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Introduction

A It is impossible to use scoring model effectively
without knowing how good it is.

 Usually one has several scoring models and
needs to select just one. The best one.

 Before measuring the quality of models one
should know (among other things):

good/bad definition
expected reject rate
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Good/bad client definition
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d Good definition is the basic condition of
effective scoring model.
[ The definition usually depends on:

days past due (DPD)
amount past due
time horizon

 Generally we consider following types of client:

Good

Bad

Indeterminate

Insufficient

Excluded

Rejected. 4/30
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Good/bad client definition

Customer

N

Accepted

Rejected

[Goop] ==

Default

Early default
(2-4 delayed payment, 60 DPD)

/
INDETERMINATE

1 (60 or 90 DPD)

.

Insufficient

Late default
5+ delayed payment, 60 DPD/
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Measuring the quality

O Once the definition of good / bad client and client's score is available, it
is possible to evaluate the quality of this score. If the score is an output of
a predictive model (scoring function), then we evaluate the quality of this
model. We can consider two basic types of quality indexes. First, indexes
based on cumulative distribution function like

Kolmogorov-Smirnov statistics (KS)
Gini index
C-statistics

Lift.
The second, indexes based on likelihood density function like

Mean difference (Mahalanobis distance)
Informational statistics/value (I,,).
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‘ Indexes based on distribution
function
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b 1, client is good Number of good clients: »
K70,  otherwise. Number of bad clients: m . -
Proportions of good/bad clients: p;=—, ps =
n+m n+m
Empirical distribution functions: Kolmogorov-Smirnov statistics (KS)
1 n
F, coop(a) = ;Zl(si SanDy = 1) KS = aIEI%La)}%] ‘Fm,BAD (@)= F, Goop (a)‘
i=1 ’
Fm.BAD(a):;ZI(Si SanDy = ) oo
i:1 0.7 -
1 & oo //,' /
Fy . (a)= FZI(SZ. <a) ae [L,H] i,
i=1 04 p /
1 A istrue . /,/' /
1(4)= . /
0 otherwise = | |
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" Indexes based on distribution
function

Lorenz curve (LC)
x=F, (@) /
Y= F, GOOD(a) ac [L H] ,f'ff B
Gini index
A
A+ B

Gini = =24

n+m

Gini =1- Z( m.BADk mBADk 1) (Fn.GOODk +Fn.GOODk—1)

where F, ., (F, GOOD) is k-th vector value of empirical distribution function of bad (good) clients
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" Indexes based on distribution
function

C-statistics:

1+ Gini . /
c—stat=A+C = , : = 4
| - B

It represents the likelihood that randomly selected good client has
higher score than randomly selected bad client, i.e.

c—stat:P(S1 > S, ‘DKl =1A Dy, :O)

9/30



Indexes based on distribution
function

A Another possible indicator of the quality of scoring model can be
cumulative Lift, which says, how many times, at a given level of
rejection, is the scoring model better than random selection (random
model). More precisely, the ratio indicates the proportion of bad
clients with less than a score a, a<[L,H] , to the proportion of bad
clients in the general population. Formally, it can be expressed by:

nzﬂ‘;nl(siga/\yzo) nzﬂ“nl(siﬁa/\Y:O)
= —
. CumBadRate(a) ;I(Sf <a ) ;I(Si <a )
Lifi(a)= BadRat = = ‘ p
2,1(r=0) Y e
nzﬂ‘,nl(y=0vY=1) | -
v
absLift(a) = BadRate(a)
BadRate 10/30
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3,50
—o— abs. Lift
o . . 300 ToNNC —o— cum. Lift
A Usually it is computed using table with - x cum .
5 T e R e R,
numbers of all and bad clients in some 2o N\ U
(1] ~
[l 2 ) 9
bands (deciles). R N P~
100 o NSO
absolutely cumulatively
decile # cleints # bad clients Bad rate abs. Lift # bad clients Bad rate cum. Lift 0,50 I . S
1 100 16 16,0% 3,20 16 16,0% 3,20
2 100 12 12,0% 2,40 28 14,0% 2,80 - ‘
3 100 8 8,0% 1,60 36 12,0% 2,40 T2 3 4 5 6 7 8 9 10
4 100 5 5,0% 1,00 41 10,3% 2,05 decile
5 100 3 3,0% 0,60 44 8,8% 1,76
6 100 2 2,0% 0,40 46 7.7% 1,53 \
7 100 1 1,0% 0,20 47 6,7% 1,34
8 100 1 1,0% 0,20 48 6,0% 1,20 08!  Gini=0,55
9 100 1 1,0% 0,20 49 5,4% 1,09
10 100 1 1,0% 0,20 50 5,0% 1,00 06
All 1000 50 5,0%
0,4
0,2 q
Lornz curve
—— Base line
0 T T T T
0 0,2 0,4 0,6 0,8 1
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Indexes based on distribution

