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Abstract

A language L C A* is literally idempotent in case that ua?v € L if and only
if uav € L, for each u,v € A*, a € A. We already studied classes of such
languages closely related to the (positive) varieties of the famous Straubing-
Thérien hierarchy. In the present paper we start a systematic study of literal
varieties of literally idempotent languages, namely we deal with the case of
two letter alphabet. First, we consider natural canonical expressions for such
languages. Secondly, we describe all possible classes of the form ¥({a,b}) where
¥ is a literal variety of literally idempotent languages.

MSC 2000 Classification: 68Q45 Formal languages and automata

1 Introduction

Papers by Straubing [12] on C-varieties and Esik and el. [3], [4] on literal varieties
of languages enable us to consider new significant classes of languages. Due to the
result by Kunc [7] we have also an equational logic for those classes.

(Positive) varieties of languages corresponding to pseudovarieties of (ordered) idem-
potent semigroups/monoids are not very important from the point of the language
theory. This is far from being the case for languages corresponding to pseudovarieties
of literally idempotent homomorphisms.

We started their study in [6]. Most of our classes resulted by considering intersections
of well-known classical (positive) varieties with the class of all literally idempotent
languages. Our new classes nicely fitted into the table in Section 8 by Pin [11]. For
instance, the intersection of the piecewise testable languages with literally idempo-
tent languages are exactly the boolean combinations of the languages

A*a1A%as . ..ap A", k€ Ny, a1,...,a, € A, a1 #as # -+ # ay .

Other results concern the classes of literally idempotent languages corresponding to
literal pseudovarieties of monoid homomorphisms onto groups — see [9] and [5].

The main results of the present paper concern literally idempotent languages in the
case of two letter alphabet. First, we consider natural canonical expressions for such
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languages. Secondly, we describe all possible classes of the form ¥({a,b}) where ¥
is a literal variety of literally idempotent languages.

The paper is organized as follows. After introductory Section 1, we present in Sec-
tion 2 the basics concerning literal varieties of languages and the literal pseudova-
rieties of homomorphisms from finitely generated free monoids onto finite monoids.
Section 3 recalls how to obtain literal varieties of languages from literal varieties
of homomorphisms from free monoids onto monoids. The next section is an in-
troduction to literally idempotent languages and it explains how to get varieties
of homomorphisms from certain monoid congruences. Section 5 deals with natural
canonical regular expressions for literally idempotent languages over {a,b}. The
next section describes all literally invariant congruences on certain monoid, denoted
by My, which leads to the second main result. At the end of this section we briefly
discuss non-equational literal varieties of languages. The last section describes the
congruence on My corresponding to #({a,b}) for the variety 7 of languages gener-
ated by a literally idempotent regular language L in terms of the minimal complete
deterministic finite automata for L.

2 Preliminaries

Valuable treatments on syntactic methods in language theory are books by Almeida
[1], Pin [10] and his chapter [11].

Let M be the class of all surjective homomorphisms from free monoids over non-
empty finite sets onto finite monoids. A class V C M is a literal pseudovariety if it is
closed with respect to the homomorphic images, literal substructures and products
of finite families — see Esik and el. [3], [4] or Straubing [12] for a more general notion
of a C-pseudovariety.

More precisely, such class V satisfies the following

(H) for each (¢ : A* — M) € V and a surjective monoid homomorphism o : M —
N, we have op € V,

(S) for each (p: A* — M) € V and for each f : B* — A* with f(B) C A, we have
(of : B* = (¢f)(B")) €V,
(P) each mapping of A* onto one element monoid is in V, and for each (¢ : A* —

M), (¢ : A* — N) € V, the natural homomorphism of A* onto A*/(kerp N
ker)) is in V.

