Subhierarchies of the Second Level in the
Straubing-Thérien Hierarchy

Ondfej Klima and Libor Poldk *

Department of Mathematics and Statistics, Masaryk University
Kotlaiska 2, 611 37 Brno, Czech Republic

Abstract. In a recent paper we assigned to each positive variety V
and a fixed natural number k the class of all (positive) boolean com-
binations of the restricted polynomials, i.e. the languages of the form
LoaiLias ...aeLe, where £ <k, ay,...,a are letters and Lo, ..., Ly are
from the variety V. For this polynomial operator on a wide class of vari-
eties we gave a certain algebraic counterpart which works with identities
satisfied by syntactic (ordered) monoids of considered languages. Here
we apply our constructions for particular examples of varieties of lan-
guages obtaining four hierarchies of (positive) varieties which have the
3/2 level and the second level of the Straubing-Thérien hierarchy as their
limits. We concentrate here on inclusions among such varieties and we
also discuss the existence of finite bases of identities for corresponding
pseudovarieties of (ordered) monoids.
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1 Introduction

The polynomial operator assigns to each positive variety of languages V the class
of all (positive) boolean combinations the languages of the form

L0a1L1a2 .o CL[L@ s (*)

where A is an alphabet, a;,...,ap € A, Lo, ..., Ly € V(A) (i.e. they are over A).
Such operator on classes of languages leads to several concatenation hierarchies.
Well-known cases are the Straubing-Thérien and the group ones. Concatenation
hierarchies has been intensively studied by many authors — see Section 8 of the
Pin’s Chapter [8]. The main open problem concerning such hierarchies, which
is in fact one of the most interesting open problem in the theory of regular
languages, is a membership problem for the level 2 in the Straubing-Thérien
hierarchy, i.e. a decision problem whether a given regular language can be written

* Both authors were supported by the Ministry of Education of the Czech Republic
under the project MSM 0021622409 and by the Grant no. 201/09 of the Grant
Agency of the Czech Republic
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as a boolean combination of polynomials over languages from level 1 in that
hierarchy. It is known that a language is of this type if and only if it is a boolean
combination of polynomials with languages L; = B} where each B; C A (i =
0,...,¢). So this instance of polynomial operator is the most important case to
study.

The restricted case, i.e. the case when we fix a natural number k and we
allow only ¢ < k in (%), mainly in the case that V is the trivial variety was
considered by Simon in [10], in a series of papers by Blanchet-Sadri, see for
instance [3], and in a recent paper by the authors [5]. In [6] we considered the
restricted case in a general setting and we concentrated on identity problems for
corresponding pseudovarieties and on the question whether they are generated
by a single (ordered) monoid.

Here we study four hierarchies of languages which result by applying the
restricted positive or boolean polynomial operator to the (positive) varieties
where the class V(A) equals to finite unions of B*, B C A or to finite unions
of B, B C A where B is the set of all words over A containing exactly the
letters from B. Our basic questions are to explore all the inclusion among our
varieties and we start to discuss the existence of finite bases for corresponding
pseudovarieties of (ordered) monoids. Hopefully our results bring a bit more
light into the complexity of the structure of (positive) subvarieties of the second
level of the Straubing-Thérien hierarchy. In contrast to other paper dealing with
concatenation hierarchies, e.g. Pin [9], which use mainly algebraic tools, our
methods belongs rather to combinatorics on words.

Section 2 summarizes the background concerning positive varieties of lan-
guages and corresponding classes of (finite) ordered monoids. In Section 3 we
overviews the necessary material from [6] dealing with locally finite varieties and
polynomial operators. Next section investigates the inclusions among members
of our hierarchies. The last section is devoted to the existence of finite bases of
identities for pseudovarieties corresponding to our hierarchies in the case k = 1.

2 Preliminaries

For a relation p on a set S we define its dual relation p¢ = {(v,u) € S x S |
(u,v) € p}. A quasiorder p on a set S is a reflexive and transitive relation. For
such a relation, let p = pNp? (sometimes we write also (p)”) be the corresponding
equivalence relation.

An ordered monoid is a structure (M, -, <) where (M, -) is a monoid and < is
a compatible order on (M, -), i.e. a < b implies both a-¢ < b-¢, c-a < ¢-b, for all
a,b,c € M. Morphisms of ordered monoids are isotone monoid homomorphisms.

Let Y* be the set of all words over an alphabet Y including the empty one,
denoted by \. For a word u € Y™, let

c(u)={yeY |u=uyu" for some v',u" € Y*} .

Foraset ZCVY,let Z={uecY*|clu)=2}.
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Now we recall here the basics concerning the Eilenberg type theorems. The
boolean case was invented by Eilenberg [4] and the positive case was introduced
by Pin [7].

A positive variety of languages )V associates to every finite alphabet A a class
V(A) of regular languages over A in such a way that

— V(A) is closed under finite unions and finite intersections (in particular
0,A* € V(A)),

— V(A) is closed under derivatives, i.e.
L e V(A), u,v € A* implies u ' Lv™! = {w € A* |uwv € L} € V(A),

— V is closed under preimages in morphisms, i.e.
f:B*— A*, LeV(A) implies f~Y(L) ={ve B*| f(v)e L} € V(B).

To get the notion of a boolean variety of languages, we use in the first item
complements, too.

The meaning of V C W is that V(A) C W(A), for each finite alphabet A.
Similarly | J;c; Vi means that (U,c; Vi)(A) = U,c; Vi(A), for each finite A.

