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Radan Kučera
Lístek s poznámkou
Introduction shrnuje historii včetně motivací, je to zajímavé čtení pro toho, kdo už je alespoň trochu obeznámen s tématem (užívají se totiž nedefinované pojmy), což jsou alespoň zpočátku Introduction všichni. Proto první hodinu začnu procházet Introduction s tím, že zbytek si mají pro informaci pročíst sami tak daleko, dokud tomu budou rozumět, a dál to mohou přeskočit. 
A úkol na druhou hodinu by měl být pročíst doplněk A první kapitoly (str. 52, tento doplněk se týká Galoisovy teorie nekonečných rozšíření a usměrněných systémů, mohu je odkázat na svůl text nebo na kapitolu 7 v FT), možná také část 1 první kapitoly (Statements of the Main Theorems). K tomu se budou hodit znalosti některých věcí z kapitoly 7 z ANT.    
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Notation.

We use the standard (Bourbaki) notation:

N = {0,1,2,...},

Z = ring of integers,

Q@ = field of rational numbers,

R = field of real numbers,

C field of complex numbers,

F, = Z/pZ = field with p elements, p a prime number.

For integers m and n, m|n means that m divides n, i.e., n € mZ. Throughout the notes, p
is a prime number, i.e., p = 2,3,5,....

Given an equivalence relation, [*] denotes the equivalence class containing *. The
empty set is denoted by @. The cardinality of a set S is denoted by |S| (so |S] is the number
of elements in S when S is finite). Let / and A be sets; a family of elements of A indexed
by I, denoted (a;);eg, is a function i — a;: I — A.

X CY Xisasubsetof Y (not necessarily proper);

X =Y X isdefined tobe Y, or equals Y by definition;
X ~Y X isisomorphicto Y;
X ~Y X andY are canonically isomorphic (or there is a given or unique isomorphism);
— denotes an injective map;
—» denotes a surjective map.
It is standard to use Gothic (fraktur) letters for ideals:
a b cmmnpgqgAB MNP Q
a b c mnpgqg A B C M N P Q
Prerequisites

The algebra usually covered in first-year graduate courses and a course in algebraic number
theory, for example, my course notes listed below.
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DRAMATIS PERSONAE

FERMAT (1601-1665). Stated his last “theorem”, and proved it for m = 4. He also posed
the problem of finding integer solutions to the equation,

X2 - AY?*=1, AeZ, (D)

which is essentially the problem' of finding the units in Z[+/A]. Brouncker found an algo-
rithm for solving the problem, but neglected to prove that the algorithm always works.

EULER (1707-1783). He introduced analysis into the study of the prime numbers, and he
discovered an early version of the quadratic reciprocity law.”

LAGRANGE (1736-1813). He proved that the algorithm for solving (1) always leads to a
solution, and he proved that every positive integer is a sum of four squares.

LEGENDRE (1752-1833). He introduced the “Legendre symbol” (%), and he found the
complete form of the quadratic reciprocity law,

(3) (i) = (=P~ DE=D/4 5 4 odd primes.
q)\p

He proved a result that implies the following local-global principle for quadratic forms in
three variables over Q: such a form Q(X, Y, Z) has a nontrivial zero in Q if and only if it
has one in R and the congruence Q = 0 mod p” has a nontrivial solution for all p and n.

GAUSS (1777-1855). He found the first complete proofs of the quadratic reciprocity law.
He studied the Gaussian integers Z[i] in order to find a quartic reciprocity law. He studied
the classification of binary quadratic forms over Z, which is closely related to the problem
of finding the class numbers of quadratic fields.

DIRICHLET (1805-1859). He introduced L-series, and used them to prove an analytic for-
mula for the class number and a density theorem for the primes in an arithmetic progression.
He proved the following “unit theorem”: let o be a root of a monic irreducible polynomial
f(X) with integer coefficients; suppose that f(X) has r real roots and 2s complex roots;
then Z[w«]* is a finitely generated group of rank r + s — 1.

KUMMER (1810-1893). He made a deep study of the arithmetic of cyclotomic fields, mo-
tivated by a search for higher reciprocity laws, and showed that unique factorization could
be recovered by the introduction of “ideal numbers”. He proved that Fermat’s last theorem
holds for regular primes.

HERMITE (1822-1901). He made important contributions to quadratic forms, and he showed
that the roots of a polynomial of degree 5 can be expressed in terms of elliptic functions.
EISENSTEIN (1823-1852). He published the first complete proofs for the cubic and quartic
reciprocity laws.

KRONECKER (1823-1891). He developed an alternative to Dedekind’s ideals. He also had

one of the most beautiful ideas in mathematics for generating abelian extensions of number
fields (the Kronecker liebster Jugendtraum).

IThe Indian mathematician Bhaskara (12th century) knew general rules for finding solutions to the equa-
tion.

2Euler discovered [the quadratic reciprocity law] and, apparently, it is possible to construct a proof of the
theorem using different fragments that can be found in Euler’s Opera omnia or his Nachless. It was Gauss who
gave the first complete proof. ... (Michael Berg, MR2131680).

viii



RIEMANN (1826-1866). Studied the Riemann zeta function, and made the Riemann hy-
pothesis.

DEDEKIND (1831-1916). He laid the modern foundations of algebraic number theory by
finding the correct definition of the ring of integers in a number field, by proving that ideals
factor uniquely into products of prime ideals in such rings, and by showing that, modulo
principal ideals, they fall into finitely many classes. Defined the zeta function of a number
field.

WEBER (1842-1913). He found the correct generalization of “class group” to allow for
ramification. Made important progress in class field theory and the Kronecker Jugendtraum.
HENSEL (1861-1941). He gave the first definition of the field of p-adic numbers (as the set
of infinite sums Y o0, an p", an € {0,1,..., p —1}) in the 1890s.?

HILBERT (1862-1943). He wrote a very influential book on algebraic number theory in
1897, which gave the first systematic account of the theory. Some of his famous problems
were on number theory, and have also been influential.

TAKAGI (1875-1960). He proved the fundamental theorems of abelian class field theory,
as conjectured by Weber and Hilbert.

NOETHER (1882-1935). Together with Artin, she laid the foundations of modern algebra
in which axioms and conceptual arguments are emphasized, and she contributed to the
classification of central simple algebras over number fields.

HECKE (1887-1947). Introduced Hecke L-series generalizing both Dirichlet’s L-series and
Dedekind’s zeta functions.

ARTIN (1898-1962). He found the “Artin reciprocity law”, which is the main theorem of
class field theory (improvement of Takagi’s results). Introduced the Artin L-series.

HASSE (1898-1979). He gave the first proof of local class field theory, proved the Hasse
(local-global) principle for all quadratic forms over number fields, and contributed to the
classification of central simple algebras over number fields.

BRAUER (1901-1977). Defined the Brauer group, and contributed to the classification of
central simple algebras over number fields.

WEIL (1906-1998). Showed how to interpret Hecke characters in terms of ideles. Defined
the Weil group, which enabled him to give a common generalization of Artin L-series and
Hecke L-series.

