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Abstract

For a real abelian field K, Sinnott’s group of circular units CK is a subgroup of
finite index in the full group of units EK playing an important role in Iwasawa
theory. Let K∞/K be the cyclotomic Zp-extension of K, and hKn

be the class
number of Kn, the n-th layer in K∞/K. Then for p 6= 2 and n going to infinity,
the p-parts of the quotients [EKn : CKn ]/hKn stabilize. Unfortunately this is
not the case for p = 2, when the group C1,K of all units of K, whose squares
belong to CK , is usually used instead of CK . But C1,K is better only for index
formula purposes, not having the other nice properties of CK . The main aim of
this paper is to offer another alternative to CK which can be used in cyclotomic
Zp-extensions even for p = 2 still keeping almost all nice properties of CK .
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Introduction

Let K be a real abelian field of conductor m > 1. For any integer f let ζf be
a primitive f -th root of unity. W. Sinnott in [7] defined a group D′K of circular
numbers of K which is generated by −1 and all conjugates of numbers

NQ(ζf )/Q(ζf )∩K(1− ζf ) (1)

for all f > 1. Then Sinnott’s group of circular units is, by definition, the
intersection CK = D′K ∩ EK , where EK is the full group of units in K. It
appeared later (see [6]) that restraining to f | m is better since this new group
DK , still having the same intersection CK with EK , is finitely generated.

Sinnott’s group CK improves many previous versions of groups of cyclotomic
units due to Kummer, Hasse, Leopoldt, Gillard and others (an overview of these
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groups can be found for example in [5], while [4] compares them for K being
a compositum of quadratic fields). Sinnott’s group CK is used in plenty of
interesting modern applications. It comes with the following advantages:

• It has an explicit finite set of generators constructed out of the numbers
(1).

• Its Galois module structure is described by the distribution relations sat-
isfied by these generators, and is easier to control than e.g. the one of the
full group of units EK .

• The index [EK : CK ] is explicitly related to the class number hK of K.
More precisely one can define the constant cK by the formula [EK : CK ] =
cKhK . Then Sinnott gives an explicit formula for cK and proves that
[K : Q] ·cK is an integer. In fact, most of the technical work in [7] consists
in controlling this cK .

• For p 6= 2 this CK is the Galois module to consider in Iwasawa Theory
because in the cyclotomic Zp-extension K∞ =

⋃
Kn of K the p-parts of

constants cKn stabilize when n tends to infinity.

• Finally it is proven in [6] that Sinnott’s version agrees with Thaine’s one,
the later being constructed to apply the Euler System machinery to cy-
clotomic fields.

In view of all these properties, it is now admitted by experts that CK is optimal
apart for the 2-part of the constant cK . But, because of this 2-part, the group
CK is of no use in Iwasawa theory with p = 2. Indeed, in Sinnott’s formula for
cK the factor 2[K:Q]−1 appears. This factor is not bounded in the cyclotomic
Z2-extension of K, and corresponds to a non trivial µ-invariant in the limit
of the quotients EKn/CKn (recall that p = 2). To remedy this, Sinnott in [7]
already proposed to use C1,K which is, by definition, the group of all units in
EK whose squares lie in CK . The group C1,K is really being used in papers
devoted to Iwasawa theory (see [1]). However this ad hoc C1,K has none of
the above nice properties of the initial CK and is only better for index formula
purposes.

This paper is devoted to the contruction of an alternative to CK . Let G =
Gal(K/Q), and let IK be the ideal of Z[G] generated by 2 and the augmentation
ideal. Then it is classical that DIK

K is contained in the group of squares in K×.

We define a G-module BK ⊂ K× by B2
K = DIK

K and −1 ∈ BK hoping that the
intersection BK ∩EK can be accepted as a good substitute to CK , even for the
prime p = 2. Indeed, Corollary 5 provides an explicit system of generators of
BK ∩ EK and Theorem 14 shows that

[EKn
: (BKn

∩ EKn
)] · h−1Kn

stabilizes when Kn runs through the finite steps in the cyclotomic Zp-tower of
K for each prime p including p = 2. So we think that BK is the proper group
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of circular numbers to consider now, as one has B2
K ⊆ DK ⊆ BK and as BK

is optimal even for the 2-part of the index [EK : (BK ∩ EK)]. In Section 4
we show that this index is slightly more difficult to handle than the classical
[EK : CK ]. There is another index [DK : B2

K ] that appears here (see Corollary
9). This factor may change according to the arithmetic of the prime factors of
m even in the simpler case of a field K = Q(ζm)+, the maximal real subfield of
the m-th cyclotomic field. However, for any real abelian field, this index satisfy
the inequalities

21+g ≤ [DK : B2
K ] ≤ 22

g

,

where g is the number of primes ramified in K/Q (see Corollary 8). Hence, in the
general case of an abelian field K, this index is as explicit and as under control
as the Sinnott index [EK : CK ]. Therefore we are convinced that this extra
complication does not change the effectiveness of the new module BK ∩ EK .