A pseudovariety of finite monoids is a class of finite monoids closed under
submonoids, morphic images and products of finite families. Similarly for ordered
monoids (see [8]). A wariety of (ordered) monoids is a class of monoids closed
under submonoids, morphic images and arbitrary products. For a variety V of
ordered monoids the class Fin V of all finite members of V is a pseudovariety. We
call such pseudovarieties equational. In fact, in our paper almost all considered
pseudovarieties are equational. We fix the set X = {x1, o, ...} of variables. An
identity is an ordered pair u = v (u < v) of words over X, ie. u,v € X*. An
identity u = v (u < v, respectively) is satisfied in a finite monoid M (ordered
monoid (M, <)) if for each morphism ¢ : X* — M we have ¢(u) = ¢(v) (d(u) <
¢(v)). In such a case we write M |E= u = v, and for a set of identities IT, we
define Mod(IT) = {M | (V7€ II) M |= 7 }. For a class M of monoids, the
meaning of M = IT is that, for each M € M, we have M |= II. Let Id(V) be
the set of all identities which are satisfied in a variety of ordered monoids V.

A relation v on X* is

- compatible (with the multiplication), if for every u,v,w € X*, we have

uyv implies ww yovw, wuywv;
- fully invariant if, for every morphism ¢ : X* — X* and u,v € X*, we have
wyv implies @(u) vy ¢(v) .

Result 1 (see [2], [1]) The operators Id and Mod are pairwise inverse bijec-
tions between varieties of ordered monoids and fully invariant compatible qua-
siorders on X*.

For a regular language L C A*, we define the relations ~; and <7 on A* as
follows: for u,v € A* we have

u~pvifand only if (Vp,gqe A" ) (pug€e L < pvge L),
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u=<pvifand only if (Vp,gqe A" ) (pvge L = puge L ).

The relation ~y, is the syntactic congruence of L on A*. It is of finite index
(i.e. there are only finitely many classes) and the quotient structure M(L) =
A* /[~ is called the syntactic monoid of L.

The relation <p, is the syntactic quasiorder of L and we have E\L = ~p.
Hence <, induces an order on M(L) = A*/ ~p, namely: u~p < v~y if and
only if u <y, v. Then we speak about the syntactic ordered monoid of L and we
denote the structure by O(L).

Result 2 (Eilenberg [4], Pin [7]) Boolean varieties (positive varieties) of lan-
guages correspond to pseudovarieties of finite monoids (ordered monoids). The
correspondence, written ¥V —— V (£ «—— P), is given by the following relation-
ship: for L C A* we have

LeHNA) if and only if M(L) e V. (L € P(A) if and only if O(L) e P ).

Examples (see Pin [8]).

1. Let ST(A) be the set of all finite unions of the languages of the form B*,
where B C A, for each finite set A. This class is a positive variety of languages
and the corresponding (equational) pseudovariety of ordered monoids is given
by

ST = FinMod( 2 =z, 2y = yz,1 < x) .

We speak about semilattices with the smallest element 1.

2. Let S(A) be the set of all finite unions of the languages of the form B,
where B C A, for each finite set A. This class is a boolean variety of languages
and the corresponding (equational) pseudovariety of monoids is given by

S = FinMod(2? = z, 2y = yx )

We speak about semilattices.

3 Locally Finite Varieties of Languages and Polynomial
Operators of Bounded Length

Here we overview the necessary material from [6]. In that and in this paper
we concentrate on concrete positive varieties of languages which corresponds
to locally finite pseudovarieties of ordered monoids. Each such pseudovariety is
formed by finite members of locally finite (i.e. finitely generated ordered monoids
are finite) variety of ordered monoids and consequently such a variety of lan-
guages can be described by a fully invariant compatible quasiorder on the monoid
X* which has locally finite index (see below).

A relation v on X™* is a finite characteristic if it is a fully invariant compatible
quasiorder on the monoid X* satisfying “for each finite subset Y of the set X,
the set Y* intersects only finitely many classes of X*/75 ”.
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We fix notation for finite characteristics of the classes ST and S :
o=1dS"T = {(u,v) € X* x X* | c(u) Cc(v)},

o=1dS={(u,v) € X* x X" | c(u) =c(v)} .

We can define a natural adaptation v4 (or sometimes y(A)) of a finite char-
acteristic v on each finite alphabet A by an identification of A with a subset of
X (since « is fully invariant, the definition does not depend on an identification
we choose).

We say that « is a finite characteristic of a class of languages V if 7y is a finite
characteristic and for every finite alphabet A we have

LeV(4) ifandonlyif ~4 C =g .

The following result is quite obvious. One can find its proof together with
other results from this section in the author’s manuscript [6].

Result 3 Let V be a class of languages and v be a finite characteristic of V.
Then V is a positive variety of languages, corresponding to the pseudovariety
V = Fin Mod(%)

Result 4 LetV be a positive variety of languages. Then the following conditions
are equivalent.

(i) For each finite alphabet A, the set V(A) is finite.

(i) There exists a finite characteristic of V.

A positive variety V is called locally finite if it satisfies the condition (i) from
Result 4.

Let V be a positive variety of languages and let k£ be a natural number. We
define the class PPoly (V) of positive polynomials of length at most k of languages
from the class V. Namely, for a finite alphabet A, PPol;(V)(A) consists of finite
unions of finite intersections of the languages of the form

Loai1Lias...a¢Ly, where ¢ <k, ay,...,a0 €A, Lo,..., Ly EV(A) . (*)

Similarly we define the classes BPoly (V) of boolean polynomials using all finite
boolean combinations of languages of the form (x). Clearly PPolg (V) C PPoly/ (V)
for k& < k. We denote the union of all PPol,(V)’s by PPol(V). Similarly for
BPol;,(V)’s.

Result 5 If V is a positive variety of languages then PPoli(V) is a positive
variety of languages and BPoly (V) is a boolean variety of languages.

