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Information value

 The special case of Kullback-Leibler divergence given by:

tal—/fIV )dr  where frv(x) = (fi(x) — fola ))111(f1(_ .))
LS fo()

- fo, f1 are densities of scores of bad and good clients.

The example of fry () for 10% of bad clients with fo ~ N(0,1) and 90% of
cood clients with f; ~ N(4,2)
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Kernel estimate
: : : folx, ho) = iiKh (z — so,)
> The kernel density estimates are defined by no i *

Fute, ) = =3 Ko, (= s1,)

1 x
where K (x) = - (E)’i = 0.1 and K'is the Epanechnikov kernel.

i i

: : : ﬂtx,hﬂ)
N EORIACTRRIACEN) (m,hﬁ]

» for given M + 1 equidistant points L = g, &1, ..., xyy = H

M-1
-~ H-—L[ . - -
- Lot kmrN = W(fwtﬂj +2 ) f(x)+ fm(HJ)-
i=1
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Empirical estimate of I,

The main idea of this approach 1s to replace unknown densities by their
empirical estimates. Let’s have n score values, of which ng score values
so;s © = 1,...,ng for bad clients and n; score values s;., j =1,...,n; for
good clients and denote L (resp. H) as the minimum (resp. maximum)
of all values. Let’s divide the interval [L, H| up to r equal subintervals

(g0, q1]. (q1.q2], .-, (gr—1,qr], where go = L,q. = H. Set

L]
no, = 21 (so. € (gj-1,45])

n1
n]j:ZI(SIgE[Qj—lﬂ'QjD& j:].,.---,?'

i=1

observed counts of bad or good clients in each interval. Then the empirical
Information value 1s calculated by

T
—_ ni; o, ni,;no
Ivaf,DEC = E — In .
ni ng no,mn1

j=1
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Empirical estimate of I

d However in practice, there could occur
computational problems. The Information value index
becomes infinite in cases when some of ny; or ny; are
equal to 0.

 Choosing of the number of bins is also very
important. In the literature and also in many
applications in credit scoring, the value r=10 is
preferred.

Financni matematika v praxi |, Jedovnice 2011 4/30
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Empirical estimate with supervised
interval selection (ESIS)

» We want to avoid zero values of ngy, or ny; .

» We propose to require to have at least K, where &
is a positive integer, observations of scores of both
good and bad client in each interval. This is the
basic idea of all proposed algorithms.

Finanéni matematika v praxi |, Jedovnice 2011 5/30
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Empirical estimate with
supervised interval selection

> the first” ESIS:

Set
go=1L—1
=Ft(E)i=1,. %)
QL%H—l:H?

where P?(-) is the empirical quantile function appropriate to the
empirical cumulative distribution function of scores of bad clients.

Finanéni matematika v praxi |, Jedovnice 2011 6/30
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Empirical estimate with
supervised interval selection

» Usage of quantile function of scores of bad clients is motivated by the
assumption, that number of bad clients is less than number of good clients.

» If n,is not divisible by k, it is necessary to adjust our intervals, because we
obtain number of scores of bad clients in the last interval, which is less than 4. In
this case, we have to merge the last two intervals.

» Furthermore we need to ensure, that the number of scores of good clients is
as required in each interval. To do so, we compute Ny, for all actual intervals. If
we obtain Ny < k for jt interval, we merge this interval with its neighbor on the
right side.

» This can be done for all intervals except the last one. If we have n,. < & for the
last interval, than we have to merge it with its neighbor on the left side, i.e. we
merge the last two intervals.
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Empirical estimate with
supervised interval selection

» Very important is the choice of 4. If we choose too small value, we get
overestimated value of the Information value, and vice versa. As a
reasonable compromise seems to be adjusted square root of number of
bad clients given by

k= [vno]

» The estimate of the Information value is given by

.
~ ni,  no, ni,mno
Il Esrs = E — In

T Ly H'DJ‘ T

j=1

where No; and ny, correspond to observed counts of good and bad clients
in intervals created according to the described procedure.

Finanéni matematika v praxi |, Jedovnice 2011 8/30
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Simulation results

> Consider n clients, 100pz% of bad clients with f,:N(x.00)
and 100(1-pg)% of good clients with f,:N(x,q;) .