1. The group BK of a real abelian field K

Let K be an abelian field of conductor m > 1 and let G = Gal(K/Q). For
any positive integer f let ζf be a primitive f -th root of unity; we assume that
these roots are chosen in such a way that ζnfn = ζf for any positive integer n.

Definition 1. Let EK be the group of units of K. We define the group DK

of circular numbers of K as the G-module generated by −1 and by all circular
numbers

ηf = NQ(ζf )/Q(ζf )∩K(1− ζf )

for all 1 < f | m. We denote CK = DK ∩ EK .

Proposition 1. CK is the Sinnott’s group of circular numbers of K.

Proof. See [6], Proposition 1.

Lemma 2. DK is the G-module generated by −1 and by all circular numbers
ηf for all 1 < f | m, (f, mf ) = 1.

Proof. For any f ′ > 1 dividing f such that f ′ is divisible by each prime
dividing f we have

NQ(ζf )/Q(ζf′ )
(1− ζf ) = 1− ζf ′

and so
ηf ′ = NQ(ζf′ )/Q(ζf′ )∩K(1− ζf ′) = NQ(ζf )∩K/Q(ζf′ )∩K(ηf )

and the lemma follows.

Definition 2. Let IK be the ideal of the group ring Z[G] generated by 2 and
by the augmentation ideal. Explicitly

IK =

{∑
σ∈G

aσσ

∣∣∣∣ aσ ∈ Z, 2 |
∑
σ∈G

aσ

}
.
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For any integer t relatively prime to m let σt be the automorphism of Q(ζm)
determined by ζσt

m = ζtm. Since each automorphism of Q(ζm) can be written as
σt with an odd t, the following easy lemma implies a classical result for a real
abelian field K saying that DIK

K := {βα | β ∈ DK , α ∈ IK} consists of squares
in K.

Lemma 3. If K is real then for any 1 < f | m and any odd integer t relatively
prime to m we have

1−ζtf
1−ζf ζ

(1−t)/2
f ∈ Q(ζf )+

and so

ησt−1
f = ε2f,t, where εf,t = NQ(ζf )+/Q(ζf )+∩K

(
1−ζtf
1−ζf ζ

(1−t)/2
f

)
. (2)

Proof. This is obvious.

Definition 3. If K is real, we define BK to be the subgroup of the multiplica-
tive group K× satisfying −1 ∈ BK and B2

K = DIK
K .

We shall use the notation introduced in (2) more generally: for any 1 < f | m
and any odd integer t relatively prime to f let

εf,t = NQ(ζf )+/Q(ζf )+∩K

(
1−ζtf
1−ζf ζ

(1−t)/2
f

)
.

Lemma 4. If K is real then BK is the submodule of the G-module K×, which
is (as a subgroup of K×) generated by −1, by ηf , and by εf,t for all 1 < f | m,
(f, mf ) = 1, 1 < t < f , (t, 2f) = 1.

Proof. Lemmas 2 and 3 show that BK is the G-submodule of K× generated
by −1, by ηf , and by εf,t for all 1 < f | m, (f, mf ) = 1, and all odd integers t
relatively prime to m. For any odd integer s relatively prime to m we have

(εσs−1
f,t )2 = η

(σt−1)(σs−1)
f = η

(σst−1)−(σs−1)−(σt−1)
f = (εf,st · ε−1f,s · ε

−1
f,t)

2

and so
εσs−1
f,t = ±εf,st · ε−1f,s · ε

−1
f,t ,

which together with (2) gives that BK is the subgroup of K× generated by −1,
by ηf , and by εf,t for all 1 < f | m, (f, mf ) = 1, and all odd integers t relatively
prime to m. The lemma follows since εf,t = ±εf,s for any odd integers t, s
relatively prime to f such that t ≡ s (mod f).