Let k be a fixed natural number and « be a finite characteristic. Let A be a
fixed set; in particular, A can be a finite alphabet or the set X.
For a word u € A*, we say that

f = (uo,a1,us,ag,us, ..., up_1,as,ug)
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is a factorization of u of the length ¢ if ug,u1,...,up € A*, a1,a2,...,ap € A
and upaquy ... agup = u. The set of all factorizations of the length at most k of
the word u is denoted by Facty(u). For a factorization f = (ug, a1, u1,. .., as, us)
of a word u € A* and a factorization g = (vg, b1,v1,...,bs,ve) of a word v € A*,
we write

[ <ayg

if ¢ =m, a; =b; for every ¢ € {1,...,¢} and u; ay v; for every i € {0,1,...,¢}.
We define the relation (pi(«))a on the set A* as follows: for u,v € A*, we
have

u (pr(a))a v ifand only if (Vg € Factg(v)) (3 f € Factp(w)) f <o g .

Note that the relation (pg(«)) x is a finite characteristic and therefore the relation
(pr())a is equal to ((px(a))x)a. We write pg () instead of (px(«))x. Further
we denote by () = (pr(a))”.

Result 6 Let V be a locally finite positive variety of languages and o be a finite
characteristic of V. Then PPol (V) is a locally finite positive variety of languages
with the finite characteristic px(c) and BPolk (V) is a locally finite boolean variety
of languages with the finite characteristic by ().

In this paper we study the hierarchies PPoly(S™), PPoli(S), BPolx(S™) and
BPolk(S). We denote

mf =pr(o) and 7 = pi(7)

Next we present finite characteristic for our first two hierarchies explicitly.
Let u,v € X*, then

umi v iff V(go,a1,...,9¢) € Factg(v) 3 (fo,a1,..., fo) € Facty(u)
such that c(fo) € c(go),--.,c(fe) € c(ge)
umpv iff V(go,a1,...,9¢) € Facti(v) 3 (fo,a1,..., fr) € Facti(u)

such that c(fo) = c(go),.-.,c(fe) =c(ge) ,

For the remaining two hierarchies we use the equivalence closures of the
relations above or we can write

u (m7 ) v iff the sets of minimal elements of Facty(u) and Facty(v) are equal ,

ump v iff {(c(fo),ar,c(fr), ..., e(fo)) | (o, a1, f1, .-, fo) € Facty(u) }

= { (C(go)vahc(gl)v SR C(gg)) | (907 ar, gi, .- - 795) € FaCtk(U) } :
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4 Inclusions between our subhierarchies

It is natural to look for all possible inclusions among members of our hierarchies.
Clearly, for each k,

PPol,(S*) C PPol(S), PPoly(St) C BPoly(S™)
PPol; (S) C BPoly(S), BPol,(S) C BPoly(S) .
Proposition 1. The hiearchies PPol,(ST), PPoli(S), BPol,(ST) and BPoli(S)

are strict.

Proof. Tt suffices to consider one-element alphabet {a}. Let k be a natural num-
ber. Then

(ak+27ak+1) c 7le \W]j+1’ (a2k+17a2k+2) € T \ Tht1s

(a™2,a" ) € (M )\ (mi) (@62 e\
O

Proposition 2. For each k, the varieties PPoly(S™), PPoly(S), BPolx(S™) and
BPoly(S) are pairwise different.

Proof. Fix k and take again A = {a}. Clearly,
(@"*?,a") € (me 0 (mE )\ 7k
(a*,a"*!) € m} but not in 7 nor in (7 )"
(ak+1,ak+2) € (ﬂ,j)/\ \ 7k -

Finally one can show that for A = {a, b},

7

(ab)kaa(ab)*, (ab)*) € mp \ (7).
O
One could expect that the members of our four hierarchies form a lattice iso-
morphic to the product of the square of the two-element lattice with the chain
of natural numbers. We show here that the situation is more complicated. At
present the work on the exact description is in progress.

Next we will discuss the question whether PPolg(S) C PPol,,(ST) or BPoly(S)
C BPol,,(ST) are satisfied for some natural numbers k, n.

In paper [6] authors proved that PPol;(S) is generated by a finite number of
languages. Each of them belongs to some PPoli(ST) by Proposition 7 and con-
sequently we obtain the inclusion PPol{(S) C PPol,(ST) for some k. More pre-
cisely, it was shown in [6] that languages which generate the variety PPol;(S) can
be considered over six-element alphabet. When we use the techniques from the
proof of Proposition 7 we see that each of these languages belongs to PPoly (S™)
for k = 13. This rough approximation can be improved by the following obser-
vation.
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Proposition 3. PPol;(S) C PPol3(S™) and BPol;(S) C BPol3(S™).

Proof. Tt is clear that § = (* = {\} and B = Myep B*0B* for O # B C A.
Assume now that B and C' are non-empty sets. We show the formula

BaC = ﬂ B*bB*aC*cC* .

beB,ceC

The inclusion “C” is clear. Denote the language on the right-hand side by L and
let u € L. We look at the first occurrences of letters from B in u and choose the
right-most, say bg. So we have u = ugbou’, where B\ {bp} C c(ug). We know that
u € B*byB*aC*cC* for some ¢ € C. We can see that c(ug) C B and therefore
c(ug) = B\ {bo}. Now we look at the last occurrences of letters from C in u
and choose the left-most, say cg. Since u € B*byB*aC*coC™ it is clear that this
occurrence of ¢y and also the occurrence of a belongs to v’ and we can write
u = ugbouiauscous, where ug,u; € B* and ug,uz € C*. Now it is easy to see
that c(us) = C \ {co} because cq is the left-most last occurrence. And we can
conclude that c(ugboui) = B and c(uscous) = C. Hence u € BaC.
When B = ) and C # ) one can prove the formula

0aC = m 0*aC*cC*

ceC

and similarly in the other cases when C' is the empty set.
Altogether we prove that every language of the form BaC is from PPol3(S™)
and the statements follow. O

Note that the previous lemma can be prove also in different way, namely one
can show that the inclusion 7r§f' C 71 holds.