2
» Because of normality we know 1, {Mj .
O

» Consider following values of parameters:
=n = 100000, n=1000

= pg = 0.02, 0.05, 0.1, 0.2

Finanéni matematika v praxi |, Jedovnice 2011
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Simulation results

1) Scores of bad and good clients were generated according to
given parameters.

2) Estimates  lpec: lakemn: laess  Were computed.
3) Square errors were computed.

4) Steps 1)-3) were repeated one thousand times.

5) MSE was computed.

Finanéni matematika v praxi |, Jedovnice 2011 10/30
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n=100000, 1, — 1, = 0.5
=
MSE =
0.02 0.05
IV _decil |0,000546 | 0,000310
ST 0,000487 0,000232 0,000131 0,000076

0,000218 | 0,000127

n=100000,

H— My = 1.0

MSE

Pg

IV_decil
IV_kern
IV_esis

0.02 0.05 0.1 0.2

0,002146 0,000973 0,000477 0,000568

n=100000,

M~y =15

MSE

Pz

IV_kern

IV_esis

0,020166

0,019561 | 0,010789 Jofo[0[o7 IR0 A0 [0 i1y

DR EDEEFNOD [ EEH 0,007565
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n=1000,

Ly — = 0.5

IV_decil
IV_kern

IV_esis

0,025574

0,017547 0,009281 0,004737
0,038331)0,021980)0,016280|0,008028

n=1000,

th— Ho= 1.0

MSE

IV_decil

Pg

0.1 0.2
0,043097|0,029788

W R VETYA 0,072381

ARSI % :101:1:3§(0,071088 | [0,036503 [0,023609
n=1000, W — = 1.5

MSE
IV_decil
IV_kern [0Sy LRy AU eV} 0,266912 (0,196856
IV_esis [0,609193(0,352151 [{s)5 L E5 B0 5Ly /)

- » worst

* average
- * best performance
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supervised interval selection (AESIS)

> It is obvious that the choice of parameter ks crucial.

» So the question is:

= [s the choice k=[/n0]| optimal (according to MSE)?
= What effect has n, on the optimal &7

= And what effect, if any, has the difference of means 4 — 44 ?

Finanéni matematika v praxi |, Jedovnice 2011 12/30
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Simulation results

O Consider 10000 clients, 100pg% of bad clients with f,:N(41) and
100(1-pg)% of good clients with f,:N(z.1). Set 4, =0 and consider
1 =05,1and 1.5 s pg = 0.02,0.05,0.1 and 0.2.

MSE = E(( fval —1,.,)°) ‘ kyse = n::r,rjrmin MSE.

~

K P, avg. # of bins i
MeE 002 | 005 | 01 [ 02 00z | 005 | 01 | 02
s | 20 | 22 | & | s » 05 | 800 | 13,00 | 18,00 | 2490
= g 1 12 18 23 32 =ty | 1 18,00 | 2880 | 42,76 | 51,88
1.5 6 9 8 9 15 | 33,62 | 50,20 | 95,96 | 127,67
k=[yno] 15 23 32 45
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Simulation results

P = 5%

0 Dependence of MSE on k, 1 — 1, =1,

e o & a
8 ¢ 8 ® 2

e e o o o o
B 8 2 8 8 3 8

» The highlighted circles correspond to T I e T R e S T
values of k, where minimal value of the MSE e -

iIs obtained. The diamonds correspond to
values of k given by & = [/no |.

o e
8§ & 2

e o 8 & 8 & ©
2 R 8 % &% 8 %

)
70 0 1 20 30 40 50 B0 70 80 90
k

2 EN e P
= = Tt 2 e = Pe
E=|2 PB * il 0.02{ 0.05 | 0.1 | 0.2 “vee  ISorTess] od oz
ﬁ|1.4 05|31 ] a5 | 61 | 84 05| 29 | 42 | 62 | 84

—
H1 — HO mts [ 1112 17 [ 20 | 32 m-m 1] 12 | 18 | 23 | 32
15 7 [ 10| 1a] 10 15l 6 | 9 | 8 | 9

where 1; and jig are suitable estimates of means of scores of good and bad

% 1s the proportion of bad clients.