Corollary 5. BK ∩ EK is (as a subgroup of EK) generated by −1, by ηf for
all f | m, (f, mf ) = 1, such that f is divisible by at least two primes, and by εf,t
for all 1 < f | m, (f, mf ) = 1, 1 < t < f , (t, 2f) = 1.
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Proof. This corollary enumerates all generators of BK mentioned in Lemma 4
that are units. Each prime p dividing m gives just one of the other generators,
namely ηf for f being the maximal power of p dividing m, which is only a unit
outside of p.

Proposition 6. Let K 6= Q be a real abelian field. Then we have DK ⊆ BK ,
CK ⊆ BK ∩ EK , and the inclusion gives the isomorphism of the quotients

(BK ∩ EK)/CK ∼= BK/DK ,

which are 2-elementary groups.

Proof. Since 2 ∈ IK we have DK ⊆ BK . Moreover B2
K = DIK

K ⊆ DK hence
BK/DK is 2-elementary. Since the numbers ηf belong to DK , Lemma 4 and
Corollary 5 give DK · (BK ∩EK) = BK . As DK ∩BK ∩EK = DK ∩EK = CK ,
the proposition follows.

Proposition 7. Let K be a real abelian field of conductor m > 1. Then
DK/B

2
K is a 2-elementary group generated by (the classes containing) −1 and

ηf for all 1 < f | m, (f, mf ) = 1. Moreover, the Galois action on DK/B
2
K is

trivial and we have the following exact sequence

1→ CK/(B
2
K ∩ EK)→ DK/B

2
K → (Z/2Z)g → 1, (3)

where g is the number of primes dividing m.

Proof. The inclusion DK ⊆ BK implies that DK/B
2
K is 2-elementary, and by

the definition of BK we obtain that the Galois action is trivial. The statement
concerning the generators of DK/B

2
K is given by Lemma 2.

Since B2
K ∩CK = B2

K ∩DK ∩EK = B2
K ∩EK , the left-hand-side mapping in

the sequence (3) is injective. A reasoning similar to the one used in the proof of
Corollary 5 gives that the sequence, where the right-hand-side mapping is given
by the p-adic valuations at all primes p | m, is exact.

Corollary 8. The 2-rank of DK/B
2
K satisfies

1 + g ≤ dimF2
DK/B

2
K ≤ 2g.

Proof. The upper bound follows from the number of generators in Proposi-
tion 7, the lower bound from the exact sequence (3) and the fact that −1 ∈ CK
but −1 /∈ B2

K .

Corollary 9. The index of the group of circular units CK in BK ∩EK satisfies

[(BK ∩ EK) : CK ] = 2[K:Q]+g · [DK : B2
K ]−1.

Proof. We have CK = DK ∩ EK ⊆ BK ∩ EK ⊆ EK , and rankZ CK =
rankZEK = [K : Q]− 1, hence −1 ∈ BK and −1 /∈ B2

K yields

dimF2
(BK ∩ EK)/(B2

K ∩ EK) = 1 + rankZEK = [K : Q].
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Therefore

[(BK ∩ EK) : CK ] · [CK : (B2
K ∩ EK)] = [(BK ∩ EK) : (B2

K ∩ EK)] = 2[K:Q].

The exact sequence (3) gives the result.

The following proposition recalls the well-known behaviour of groups DK in
field extensions and shows that our groups BK behave equally well.

Proposition 10. Let K ⊆ L be abelian fields of conductors m, m′, respectively,
and let R be the subgroup of Q× generated by all primes p | m′, p - m. Then

DK ⊆ DL, NL/K(DL) ⊆ DK ·R.

Moreover, if K and L are real then

BK ⊆ BL, NL/K(BL) ⊆ BK ·R.

Proof. Let 1 < f | m′, f 6≡ 2 (mod 4). Denoting M = (Q(ζf ) ∩ L)K we have
the following diagram of fields:

L

Q(ζf ) M

Q(ζ(m,f)) Q(ζf ) ∩ L K

Q(ζf ) ∩K

and so

NL/K

(
NQ(ζf )/Q(ζf )∩L(1− ζf )

)
= NQ(ζf )/Q(ζf )∩K(1− ζf )[L:M ].