Let N ={1,2,...} and Ny = NU{0}. Let I,,, for n € N, be the set of all n-ary implicit
operations for the class of finite monoids — see e.g. [1]. We write 7 : M™ — M
for the realization of w € I, on a finite monoid M. A pseudoidentity m = p, where
w,p € I, is literally satisfied in

(p: A" > M) e M

if (Yay,...,an€A)7M(d(ar),...,0(an) = pM(o(ar),...,o(an)) .
We write ¢ = m = p in this case.



Usually we fix an alphabet X,, = {z1,...,2,} of variables and we identify a word
u =z ...2;, € X, with the implicit operation given by uM(by, ... by) = by ... bi,»
where M is a finite monoid and by,...,b, € M. Examples of implicit operations
which are not of this form are u*, for u € X,". We define

((.13,‘1 ‘e .xik)w)M(bl, e ,bn) = N

where b = b;, ...b;, and b* is the unique idempotent in the set {b,b% 5%, ...}.
A special case of the main result of Kunc [7] follows.

Result 1. (Kunc) The literal pseudovarieties of homomorphisms onto finite monoids
are exactly the subclasses of M defined by the literal satisfaction of sets of pseu-
dotidentities.

By a quotient of L C A* we mean any set v 'Lv™! = {w € A* | uwv € L} where
u,v € A*.
A class of (regular) languages is an operator ¥ assigning to each non-empty finite

set A a set #7(A) of regular languages over the alphabet A.
Such a class is a variety if

(0) for each A, we have (), A* € ¥(A),

(i) each #(A) is closed with respect to finite unions, finite intersections, comple-
ments and quotients, and

(ii) for each non-empty finite sets A and B and a homomorphism f : B* —
A%, K € ¥(A) implies f~1(K) € #(B).

A modification of (ii) to

(ii") for each non-empty finite sets A and B and a homomorphism f : B* — A*
with f(B) C A, K € ¥(A) implies f~}(K) € 7(B)

leads to the notions of literal variety of languages.
Let L C A* be a regular language. Recall that the syntactic congruence ~p on A*
is defined by

u~pvifand only if (Vp,ge A") (pug€ L < pvge L) .

Further, the structure O (L) = A*/ ~ is called the syntactic monoid of L and the
mapping ¢, : A* — O (L), u+— u ~p, is the syntactic homomorphism.
For a class ¥ of languages, let

M) = ({¢r: A" — O(L) | A non-empty finite, L € ¥(A) } )

be the literal pseudovariety generated by the syntactic homomorphisms of members
of ¥, and conversely, for V C M,

Vi— L(V), where (L(V))(A)={ LC A" | ¢ €V } foreach A .

Result 2. (Esik and Larsen [4], Straubing [12]) The operators M and L are mutu-
ally inverse bijections between the classes of literal varieties of languages and literal
pseudovarieties of homomorphisms onto finite monoids.



3 Literal Universal Algebra

In this section and in Lemmas 2 and 3, we consider letters rather as variables of an
infinite set X, so let X = {x1,22,...} and let, for n € N, X, = {z1,...,2,}.

Let M be the class of all surjective homomorphisms from free monoids over non-
empty sets onto monoids. A class YV C M is a literal variety if the following
conditions are satisfied

(H) for each (¢ : A* — M) € V and a surjective monoid homomorphism ¢ : M —
N, we have op € V,

(S) for each (p: A* — M) € V and for each f : B* — A* with f(B) C A, we have
(pf: B* = (f)(B")) €V,

(P) For each system (p; : A* — M) € V, i € I, the natural homomorphism of A*
onto A*/ (Ve kerg; is in V.

A homomorphism (¢ : A* — M) € M is finite if both A and M are finite. Let
Fin ¥V denote the class of all finite members from V.

Result 3. (Poldk [9], Theorem 3) Literal pseudovarieties of (finite) homomorphisms
onto monoids are exactly classes of the form FinV where V is a union of a chain of
literal varieties of homomorphisms onto monoids.

