite idempotent semirings.

(i) The assignments £ — Sp(L) and X — L (X) are mutually
inverse bijections between the D-varieties of languages and
ID-pseudovarieties of homomorphisms of idempotent semirings.

(iii) The assignments £ — Sp_ (£°) and X — L(X) are mutually
inverse bijections between the multiliteral varieties of languages and
ID,,;-pseudovarieties of homomorphisms of idempotent semirings.




(i) The assignments £ +— S (L) and X — L (X) are
mutually inverse bijections between the conjunctive varieties of
languages and pseudovarieties of finite idempotent semirings.

(ii) The assignments £ — Sp(L) and X — L (X) are mutually
inverse bijections between the ID-varieties of languages and
D-pseudovarieties of homomorphisms of idempotent semirings.

(iii) The assignments £ — Sp_ (£°) and X — L(X) are mutually
inverse bijections between the multiliteral varieties of languages and
D,,,;-pseudovarieties of homomorphisms of idempotent semirings.

We define the classes of languages S(n), Hi/2(k), Hs/a(k),
Hi/2, Hsso, L(k,m,l), L(m) below. It is obvious that all of them

38
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are multiliteral varieties of languages.

For a finite set A and n,k,l > 0, m > 1 put
S(n)(A) = class of all languages over A of star height < n,
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are multiliteral varieties of languages.

For a finite set A and n,k,l > 0, m > 1 put

S(n)(A) = class of all languages over A of star height < n,
Hi/2(k)(A) = all finite unions of A*a;A%as...a,A*, where
0<p<k, ai,...,a, €A,
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The varieties H; /2 and H3 /o are members of the so-called
Straubing-Thérien hierarchy.
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Pseudoidentities

This section modifies the approach by Kunc concerning
pseudovarieties of monoid homomorphisms to the case of semirings.




Pseudoidentities

This section modifies the approach by Kunc concerning
pseudovarieties of monoid homomorphisms to the case of semirings.

Recall that (7g)secs is an n-ary implicit operation (n > 0) for the
class S of all finite idempotent semirings if 7g : S™ — S (S € 5) is
a mapping and for each semiring homomorphism ¢ : S — 1" and
S1,...,8p, € .5 we have
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Let D be a category of of homomorphisms of free finitely generated
idempotent semirings. The pseudoidentity m = p is [D-satisfied in a
semiring homomorphism (¢ : A — S) € & if for each

febD(V, A”) we have

ms((@f)(v1), ..., (0f)(vn)) = ps((@f)(v1), ..., (of)(vn)) .
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Let D be a category of of homomorphisms of free finitely generated
idempotent semirings. The pseudoidentity m = p is [D-satisfied in a
semiring homomorphism (¢ : A — S) € & if for each

feD(V>, A”) we have

ms((@f)(v1), ..., (0f)(vn)) = ps((@f)(v1), ..., (of)(vn)) .

Reiterman-type theorem

Theorem
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Three models of syntactic semirings

We put : C =
{ul_lLvl_lﬂ---ﬂu,zlka_l|k20, ULy oo ey Uy V1,yee., U € A }
(we get A* for k = 0).

A subset X of A* is called L-closed if
(Vug,...,us € X ) (VoveA®)
({u1,...,uk, v} ~{uy,...,ug} impliesv € X ).

Proposition




O
n
12

oL 0~ the constant map on A*
Q +— V{{u~luecQ}

{ul,...,uk}L i {ul,...,uk}w — [ul,...,uk]
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Language equations
Let £ = (247,0,{a1},...,{an},-,U,"). For a given r € Reg (4, X)

and a regular language L over A we will consider the inequality

r(x1,...,Tm) C L (%)

and the equation
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Let £ = (247,0,{a1},...,{an},-,U,"). For a given r € Reg (4, X)

and a regular language L over A we will consider the inequality

r(x1,...,Tm) C L (%)

and the equation
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A solution (P4, ..., Py) of (x) in £ is maximal if for every other

solution (Q1,...,Qm),

Pngla--meng impIiesPlel,...,Pm:Qm.

Similarly for the equation ().
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A solution (Py,..., Py,) of (*) in £ is maximal if for every other

solution (Q1,...,Qm),
Pngla--meng impliesPlel,...,Pm:Qm.

Similarly for the equation ().

( a reformulation of Conway's Theorem VI1.9.)

Let (Py,..., P,) be a solution of the inequality r(x1,...,2,) C L
. L L . . . . . .
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A solution (Py,..., Py,) of (*) in £ is maximal if for every other

solution (Q1,...,Qm),
Pngl,...,ngQm impliesPlel,...,Pm:Qm.

Similarly for the equation ().