Since (22, 23) € 7 but (22, 2®) € m we see that the inclusion 75 C 71 does
not hold and so PPol;(S) € PPoly(S™). In the case of boolean varieties we have
the following observation which is proved in the next section where we introduce

an alternative characterization of the relation .
Proposition 4. BPol;(S) C BPoly(S™).

A proof is postponed to the end of this paper.
Now we show that such kind of an inclusion cannot be generalized in the case
of PPol;S for k > 1.

Proposition 5. There exists no number k such that PPoly(S) C PPol(ST).
More generally, there are no n > 2 and k such that PPol,,(S) C PPol(S™).

Proof. Let k be an arbitrary natural number.

We fix an alphabet A = {xg,21,...,2k, Tx+1} containing k + 2 letters. We
show that w7 (A) € m2(A), i.e. we find a pair of words u,v € A* such that
(u,v) € 7 (A) but (u,v) &€ ma(A).

We start with the following observation.
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Lemma 1. Let u,v € A* be words such that every word of length k over A is a
factor of both words u and v. Let w = (voz1 ... xpxpe1)* . Then

(wuw, wow) € mf (A) .

Proof. Let g = (go,a1,91,---,ae,9¢), £ < k be a factorization of wvw. There
is an index 7 such that c(g;) = A, otherwise the length of each g; is at most
kE+1 and |goa1g1...aege] < - (E+1)+¢ < k(k+2) < |w|, so g can not be
a factorization of wvw. Denote i the smallest index such that c(g;) = A. Then
the word goaigi ... gi_1a; is a prefix of (zozy ... 7r7541)". In the same way we
denote the largest index j such that c(g;) = A and we have that the word
aj119j+1 - .- 9e is a suffix of (zozq .. .xkxk+1)k. Now we distinguish two cases,
namely ¢ = j and 7 < j.

If 4 = j then we construct the factorization f = (fo,a1, f1,--.,ae, fo) of
the word wuw in the following way. We put f,, = g, for every m # i. Then
foarfi ... fi—1a; is a prefix of (zoxy ... 2xres1)’ and a;o1fiv1 ... arfe is a suffix
of (zoxy ... xk$k+1)k. Hence f; can be choose in a unique way and it is easy to
see that c(f;) = A=c(g;)- So f <, g.

If 7 < j then we start to construct the factorization f = (fo, a1, f1,---,ae, fo)
in the similar way, i.e. we put f,,, = g, for every m < ¢ and m > j. Once again
foaifi ... fi_1a; is a prefix of (zoxy ... Txrrs1)". So, we can denote p € A* such
that foaifi...fi—1a;p = w and c(p) = A. Similarly, there is a word ¢ such
that gaji1fj41...aefe = w and c(q) = A. Further we put f,, = X for every
i < m < j. We consider the word a;41ai42...a; which has the length at most
k. Hence it can be find as a factor in the word u, i.e. u = Wa;y1a,42...a;u”
for some u’,u” € A*. Finally, we define f; = pu’ and f; = «’q for which we
have c(f;) = c(f;) = A. Now it is easy to see that f <, g. So, for an arbitrary
factorization g of wvw of length at most & we found a factorization f of wuw
such that f <, g, this means that (wuw,wvw) € 7 (A). O

Remark 1. Tt is clear that for u, v satisfying the assumption in Lemma 1 we have
even (wuw,wvw) € (m; T(A).

Now we are going to construct two special words v and v satisfying the
assumption of the previous lemma, i.e. such that (wuw,wvw) € ;" (A) and for
which we will be able to prove (wuw,wvw) & ma(A).

First we multiply (in some order) all words over A of the length k& which
contain the letter xy and we denote the resulting word ug. Then we multiply
(in some order) all words over A of the length k which do not contain the letter
xo and we denote the resulting word u;. We put u = ugu;. Further, let v be a
product of all words over A of length k + 2 in some order.

By the previous lemma we have (wuw,wvw) € m}(A). Since the word
ToT1T2 ... T—1TLTo 1S a factor of v there is a factorization g = (go, xo, 91, To, g2)
of the word wvw such that c(go) = c(g92) = A and g1 = z122...T_12E. We
show that there is no factorization f = (fo, o, f1, o, f2) of wuw such that
C(f()) = C(fg) = A and C(fl) = {.Tl, . ,J}k}.

If we look at two consecutive occurrences of xg in wuw then:
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1. the first one is in the prefix w of wuw, and then the word between these
two occurrences of xy contains xyy1;

2. both are in u, and then they are in ug and the word between them has the
length at most k& — 1;

3. the second one is in the suffix w of wuw, and then the word between these
two occurrences of ¢ contains xy41.

In all cases we see that such a factorization f = (fo, o, f1, %0, f2) satis-

fying condition c(f1) = {x1,...,2x} does not exist. We can conclude with
(wuw, wvw) & ma(A).
The second statement follows from PPoly(S) C PPol,(S). O

The following modification of Proposition 5 follows from the proof of the
proposition and from the remark.

Proposition 6. There exists no k such that BPol,S C BPol,S™. Moreover,
there are no n > 2,k such that BPol,,(S) C BPol(S™).
O

Proposition 7. It holds PPol(S™) = PPol(S) and BPol(ST) = BPol(S).