A congruence £ on Y™ is literally invariant if for each u,v € Y* andeach g : Y* — Y*
with g(Y) C Y, the fact u £ v implies g(u) & g(v). Similarly, for each monoid with
an explicitly given set of generators.
Let u,v € X}, A homomorphism (¢ : Y* — M) € M literally satisfies the identity
u=vif
(Vf: X, =YY" with f(Xyn) CY ) (¢f)(u) = (¢£)(v) -
We write ¢ = u = v. For a class YV C M, we put
deV={(u,v) e X*x X*|(VpeV)pEgu=v}.
Let IT C X* x X* be a set of identities. We set

(p):zH if (VWGH)()O):;[ m, and
Result 4. ([9], Theorem 2.1) The mappings
Vi—IldeV and II — Mod & 11

are mutually inverse bijections between the class of all literal varieties of homomor-
phisms onto monoids and the class of all literally invariant congruences on X*.

We write &y instead of Id & V. Further, for £ C X*x X*, we write &, = £€N(X x X7).

Result 5. ([9], Theorem 5.1 ) Let V be a literal variety of monoid homomorphisms
and letn € N. Then L € (L (FinV))(X,,) if and only if L is a regular language which
is a union of classes of X7 /&y p .



Remark. If the structure X} /&y, is finite we do not need to write “regular”. This
will be our case for all non-trivial congruences.

Result 6. ([9], Theorem 5.3 ) Let V be a union of a system of literal varieties of
homomorphisms onto monoids, ¥ = J;c; Vi. Then, forn € N,

(L(FinV))(Xa) = [J (L(FinVi))(X,) -
iel

Thus, being interested only in languages over n-letter alphabet it suffices to have a
description of all possible &y, ,,’s.

4 Literally Idempotent Languages

A regular language L over a finite non-empty alphabet A is literally idempotent if
its syntactic homomorphism ¢y : A* — O (L) satisfies the pseudoidentity 22 = z
literally, which means

(YVacA)a®~p a,

or equivalently

(Yu,v€ A", a€ A) (uav € L <= ua’*ve€L).

Result 2 can be restricted to the literally idempotent case as follows.

Result 7. The operators M and L are mutually inverse bijections between the
classes of literal varieties of literally idempotent languages and literal pseudovarieties
of literally idempotent homomorphisms onto finite monoids.

Result 3 can be modified in an analogous way.

We can introduce a string rewriting system which is given by rules pa?q — paq for
each a € A, p,q € A*. Let —* be the reflexive-transitive closure of the relation —.
We say that a word u € A* is a normal form of a word w if it satisfies the properties

w—"u and (u—" v impliesu=7v).

It is easy to see that this system is confluent and terminating. Consequently, for
any word w € A*, there is the unique normal form w € A* of the word w. We will
denote by ~ the equivalence relation on A* generated by the relation —. In fact,
this equivalence relation is a congruence of the monoid A*.

For any language L C A*, we define

L={weA|(JueLl)u~w} whichis{weA*|(3uecl)u=1u}.

A complete deterministic automaton (Q, 4, -,4,T) is literally idempotent if, for each
g€ Q, a € A, we have q-a? = q-a. The following is obvious.

Lemma 1. For a regular language L C A*, the following statements are equivalent:



(i) L is literally idempotent,
(ii) L =1,
(iii) ~ C ~p,

(iv) the minimal complete deterministic finite automaton for L is literally idempo-
tent,

(v) L is a (disjoint) union (not necessarily finite !) of the languages of the form

afa;...a:, keNy, ai,...,a € A, a1 £ ag # -+ £ ag .

O

Let M be the monoid with the presentation < aj,as,... | a3 = a1,a3 = ag, - >
and similarly, for n € N, let M,, = < aq,...,a, | a3 = a1,...,a2 = a, >.

Result 4 can be adapted to literal varieties of literally idempotent homomorphisms
using literally invariant congruences containing the relation ~. Therefore we can
use the following two statements whose proofs are straightforward.