CHEVALLEY (1909-84). The main statements of class field theory are purely algebraic,
but all the earlier proofs used analysis; Chevalley gave a purely algebraic proof. With his
introduction of ideles he was able to give a natural formulation of class field theory for
infinite abelian extensions.

IwASAWA (1917-1998). He introduced an important new approach into algebraic number
theory which was suggested by the theory of curves over finite fields.

TATE (1925-2019 ). He proved new results in group cohomology, which allowed him to
give an elegant reformulation of class field theory. With Lubin he found an explicit way of
generating abelian extensions of local fields.

LANGLANDS (1936—). The Langlands program® is a vast series of conjectures that, among
other things, contains a nonabelian class field theory.

3The theory of valuations was founded by the Hungarian mathematician Kiirschdk in 1912.
4Not to be confused with its geometric analogue, sometimes referred to as the geometric Langlands pro-
gram, which appears to lack arithmetic and analytic significance.
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Introduction

L’objet de la théorie du corps de classes est de
montrer comment les extensions abéliennes d’un
corps de nombres algébriques K peuvent étre
déterminées par des éléments tirés de la connais-
sance de K lui-méme; ou, si I’on veut présenter
les choses en termes dialectiques, comment un
corps posséde en soi les éléments de son propre
dépassement.

Chevalley 1940.

The goal of class field theory is to describe the Galois extensions of a local or global
field in terms of the arithmetic of the field itself. For abelian extensions, the theory was
developed between roughly 1850 and 1930 by Kronecker, Weber, Hilbert, Takagi, Artin,
Hasse, and others. For nonabelian extensions, the first indication of the shape the theory
should take is in a letter from Langlands to Weil in 1967. In recent years there has been
much progress in the nonabelian local and function field cases, but less in the number field
case. Beginning about 1980, abelian class field theory has been succesfully extended to
higher dimensional fields.

Apart from a few remarks about the more general cases, these notes will concentrate on
the case of abelian extensions of local and number fields, which is the basic case.

In the remainder of the introduction, I give a brief historical outline of abelian class
field theory. Throughout, by an extension L of a number field K, I mean an extension field
contained in some fixed algebraically closed field containing K. For example, if K is a
number field contained in C, then we can consider the extensions of K contained in C.

Classification of extensions by the prime ideals that split

Recall (ANT, 3.34) that a prime ideal p of Ok factors (decomposes) in an extension L of
K as
pOL = BBy, )

where 1, ...,B, are the prime ideals of O such that P; N O = pand ¢; > 1.
Moreover,

n:elf1+"'+€gfg’ 3)

where n is the degree of L over K and f; is the degree of the residue field extension
OL/Bi D Ok/p. When ¢; > 1 for some i, the prime p is said to ramify in L, and when

5The object of class field theory is to show how the abelian extensions of an algebraic number field K can
be determined by elements drawn from a knowledge of K itself; or, if one prefers to present things in dialectical
terms, how a field contains within itself the elements of its own transcending.



2 Introduction

all ¢; > 1, it is said to be totally ramified in L. When ¢; = 1 = f; for all i, so that p =
PB1 -+ -Py, the prime p is said to split in L (or, for emphasis, split completely). Choose a
primitive element « for L/ K with @ € Op. Then

L = K[o] ~ K[X]/(f(X)), (f monic irreducible),

and the primes that ramify divide the discriminant of f (so there can only be finitely many
of them).® Moreover, a prime ideal not dividing the discriminant of f splits in L if and only
if f splits completely modulo p. For example, if (p) ramifies in Q[/m] ~ Q[X]/(X%—m),
then p divides 4m, and a prime ideal (p) not dividing 4m splits in Q[+/m] if and only if m
becomes a square modulo p.

When L/K is Galois, e; = e; = --- = eand f1 = f, = --- = f, and so these
equations simplify to

pOL = (P1---Pg)°. n=efg. “)

Let Spl(L/K) denote the set of prime ideals of Ok splitting in L. Towards the end of
the nineteenth century, Frobenius used analytic methods to prove the following statement.

THEOREM 0.1 (FROBENIUS) When L/K is Galois, the set Spl(L/K) has density 1/[L: K]
in the set of all prime ideals in Ok .

From this it follows that the set Spl(L/K) determines L: if the same primes split in L
and L’, then it follows that

Spl(L/K) = Spl(LL'/K) = Spl(L'/K)
(ANT, proof of 8.38), and so
[L:K]=[LL" K] =[L"K].

Thus the Galois extensions of K are classified by the sets Spl(L/K). Two fundamental
problems remain.

0.2 Determine the sets Spl(L/K) as L runs over the finite Galois extensions of K.
0.3 Describe the extension L/ K in terms of the set Spl(L/K).

We shall see that 0.2 has a precise answer when L runs over the abelian extensions
of K. In this case, the sets Spl(L/K) are characterized by certain congruence conditions.
However, for nonabelian Galois extensions, the sets are not characterized by congruence
conditions, and the best one can hope for is some analytic description.

Regarding 0.3, note that the density of Spl(L/K) determines the degree of L/K. We
would like to be able to determine the full Galois group of L/K. Moreover, we would
like to determine how each prime of K decomposes in L. For example, we would like
to determine the set of prime ideals that ramify in L, and for those that don’t ramify we

5We have
dise(f) = dise(Og[a]/Ok) = (Or: Oklal)? - disc(Or,/Ok)

(see ANT, 2.25). Therefore, if a prime ramifies in L, then it divides disc( f'), but there may be primes dividing
disc(f) that are not ramified in L. For example, let L be the the quadratic field generated by a square root of
m. If m is congruent to 1 mod 4, then 2 divides the discriminant of f but is not ramified in L.



Introduction 3

would like to determine the residue class degree f(p) of the primes dividing p. For abelian
extensions, from the description of Spl(L/K) given by 0.2, we shall be able to do this.

Before continuing I make one observation: in the above discussion, we may ignore a
finite number of primes of K. For example, if S is a fixed finite set of prime ideals of O,
then, in the above discussion, we may replace Spl(L/K) with the set Splg(L/K) of prime
ideals not in S that splitin L.

NOTES For a Galois extension L/ K of number fields, Frobenius attached a conjugacy class (p, L/ K)
of elements in G = Gal(L/K) to each prime ideal p of K unramified in L, and he conjectured that
the density of the primes giving a fixed conjugacy class C is |C|/|G|. By construction, the elements
in (p, L/K) have order f(p) in G, and so this statement applied to the trivial conjugacy class gives
Theorem 0.1. Frobenius was able to prove only a weaker statement than his conjecture (sufficient for
0.1), in which certain conjugacy classes are grouped together’, and the full conjecture was proved
by Chebotarev only in 1926.

Quadratic extensions of Q

For quadratic extensions of (Q, the answer to 0.2 is provided by the quadratic reciprocity

law. For example, let p be an odd prime number, and let p* = (—1)[777l p, so that p* =1
mod 4. Then Q[+/p*]/Q is ramified only at p. A prime number g # p splits in Q[+/p*]
if and only if p* is a square modulo ¢, i.e., (%*) = 1. But if ¢ is odd, then the quadratic

reciprocity law says that (%*) = (%), and so ¢ splits in Q[/p*] if and only if g is a
square modulo p. Let H C (Z/ pZ)™ be the set of squares. Then Spl(Q+/p*]/Q) consists
of the primes ¢ such ¢ mod p lies in H. Recall that (Z/ pZ)> is cyclic of even order p — 1,
and so H is the unique subgroup of (Z/pZ)* of index 2. Thus

(Z/pZ)*/H ~ Gal(Q[y/p*]/Q).