Proof. Since 8T C S we have PPol(S1) C PPol(S). To the opposite inclusion
we have to show that an arbitrary language

L = Bya1Bias...aeBy, a1,...,a0 € A, By,...,.B;, C A

belongs to PPol(S1)(A). First observe that for an subset C' of A consisting of
the letters ¢y, ca, ..., ¢ We can write

62 U 0*60(1)0*60(2)0*...C*Cg(m)c* s (1)
oeX
where X is the set of all permutations of the set of indices {1,...,m}. When we

replace each B; in the expression of L by the corresponding sum of languages
using formula (1) we obtain that L € PPol(ST)(A).
So PPol(ST) = PPol(S) and the equality BPol(ST) = BPol(S) follows. 0

Notice that PPol(ST) is the 3/2 level of the Straubing-Thérien hierarchy and
that BPol(ST) is the second level of this hierarchy (see Theorem 8.8 of [8]).

5 Bases of identities for varieties on the first step

Our goal now is to find some finite bases of identities for each variety from our
hierarchies of varieties of languages. As the results from [3,5] indicate we can
not expect that such a finite basis exists for every k. We try to find them at least
in the case k = 1.

Note that in this case we should consider factorizations of length ¢ with
¢ < 1. But for £ = 0 the condition f < g for factorizations of a pair of words is
exactly saying that the content of the considered words is equal or in inclusion.
This information is contained in the condition f < g for factorizations of length
¢ =1. So we need not pay attention to the factors of length ¢ = 0.
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5.1 Identities for BPol;(ST) and PPol; (ST)

Let x,y be two different letters from X and u € X* be a word which contains
both x and y, i.e. #,y € c(u). Then it is easy to see that (uzryz,uyr) € (7] ).
Note that the identity

uzryr = uyr , where z,y € c(u) (2)

is equivalent to a pair of identities: we distinguish two cases © = uyxusyus and
u = uyyuszus for some wuy,us,uz € X*, so the identity (2) is equivalent to the
identities

T1TToYT3  TYT =T1TToYTs- YT ,

LT1YT2X X3 TYX = T1YTo2X T3 YT .

When we put x1 = 2 = y = X and 3 = v in the previous identities then we

obtain the identity zvz? = zvz.

We have also the dual version of the identity (2)
xyru = zyu where z,y € c(u) .

When we will refer to the identity (2) we mean also this dual version. Other
identity which is satisfied in BPoly(S™) is

uzyv = uyxv , where z,y € c(u)Ncv) . (3)

Note that this identity represents in fact four identities.

Altogether we have the set consisting of eight identities represented by iden-
tities (2) and (3).

When we work with 7 we observe that the identities

yuyr < yuryr and zyuy < TYTUY (4)

are satisfied in PPol;(S¥). Note that the identity z < 22 follows from the iden-
tity (4). Other identity which is satisfied in PPoly (ST) is

zuzve < TUVT . (5)
Note that the identity (2) is a consequence of the identities (4) and (5).

Proposition 8. i) The identities (2) and (3) form a finite basis of identities
for the variety of monoids corresponding to BPoly(ST).

it) The identities (3), (4) and (5) form a finite basis of identities for the
variety of ordered monoids corresponding to PPoly(ST).

Proof. A proof follows from the following series of lemmas.

We need a bit more notation. For u € X* we denote by:

- first(u) the sequence of the first occurrences of letters of u from the left,

- last(u) the sequence of the first occurrences of letters of w from the right,
and by
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- Suby(u) the set of all subwords of u of the length less or equal to k.

Let u € X* be aword and z,y € c(u), x # y be letters such that zy ¢ Subs(u)
(i.e. the last occurrence of y is before the first occurrence of z in the word w).
Then u can be written in the form u = upyuizus where y ¢ c(ujzus) and
x & c(upyuy). We denote inty ,(u) = c(uy).

Further we define the skeleton skel(u) € X* in the following way. We remove
from wu every occurrence of a given letter which is not the first or the last occur-
rence of this letter in the word u. After deleting of all “interior” occurrences of
all letters from u the resulting word is the skeleton skel(u) of w.

Lemma 2. Let u,v € X* be arbitrary words. Then (u,v) € 7r1+ if and only if
the following conditions are satisfied

i) first(u) = first(v) and last(u) = last(v);

i1) Subg(u) C Subs(v);

iii) for every x,y € c(u), xy & Subs(v) we have inty »(v) Cinty ,(u).

Proof. Assume (u,v) € 7] It is easy to see that c(u) = c(v).

Let z and y be two different letters from c(v). Assume that the first oc-
currence of the letter x is before the first occurrence of the letter y in v. Let
g = (90, x, g1) be a factorization of v such that the central x is the first occurrence
of the letter x in v, i.e. z & c(go). Under our assumption also y & c(go). There
is a factorization f = (fo,z, f1) of w such that c(fo) C c(go) and c(f1) C c(g1).
We obtain x & c(fo) and y & c(fo). Hence the central = in f is the first occur-
rence of z in u and the first occurrence of y in u can not be before them. Hence
first(u) = first(v).

The dual argument leads to last(u) = last(v).

Observe that for each word w and letters x,y € c(w), © # y we have ay €
Subg(w) if and only if the first occurrence of x in w is before the last occurrence
of y in w. Assume, for a moment, that zy € Subs(u) but zy & Subs(v), i.e. the
last occurrence of y in v is before the first occurrence of . Let ¢ = (go,¥, g1)
be a factorization of v where the central y is the last occurrence of y in v,
ie. y € c(g1). Under our assumption also x ¢ c(gg). There is a factorization
f = (fo,y, f1) of u such that c(fy) C c(go) and c(f1) C c(g1). Hence x & c(fo)
and y ¢ c(f1). The second condition is saying that central y in the factorization
f is the last occurrence of y in v and hence = does not occur before this y. So,
the last occurrence of y in u is before the first occurrence of x in u, which is a
contradiction. Hence we proved the second condition.