= farsess

clients, pp =
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n=1000, s, —y, = 0.5
MSE Lz

IV_decil
IV_kern

0,025574

(MER:EZ:Y 0,017547 0,009281 0,004737

IV_esis
IV_aesis

0,038331

0,021980

0,016280

0,008028

0,030808

0,015558

0,007223

n=1000,

M =

1.0

MSE

Pg

0.02

0.05

0.1

0.2

IV_decil
IV_kern

IV_esis
IV_aesis

0,186663
0,117382

0,084572

0,043097

0,029788

(o E1ox:2:%8 0,071088 0,036503 0,023609

0,043860

0,027467

n=1000,

H— Hy

= 1.5

MSE

IV_decil
IV_kern
IV_esis

WEPAElv4 0,34978310,266912| 0,196856

0,609193)0,352151)0,172931]0,194676

IV aesis

0,553650

0,205889 0,135187 0,089354

Finanéni matematika v praxi |, Jedovnice 2011

> The classical estimate fvai,0EC had
the lowest MSE in case of weak
model and extremely low number
(namely 20) of bad clients. If the
number of bad client is slightly
higher, L had the best
performance. Considering models
with higher predictive power, 7,.; zs;s
and Il.aaesis had the best
performance.

It-‘Ct.I,K ERN
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Simulation results

n=100000, . — 1, = 0.5

Pz

MSE
0.02 0.05

IV_decil |0,000546 [ 0,000310

"Gl 0,000487 0,000232 0,000131 0,000076
IV_esis
IV_aesis

0,000603 | 0,000253

n=100000, M — = 1.0

Pg

MSE

0.02 0.05 0.1 0.2

IV decil

IV_kern [0,003396 | 0,001697 | 0,001064 | 0,000646

IV_esis [ [P A ZIHOAO D EFEFDADNLYZA 0,000568
IV_aesis |0,002446 | 0,001157 0,000311

n=100000, =My = 1.5

MSE Ps

IV_decil 0,020166
IV_kern [0,019561 | 0,010789 | 0,006796 |L1He[o/:F:]{p.
IV_esis 0,013045 | 0,008134 | 0,007565
\ACIEN 0,006140 [0,00268810,002502 | Kok kL yp

Finanéni matematika v praxi |, Jedovnice 2011

» We can see that the classical
estimate I, ppc Was  out-
performed by all other estimates
of the Information value in all
considered cases when the
number of clients was high
(100000 in our case). The best
performance was achieved by
Laxerv in case of  weak
scoring models, by I,..msis in
case of models with high
performance and by
L.a.aesis for models with very
high performance.
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» Algorithm for the modified ESIS: -

1) g=[ where = [ /ng |

4 Kk 4 k
2) d,=hK {n_lj 4o =F (n_oj

3) S = max( qjl’qu)

S9SYI
CO"ENSYB

4) Add S, to the sequence, i.e. q=][Q,S ]
5) Erase all scores =S,
6) While n, and n, are greater than 2*k, repeat step 2) — 5)

7) g =[min( score )—1,q]

Finan&ni matematika v praxi |, Jedovnice 2011 17/30
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AESIS.1 — Simulation results

O Consider 1000 and 10000 clients, 100pg% of bad clients with fo: N(x.1)
and 100(1-pg)% of good clients with f,:N(z.1). Set 4, =0 and consider

1 =05,1and 1.5 s ps =0.02,0.05,0.1and 0.2.

MSE = E(( fval —1,.,)%) ‘ kyse = n::r,rjrmin MSE.

n=1000
kMSE b Pg
0.02 0.05 0.1 0.2 0.02 0.05 0.1 0.2
0.5 5 9 10 22 12 18 32 51
M — M 1 2 3 4 6 4 7 10 13
1.5 1 2 3 2 2 3 4 5
k=1vno] 5 8 10 15 15 23 32 45

Finanéni matematika v praxi |, Jedovnice 2011
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Simulation

results

d Dependence of MSE on £.