More generally, let S be a finite set of prime numbers. Let m be a positive integer
divisible only by primes in S and assume that m is either odd or divisible by 4. For a
subgroup H of (Z/mZ)* of index 2, let

p(H) ={(p) | p aprime number, p ¢ S, p mod m lies in H }.

Then the sets Splg(L/Q) for L running over the quadratic extensions of Q unramified
outside S are exactly the sets p(H ) (for varying m). In particular, we see that each such set
Splg (L /Q) is determined by a congruence condition modulo m for some m.

NOTES In elementary number theory courses, the quadratic reciprocity often appears as a curiosity,
no more profound than many other curiosities. In fact, as the above discussion illustrates, it should be
considered the first result in class field theory, which helps explain why Euler, Lagrange, Legendre,
and Gauss devoted so much attention to it.

Unramified abelian extensions

Let I be the group of fractional ideals of K, i.e., the free abelian group generated by the
prime ideals of Ok, and let i: K* — I be the map sending @ € K* to the principal ideal

TFrobenius, G., 1896, Die Beziehungen Zwischen den Primidealen eines Algebraischen Korpers und den
Substitutionen einer Gruppe, Berlin Akad.-Ber.. For a statement of Frobenius’s theorem, see Exercise A-10,
p- 268.


Radan Kučera
Zvýraznění
q má být asi liché prvočíslo, pro 2 je třeba, aby p^* byla druhá mocnina modulo 8, tedy kongruentní s 1 modulo 8.


4 Introduction

(a). The class group C of K is I /i(K™). To give a subgroup H of C is the same as giving
a subgroup H of I containing i (K>).

By a “prime” of K, I mean an equivalence class of nontrivial valuations on K.® Thus
there is exactly one prime for each nonzero prime ideal in O, for each embedding K — R,
and for each conjugate pair of nonreal embeddings K < C. The corresponding primes are
called finite, real, and complex respectively. An element of K is said to be positive at the
real prime corresponding to an embedding K < R if it maps to a positive element of R.
A real prime of K is said to split in an extension L /K if every prime lying over it is real;
otherwise it is said to ramify in L. For example, Q[+~/—5] is ramified over Q exactly at the
primes (2), (5), and co.

We say that a finite extension L /K is unramified if it is unramified at all the primes of
K. This means that each prime ideal in Ok is unramified in L and each real prime of K
remains real (i.e., every real embedding of K extends to a real embedding of L).

Let H be a subgroup of the class group C of K. A finite unramified abelian extension
L of K is said to be a class field for H if the primes ideals of O g splitting in L are exactly
those in H. The next theorem provides an answer to both 0.2 and 0.3 for the unramified
abelian extensions of K.

THEOREM 0.4 (FURTWANGLER 1907) A class field exists for each subgroup of C; it is
unique, and every finite unramified abelian extension of K arises as the class field of some
subgroup of C. If L is the class field of H, then Gal(L/K) ~ C/H, and for every prime
ideal p of K, f(p) is the order of the image of p in the group C/H .

The subgroup H of C corresponding to a finite unramified abelian extension L of K is
that generated by the primes that split in L. The uniqueness of the class field follows from
O.1).

The class field of the trivial subgroup of C is called the Hilbert class field of K. It is
the largest abelian extension L of K unramified at all primes of K (including the infinite
primes). The prime ideals that split in it are exactly the principal ones, and Gal(L/K) =~ C.
For example, the class number of K = Q[+/—5] is 2, and its Hilbert class field is K[v/—1]
(ANT, 4.11).

NOTES Theorem 0.4 was conjectured by Hilbert in 1897, and proved by his student Furtwéngler in
1907.

Ramified abelian extensions

To generalize Theorem 0.4 to ramified extensions, we need to generalize our notion of an
ideal class group. To see how to do this, we should look first at the abelian extensions we
do understand, namely, the cyclotomic extensions of Q. Let m be a positive integer that is
either odd or divisible by 4, and let {,, be a primitive mth root of 1. Recall (ANT, Chapter
6) that Q[y,] is an extension of Q whose Galois group is (Z/mZ)* with [n] acting as
{m > . Moreover, with our condition on m, the primes ramifying in Q[{,,] are exactly
the ideals (p) such that p|m and co. How can we realize (Z/mZ)™ as an ideal class group?
We can try mapping an ideal (p) to the class of [p] in (Z/mZ)>, but this is only possible
if (p,m) = 1. Thus, let S be the set of prime ideals (p) such that p|m, and let IS be the
group of fractional ideals of Q generated by the prime ideals not in S. Each element of 15
can be represented as (%) with r and s positive integers relatively prime to 7, and we map

8«place” is more common than “prime”. Sometime I'll switch. “spot” is also used.


Radan Kučera
Zvýraznění
every real embedding of K satisfies that each its extension to L remains real 

Radan Kučera
Zvýraznění
m>1 (\infty should ramify)
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(5) to [r][s]~Y in (Z/mZ)*. This gives us a surjective homomorphism 15 — (Z/mZ)>
whose kernel we now describe. Let m = ] p°"d» (m) 5o that

7] mZ ~ 1_[ 7,/ p°* 2™ (Chinese remainder theorem)
plm

@/m2)* =[] (Z/ pordﬂ<m>)

plm

X

Anideal () with (r,m) = 1 = (s,m) maps to 1 if and only if » and s have the same sign
X
and r and s map to the same element in (Z / pord"(’”)) for all p dividing m. Note that the

condition at oo is that £ > 0 and the condition at p is that ord, (5 — 1) > ord, (m).

To generalize this, define a modulus of a number field K to be the (formal) product
m = myMe of an integral ideal mg of O g with the product me, of certain of the real
primes of K. Let S(m) be the set of primes dividing m, and define 75™ to be the group
of fractional ideals generated the prime ideals of Ok not in S(m). The ray class group
Cy with modulus m is defined to be the quotient of 75(™ by the subgroup of ideals in
15 generated by an element a such that @ > 0 at all real primes dividing meo and
ordy(a — 1) > ordy(mp) for all prime ideals p dividing mq (here ord,(my) is the exponent
of p in myp).

For example, if m = 1, then C;, = C, the usual class group. If m is the product of
the real primes of K (so mg = 1), then C, is the quotient of I by the principal ideals
generated by totally positive” elements of K, which is the narrow-class'’ group. If K = Q
and m = (m)oo, then Cy, >~ (Z/m7Z)*, as in the first paragraph.

Let H be a subgroup of Cy, for some modulus m, and let H be its inverse image in
150 An abelian extension L of K, unramified at the primes dividing m, is said to be a
class field for H if the prime ideals of O g not dividing mg that split in L are exactly those
in H. The following theorem extends Theorem 0.4 to all abelian extensions of K.