Lemma 2. (i) The mapping § — &/ ~, where (u~) £/~ (v~) if and only if u & v
(u,v € X*) is an isomorphism of the lattice of all literally invariant congruences on
X* corresponding to literal varieties of literally idempotent monoid homomorphisms
(i.e. those congruences containing ~) onto the lattice of all literally invariant con-
gruences of the monoid X*/~.

(i) The mapping u(xy,...,xn)~ +— u(ai,...,a,) is an isomorphism of the lattice of
all literal congruences of the monoid X*/~ onto the lattice of all literally invariant
congruences of M. O

In fact, we are rather interested in the n-variable case.

Lemma 3. Letn € N. Then

(0) The relations on X, of the form &N X} x X, where & is a literally invariant
congruence on X*, are exactly the literally invariant congruences on X .

(i) The mapping § — &/~ is an isomorphism of the lattice of all literally invariant
congruences on X, corresponding to literal varieties of literally idempotent monoid
homomorphisms onto the lattice of all literally invariant congruences of the monoid
X)) ~.

(i) The mapping u(xy,...,xn) ~ — u(ai,...,a,) is an isomorphism of the lattice
of all literally invariant congruences of the monoid X/ ~ onto the lattice of all
literally invariant congruences of M,y,. L]

5 Literally Idempotent Languages over Two Letter Al-
phabet

If we consider one letter alphabet {a}, then the literally idempotent languages are
exactly 0, {1},a™, a*.



Now consider a regular language L over A = {a} with the minimal deterministic
automaton D = (Q, A,-,i,T). Choose the minimal d € N and then the minimal
k € Ng such that i-a* =i -a*te. Let

R=Ln{l,a,...,a* Y and S = LNnd*{1,a,...,a%" '} .

Then RU S(a®)* is a “canonical” regular expression for L.
The situation for literally idempotent languages over A = {a,b} is similar. Each
regular language L over A is a disjoint union of the sets

Ln(a{a,b}*aUa), LN (af{a,b}*bU{1}), LNb{a,b} a, LN (b{a,b}*bUD) .

If L is literally idempotent each summand behaves similarly as a regular language
over a single letter alphabet. We consider the first summand (the reasonings about
the remaining ones are analogous). Let A = (Q, 4, -,7,T) be the minimal determin-
istic automaton for L. Choose the minimal d € N and then the minimal k& € Ny such
that i - a(ba)* =i - a(ba) <. Let

R=Lna{l,ba,...,(ba)* 1} and S = LN a(ba)*{1,ba,..., (ba)? 1} .

Then R U S((bta*)?)* is a “canonical” regular expression for the first summand
of L.

6 Literal Varieties of Literally Idempotent Languages
Over Two Letter Alphabet

Now we are going to describe all literally invariant congruences of the monoid Mo.
For the sake of simplicity we put a = a1, b = a2. We can identify the elements of
M5 with the words

1, ugpr1 = a(ba)e, Ugpro = (ab)“l, Vopr1 = b(ab)g, Vogio = (ba)”l, feNy.

On My we have the trivial congruence A = { (w,w) € My x My | w € My} and the
universal congruence V = My x Mo.
For k € N, d € N, we put

Uka = {uk, Upyod,---} and  Vig={vk, Vpyod, .-} ;

and we write simply Uy, instead of Uy ; and V}, instead of Vj ;.
Notice that for each of the above sets we can choose regular expressions determining
it within M, :

a(ba)' ((ba)®)* for Uyy1,4, (ab)™((ab)®)* for Usya.a, | € N,

and similarly for Vj 4’s.

Such a regular expression r determines a (classical) regular expression 7 by substi-
tuting a™ = aa* for a and b+ = bb* for b.

For k € N and d € N, consider the following equivalences on the set My :



pi,d with non-trivial (= non-singleton) classes
Ukd, Ues1,ds -+ - s Ukv2d—1,d> Vids Vir1,dr -+ Vet2d—1,d

ok with the non-trivial classes U U Uy41 and Vi U Vi,
T, with the non-trivial classes Uy U Vi1 and Ugyq U Vg,

v, with the non-trivial class Uy U Ugyq U Vi U V.