( a reformulation of Conway's Theorem VI1.9.)
Let (Py,..., P,) be a solution of the inequality r(x1,...,2,) C L
in £. Then (PL,..., PX) is again a solution of this inequality.
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Denoting 1 =L, p=LUbaA*, q=LUaA*, 0= A*, we see that
the minimal automaton of L looks as follows.
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Denoting 1 =L, p=LUbaA*, q=LUaA*, 0= A*, we see that
the minimal automaton of L looks as follows.
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U 1pq0 | u=

1 1pq0O | 1

a ppO00 | ab*(b+ab?*)* +at
b 1q10 | b

ab qq00 | a™b*(b+ath?)*aTb+a™h
ba pOpO0 | bb+ath?)*a™
b 1110 | b*(b+a™b?)*

aba 0000 | A*abaA*
2 172

+ 7.2\ *




The syntactic monoid of L has the presentation
< a,b |a*=a, b°=0b% aba =0, ab’a = a, b%ab* =b* >

and its order is given componentwise according to the second
column.

49
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The syntactic monoid of L has the presentation
< a,b |a*=a, b°=0b% aba =0, ab’a = a, b%ab* =b* >

and its order is given componentwise according to the second
column.

Some hereditary subsets of (O, <) act on U in the same way as
some elements of O, for instance [a, ba, aba] = [b%a], some subsets
give rise to new transformations:

11q0
a, b’ab
in the order reduct of the syntactic semiring of L depicted below.

la,b%ab] : (1,p, q,0) — (1,1, q,0). This gives the label
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Consider the inequality 2 < L and the equation z? = L. Write
{uq,...,ur} instead of {uy,...,ur}~. The elements of S with
22 < x(L) are exactly {aba}, {ab}, {ba} (not, for instance,

{ab, ba} since {ab,ba}? = {bab,a,aba} = {1} ). The last two are
maximal solutions.
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Consider the inequality 2 < L and the equation z? = L. Write
{uq,...,ur} instead of {uy,...,ur}~. The elements of S with
22 < x(L) are exactly {aba}, {ab}, {ba} (not, for instance,

{ab, ba} since {ab,ba}? = {bab,a,aba} = {1} ). The last two are
maximal solutions.

The corresponding languages are
Y({ab}) = ab~ U aba ~ = a™b?*(b+ ab*)*a™b + aTb + A*abaA*,
Ww({ba}) = ba ~ U aba ~ = b(b+ aTb?)*a™ + A*abaA*.
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Universal automaton

Let L C A* be a regular language. Let

D ={u'L|uecA*}={u;'L,...,u 'L},

n
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Universal automaton

Let L C A* be a regular language. Let

D ={u" IL|ue A*} = {ul_lL Jur L},
D—{Lv1|v€A*} (Lot ..., L1},
U={w'LNn---Nw_'L|k>0, wl,...,wkEA*}.
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52

Universal automaton

Let L C A* be a regular language. Let

D ={u" IL|ue A*} = {ul_lL Jur L},
D—{Lv1|v€A*} (Lot ..., Lot}
U={w'LNn---Nw_'L|k>0, wl,...,wkEA*}.

Let B = (3;,) be a matrix of type m/n with entries from {0, 1}
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The universal automaton of a language L is a (non-deterministic)
automaton U = (U, A, E,I,T) where
(p,a,q) € E if and only if a™1p D g,
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gelifandonlyifgC L and g€ T if andonly if 1 € g.
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automaton U = (U, A, E,I,T) where

(p,a,q) € E if and only if a™1p D g,
gelifandonlyifgC L and g€ T if andonly if 1 € g.

Note that the states of the minimal complete deterministic
automaton of L correspond to the columns of B and the states of i/
correspond to the columns of C'. Moreover, we can easily compute
unions and intersections of states of I/ using the matrix C.
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unions and intersections of states of / using the matrix C'.

Proposition.




Is an automaton homomorphism of V into /.
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Is an automaton homomorphism of V into /.
(iii) for each ¢ € U, the automaton (U, A, E/,{q},T) accepts
exactly the language gq.
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Is an automaton homomorphism of V into /.
(iii) for each ¢ € U, the automaton (U, A, E/,{q},T) accepts
exactly the language gq.

Minimalization of NFA using the universal
automaton

Let Y = (U, A, E,I,T) be the universal automaton of a regular
language L C A*. Each P C U induces a subautomaton

Up = (P, A, Ep,IN P, TN P) of U where
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Is an automaton homomorphism of V into U.
(iii) for each ¢ € U, the automaton (U, A, E/,{q},T) accepts
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We get the basic matrix by the determ

1 2 3 4 5 6 T

1 o 0 1 0 0 1 0

b 1 0 0 0 1 1 0
¥ |0 1 1 0 0 0 1
»¥» |1 0 0 1 1 1 1
ab> 10 1 1 1 1 1 1
> |1 1 1 1 1 1 1

The universal matrix.
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Consider the following choices for the set P.
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The universal automaton is depicted below.




We have Py = {1, 3,4,8} and the locally minimal sets of states with
respect to (A) are exactly P, = PyU{2,5,6,7}, P, =

PoU{q,r t,u}, Pp=FPU{2,56,u}, P,=PFPyU{2,6,t,u} and
P;=PFyU{2,6,7,t}. We have that

Py=PFu{2,t,ul = (W),—(A).