THEOREM 0.5 (TAKAGI) A class field exists for each subgroup of a ray class group Cy,; it
is unique, and every finite abelian extension of K arises as the class field of some subgroup
of a ray class group. If L is the class field of H C Cy, then Gal(L/K) ~ Cy/H and
the prime ideals p of K not dividing m are unramified in L with residue class degree f(p)
equal to the order of the image of p in the group Cy,/H .

For any finite set S of primes of K, Theorem 0.5 completely solves the problem of
determining the sets Splg (L / K) for abelian Galois extensions L/ K ramified only at primes
in S.

The theorem can be made more precise. Let m and m’ be moduli for K. If m’|m, then
the inclusion 75 < 1S™) defines a surjective homomorphism Cy, - Cyy; if H C Cpy
is the inverse image of a subgroup H’ of C,y, then every class field for H’ will also be a
class field for H. If L is a class field for H C Cy, and H does not arise in this way from
a modulus properly dividing m, then S(m) consists exactly of the prime ideals ramifying in
L. This smallest possible modulus is called the conductor of L /K.

9 An element a of K is totally positive if o (a) > 0 for every real embedding o: K — R of K. For example,
—5 is totally positive in Q[7] but not in Q. This seems odd, but the definition is standard according to the books
on my bookshelf. It would be better to say that the element “is positive at all real primes” except when the field
is totally real.

10The hyphen indicates that it is the classes that are narrow, not the group.
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Let L be an abelian extension of K. Then, for every sufficiently large modulus m
divisible only by the primes ramifying in L, L is the class field for the subgroup H of C,
generated by the classes of primes splitting in L.

For K = Q, the theorem follows from the results proved in ANT, Chapter 6, except for
the assertion that every abelian extension of Q arises as a class field, which is essentially
the Kronecker-Weber theorem: every abelian extension of (Q is contained in a cyclotomic
extension.

EXAMPLE 0.6 The field Q[+/6] has class number 1, and so equals its Hilbert class field.
However, its narrow-class group has order 2, and indeed Q[+/6] does possess a quadratic
extension, namely, Q[v/—2, v/—3], that is unramified over Q[+/6] at all finite primes (but is
ramified at both infinite primes).

When Takagi proved Theorem 0.5, he showed only that the groups C,,,/H and Gal(L/K)
are isomorphic — he didn’t construct a specific isomorphism. There is an obvious map
15 5 Gal(L/K), namely, that send a prime ideal p in S(m) to the corresponding
Frobenius element in Gal(L/K). The theorem of Frobenius shows that this is surjective,
and the problem is to show that it factors through Cy, for some m, i.e., that the map admits
a modulus. Artin conjectured this is 1923, and succeeded in proving it in 1927 (see below).

EXAMPLE 0.7 Letd = pj --- p/, where the p; are distinct odd primes and p; = (—l)pT_lp,-,
as before. The field K = Q[+/d] is ramified exactly at the prime ideals (p1).,. ... (p:).
Consider K [,/p}]. It contains Q[\/pik “+ pj_yPjyq -+ P ), which is unramified over (p;),
and so (p;) cannot be totally ramified in K [\/p_l-* ]. As p; ramifies in K/Q, it follows that
the prime above (p;) in K does not ramify in K [\/p—l* ]. No other prime ramifies, and so

K [\/p_l* ] is unramified over K. From Kummer theory (FT 5.29), we find that

def
L=K[\/pi \p3.- s\ Pi]

has degree 2/~! over K, and Gal(L/K) ~ (Z/2Z)'~!. Let C, be the narrow class group
of K. The above construction shows that (Ceo: Cgo) > 2!=1 In fact, with only a little more
effort, one can prove the following statement:

Let K be a quadratic extension of QQ in which ¢ finite primes ramify. Then

(Coo: CZ) = 2'"1 (Koch 1992, Theorem 2.114).
This result was known to Gauss (by different methods, and in a different language). In
particular, we see that by using class field theory, it is easy to construct quadratic extensions
of Q such that (C: C?) is very large. By contrast, as of 1991, no quadratic field was known
with (C: C3) > 3°. All methods of constructing elements of order 3 in the class groups of
quadratic number fields seem to involve elliptic curves.

NOTES The ray class groups Cy, were introduced by Weber in 1897. Theorem 0.5 was conjectured
by Hilbert and Weber, and proved by Takagi in a series of papers published between 1915 and 1922
— see especially his talk!! at the 1920 International Congress, where he states his results almost
exactly as we have.

1T Available in his collected works.
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Density theorems

Let m be an integer > 2. Let a be an integer prime to m, and consider the sequence
..,a—m,a,a+m,a+2m,a+3m, ....,a+km,.... (®)]

This sequence depends only on a mod m, and so there are ¢(m) o [(Z/mZ)*| distinct
sequences. Dirichlet showed that the prime numbers are equidistributed among these se-
quences, i.e., the set of prime numbers in each sequence has density 1/¢(m) in the set of
all prime numbers.

We want to interpret this in terms of Galois groups. Let L/ K be a finite extension of
number fields with Galois group G. Recall (ANT, Chapter 8) that for every prime ideal 13
in Oy, there exists a Frobenius element o of G such that

o o =, and
o foralla € Op, ca = a? mod B, where ¢ is the number of elements in the residue
class field Og /p, p =P N Ok.

When ‘P is unramified over p, the element ¢ is uniquely determined by these conditions —
it is then denoted (B, L/ K). If P’ second prime ideal of Oy, dividing p, then P’ = *B for
some T € G, and

(B, L/K) = (tB,L/K) = t(B,L/K)r L.

Therefore, for every prime ideal p of K unramified in L,

{(B.L/K) BN Ok =p}

is a full conjugacy class in G — we denote it by (p, L/K). When G is commutative,
the conjugacy classes consist of a single element, and so (p, L/K) can be regarded as an
element of G.

Now consider Q[{,]/Q, where m is either an odd integer > 1 or a positive integer
divisible by 4. Recall that Gal(Q[{,]/Q) =~ (Z/mZ)* with [n] acting as ¢ + ™. A prime
(p) not dividing m is unramified in Q[{y,], and (p, Q[¢m]/Q) = [p] (as one would expect).
Now let t = [a] € Gal(Q[¢m]/Q). Then (p, Q[¢m]/Q) = t if and only if p lies in the
sequence (5), and so Dirichlet’s theorem says that

{r | (p.QUml/Q) =1}

has density 1/¢(m) in the set of all prime numbers. For cyclotomic extensions of Q, this
proves the conjecture of Frobenius (p. 3) .

In order to prove his theorem on primes in arithmetic progressions, Dirichlet introduced
what are now called Dirichlet L-series. Let y: (Z/mZ)* — C* be a character of (Z/mZ)>
(i.e., a homomorphism). Then the Dirichlet L-series attached to y is

1
L(s.p) = [1 =) Yo xmn
(p,m)=1, p prime x\p)p (n,m)=1,n>0

When y is the trivial (principal) character, this becomes the Riemann zeta function except
that finitely many factors are missing. Dedekind extended the notion of a zeta function to
every number field,

1
Ex () :HW = Y Na*, Na=(Og:a),

p aCOxk
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and Weber extended the notion of an L-series to a character y of any ray class group Cy,,

1
L(s, x) = 1_[ s & Z x(@)Na™*.
(pam=0y | T AONET 5

Weber showed that L (s, y) can be analytically continued to a meromorphic function on the
whole complex plane, and is even holomorphic when y is not the trivial character.