If (m, f) = 1 then Q(ζf ) ∩K = Q and this norm belongs to R. Let us suppose
(m, f) > 1. Since Q(ζf ) ∩K = Q(ζf ) ∩Q(ζm) ∩K = Q(ζ(m,f)) ∩K, the norm
above is equal to

NQ(ζ(m,f))/Q(ζ(m,f))∩K(1− ζ(m,f))[L:M ]
∏

p(1−Frob
−1
p ) ∈ DK

where the product is taken over all primes p | f , p - m, and Frobp means the
Frobenius automorphism of p. Hence

NL/K(DL) ⊆ DK ·R and NL/K(DIL
L ) = NL/K(DL)IK ⊆ DIK

K ·R
2 (4)

as RIK = R2. If f | m then

NQ(ζf )/Q(ζf )∩K(1− ζf ) = NQ(ζf )∩L/Q(ζf )∩K
(
NQ(ζf )/Q(ζf )∩L(1− ζf )

)
∈ DL

so DK ⊆ DL and DIK
K ⊆ DIL

L . If K and L are real then taking square roots in
the last relation together with (4) gives the result concerning BK , BL.
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2. Another characterization of the group BK

It is well-known that the Stark units of a real abelian field are given by
circular numbers (see the fundamental book [8] of J. Tate, pages 79–80). To
be more precise, let us fix a real abelian field K of conductor m > 1. The
S, T -Stark unit ηK/Q,S,T,1,(∞K) of K/Q, which appears in the rank 1 case of the
Rubin-Stark conjecture for a real abelian field K, can be described as follows.
If the set S is minimal, i.e. if it consists only of the archimedean place ∞Q and
of all primes ramified in K/Q, and T = {t} for an odd unramified prime t then
it is given by

ηK/Q,S,T,1,(∞K) = NQ(ζm)+/K

(
(1− ζm)1−tFrob

−1
t
)
,

see [2], pages 102 and 113. Of course, it belongs to the group DQ(ζm) of circular
numbers of Q(ζm). But one can ask whether it also belongs to the group DK

of circular numbers of K. The answer “not always” is given by the following
proposition which describes the group BK defined in the previous section in
terms of these Stark units of subfields of K, since Proposition 6 and Corollaries 9
and 8 give

[BK : DK ] ≥ 2[K:Q]+g−2g .

Recall that G denotes the Galois group of K/Q.

Proposition 11. BK is equal to the G-module generated by −1 and by

NQ(ζf )+/Q(ζf )+∩K
(
(1− ζf )1−tFrob

−1
t
)

= NQ(ζf )+/Q(ζf )+∩K

(
1−ζtf

(1−ζf )t

)Frob−1
t

for all 1 < f | m, (f, mf ) = 1, and all odd primes t - f .

Proof. Let B′K be the G-module generated by the mentioned generators. To
show that B′K = BK let us fix f > 1, f | m, (f, mf ) = 1. For any odd integer

t relatively prime to f let σt denotes the automorphism of Q(ζf ) sending each
root of unity to its t-th power. For any positive integers s, t which are relatively
prime to 2f we have

1−ζstf

(1−ζf )st =
(

1−ζsf
(1−ζf )s

)σt
(

1−ζtf
(1−ζf )t

)s
and so decomposing any positive integer t relatively prime to 2f into a product
of primes we obtain

NQ(ζf )+/Q(ζf )+∩K

(
1−ζtf

(1−ζf )t

)
∈ B′K .

Since
1−ζ2f−1

f

(1−ζf )2f−1 ·
(

1−ζ2f+1
f

(1−ζf )2f+1

)−1
= (1− ζf )(1− ζ−1f )

we have

ηf = NQ(ζf )/Q(ζf )∩K(1− ζf ) = NQ(ζf )+/Q(ζf )+∩K

(
(1− ζf )(1− ζ−1f )

)
∈ B′K .
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Moreover

1−ζtf
1−ζf ζ

(1−t)/2
f =

1−ζtf
(1−ζf )t ·

(
−(1− ζf )(1− ζ−1f )

)(t−1)/2
and so

εf,t = ±NQ(ζf )+/Q(ζf )+∩K

(
1−ζtf

(1−ζf )t

)
· η(t−1)/2f ∈ B′K .

Lemma 4 gives BK = B′K .

3. Behavior of the unit groups in Zp-extensions

Let K be a real abelian field and p be a prime. Let

K = K0 ⊂ K1 ⊂ K2 ⊂ · · · ⊂ K∞ =

∞⋃
n=0

Kn

be the cyclotomic Zp-extension of K. Then all fields Kn are real abelian, so we
can consider the groups BKn

, CKn
, DKn

, and EKn
. To simplify our notation

let us write Bn := BKn
, Cn := CKn

, Dn := DKn
, and En := EKn

. The aim of
this section is to study the behavior of relative indices between these groups in
the tower.