MSE

n =10000, p; =0.2

—u, =05
n=1000, p; =0.2 o~ Ho
¢
=ty =0.5 = o =1.5
K " .
B n=1000 )
k
—+/ P - N - ;
k=|=——07 B p
k — |2 — o kMSE B
~ ~ 1.4 0.0210.05} 0.1 | 0.2 0.02]0.05] 0.1 | 0.2
y 20 _luo‘ _, |05 4 9 | 13 05 5 [ 9 [ 10 [ 22
ot =ty
1| 2 4 1] 2] 3] 4]
15 1 2 15/ 1 [ 2] 21 2
n =10000
:(%ﬂ pf}n‘w Ps K Pg
o o0zT0.05] 01 ] 02 mse  [0.02]0.05] 0.1 [ 0.2
osl 13 | 20 | 28 [ 39 05 12 [ 18 | 32 | 51
Sl s | 11 | 15 m-mw 1] 4 | 7 [10] 13
1o = s | o 15 2 | 3| 4] s
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n=100000, /4 — i, = 0.5 n=1000, sy —py = 0.5
MSE p MSE Ps
0.02 0.05 0.1
IV _decil |0,000546 | 0,000310 | 0,000224 IV_decil 0,009074
0,000487 0,000232 0,000131 0,000076 |V_kern 0,038634 0,004737

IV_esis 0,038331]0,021980|0,016280|0,008028
IV_aesis 10,042409]0,030808|0,015558|0,007223
WA=y 0,021719 (0,015727 10,008051 [0 fe[o[3:3:17

IV_esis
IV_aesis |0,000603 | 0,000253
IV_esisl |0,000550 | 0,000273

IV_aesisl 0,000203 | 0,000123 IV_aesisl 0,027738|0,018239
n=100000, ., —u, = 1.0 n=1000, .4, —u, = 1.0
MSE Pa MSE Pe
0.02 0.05 0.1 0.2 0.02 0.05 0.1 0.2

IV_decil ]0,006286 | 0,004909 | 0,004096 | 0,002832 IV_decil [0,186663)0,084572|0,043097 (0,029788

IV_kern ]0,003396 | 0,001697 | 0,001064 | 0,000646 0,117382 0,04534410,032131

IV_esis D,002146 0,0009 0,0004 0,000568 Wpalclirtkl 0,071088 0,036503 0,023609

IV_aesis 0,000 IV_aesis

IV_esisl IV _esisl

IV_aesis1 | 0,009763 | 0,004326 | 0,002494 | 0,001534 IV _aesisl 0,071732]0,036574

n=100000, ,, —y, = 1.5 n=1000, ,; —y, = 1.5

MSE Pz MSE Ps
0.02 0.05 0.1 0.2 0.1 0.2

IV_decil |0,056577|0,048415|0,034814 | 0,020166 IV_decil 0,535180|0,200792

IV _kern 10,019561 | 0,010789 0,004862 IV _kern  J5srAkl¥/] 0,349783]0,266912|0,196856
0,027943 0,609193|0,352151|0,172931|0,194676

WACININ 0,006140°'0,002688 |0,002502 | [0 vx & L:yp2
IV_esisl
IV_aesis1 | 0,069952 | 0,043534 | 0,032264

IV_aesis 0,205889 0,135187 0,089354
IV_esisl
IV_aesis1 |0,613465]0,293109]0,2110570,137516

0,023526

Finanéni matematika v praxi |, Jedovnice 2011 20/30
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Simulation results

» The new algorithm (ESIS.1) ended disastrously in most cases.
The only exception was a situation where n=1000 a p;-H,=0.5.
This corresponds to a scoring model with very poor discriminatory
power and a very small number of observed bad clients (20-200).

» AESIS.1 ranked among the average.

Finanéni matematika v praxi |, Jedovnice 2011 21/30
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ESIS.2

> U plvodniho ESIS casto dochazi ke slucovani
vypoctenych intervall ve druhé fazi algoritmu.

> Pro vypocet se pouziva jenF, () .

> Aby byla splnéna podminka n; >k je zreJme
nutné, aby hranice prvniho mtervalu byla vétsi nez
F{
nl

> To vede k myslence pouzit ke konstrukci
interval nejprve F () a nasledn&, od néjaké
hodnoty skére F, ().

> Jako vhodna hodnota skére pro tento ucel se
jevi hodnota s, ve které se protinaji hustoty
skore, rozdil distribucnich funkci skére nabyva své
maximalni hodnoty a také plati, ze funkce £,
nabyva nulové hodnoty.