The function on whole complex plane is still denoted L (s, y), and is called a Dirichlet
or Weber L-function.

Artin L-functions

Let L /K be a finite Galois extension with Galois group G, and let S be a finite set of finite
prime ideals of O g including those that ramify in L. Let

0:G — GL,(C)

be a representation of G (i.e., a homomorphism of groups). From each prime ideal not in S,
we obtain a conjugacy class (p, L /Q) of Frobenius elements of G, which p maps into a con-
jugacy class @,(p) in GL, (C). The elements of @,(p) are diagonalizable (Maschke’s the-
orem, GT 7.5), and ®;(p) is determined by the common characteristic polynomial det(/ —
@, (p)T) of its elements. Artin defined

1

Lsen =l G =a,raw *<°

This product converges to a holomorphic function in some right half plane in C. Such
functions are called Artin L-functions.
Note that a 1-dimensional representation of G is just a character y: G — C*, and that

1
1— x(p) (Np) =5~

Ls(s, 00 =[]
péS
1

det(I =@, (0)(Np) )
uniquely determined by the holomorphic function L g (s, p). If p is injective, then

An elementary lemma on Dirichlet series implies that the factors are

Spls(L/K) = {p | @y(p) = {13},

and so the function Lg(s, p) determines Splg(L/K). For nonabelian extensions, rather
than studying Splg (L /K) directly, it is more useful to study the Artin L-function Lg (s, p).

NOTES For a historical introduction to L-series, especially Artin L-series, see Noah Snyder, Artin’s
L-functions: A Historical Approach, 2002, here.

The Artin map

Recall that, for a cyclotomic extension Q[¢,] of Q, there is an isomorphism

(Z/mZ)* — Gal(QI¢m]/Q).


http://pages.iu.edu/~nsnyder1/thesismain.pdf
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sending [p] to (p, Q[m]/Q). A character y of Gal(Q[¢n,]/Q) defines by composition a
character y’ of (Z/mZ)*. Since

x'(p) = x ((p.QLLm]/Q)),

we have
Ls(s.x) = Ls(s, x).

Thus, in this case, the Artin L-series Lg(s, y) is a Dirichlet L-series.

Could something similar be true more generally? For example, is the Artin L-series
defined by a one-dimensional representation a Weber L-series? Let L/K be an abelian
extension with Galois group G, and let S be a finite set of primes of K including those that
ramify in L. Let IS be the group of fractional ideals of K generated by the prime ideals
not in S. Then /¥ is the free group, and so the map p — (p, L/K) extends uniquely to a
homomorphism

1% — Gal(L/K), (6)

which is surjective by the Frobenius density theorem 0.1. If there exists a modulus m
with S(m) = S such that this homomorphism factors through Cy,, then a character y of
Gal(L/K) will define a character y’ of Cy,, by composition, and

Ls(s, x) = Ls(s, x').

i.e., the Artin L-series Lg (s, y) will be a Weber L-series.

Artin, of course, conjectured that there does exist such a modulus, but he was unable
to prove it until he had seen Chebotarev’s proof of his density theorem, at which time he
obtained the following more complete theorem. Before stating it, we need some notation.
For a modulus m, let Py, be the kernel of / S(m) _, Ch, so that Py, consists of the principal
ideals defined by elements satisfying certain positivity and congruence conditions depend-
ing on m. For an extension L of K, let S’(m) denote the primes of L lying over the primes
in S(m). There is a norm map Nm: /5’ ™ — S (ANT, p. 68) such that Nm(p) = p”,
where p = P N Ok and f is the residue class degree. Note that

def

(Nm(P). L/K) = (/. L/K) = (0. L/K)T =1,
and so Nm(79 /(‘")) is contained in the kernel of 15 — C,,.

THEOREM 0.8 (ARTIN 1927) Let L be an abelian extension of K, and let S be the set of
primes that ramify in L. Then, for some modulus m with S(m) = S, the homomorphism

p> (p, L/K): IS — Gal(L/K)
factors through Cy, &S / P, and defines an isomorphism
15 /p o Nm(75' ™) - Gal(L/K).
In particular, the prime ideals splitting in L are exactly those in the subgroup
H = Py - Nm(I5' ™)

of IS,
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The homomorphism ¥7 x: Cy — Gal(L/K) in the theorem is called the Artin map
(or reciprocity) map. As Artin noted, the theorem includes all known reciprocity laws (see
Chapter VIII), and should be seen as the correct generalization of these laws to a field K
without roots of 1.

Note that if the Artin map were not surjective, then there would be a proper extension of
K in which every prime of K outside S splits. Analytic methods, specifically, the density
theorem of Frobenius, show that no such extension exists, but it is difficult to prove this
algebraically (see Chapter VII).

Since the Artin L-functions of one-dimensional representations are Weber L-series,
they can be extended to meromorphic functions on the entire complex plane. Artin con-
jectured that every character of a finite group is a Z-linear combination of characters that
are close to being abelian, and showed that this conjecture implies that all Artin L-series
extend to meromorphic functions on the entire complex plane. This was proved by Brauer
in 1946.

Artin conjectured that, if p is a nontrivial irreducible representations, then L(s, p) is
holomorphic on the entire complex plane. He remarked that the proof of this conjecture
will require entirely new methods. The conjecture, now known as the Artin conjecture, is
one of the most important in number theory. After Theorem 1.8, the Artin L-functions of
one-dimensional representations are Weber L-functions, and so the Artin conjecture fol-
lows from Weber’s results. In general, as Langlands explained, the Artin L-functions of
irreducible representations should be cuspidal automorphic L-functions, which are known
to be holomorphic. For two-dimensional representations, the Artin conjecture has mostly
been proved (Artin, Langlands, Tunnell, Taylor....). See Taylor, Richard, Pacific J. Math.
181, 1997, 337-347, and subsequent papers.

For function fields, Weil proved Artin’s conjecture at the same time as he proved the
Riemann hypothesis for curves over finite fields, and he considered it the more important
result.

Local class field theory and infinite extensions

An abelian extension L of K defines an abelian extension LV/K, of the completion K,
of K at a prime v. Conversely, every finite extension of K; comes from an extension of
the same degree of K (ANT, 7.62). Thus, it should not be surprising that the classification
of the abelian extensions of a number field contains within it a classification of the abelian
extensions of a local field. Hasse (1930)'? made this explicit.

THEOREM 0.9 Let K be a finite extension of Q. For every finite abelian extension L of
K, Nm(L*) is a subgroup of finite index in K*, and the map L + Nm(L>) is an order-
reversing bijection from the set of finite abelian extensions of K to the set of subgroups of
K> of finite index.

Thus, by 1930, the abelian extensions of both number fields and local fields had been
classified. However, there were three aspects of the theory that were considered unsatisfac-
tory.

¢ As local fields are simpler than global fields, one expects to prove first a statement
locally and then deduce it globally, not the reverse. At the very least, there should be
a purely local proof of local class field theory.