For a presentation of an ordered set (S5,<), it is convenient to use the covering
relation :

p < ¢ if and only if p < ¢ and there is no s with p < s < q .

Proposition 1. Literally invariant congruences of the monoid Mo are exactly the
relations listed above. Moreover, the covering relation consists exactly of the follow-
mng pairs :

Pkpd = Pkd s Pk+1,d = Pkd >

Pk1 = Ok, Pr1= Tk, O = Vg, Tp= Vg,
Ok41 = Ok, Tg+1 = Tk, Vk41l = Vg,
v <V,
where k,d € N, p is a prime number.

Proof. Clearly, all the relations mentioned above are literally invariant congruences
and the covering relation among them is as stated.

Let a be an arbitrary literally invariant congruence of the monoid My different from
A. Recall that the parameter & of words uy € My and vy € M is, in fact, the length
of these words. Let ¢ € N be the smallest integer such that there is a word w of
length ¢ which is not the shortest element in the class wa. It is not hard to see that
such £ exists. Indeed, because v # A there is some non-singleton class. If ug a vg
then ug = aur o avy = ugy1. So there is a class which contains words of different
length.

Observe that £ =1 implies a « 1 a b and a = V in this case.

So, assume that £ > 1 in the rest of the proof. If w = wuy has the property uy o 1
then we have a-uy v a-1. Hence 1 o« uy = a - uy o a and this is a contradiction with
the choice of w = ;. So, {1} is a singleton class in the congruence «.

Assume that for £ we have uy o w’ where w’ € M, has length smaller than /. Note
that each word which is shorter than ¢ is the shortest word in its class. Hence
two words of different length shorter than ¢ are not a-related. We saw above what
happens when the words of the same length are a-related. So only uy_1 and vy
could be a-related. Also each word which is longer than ¢ contains u, as a subword
and consequently it is a-related to a shorter word.

If the first letter of u, and the first letter of w’ are different, i.e. w’ starts with b,
then w’ o uy = auy o aw’. So the word aw’ is not the shortest word in its class,



hence it has length at least £ and we see that w’ = v,_1. Analogically, if v, and w’
end with different letters then w’ = uy_;. We will discuss these situations first.

i) If ug o vp then uy o ugy1 as we showed at the beginning of the proof. Because « is
a literally invariant congruence we have also vy a vp+1 and we can prove inductively
that uy o uy, and uy « vy, for each m > ¢. Hence o = vy_q.

ii) Assume that uy o ug—1 and uy is not a-related to vy o vg—1. Then for an arbitrary
word w we have wuy a wuy—_1 and wvy, o wvy_y. In particular for m > ¢ we have
Uy, O Up—1 AN Uy @ V1. S0, Up_1 U Uy C uyar and Vp_1 UV C vpar. This means
o/r—1 € a. Each class of oy_1 contains a word shorter than ¢, hence these words
belongs to different classes of «, i.e. 0y_1 = «

iii) The case uy o vy is dual to the case ii) when we read words from right to left.
In this case we obtain o« = 7y_1.

Finally, assume that u, and w’ have the same first and last letters, i.e. w' = uy_oq
for some integer d (recall w’ # 1). We put k = ¢ — 2d. It is clear that pyq C a.
Each class of py 4 contains a word shorter than ¢, hence p; 4 = . ]

A part of the dual of the k-th level of the lattice of all literally invariant congruences
on My is depicted below.

The whole lattice is the product of such a level with the chain 1 < 2 < ... of all
positive natural numbers with V and A adjoined. We draw the dual since we are
primarily interested in the corresponding varieties of languages.

According Lemma 3 we have found all literally invariant congruences on X3 corre-
sponding to literal varieties of literally idempotent monoid homomorphisms. There-
fore we know all the ingrediences £y 2 used in Result 5 which leads to a description
of all “equational” varieties of languages restricted to the alphabet {a,b}.