Financni matematika v praxi |, Jedovnice 2011
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| Point of
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ESIS.2

» Algorithm for the modified ESIS:

1) s, =argmax|F, - F

2) 4, = F11£ jr;k} j=1..., \\%'Fl(SO)J
3) g =g K] j=| . M|
) g, =F, [no J,j {k Fo(so)w ..... {kJ 1

4) g =[min( score )—1,q,,q,, max score ) +1]

5) Merge intervals given by q, where number of bads is less than k.

6) Merge intervals given by q, where number of goods is less than &.

Finanéni matematika v praxi |, Jedovnice 2011
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AESIS.2 — Simulation results

O Consider 1000, 10000 and 100000 clients, 100p;% of bad clients
with f,:N(%.) and 100(1-pg)% of good clients with f,:N(«.1) . Set
Uy = 0 iy =0.5,1and 1.5 and considerrs = 0.02,0.05,0.1 and 0.2

MSE = E(( fval —1,.,)°) ‘ kyss = argmin MSE.

¥
n=1000

SHSVI

DWiygrs™®

(:}:"A NA BT

n =10000
kMSE P
0.02 0.05 0.1 0.2 k Pg
0.5 15 19 22 45 MSE 0.02 0.05 0.1 0.2
Ly — Iy 1 3 8 11 16 0.5 29 51 77 112
1.5 2 3 6 7 Ay — fy 1 15 24 28 45
k=[yno] 5 8 10 15 1.5 6 11 11 14
k=[yno] 15 23 32 45
n =100000 ]
p

kMSE 0.02 0.05 0.1 0.2

0.5 118 198 298 371

= L 1 50 61 106 141

1.5 17 28 32 48

Finanéni matematika v praxi |, Jedovnice 2011 k=Tvno] 5 8 10 15 24/30
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Simulation results

d Dependence of MSE on k. n =100000, p, =0.05
n=1000, p, =0.2 |

My — o =0.5

| -1, =10

MSE
MSE

MSE
MSE
MSE

n =10000, p; =0.2
=ty =0.5 1, =15
n =10000
k—{[ﬁvf‘;nﬁ} pB kMSE pB
0.02]0.05] 0.1 | 0.2 0.02]0.05] 0.1 | 0.2
05| 38 | 60 | 85 | 120 05| 29 | 51 | 77 | 112
=Ml g | 15 | 23 | 32 | 45 =t 1| 15 | 24 | 28 | 45
15 8 | 13 | 18 | 26 15| 6 | 11 | 11 | 14
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n=1000, ;, 1 = 0.5 n=1000,  ;, — z, = 1.0
MSE Ps MSE s
. 0.02 0.05 0.1 0.2
IV_decil 0,009074 IV_decil [0,186663|0,084572(0,043097 (0,029788

- » worst

IV kern |0,038634 0,004737 Y 0117382 0,045344|0,032131 - average

IV_esis |0,038331[0,021980/0,0162800,008028 VS [ R rTY1 0,071088 [0,036503 I - best performance
IV_aesis |0,042409 |0,030808[0,015558[0,007223 IV_aesis |0,256181
IV_esis1

IV_aesis1 |0,060838]0,027738[0,018239[0,010903 IV_aesis1 [0,260596
IV_esis2 |0,038112[0,025568|0,019098|0,009540 IV _esis2 |0,171946 0,041890 |[1)[iF 715!
IV_esis2a |0,048697 |0,027729]0,014114 | 0,007988 IV_esis2a | 0,213419 |0,089678]0,048128 | 0,031476

IV_esis2b IV_esis2b 0,097523|0,064290
IV_aesis2 [0,051170|0,026518|0,014131|0,007838 IV_aesis2

0,209890|0,091614 |0,050609 | 0,028864
algoritmus k n=1000, s —uF 1.5

esis2 ESIS.2 MSE

Pg

0.1 0.2
0,535180 0,200792
(1 f-yAck]:¥4 0,349783 | 0,266912 | 0,196856
IV_esis 10,609193(0,352151(0,172931(0,194676
IV_aesis |0,553650 0,089354
IV _esisl

IV_decil

esis2a ESIS.2

eis2b ESIS.2 i iy

IV_aesis1 | 0,613465 |0,293109|0,211057 | 0,137516
- IV_esis2 |0,838666|0,244379 0,116534
. \ Pg N
aesis?2 ESIS.2 k = 7z = lﬁw IV_esis2a [0,577075 [(JF F:ERE: 0,067026
' Ay — Ho