I2H. Hasse, Die Normenresttheorie relative-Abelscher Zahlkérper als Klassenkorper im Kleinen, J. fiir
Mathematik (Crelle) 162 (1930), 145-154.
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¢ The main statements of class field theory are algebraic, and so they should admit a
purely algebraic proof.

¢ Theorem 0.8 classifies the abelian extensions of a number field K whose conductor
divides a fixed modulus. To include other abelian extensions, one will have to keep
enlarging the conductor. So this raises the question of giving a uniform description
of all abelian extensions simultaneously or, in other words, a class field theory for
infinite abelian extensions.

Chevalley solved all three problems. Let K2P denote the composite of all finite abelian
extensions of K. The full statement of local class field theory is that, for every p-adic
field K, there exists a well-defined homomorphism ¢: KX — Gal(K??/K) (now called
the local Artin map) that induces an isomorphism

K*/Nm(L*) — Gal(L/K)

for every finite abelian extension L of K; moreover, all (open) subgroups of finite index are
norm groups. This suggests that it might be possible to define a global Artin map whose
components are the local Artin maps in the sense that the following diagram commutes for
all primes v of K:

KX —2 5 Gal(K2b/Ky)

| |

IT, KX 2% Gal(k#/K).

One problem with this is that [ [, K is not locally compact. A product of compact groups is
compact, but that the similar statement is false for locally compact groups, and the groups
K are only locally compact. In fact [], K is too big for there exist a ¢. Chevalley
solved this problem by defining the group Ix of ideles of K to be the subgroup of [, Kf
consisting of families (a,) such that a,, € O;; for almost all nonarchimedean primes. When
endowed with the topology for which ]_[v| oo Kot X Ty finie O 18 an open subgroup, Ig
becomes a locally compact group. Embed K™ in I g as the diagonal subgroup.

In the Chevalley approach to class field theory, one first proves local class field theory
directly. Then one defines a global Artin map ¢x:Ig — Gal(K®/K) whose components
are the local Artin maps, and shows that K* is contained in the kernel of ¢ g and that the
homomorphism

Ix/K* — Gal(K*/K)

induced by ¢ is surjective with kernel equal to the identity connected component of the
group I /i(K™). In other words, the homomorphism ¢ fits into a commutative diagram

KX 2 Gal(K2b/K,)

| |

Tx —255 Gal(K™/K)

for all primes v of K, and ¢ induces an isomorphism

def

Ck/C% — Gal(K*/K), Cg =1Ig/K*.
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This statement relates to Theorem 0.9 in the following way: there is a canonical iso-
morphism C /C° ~ lim Cy,, and for every finite abelian extension L of K and sufficiently
-m L
large modulus m, there is a commutative diagram

c 5, Qal(k*/K)

l lﬂ—)r\L

Cn TH5, Gal(L/K).

By 1950 the local Artin map could be characterized locally, or it could be described as
the local component of the global Artin map, but it was not until 1965 that Lubin and Tate
found an explicit local description of it.

NOTES In the number field case, the Artin map C — Gal(K?"/K) is surjective with kernel the
identity component of C. In the function field case, it is injective but not surjective. Weil has
suggested that interpreting the entire idele class group of a number field as a Galois group may be
the key to proving the Riemann hypothesis (see p. 180).

Central simple algebras

A central algebra over a field K is an algebra A whose centre is K and has finite dimension
over K; the algebra is simple if it has no nonzero proper two-sided ideals. For example, the
matrix algebra M, (K) is a central simple algebra over K. The first interesting example of
a central simple algebra, namely, the quaternion algebra over R, was found by Hamilton in
1843. It is spanned by 1,1, j, ij over R, and its multiplication is determined by

i2=-1, j*=-1, ij=—ji.

Let K be a field. In 1906, Dickson showed how to attach a central simple algebra
(L/K,0,a) over K to a cyclic extension'®> L/K of K, a generator o for Gal(L/K), and
a nonzero element a of K. As an L-vector space, the algebra is spanned by elements
l,a,...,a" ! where n = [L: K], and its multiplication is determined by

a" =a, ac = (oc)aforcelL.

Thus, (L/K,0,a) is a central simple algebra containing L as a maximal subfield in which
the action of o on L is induced by an inner automorphism.

Brauer and Noether showed how to describe central simple algebras by factor systems,
which, once group cohomology had been defined, were recognized to be 2-cocycles.

In 1907, Wedderburn showed that every central simple algebra over k is isomorphic to
a matrix algebra over a central division algebra. Brauer defined two central simple algebras
over K to be similar if they were isomorphic to matrix algebras over the same division
algebra, and he showed that the similarity classes form a group under tensor product (now
called the Brauer group of K). Thus, the problem of classifying the central simple algebras
over a field K became that of determining the Brauer group Br(K) of the field.

Results of Frobenius determine the Brauer group of R, and Hasse determined the Brauer
group of a nonarchimedean local field. In 1932 Albert, Brauer, Hasse, and Noether showed
that every division algebra over a number field is cyclic, and determined the Brauer group

13That is, a Galois extension with cyclic Galois group.
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of such a field. This is a fundamental theorem of the same depth as the main theorems of
class field theory, and, in these notes, will be proved simultaneously with them.

Brauer groups have many applications, for example, to the representation theory of
finite groups, which is what interested Brauer, and to the classification of semisimple alge-
braic groups over number fields.

NOTES The story of the determination of the Brauer group of a number field is well told in Fenster
and Schwermer 2005 and Roquette 2005. I quote from the MR review of the first of these:

In February, 1931, Hasse began a joint effort with Richard Brauer and Emmy Noether
to classify all division algebras over algebraic number fields. They achieved this in
a paper that was published in early 1932. The young A. A. Albert was also working
on the problem at the same time. He had been in correspondence with Hasse during
1930-1931 and he had come close to resolving the problem. Some of his remarks to
Hasse had been helpful in the Brauer-Hasse-Noether solution. Within weeks of that
event, Albert found an alternate proof, which utilized a suggestion from Hasse.

Cohomology

For a group G and a G-module M, there are homology groups H,(G, M), r > 0, and
cohomology groups H”" (G, M), r > 0. Short exact sequences of G-modules give long
exact sequences of homology and cohomology groups. Tate showed that, when G is finite,
these long exact sequences can be spliced together to give a very long sequence. More
precisely, the groups

H" (G, M) r>0
o | MG/ Nm(M =0
HEG. M) E /Nm(M)
Ker(Nm)/IgM r = -1
Hor1(G,M) r<-—1,

defined for all r € Z, have this property. In particular,

def

Hy 2(G,7) = H,(G,Z) ~ G (largest abelian quotient of G).

Let C be a G-module such that H2(H, C) is cyclic of order | H | for all subgroups H
of G. If H'(G,C) = 0, then Tate showed that the choice of a generator for H2(G, C)
determines a family of isomorphisms

Hy(G.M)— H;P2(G.M ® C), allreZ.