L When bad rates are not monotone:

LC looks fine
Gini is slightly lowered
Lift looks strange

function

0,8 | Gini=0,48

0,6 -

0,4 -

0,2 -
- Lornz curve
—— Base line

0 T T T :
0 0,2 0,4 0,6 0,8 1

absolutely cumulatively
decile # cleints # bad clients Bad rate abs. Lift # bad clients Bad rate cum. Lift
1 100 A 8 8,0% 1,60 8 8,0% 1,60
2 100 12,0% 2,40 20 10,0% 2,00
3 100 i 16,0% 3,20 36 12,0% 2,40
4 100 5 5,0% 1,00 41 10,3% 2,05
5 100 3 3,0% 0,60 44 8,8% 1,76
6 100 2 2,0% 0,40 46 7,7% 1,53
7 100 1 1,0% 0,20 47 6,7% 1,34
8 100 1 1,0% 0,20 48 6,0% 1,20
9 100 1 1,0% 0,20 49 5,4% 1,09
10 100 1 1,0% 0,20 50 5,0% 1,00
All 1000 50 5,0%
3,50
——o— abs. Lift
300 o AN =O= cum. Lift
250 -\
Q
3 200 -/ NN
©
>
E 150 TN TN
-l
1,00 - TS -
050 N

3 4 5

6 7

decile
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O When score is reversed, we obtain
3,50
absolutely cumulatively —&— abs. Lift
decile # cleints # bad clients Bad rate abs. Lift # bad clients Bad rate cum. Lift 3,00 R i R D s
1 100 16 16,0% 3,20 16 16,0% 3,20 = cum. Lift
2 100 [/ 12 '\ 12,0% 2,40 28 14,0% 2,80 2,50
3 100 8 8,0% 1,60 36 12,0% 2,40 o
4 100 5 5,0% 1,00 41 10,3% 2,05 3 2,00
5 100 3 3,0% 0,60 44 8,8% 1,76 g
6 100 2 2,0% 0,40 46 7,7% 1,53 £ 1,50
7 100 1 1,0% 0,20 47 6,7% 1,34 -
8 100 1 1,0% 0,20 48 6,0% 1,20 1,00
9 100 \ 1/ 1,0% 0,20 49 5,4% 1,09
10 100 \1/ 1,0% 0,20 50 5,0% 1,00 0,50
All 1000 50 5,0%
1 2 3 4 5 6 7 8 9 10
absolutely cumulatively decile
decile # cleints # bad. clients Bad rate abs. Lift # bad clients Bad rate cum. Lift
1 100 / 1\ 1,0% 0,20 1 1,0% 0,20 ;
2 100 / 1\ 1,0% 0,20 2 1,0% 0,20 o
3 100 1 1,0% 0,20 3 1,0% 0,20 vg| CGiNi=-0,55
4 100 1 1,0% 0,20 4 1,0% 0,20 ’
5 100 2 2,0% 0,40 6 1,2% 0,24 .
6 100 3 3,0% 0,60 9 1,5% 0,30 '
7 100 5 5,0% 1,00 14 2,0% 0,40 0al
8 100 8 8,0% 1,60 22 2,8% 0,55 ’
9 100 \ 12/ 12,0% 2,40 34 3,8% 0,76 -
10 100 \16/ 16,0% 3,20 50 5,0% 1,00 ' Lomz curve
All 1000 50 5,0% . —Base line
0 0,2 0,4 0,6 0,8 1 13/30
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Indexes based on distribution
function