Now let z,y € c(u), xy & Suba(v). So, zy & Subs(u) is also true. We can
write v = voyvixvy where y &€ c(vizve) and x & c(voyv) and also u = ugyuixus
where y & c(uizus) and = ¢ c(upyuy). Let z € c(vy) = inty o(v). Then we
can write v; = vjzv} and we have a factorization g = (voyvi, z,v{xvse) of the
word v. So, there is a factorization f = (fo,z2, f1) of the word u such that
c(fo) € c(voyvy) C c(voyvr) and c(f1) C c(vizve) C c(vizvs). Hence x & c(fo)
and y € c(f1). This means that the central z in f is before the first occurrence of
the letter  in w and after the last occurrence of the letter y in u. So, z € c(uq)
and we proved that inty, ;(v) = c(v1) € c(u1) = inty z(u). So, the proof of the
direct implication is complete.
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Now assume that « and v satisfy the conditions i) — iii). Note that from the
condition i) we have c(u) = c(v). Let g = (go, 2, g1) be an arbitrary factorization
of v. We distinguish several cases.

Assume that the central z in g is the first occurrence and the last occurrence
of this letter in v at the same time. Then it is a unique occurrence of z in v and
we have zz ¢ Suby(v). Hence zz ¢ Suba(u) and there is a unique occurrence of
z in u, so we can write u = ugzuy and z & c(ug) U c(uq). From the condition i)
we have c(ug) = c(go) and c(uy) = c(g1)-

Assume that the central z in g is the first occurrence of z in v but it is not the
last occurrence of z in v. Then z ¢ c(go) and z € c(g1). Let consider u = ugzuy
where the central z is the first occurrence of z in u, i.e. z & c(ug). From the
condition i) we have c(ug) = c(go) and we would like to show that c(u1) C c(g1).
So, let y € c(u). Then zy € Subs(u) C Suby(v) and y € c(g1) follows. If the
central z in g is the last occurrence of z in v we can use a dual construction.

Finally, assume that the central z in ¢ is not the first occurrence either the
last occurrence of z in w. If there is no letter y with the last occurrence in v
before our z then it means that c(g;) = c(v) = c(u) and we can easily find a
factorization f of u, namely we choose the first occurrence of z in u as a central
letter in f and the inequality f <, ¢ is clear. Dually, in the case when no first
occurrence of a letter occurs after our z. So, look at the last occurrence of the a
letter y before z in v such that there is no last occurrence of some letter between
these occurrences of y and our z. In the same way we look at the first occurrence
of a letter x in v which is after our z and there is no first occurrence of some letter
between them. So z € inty ,(v) C inty ;(u) by the condition iii) and we can find
the occurrence of z in u between the last occurrence of y and the first occurrence
of x, i.e u = uiyuszuzxruy where x is the first occurrence of x in v and y is the
last occurrence of y. We claim that f = (ujyus, z,usrus) <, 9 = (g0, 2,91)-
Indeed, if some letter a belongs to uiyus then the first occurrence of this letter a
is before the first occurrence of = in v and by the condition i) the first occurrence
of a in v is before the first occurrence of z. Hence the first occurrence of a in v
is before our z in v, i.e. a € c(go). So, we proved c(uiyuz) C c(go) and one can
prove c(ugzus) C c(g1) in the same manner, ie. f <, g. In all cases we found
such a factorization f of the word u, hence (u,v) € 7y . O

From the previous lemma we immediately obtain the analogical characteri-
zation for the relation (7 T2

Lemma 3. Let u,v € X* be arbitrary words. Then (u,v) € (7 V' if and only if
the following conditions are satisfied

i) first(u) = first(v) and last(u) = last(v);

i) Suby(u) = Suby(v);

iii) for every x,y € c(u), xy & Subs(v) we have inty ,(u) = int, 5 (v). O

It is clear that each letter occurs at most twice in skel(u) and it occurs exactly
once if and only if it occurs exactly once in u.
The following observation follows from the conditions i) and ii) in Lemma 3.



14 Ondfej Klima and Libor Polak

Lemma 4. Let u,v € X* be such that (u,v) € (7] ). Then skel(u) = skel(v).

Now consider the set of variables X,, = {z1,22,...,2Z,}. We say that a
word w = bjwibsws ... by_qwe_1by € X, is a canonical word if the following
conditions are satisfied:

— b1,ba, ..., by € Xy

biby . ..by = skel(w);

— Wi,W2,...,Wp_1 € Xr*n;

— for every i = 1,...,¢ — 1 there are no indices j < j' € {1,...,m} such that

vz is a subword of w;.

If the following two conditions are also satisfied we speak about a balanced
canonical word.

— Ifie{l,...,£—1} is such that b; is not the last occurrence of this letter in
w, then b; € c(w;) and c(w;—1) C c(w;) if w;—; is defined;

— Ifie{2,...,¢} is such that b; is not the first occurrence of this letter in w,
then b; € c(w;—1) and c(w;) C c(w;—1) if w; is defined;

The role of this notion will be clear from the following lemma which completes
the proof of the first statement of the proposition.

Lemma 5. i) Let u,v be balanced canonical words such that (u,v) € (7). Then
u=u.

ii) Let uw be an arbitrary word. Then there exists a canonical word w such
that (u,w) € (7T and the identity u = w is a consequence of the identities (2)
and (3).