Finally, Result 3 together with Result 6 allows us to deal also with arbitrary lit-
eral varieties of literally idempotent languages over {a,b}. A complete description
is possible but rather bulky. Considerations of decreasing chains of p’s is similar
to those in [8] concerning mono-unary algebras. We present here all other chains
which does not use p’s and which lead to new varieties of languages given by (real)
pseudoidentities. In this way we obtain just three new varieties of languages. At
first, if we work with an arbitrary decreasing chains of v’s then the resulting variety
¥, is given by literal pseudoidentities (zy)“x = (zy)* and y(zy)* = (xy)* (together
with literal idempotency). If we take decreasing chains of ¢’s then the resulting



variety 7, of languages is given by the literal pseudoidentity (zy)“z = (xy)* and
analogically we obtain the variety of languages ¥’ corresponding to the pseudoiden-
tity y(xy)® = (xy)¥ in the case of 7’s. The description of the ordered set of all
congruences in Proposition 1 implies that there are no other reasonable decreasing
chains of congruences.

The considerations of the ordered case lead to slightly more complicated results.

7 Generating Varieties by Languages Using Their Au-
tomata

We know that ¥({a,b})’s for equational literal varieties ¥ of literally idempotent
languages correspond to literally invariant congruences on Mo which were described
in Proposition 1. Let L be a literally idempotent language over the alphabet {a,b}.
Let A = (Q,{a,b},-,i,T) be the minimal complete deterministic automaton for L.
We would like to find the smallest possible ¥({a,b}) containing L. So we are looking
for the greatest literally invariant congruence on My contained in ~p,.

It is well-known that the syntactic homomorphism ¢y can be identified with the
mapping which maps u € {a,b}* onto the transformation of ) induced by the word
U.

Recall that the automaton A is literally idempotent. We distinguish several cases :

(i) There is the only cycle in 4 and it is of length 1.
(ii) There are exactly two cycles in A, both of the length 1.
(iii) There is the only cycle in A and it is of length 2.
(iv) There is the only cycle in A and it is of length 2d where d > 2
or there are exactly two cycles of lengths 2d; and 2dy where di,dy € N

or there are exactly two cycles of lengths 2d and 1.

Notice that exactly one case of (i) — (iv) happens. Let k be the smallest such that
all words w of length > k transform the initial state ¢ into a cycle. In the second
subcase of (iv), let d equals to the least common multiple of d; and ds.

Proposition 2. The literally invariant congruence on My corresponding to the lan-
guage L is

vy in the case (i),
oy in the case (i),
T in the case (iii),

Pid in the case (iv).
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Proof. Case (i) : All the words with the length > k transform all the states into the
cycle. Hence ~p, contains v;. Now, for k > 2, up_1 or vi_q1 does not transform the
initial state ¢ into the cycle, so using Proposition 1, we get that ~ does not contain
Vi—1.

Case (ii) : For each m € N, we have that u,, and v, transform the initial state
differently. Therefore ~; contains no v,. For each m > k we have that u,, and uy
induce the same transformation. Similarly for v,, and vg. Hence ~j contains oy.
Now, for k > 2, up_1 or vi_q does not transform the initial state ¢ into a cycle and
we get that ~p does not contain oj_.

Case (iii) : Similarly to Case (ii) we have that ~ contains no v,,. For each m > k
we have that wu,, and vp,11 induce the same transformation. Similarly for v,, and
Um+1. Hence ~p, contains 7. Now, for k > 2, ux_1 or vgp_1 does not transform the
initial state ¢ into the cycle and we get that ~; does not contain 7_1.

Case (iv) : Using similar arguments as above we can show that :
~L2 Pkds ~LP Pk-1d> ~LP Pras for each prime divisor p of d ,
and ~ppop, ~ppT ford=1.
O

Remark. Notice that the automata corresponding to ¥,, ¥,, ¥, are exactly the
automata satisfying (i), (ii), (iii) above, respectively.
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