d The Gini is not enough!!!
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.
SC1 ,
Gini= 0,42
decile # cleints # bad clients Bad rate 0,8 1
1 100 35 35,0%
2 100 16 16,0% 064
3 100 8 8,0% ’
4 100 8 8,0%
5 100 7 7,0% 041
6 100 6 6,0%
7 100 6 6,0% 021 ——Lornz curve
8 100 5 5,0% .
2 —B: |
9 100 5 5,0% 0 ‘ | | =
10 100 4 4,0% 0 01 02 03 04 05 06 07 08 09 1 0 0,2 0,4 0,6 08 1
All 1000 100 10,0%
S C 2 . ! 1
1 Gini = 0.42
decile # cleints # bad clients Bad rate 0,8 - 0,8 1
1 100 20 20,0% 071
2 100 18 18,0% 06 ] 064
3 100 17 17,0% ' ’
4 100 15 15,0% 051
5 100 12 12,0% 04 | 041
6 100 6 6,0% 0,3 |
7 100 4 4,0% 0.2 1 021 ——Lornz curve
8 100 3 3,0%
2 > 0,1 —— Base line
9 100 3 3,0% o - 0 : : : :
10 100 2 2,0% 0 01 02 03 04 05 06 07 08 03 1 0 0,2 0.4 0,6 08 1
All 1000 10

0| 100% 14/30
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Indexes based on distribution

SC 1:

function

4,00
3,50
3,00
2,50
2,00

Lift value

1,50
1,00
0,50

—&— abs. Lift

5 6 7 8 9 10

decile

Lift gy, = 2.55
Liftsyy, = 1.48

>
<

SC 2:

2,50 —

——abs. Lift

B

0 Lol | [ emim

1,50

Lift value

1,00

0,50 N

Lift g0, = 1.90
Liftsgy, = 1.64

‘ SC 2 is better if reject rate is expected around 50%.

SC 1 is much more better if reject rate is expected by 20%.
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Indexes based on distribution

function

A Lift can be expressed and computed by formulae:

Llﬁ(d) — Fn.BAD (a) qac [L,H]

N.ar\d

F o (Fylu (@) 1 _
S0 ]\i'lALL =—F, s (FN.IALL (Q))
Fy iz (FN.ALL (q9)) ¢

FZ\7.114LL (q) = min{a e[L,H], Fy 4, (a)2 q}

Lift, =

Liﬁm% =10- Fn.BAD (F]\;.IALL (O~ 1))
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Indexes based on density
function

Likelihood density functions: fcoop (X) [ (X)

n

~ 1 ~ 7]
Kernel estimates: fooop(x,h)= Y —K,(x=5.)  frp(x,h)= Z;Kh(x—%—)

i=1, i=1
Dy =1 D=0

Optimal bandwidth (maximal smoothing):
1
(2k+l)!k(2k+5)k+% R 2kl+l oaf——==
hosi = n
’ (2k +3)!

051

el

03r

02r

where: k is the order of kernel function
(e.g. 2 for Epanechnikov kernel)
n is number of actual cases 0
& is an estimate of standard deviation

01y
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Indexes based on density

function

Mean difference M. —M,
(Mahalanobis distance): |D=—¢

z
.
K &
KDyt

S
where S is pooled standard deviation:
1 T T
2 2 2 BaD
S nS,” +mS,” | o=
n + m 0.4F
M ,, M, are means of good (bad) clients oal

S, .S, are standard deviations of good (bad) clients
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Indexes based on density
function

Information value (I,,) — continuous case (Divergence):

Joop (X)j A
S pap (%)

[, = J.(fGOOD (X) = fpap (x))ln[

fdiﬁ‘ (%) = f o000 (X) = fpip(X)

1] Seoop(X) 02} :ff
Jua) = ln( S 3ap(X) j 20

SSSSS
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Indexes based on density
function

Information value (I,,) — discretized continuous case:

3
¥,
7 s
fgﬁd NA BT

e Replace density functions by their kernel estimates and compute integral
numerically (e.g. by composite trapezoidal rule). e _—

 Using Epanechnikov kernel, given by K(x) =§<1—x2)-[(x c [_ 1, 1])
and optimal bandwidth £, we have 4 s

Joop (X, Ppg, 2)J

N,V GOOD hos 2 BAD hOS 2
f (x) (f (x ) f ( )) (fBAD(x h0S2)

e For given M+1 points x,,...,x,, we obtain

== [EV (50)+2 For () + iy (xM>j

20/30
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Indexes based on density
function

Information statistics/value (I,,) — discrete case:

‘b"‘_'\'ﬂ’w.