For a Galois extension L /K of local fields with Galois group G, the calculation of the
Brauer group of K shows that H2(G, L*) is cyclic of order |G| and that it has a canonical
generator. Since Hilbert’s Theorem 90 shows that H (G, L*) = 0, Tate’s theorem provides
us with canonical isomorphisms

H}(G,Z) — H}T*(G, L")
for all r € Z. When r = —2, this becomes an isomorphism
G® =5 K*/Nm(L¥)

whose inverse is the local Artin map. A similar argument applies for global fields with the
group of ideles modulo principal ideles playing the role of the multiplicative group of the
field.
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NOTES I quote from Mac Lane 1978, p. 17:

Mac Lane recalls that Artin (about 1948) pointed out in conversations that the co-
homology of groups should have use in class field theory. Hochschild (1950) and
Hochschild and Nakayama (1952) showed how the Brauer group arguments of class
field theory could be replaced by cohomological arguments. In 1952, Tate proved that
the homology and cohomology groups for a finite group G could be suitably com-
bined in a single long exact sequence. He used this sequence, together with properties
of transfer and restriction, to give an elegant reformulation of class field theory.

Explicit construction of class fields (Hilbert’s 12th problem)

The Kronecker-Weber theorem shows that every abelian extension of (Q is contained in the
field generated by a special value ¢ = e27/™ of the exponential function. A later theorem
(the Kronecker Jugentraum) shows that every abelian extension of an imaginary quadratic
number field is contained in the field generated by certain special values of the elliptic
modular functions. In the 12th of his famous problems, Hilbert asked if the abelian exten-
sions of other number fields can be generated by the special values of explicit holomorphic
functions.

The functions that generalize elliptic modular functions are well understood, as are the
arithmetic properties of their special values — this is the theory of complex multiplication
and of Shimura varieties — but they are useful only for constructing abelian extension of
CM fields, and even for these fields they only give the abelian extensions that (roughly
speaking) don’t come from an abelian extension of the totally real subfield (except Q). On
the other hand, conjectures of Stark provide candidates for generators of abelian extensions
of totally real fields.

Explicit class field theory

The proofs of the theorems in class field theory are elegant but abstract. For example, the
original local proofs of local class field theory show only that there exists a unique Artin
map ¢: KX — Gal(K?P/K) with certain properties, but leave open the question of an
explicit description of the map and of K. Fortunately, in this case the theory of Lubin and
Tate, which we explain in Chapter I, gives an elegant answer to this question.

Much work has been devoted to finding explicit descriptions of the other maps and
objects of class field theory. This topic is largely ignored in the current version of the notes.

Computational class field theory.

Beyond finding explicit descriptions of the maps and objects of class field theory, one can
ask for algorithms to compute them. For this topic, I can only refer the reader to Cohen
2000.

Nonabelian class field theory

In the same talk at the ICM 1920 in which he announced his proof of the main theorems of
abelian class field theory to the world, Takagi raised the question of a nonabelian class field
theory:
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En m’arrétant ici, je me permets d’attirer votre attention sur un probleme im-
portant de la théorie des nombres algébriques: a savoir, rechercher s’il est pos-
sible de définir la classe d’idéaux d’un corps algébrique de telle maniere que
les corps supérieur relativement normal mais non abélian puisse étre caractérisé
par le groupe correspondant de classes d’idéaux du corps de fond.'*

The norm limitation theorem shows that the subgroups of the (ray) class groups do not
distinguish between an extension field and its largest abelian subextension.

For several decades it was unclear what form a nonabelian class field theory should take,
or even whether it existed. In 1946, Artin speculated that finding the correct statements was
the only problem: once we knew what they were, it would be possible to deduce them from
abelian class field theory (A Century of Mathematics in America, Part I1, (Peter Duren, ed.),
1989, p. 312). Weil relates that, a year later, Artin said that he had lost faith in the existence
of a nonabelian class field theory (Weil, A., (Buvres, Vol. III, p. 457.)

Instead of studying the set Splg(L/K), we should study the Artin L-series L(s, p) of
a representation p of Gal(L/K). The problem of describing the sets Splg(L/Q) then be-
comes that of describing the set of analytic functions that arise in this fashion. Langlands
has constructed a class of L-series, called automorphic L-series, and conjectures'® that
each Lg(s, p) is automorphic, and specifies which automorphic L-series arise in this fash-
ion. Thus, the conjecture answers the original question for all finite Galois extensions of Q.
Forn = 1 (so G is abelian) and all K, Artin proved all Artin L-series are automorphic—
this was his motivation for proving Theorem 0.8. As noted earlier, for n = 2, the conjecture
has been proved in most cases.

In 1967 Langlands stated his conjectural'® functoriality principle, which includes a non-
abelian class field theory as a special case. For a local field K, this can be stated as follows.
The Weil group Wx of K is defined to be the subgroup of Gal(K?®!/K) consisting of the el-
ements that act on the residue field as an integer power of the Frobenius element. The local
Artin map in abelian local class field theory can be regarded as an isomorphism ¢ g from
K* onto the largest abelian quotient WI%b of Wk . Langlands conjectures that the homo-
morphisms from Wk into GL, (C) correspond to certain representations of GL, (K). For
n = 1, the representations of GL;(K) = K™ are just characters, and the correspondence
is given by composition with ¢x. For n > 1 the representations of GL, (K) are typically
infinite dimensional.

On the automorphic side, let A, (K) be the set of equivalence classes of irreducible
representations of GL;, (K) on complex vector spaces for which the stabilizer of each vector
is open. On the Galois side, let G, (K) be the set of equivalence classes of pairs (7, N ) where
r is a semisimple representation of Wk on an n-dimensional complex vector space V, trivial
on an open subgroup, and N is a nilpotent endomorphism of V' such that conjugating N
by r(0) (60 € Wg) multiplies it by the absolute value of (pl_(l (o). The local Langlands

41n stopping here, I allow myself to draw your attention to an important problem in the theory of algebraic
numbers, namely, whether it is possible to define the ideal classes of an algebraic number field in such a way
that the nonabelian normal extension fields can be characterized by the corresponding group of ideal classes of
the base field.

I>Note the similarity to the Taniyama conjecture—in fact, both are special cases of a much more general
conjecture.

161 a letter to Weil, and later (to the rest of us) in Problems in the theory of automorphic forms (1970). For
an engaging introduction to these works, see Casselman 2001. TgXed versions of Langlands’s works, including
the above two, can be found at http://publications.ias.edu/rpl/.
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conjecture for K asserts that there is a family of bijections (0y)s>1,
7T+ 0y(10): Ap(K) = Gu(K),

such that

(a) the determinant of o, (;r), viewed as a character of Wk, corresponds under ¢k to the
central character of 7

(b) the map o, preserves L-factors and e-factors of pairs of 7’s (as defined by Jacquet,
Piatetskii-Shapiro, and Shalika on the automorphic side, and by Langlands and Deligne
on the Galois side);

(c) for y € A1(K), on(m ® (x o det)) = 0, () Q@ 01();

(d) 0, commutes with passage to the contragredient, w +> 7.

For each K, Henniart showed there exists at most one such family. The conjecture itself
was proved by Harris and Taylor (2001). Several months later, Henniart (2000) found a
simpler proof.

A final remark

Recall the following theorem of Dedekind (ANT, 3.41).