Proof. “i)" : If (u,v) € (m} ] then skel(u) = skel(v) by Lemma 4. So, let u =
biurbous ... bp_1up_1by € X:n and v = bjvibava ... by_1ve_1bs € X:n be balanced

canonical words. It is enough to prove that c(u;) = c(v;) forevery i =1,...,¢—1.
Take an arbitrary i. If there is no last occurrence of a letter among the oc-
currences of the letters by, b, ..., b; then we have by € c(uy), by € c(ua),...,b; €

c(u;) and c(ug) C c(ug) C -+ C c(u;). So, we have c(u;) = {b1,...,b;}. The
same is true for v, so we obtain c(u;) = c(v;).

The dual argument give the equality c(u;) = c(v;) if there is no first occur-
rence among b;41,...,b.

Now let p be an index such that b, is the last occurrence of this letter in u
(and v) and there is no last occurrence among b,41, ..., b; and let ¢ be such that
b, is the first occurrence in u (and v) and there is no first occurrence among
bi+1,bl+2,...,b . Then we have b,+1 € c(ups1), ...b; € c(u;) and c(u,) C

c(upy1) C--- C ( ;). Similarly from right by—1 € c(ugq—2),...,bi+1 € c(u;) and
c(ug—1) € -+ Cc(uit1) C c(u;). Altogether we observe that

intbmbq (U) = c(upbp+1up+1 . ui_lbiuibi+1ui+1 e Uq_gbq_l’u,q_l) = c(ui) .

The same equality holds for v and we obtain c(u;) = c(v;).
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“ii)” : Let u be an arbitrary word. It can be written in the form
u = b1u1b2u2 . b£,1Ug,1bz, where b1b2 e b[ = skel(u) .

We can use the identity (3) to commute the letters inside every word wu;. In
particular, we can move an arbitrary letter x € c(u;) at the first position or at
the last position in such a word u,;. We can add b; to u; or u;_1 by the identities
rvr? = zvr = z?vr (consequences of the identity (2) if needed. Further, we can
use the identity (2) to add the letter x to u; when b; is not the last occurrence
and x € c(u;j—1) \ c(u;). Similarly for b; which is not the first occurrence of a
letter. Finally, the identity zvz? = zvz can be used to remove from every word
u; all redundant occurrences of letters. So our identities can be used to obtain

balanced canonical word which is related to the given wu. a

We prove the rest of the statement in two steps which are formulated in the
following lemma.

Lemma 6. i) Let u,v be such that (u,v) € w. Then there exists a word w

such that the identity uw < w is a consequence of the identities (3), (4) and (5),
(w,v) € 7 and Suby(w) = Suby(v).

ii) Let w,v be such that (w,v) € m] and Subg(w) = Suby(v). Then the
identity w < v is a consequence of the identities (3), (4) and (5).

Proof. “9)” : Recall that (u,v) € 7 implies Suba(u) C Subg(v). We prove the
statement by an induction with respect to the size of the set M = Suba(v) \
Subg(u). If M is the empty set then there is nothing to prove. If 22 € M for
some x € X, then u = uwgzuy where z & c(ug) Uc(u1). Now we can apply the
identity < 22 (consequence of the identity (4) ) and obtain u < wgrzu;. It
is easy to see that (ugwau;,v) € 7 when we use the characterization from
Lemma 2. So assume that no z2 belongs to M.

Now from all pairs x,y satisfying zy € M we choose such that in the corre-
sponding factorization u = ugyuizus where y & c(ujzug) and x &€ c(ugyuy) the
word w; is a short possible. Since xy € M we have v = vpavyve where x & c(vp)
and y € c(v2). We know that first(v) = first(u), so y € c(vp). In the same manner
x € c(vz) follows from last(v) = last(u). Namely 2%, y* € Suby(v) and hence
22,9y% € Suby(u). Now if u; contain the first occurrence of a letter z then the
first occurrence of z is before the first occurrence of x in both v and v and we
see that zy € M. This is a contradiction with our choice of the pair z,y. In the
same way we can prove that u; does not contain the last occurrence of some
letter. This means that c(u1) C c(up) and c(u;) C c(ug). We use the identity
z < 22 to introduce one more x into u;. Then we can commute the letters in
uy by identity (3) so we obtain u = ugyuizus < ugyruizus and then use the
identity (4) to introduce next x immediately before considered occurrence of y,
ie. u = ugyuirus < UgYTu1TUs < UgTYTUITU2 = w. It is not hard to see that
(w,v) € 7r1+ because in the process we almost do not change the invariants of u
from Lemma 2.

“ii)”: By Lemma 5 we can assume that w and v are balanced canonical words.
Recall that the identity (2) is a consequence of the identities (4) and (5). So, let
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w = biwibsws ... by_1wy_1bp and v = biv1bovs . .. by_1vp_1by be balanced canon-
ical words with the same skeleton b; ...by. We showed some basic properties of
words w; in balanced canonical words in the proof of the item i) of Lemma 5:

1. If there is no last occurrence among by, ...,b; then c(w;) = {by,...,b;} and
we have c(w;) = c(v;).

2. Dually if there is no first occurrence among b; 1, ..., by.

3. If p <4 is an index such that b, is the last occurrence of this letter in w and
there is no last occurrence among b,11,...,b; and if ¢ > 7 is such that b, is the
first occurrence in w and there is no first occurrence among b;11,b;y2,...,b4—1,

then c(w;) = inty, 3, (w). Hence we can deduce c(v;) € c(w;).

So the statement can be prove by an induction with respect to minimal i
such that M; = c(w;) \ c(v;) # 0 and with respect the size of the set M;. We
can use the identity (5) to add some missing letter to c(v;). We obtain a word
v’ such that v/ < v is a consequence of the identities from the base. Under our
observations concerning int,, , (w) we see that the (w,v’) € m". The word v’
could not be a balanced canonical word but we can use Lemma 5 to rewrite v’ to
some balanced canonical word v”. On the pair w, v we can apply the induction
assumption. O

We finished the proof of the proposition. a

5.2 Identities for BPol;(S) and PPol,(S)

The proofs in this part are easier because we can use numerous observations
from the previous subsection.
We use the identity (3) again and we introduce new identity

TUTTVET = TUTVT . (6)

It is clear that both these identities are satisfied in BPol; (S) and consequently
in PPoly(S). Also it is easy to see that the identity (5) is satisfied in PPoly(S).