Crann vt

e Create intervals of score — typically deciles. Number of goods (bads) in i-th
interval is marked by g (b,).

e [t must holds g, >0,b, >0 Vi

e Then we have g. b g.m
[ =21 ||| &
val
T\n m N
score int.| # bad clients | #good clients| % bad [1] | % good [2] | [3] =[2] - [1]) [4]1=[2]/[1]| [5]=In[4] |[6]=[3]"[5]
1 1 10 2,0% 1,1% -0,01 0,53 -0,64 0,01
2 2 15 4,0% 1,6% -0,02 0,39 -0,93 0,02
3 8 52 16,0% 5,5% -0,11 0,34 -1,07 0,11
4 14 93 28,0% 9,8% -0,18 0,35 -1,05 0,19
5 10 146 20,0% 15,4% -0,05 0,77 -0,26 0,01
6 6 247 12,0% 26,0% 0,14 2,17 0,77 0,11
7 4 137 8,0% 14,4% 0,06 1,80 0,59 0,04
8 3 105 6,0% 11,1% 0,05 1,84 0,61 0,03
9 1 97 2,0% 10,2% 0,08 5,11 1,63 0,13
10 1 48 2,0% 51% 0,03 2,53 0,93 0,03
All 50 950 Info. Value 0,68 21/ 30
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Indexes based on density
function

d Information value for our example of two scorecards:

"
]
S

59 SYI.

Crann vt

SC1:
decile # cleints #bad clients | #good %bad [1] | %good [2] | [31=[2]-[11] [4=[21/[11 | [5]=In[4] [[6]=[3]" [5]] cum. [6]
1 100 35 65 35,0% 7,2% 0,28 0,21 -1,58 0,44 | 0,44
2 100 16 84 16,0% 9,3% 0,07 0,58 0,54 004 | 047
3 100 8 92 8,0% 10,2% 0,02 1,28 0,25 0,01 | 048
4 100 8 92 8,0% 10,2% 0,02 1,28 0,25 0,01 | 049
5 100 7 93 7,0% 10,3% 0,03 1,48 0,39 0,01 | 0,50
6 100 6 94 6,0% 10,4% 0,04 1,74 0,55 002 | 052
7 100 6 94 6,0% 10,4% 0,04 1,74 0,55 002 | 055
8 100 5 95 5,0% 10,6% 0,06 2,11 0,75 0,04 | 059
9 100 5 95 5,0% 10,6% 0,06 2,11 0,75 0,04 | 063
10 100 4 96 4,0% 10,7% 0,07 2,67 0,98 0,07 _| 0,70
All 1000 100 900 info. Value| 0,70
SC 2:
decile # cleints #bad clients | #good %bad [1] | %good [2] | [31=[2]-[11] [4=[21/[11 | [5]=In[4] [[6]=[3]" [5]] cum. [6]

1 100 20 80 20,0% 8,9% 0,11 0,44 -0,81 0,00 | 0,09
2 100 18 82 18,0% 9,1% 0,09 0,51 0,68 0,06 | 015
3 100 17 83 17,0% 9,2% 0,08 0,54 0,61 0,05 | 020
4 100 15 85 15,0% 9,4% -0,06 0,63 0,46 003 | o022
5 100 12 88 12,0% 9,8% 0,02 0,81 0,20 0,00 | o023
6 100 6 94 6.0% 10,4% 0,04 1,74 0,55 002 | 025
7 100 4 96 4,0% 10,7% 0,07 2,67 0,98 0,07 | 032
8 100 3 97 3,0% 10,8% 0,08 3,59 1,28 0,10 | 042
9 100 3 97 3,0% 10,8% 0,08 3,59 1,28 0,10 | 052
10 100 2 98 2,0% 10,9% 0,09 5,44 1,69 015 | 0,67
All 1000 100 900 Info. Value| 0,67 22/30
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Indexes based on density
function

O Using markings 7,,,, =(&——i I, :h{ﬂ) we have:

‘b‘i‘-'\vl‘f‘\.’.