We shall use the following standard terminology (see [9], page 118). Let
q = p if p is odd and q = 4 if p = 2. A Dirichlet character is called a character
of the first kind if its conductor is not divisible by pq, and a character of the
second kind if it is even and both its conductor and its order are powers of
p (including p0). By definition, the trivial character is of both kinds. So the
characters of the second kind are exactly the Dirichlet characters of finite layers
in the Zp-extension of Q. It is well-known that each Dirichlet character can be
uniquely written as a product of a character of the first kind and a character of
the second kind.

Having any real abelian field K ′, we can decompose each Dirichlet character
corresponding to K ′ in the mentioned way. If we choose K to be the real abelian
field whose group of Dirichlet characters consists of the obtained characters of
the first kind, then the Zp-extension K∞ of K is equal to the Zp-extension K ′∞
of K ′. As all our results concern the behavior of groups of units at a sufficiently
large level, we can suppose without loss of generality that all Dirichlet characters
of our fixed real abelian field K are of the first kind.

Proposition 12. There is a positive integer r such that

[Dn : B2
n] = [Dr : B2

r ]

for all n ≥ r.

Proof. Let m be the maximal divisor of the conductor of K that is not divisible
by p. Since each Dirichlet character of our fixed real abelian field K is of the first
kind, we see that the conductor of K is m or mq. Let n be any positive integer.
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The conductor of Kn is mqpn and Proposition 7 describes the generators of
Dn/B

2
n: besides the generator η1,n = −1 we have the generator

ηf,n = NQ(ζf )/Q(ζf )∩Kn
(1− ζf )

for each 1 < f | mqpn, (f,mqpn/f) = 1.
On one hand, if f | m then p - f , so Q(ζf )∩Kn = Q(ζf )∩K, the generator

ηf,n = ηf,1 does not depend on n, and

NKn+1/Kn
(ηf,n+1) = ηpf,n.

On the other hand, if f - m then we have Q(ζpf )∩Kn+1 6= Q(ζf )∩Kn because
the group of Dirichlet characters of the former intersection contains all charac-
ters of second kind of conductor qpn+1 which is not the case for the group of
Dirichlet characters of the latter one. Therefore we have the following diagram
of fields:

Q(ζpf )

p

Kn+1

p

Q(ζf ) Q(ζpf ) ∩Kn+1

p

Kn

Q(ζf ) ∩Kn

and

NKn+1/Kn
(ηpf,n+1) = NKn+1/Kn

(
NQ(ζpf )/Q(ζpf )∩Kn+1

(1− ζpf )
)

= NQ(ζpf )/Q(ζf )∩Kn
(1− ζpf )

= ηf,n

because p | f implies

NQ(ζpf )/Q(ζf )(1− ζpf ) = 1− ζf .

For any positive integer n, the conductors of Kn+1 and Kn are divisible by
the same primes and so by Propositions 10 and 7 the norm induces the linear
mapping N̂n : Dn+1/B

2
n+1 → Dn/B

2
n of vector spaces over F2.

At first, let us assume p 6= 2. Then for any f | m, (f,m/f) = 1, we have

N̂n(ηf,n+1) = ηpf,n = ηf,n

in Dn/B
2
n. Therefore N̂n : Dn+1/B

2
n+1 → Dn/B

2
n is surjective and so

[Dn+1 : B2
n+1] ≥ [Dn : B2

n].

Due to Corollary 8 the upper bound of this index is 22
g

, where g is the number
of prime divisors of pm. Hence the sequence of indices [Dn : B2

n] must stabilize.
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Now, let us assume that p = 2. Let D′n be the G-submodule of Dn generated
by all ηf,n with p | f . Then Dn is the sum (not necessarily direct) of its
submodules D1 and D′n. Considering Dn/B

2
n as a vector space over F2, we see

that Dn/B
2
n is the sum (not necessarily direct) of its subspaces Un = D1B

2
n/B

2
n

and Vn = D′nB
2
n/B

2
n. We have seen that N̂n(Un+1) = 0 and N̂n(Vn+1) = Vn.

Hence dimF2
Vn is non-decreasing and bounded from above by 2g, so it must

stabilize. Since Bn ⊆ Bn+1 due to Proposition 10, dimF2
Un is non-increasing, so

it must also stabilize. Let k be the least positive integer such that dimF2
Un =

dimF2 Uk, dimF2 Vn = dimF2 Vk for all n ≥ k. Then N̂n(Vn+1) = Vn gives

Vn+1∩ker N̂n = 0 for any n ≥ k. Since Un+1 ⊆ ker N̂n we have Vn+1∩Un+1 = 0
and so Dn+1/B

2
n+1 is the direct sum Un+1 ⊕ Vn+1, hence [Dn+1 : B2

n+1] =
2dimF2 Uk+dimF2 Vk is independent of n.