IV_esis2b |0,737516 (0,261110(0,202780 (0,092417
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Simulation results
n=100000, . —;;, = 0.5 n=100000, ,, s, = 1.0
MSE s MSE s
0.02 0.05 0.1 0.2 0.02 0.05 0.1 0.2

IV decil |0,000546 | 0,000310 | 0,000224 IV_decil |0,006286|0,004909/0,004096 |0,002832 | . worst
IV kern  [OLLE:Y) IV kern |0,003396 | 0,001697 | 0,001064 | 0,000646 - average
IV_esis VIS 0,002146 U770 0,000568 | g best performance
IV_aesis |0,000603 | 0,000253 IV_aesis
IV esis1 |0,000550|0,000273 IV_esis1
IV_aesis1 0,000203 | 0,000123 IV_aesis1
IV_esis2 0,000222 | 0,000113 IV_esis2 0,000905 0,000285
IV_esis2a IV_esis2a | 0,002578 | 0,001114
IV_esis2b IV_esis2b | 0,005844 | 0,002378
L2 10)000211" [0,000119) 6,000064 IV_aesis2

n=100000, 1, —s, = 1.5

Pg

0.02 0.05 0.1 0.2

IV_decil |0,056577|0,048415 | 0,034814 | 0,020166
IV_kern |0,019561|0,010789 | 0,006796 | 0,004862
IV_esis 0,013045 | 0,008134 | 0,007565 | 0,027943
IV_aesis 0,002502 | 0,011472
IV_esisl
IV_aesis1 | 0,069952 | 0,043534 | 0,032264 | 0,023526
IV_esis2 |0,012158 | 0,006407 | 0,002796 | 0,003459
\ACIEPER 0,006033 0,002356 0,001235 0,000727

IV_esis2b | 0,011927 | 0,004857 | 0,002937

IV aesis2

MSE
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n=1000, /4 — 4, = 0.5
rMSE Eg
0.02 0.05 0.1
IV kern |0,154537(0,070189 |0,037124 [[JiFE:ENTS
WIS 0,086877 [0,062907 [0,032206 [N X2
IV_aesis2 |0,204681[0,106072 [0,056524 [0,031350
n=1000, 4 — 4, = 1.0
rMSE E
0.05 0.1 0.2
IV _kern 0,0453440,032131
IV_esis
IV_esis2
n=1000, 4, — 4, = 1.5
rMSE Pz
0.05 0.1 0.2
IV kern |)rELr¥/Y0,155459 [0,118628 | 0,087492
IV _esis2a |0,256478 [[i:5LE 5] 0,057055 [ PLy /L
IV aesis2 |0,255619|0,082151 (1139 0,032811

n=100000, ;. _; = 0.5
rMSE Es
0.05 0.1 0.2
IV kern |L)lliktlv A 0,000928 | 0,000524 | 0,000306
IV_esis1 |0,002199 | 0,001091 | 0,001919 | 0,000715
VALY rrT) (0600844 [6,000475' [0)000255
n=100000 4 — 4, = 1.0
»
rMSE =
0.02 0.05 0.1 0.2
IV kern | 0,003396 | 0,001697 | 0,001064 | 0,000646

WDDPAEIT 0,000973 [ADEYSA 0,000568

IV_esis2 | 0,002158 [ULIELE 0,000484 [ 1iFL:E
n=100000 1 — 4, = 1.5
P
rMSE =
0.02 0.05 0.1 0.2
IV kern | 0,008694 | 0,004795 | 0,003020 | 0,002161

\=Htyl 0,002682 0,001047 0,000549 0,000323

IV_aesis2 |0,003576 | 0,001660 | 0,000782 | 0,000553

> Relativni MSE (rMSE)...jde o MSE z predchozich tabulek vydélené

prislusnou teoretickou hodnotou 1V.

> Umozni lepsi porovnani — eliminuje vliv absolutni vyse 1V.
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Conclusions

» The classical way of computation of the
information value, i.e. empirical estimate using
deciles of scores, may lead to strongly biased
results.

» We conclude that kernel estimates and
empirical estimates with supervised interva
selection (ESIS, AESIS, ESIS.1, ESIS.2 and
AESIS.2) are much more appropriate to use.
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