Proposition 9. i ) The identities (3) and (6) form the finite base of identities
for the variety of monoids corresponding to BPoly(S).

it) The identities (3), (5), and (6) form the finite base of identities for the
variety of ordered monoids corresponding to PPolq(S).

Proof. We modify Lemma 5 for relation 7y.

Lemma 7. i) Let u,v be canonical words such that (u,v) € w1. Then u = v.
it) Let u be an arbitrary word. Then there exists a canonical word w such
that (u,w) € 71 and the identity u = w is a consequence of the our identities

(3) and (6).

Proof. “1)” : We have skel(u) = skel(v). So, let u = byuibous ... by_1us—1by and
v = byv1bavy ... by_1vp_1by be canonical words with skeleton skel(u) = skel(v) =
b1 ...be. Tt is enough to prove that c(u;) = c(v;) for every i =1,...,¢ — 1.
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Let x € c(v;). We choose some occurrence of x in v; and consider a corre-
sponding factorization g = (go, x,g1) of v. Then it is easy to see that c(go) =
{b1,...,b;} and c(g91) = {bit+1,...,be}. There is a factorization f = (fo,z, f1)
such that c(fo) = c(go) and c(f1) = c(g1). We claim that the central z in f is in
u;. Indeed, if b; is the first occurrence of a letter in u then c(fy) = {b1,...,b;}
implies that this x is after b; in w and if b; is the last occurrence of a letter in u
then b; & c(f1) = {bi+1,-..,b¢} implies the same (note that = # b; because b; is
the last occurrence). The similar argument gives that x is before b;11 in u and
we proved that = € c(u;). We have c(v;) C c(u;) and the equality c(u;) = c(v;)
follows because 7 is a equivalence relation.

“ii)” : Let u = byuybous . .. bp—1ug—1bp be such that skel(u) = by ... bs. We use
the identity (3) to commute letters inside every u; and we use the identity (6)
to remove redundant occurrences of letters. So we can construct w with the
required properties. a

Lemma 8. Let u,v € X* be such that (u,v) € w1. Then skel(u) = skel(v).

Proof. 1f (u,v) € 7 then (u,v) € ;" and we have first(u) = first(v) and last(u) =
last(v) by Lemma 2. We claim that Suby(u) = Subs(v). Indeed, the inclusion
Suby(u) C Suby(v) also follows from Lemma 2. Let xy € Subg(v). If we consider
a factorization g = (vo,x,v1) of the word v such that the central x is the first
occurrence of = in v then = & c(vg) and y € c(v1). Hence there is a factorization
f = (fo,z, f1) of u such that c(fy) = c(vg) and c(f1) = c(v1). So the central =
in f is the first occurrence of x in u and y € c(f;) and we can conclude with
a2y € Subg(u). We proved the claim and the statement trivially follows. O

Lemma 9. Let u,v be words such that (u,v) € m1. Then the identity u < v is a
consequence of the identities (3), (5) and (6).

Proof. By Lemma 7 we can assume that both u, v are canonical words. We have
(u,v) € m and we get skel(u) = skel(v). So, let u = byuibous...by_1up_1bs
and v = byv1bavs ... by_1vs—1by be canonical words with the skeleton skel(u) =
skel(v) = by ... be. In the proof of the part i) of Lemma 7 we saw that c(v;) C c(u;)
for every i = 1,...,¢—1. We can add the missing letters by the identity (5). O

We finished the proof of the proposition. a0

5.3 Proof of Proposition 4

We want to prove that BPol;(S) C BPoly(S*), that is (75 JC 71. Let (u,v) €
(75 T. Then we have skel(u) = skel(v) by Lemma 4. So, let u = byuybous . .. ug_1by
and v = byv1bavy ... vp_1by with the skeleton skel(u) = skel(v)= by ...b;. We
would like to prove that For a word u € X* we define the skeleton skel(u) € X*
in the following way. We remove from u every occurrence of a given letter which
is not the first or the last occurrence of this letter in the word u. After deleting
of all “interior” occurrences of all letters from u the resulting word is a skeleton
skel(u) of u. c(u;) = c(v;) foreach i =1,...,¢ — 1.
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We consider a factorization g = (go, b, g1, bi+1,92) of v, such that go =
bl’Ule’Ug e Ui—1, g1 = U4 and g2 = Vj41 .. .bg_l’l}g_lbg. Then there is a factor-
ization f = (fo,bi, f1,bit1, f2) of u such that c(fo) € c(go), c(f1) € c(g1) and
c(f2) C c(go). If b; is the first occurrence of a letter in v then b; & c(go) and
b; & c(fo) follows. Hence b; in f is the first occurrence of b; in w, i.e. it is the
occurrence of b; from the expression u = byuibous ...by_qup_1be. If b; is the last
occurrence of a letter in v then b; € c(g1b;1192) and b; & c(f1b;+1f2) follows.
Hence b; in f is the last occurrence of b; in u, so it is the occurrence of b; from
the expression u = byuibaus .. .by_1ue_1by. We can prove the same for b; 1 and
hence f1; = u;. This means c(u;) = c(f1) C c(g1) = c(v;).

If we exchange the role of v and u we obtain also c(v;) C c(u;) and the claim
is proved.

Now by Lemma 7 we can see that (u,v) € 77. The proof of Proposition 4 is
finished. O
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