Corollary 13. The product

[(Bn ∩ En) : Cn] · 2−[Kn:Q]

is constant for sufficiently large n.

Proof. This follows from Corollary 9 and Proposition 12 since the set of primes
dividing the conductor of Kn for any n ≥ 1 is the set of prime divisors of pm.

Theorem 14. Let K be a real abelian field and p be a prime. Let

K = K0 ⊂ K1 ⊂ K2 ⊂ . . .K∞ =

∞⋃
n=0

Kn

be the cyclotomic Zp-extension of K. Then there is a constant c ∈ Q depending
only on K∞ such that for any sufficiently large n we have

[En : (Bn ∩ En)] = c · hn,

where hn is the class number of Kn.

Proof. Sinnott proved (see [7], Theorem on page 182) that there is c0 ∈ Q,
depending only on K∞ such that

[En : Cn] = c0 · hn · 2[Kn:Q]

for all sufficiently large n. According to Corollary 13 there is c1 ∈ Q such that

[(Bn ∩ En) : Cn] = c1 · 2[Kn:Q]

for all sufficiently large n. Taking the quotient gives the theorem.

Note that in the theorem mentioned above Sinnott also defined

C1,Kn
= {ε ∈ En | ε2 ∈ Cn}

and proved that there is c′ ∈ Q such that

[En : C1,Kn
] = c′ · hn,

for any sufficiently large n. Although Proposition 6 implies that Bn ∩ En ⊆
C1,Kn

, this group C1,Kn
is not given by means of explicit generators while

Corollary 5 describes explicit generators of Bn ∩ En.

10



4. Intractability of [EK : (BK ∩ EK)]

In the previous section we have shown that BK ∩EK has a better behavior
in Zp-extensions than Sinnott’s group of circular units CK . But this cannot be
said about all properties of this group. For instance, it seems to be more difficult
to find the index [EK : (BK ∩ EK)] than [EK : CK ]. Let us restrict ourselves
only to the case K = Q(ζm)+, 1 < m 6≡ 2 (mod 4), and write m =

∏g
i=1 p

ei
i ,

where p1, . . . , pg are different primes dividing m. The index of the group of
circular units is computed in [7], Theorem 4.1 and for our K the result is:

[EK : CK ] = hK · 2[K:Q]−1 ·
∏g
i=1[Kpi : Q]

[K : Q]
· (R : U),

where hK is the class number of K and Kpi = Q(ζpeii
)+. It is easy to compute∏g

i=1[Kpi : Q]

[K : Q]
= 21−g,

so
[EK : CK ] = hK · 2[K:Q]−g · (R : U),

and [7], Theorem 5.4 gives

(R : U) =

{
1 if g = 1,

22
g−2−1 otherwise.

Therefore, for maximal real subfields of cyclotomic fields, the index [EK : CK ]
is determined by the class number, the absolute degree, and the number of
ramified primes.

We can show that this is not the case for the index [EK : (BK ∩EK)], which
seems to be of more delicate matter. We were able to do it only for g ≤ 3.
Denoting x = dimF2

DK/B
2
K , Corollaries 9 and 8 give

[(BK ∩ EK) : CK ] = 2[K:Q]+g−x

and 1 + g ≤ x ≤ 2g. In the case g = 1 this gives x = 2. Using the basis of the
group of circular units of a cyclotomic field described in [3] we have obtained
the following results which we only mention here without proof. If m = p1p2 is
a product of two different odd primes then x = 4. If m = p1p2p3 is a product of
three different odd primes then we need to distinguish the following four cases

• p1 ≡ p2 ≡ p3 ≡ 1 (mod 4): always x = 8;

• p1 ≡ p2 ≡ −p3 ≡ 1 (mod 4): if
(
p2
p1

)
= 1 then x = 8 else x = 7;

• p1 ≡ −p2 ≡ −p3 ≡ 1 (mod 4): if
(
p2
p1

)
=
(
p3
p1

)
= 1 then x = 8 else x = 7;

• p1 ≡ p2 ≡ p3 ≡ 3 (mod 4): always x = 7.

This example shows that to determine the exact power of 2 dividing the index
[EK : (BK ∩ EK)] for the maximal real subfield of a cyclotomic field one needs
to know more than only the class number, the absolute degree and the number
of ramified primes.
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