fgﬁdﬁﬁ; 3

nom bn
0,05 - :::i::f/_/_/—/ 1 100 0:45 1 _L—::T;';';il - i 0:70 G|n| - O 42
000 1 2 /3 4 6 7 (a_fo T 0,50 0:35 1 | 060 L!ftzoo/o = 2 . 55
sC1: *| lw | |1 e Mol e
:0’15 7 0% 207 T 030 IVal = 0 . 70
0,20 10 0:10 1 1% Ival20% i O 47
aad [ o lais0s, = 0-90
0,10 2,00 0.80 K_S = 036
—iix S lew| | Gini  =0.42
, /_/ I 0,12 : : :,:: L!ftzo% = 1 -90
SC 2: o0 ‘ ‘ ‘ ‘ ‘ 7 ‘ 8 ‘ 9 ‘ 10 0‘08 | 1 0’40 Llftso% T 1 .64
0,05 , 0,06 - + 0,30 Ival = O e 67
, o | haizos, = 0.15
- 000 4——— ¥ Lo Ival50% - 023
“ e 23/30
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Some results for normally
distributed scores

Assume that the scores of good and bad clients are normally distributed,
i.e. we can write their densities as

(x—p, J

(X—/Jb )2
B 262 1

¢ Spap (%) 2619—2\/_7'[

20,
e
Estimates of parameters K, l,, 0, and O, :
M,, M, are means of good (bad) clients

1
Jooop(X) = Gg—2\/_7'[ e

S, . §, are standard deviations of good (bad) clients
1
Pooled standard deviation: nS*+ms,* )2
S =
n+m

Estimates of mean and standard dev. of scores for all clients i, ,0

2¢ 2 2¢ 22 nM +mM
o n'S,” +mS, M=m, =" b
ALL (n+m)2 I’l+m

24/30
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Some results for normally
distributed scores

Assume that standard deviations are equal to a common value ¢ :

:ug_l’tb D:Mg_Mb

o S

o Byl

Gini=2- CD(EJ -1

V2

1
Lift, =—CD(M-CDI(Q)+ Po -Dj Lift, =16D(SELL ™ (g)+ pg 'Dj
g \ o q

D

Ival = D2

Where ®(-)is the standardized normal distribution function, ® . () the normal
distribution function with parameters u, &?* and ® ' (-) is the standard quantile function.

25/30
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Some results for normally

distributed scores

Generally (i.e. without assumption of equality of standard deviations):

D* . ,Ltg _,Ltb D* — Mg _Mb
- 2 2
Jorror Jsi+s,

a

KS:cD(ﬁab-D*—lo \/azD*2+2b-cj—CD(—G -D*—lab\/azD*z +2b-cj
b b ¢ b ¢ b

)
where a 21/65 +G§, bzcy,f —Gé, c= ln[—g]

Gy

S7 - S? S2_g§> "¢

2 2
KS—CI){VSb+Sng-D*— : S\/(S;+S§)D*2+z.(;_s§)1n(%
b

Si-s2 ¢ S2_3?

2 2
—CI{VSI’ " -D*—st\/(s,ﬂsz)p*z +2-(S,f—5§)1n[i

26/30
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Some results for normally
distributed scores

Generally (i.e. without assumption of equality of standard deviations):

3
¥,
7 s
fgﬁd NA BT

Gini=2-®(D")-1

: 1 . 1 (o, ©'(q)+u,, —u
Lift, :_q)u az<'uALL +0 @ I(Q)):_CD[ 4 ( ) AL 0
q b>~b q Gb
P! M-M
Liﬁq :lCD[SALL (q)+ bj
q S,
2 2 . 1 S2 S2
L, =(A+)D 4 a-1, 4= T % |1 —(4+)D” +4-1, A=—|2 4%
2\o, o, 2(8;, S,

27/30
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Some results for normally
distributed scores

KS: 1, =0,0, =1 m 0 KS and the Gini react
e much more to change of
H, and are almost
unchanged in  the
direction of © ; :

e Gini > KS

0.8l — K5 i

— Gini

0.6

0.4r

0.2
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Some results for normally
distributed scores

Lift,go,: 4, =0, 0, =1 0 In case of Lift,q,

: it is evident strong
dependence on u,
and significantly
higher dependence
on o, than in case
of KS and Gini.

O Again strong
dependence on H,.
Furthermore value
of I, rises very
quickly to infinity
when 62 tends to

Z€Ero. 29/30
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Conclusions

A It is impossible to use scoring model effectively without
knowing how good it is.

It is necessary to judge scoring models according to
their strength in score range where cutoff is expected.

d The Gini is not enough!

A Results concerning Lift and Information value can be
used to obtain the best available scoring model.

A Results for normally distributed scores can help with
computation of referred indexes. Furthermore they can
help to understanding how those indexes behave.
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