THEOREM 0.10 Let A be a Dedekind domain with field of fractions K, and let B be the
integral closure of A in a finite separable extension L of K. Let L = K[o] witha € B,
and let (X)) be the minimal polynomial of & over K. The following conditions on a prime
ideal p of A are equivalent:

(a) p does not divide disc( f(X));

(b) p does not ramify in B and Ap[o] is the integral closure of Ay, in L (here A, = {a/b |
b ¢ph;

(c) there is a factorization

f(X) = fi(X)-- fg(X) modp

with the f; distinct, monic, and irreducible modulo p.

When these conditions hold, the factorization of p into prime ideals in L is

pB = (p. f1(@)) - (p. feg(a)).

Thus class field theory is really about polynomials in one variable with coefficients in
a number field and their roots: abelian extensions of K correspond to monic irreducible
polynomials f(X) € K[X] such that the permutations of the roots of f(X) giving field
automorphisms commute; Dedekind’s theorem shows that the factorization of all but finitely
many prime ideals of K in an abelian extension L corresponds to the factorization of a
polynomial over a finite field.
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The approach taken in these notes

In these notes we prove the main theorems of local and global class field theory following
the algebraic/cohomological approach of Chevalley (1940, 1954), Artin and Tate (1961),
and Tate (1952, 1967). The cohomological approach makes plain the relation between the
fundamental theorems of class field theory and the calculation of the Brauer group. With
hindsight, one can see that cohomological calculations have been implicit in class field
theory since at least the papers of Takagi.

However, there are other approaches to class field theory, and when it sheds additional
light I have not hesitated to include more than one proof. For example, I explain how the
use of analysis can be used to simplify some steps of the proof of the fundamental theorem
in the global case. Moreover, I explain how (following Lubin and Tate) the theory of formal
group laws can be used to make the results of local class field theory more explicit and
satisfactory.

Although it is possible to prove the main theorems in class field theory using neither
analysis nor cohomology, there are major theorems that cannot even be stated without us-
ing one or the other, for example, theorems on densities of primes, or theorems about the
cohomology groups associated with number fields. In recent years, the cohomological re-
sults have been crucial in many of the applications of class field theory.!”

The heart of the course is the odd numbered chapters. Chapter II, which is on the
cohomology of groups, is basic for the rest of the course, but Chapters IV, VI, and VIII
are not essential for reading Chapters III, V, and VII. Except for its first section, Chapter I
can be skipped by those wishing to get to the main theorems of global class field theory as
rapidly as possible.

EXERCISE 0.11 Complete the proof that the quadratic reciprocity law allows one to de-
scribe the sets Splg(L/Q) with L/Q quadratic.

EXERCISE 0.12 Prove that Q[+ —5, +/—1] is the Hilbert class field of Q[+/—5].

EXERCISE 0.13 Prove that the map IS — (Z/mZ)* defined on p. 4 has the kernel de-
scribed and hence induces an isomorphism Cy, — (Z/mZ)*.

EXERCISE 0.14 Prove the statements in Example 0.6.

EXERCISE 0.15 Let L = Q[v/—1,+/=5]. Then Gal(L/Q) = {l,0.7,0t} ~ Z/2Z x
7./27, where o fixes Q[v/—1], T fixes Q[+/—5], and ot fixes Q[/3].

(a) Show that only 2, 5, oo ramify in L.
(b) Compute (p, L/Q) forall p # 2,5.

(¢c) Let m = (20)co. Show that p — (p, L/Q) defines an isomorphism Cy/H —
Gal(L/Q) for some H C Cy, and find H.

Hint: Show L C Q[¢], where ¢ is a primitive 20th root of 1.

17For example, according to Google Scholar, my book Arithmetic Duality Theorems has been cited by 1014
research articles (since they started counting). MR lists 430 (since about 2000).
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I will tell you a story about the Reciprocity Law. After my thesis, I had the idea
to define L-series for non-abelian extensions. But for them to agree with the
L-series for abelian extensions, a certain isomorphism had to be true. I could
show it implied all the standard reciprocity laws. So I called it the General
Reciprocity Law and tried to prove it but couldn’t, even after many tries. Then
I showed it to the other number theorists, but they all laughed at it, and I re-
member Hasse in particular telling me it couldn’t possibly be true. Still, I kept
at it, but nothing I tried worked. Not a week went by — for three years!— that
1 did not try to prove the Reciprocity Law. It was discouraging, and meanwhile
I turned to other things. Then one afternoon I had nothing special to do, so I
said, “Well, I try to prove the Reciprocity Law again.” So I went out and sat
down in the garden. You see, from the very beginning I had the idea to use the
cyclotomic fields, but they never worked, and now I suddenly saw that all this
time I had been using them in the wrong way — and in half an hour I had it.

Emil Artin, as recalled by Mattuck (in Recountings: Conversations with MIT
Mathematicians 2009).

Why was it so hard for other mathematicians to believe it? Reciprocity laws at
the time were intimately connected to power residue symbols. Actually Euler
had formulated the quadratic reciprocity law in the correct way (namely that
the symbol (A/p) only depends on the residue class of p modulo A), but
Legendre’s formulation prevailed. I'm pretty sure that Hasse would not have
laughed had Artin shown him right away that the general reciprocity law is
equivalent to the known power reciprocity laws. Hasse did not have to wait for
Chebotarev’s density law to be convinced that Artin was right — by the time
Chebotarev’s ideas appeared it was clear that Artin must have been right. And,
by the way, Chebotarev’s article did a lot more than prove the importance of
the Frobenius element — it provided Artin with the key idea for the proof of
his reciprocity law, namely Hilbert’s technique of abelian crossings.

Let me also add that Felix Bernstein conjectured a reciprocity law in 1904
that is more or less equivalent to Artin’s law in the special case of unramified
abelian extensions. Its technical nature shows that it was not at all easy to guess
a simple law such as Artin’s from the known power reciprocity laws.

Franz Lemmermeyer mo243590.


https://mathoverflow.net/questions/243590/

Chapter I

Local Class Field Theory:
Lubin-Tate Theory

Local class field theory classifies the abelian extensions of a local field. From a different
perspective, it describes the local components of the global Artin map.

By a local field, I mean a field K that is locally compact with respect to a nontrivial
absolute value. Thus (ANT, 7.49) it is

(a) afinite extension of Q, for some p;

(b) a finite extension of the field of Laurent series IF,((7)) over the field with p ele-
ments; or

(¢) R or C (archimedean case).

When K is nonarchimedean, the ring of integers (alias, valuation ring) in K is denoted
by Ok (or A), its maximal ideal by mg (or just m), and its group of units by (’)IX( or Ug.
A generator of m is called a prime element of K (or a uniformizer or a local uniformizing
parameter). If 7 is a prime element of K, then every element of K can be written uniquely
in the form a = un™ withu € Oy and m € Z. We define

ordg (a) = m.

There is an exact sequence

O—>UK—>KX[ﬂ<Z—>O

The residue field k of K has g elements, and its characteristic is p. The normalized absolute
value on K is defined by |a| = g~ °rd& @)

We let K?! denote a fixed algebraic closure of K (or separable algebraic closure in
the case that K has characteristic p # 0), and “extension of K” means “subfield of K?!
containing K”. Both ordg and | - | have unique extensions to K! (the extension of ord g
takes values in Q).

1 Statements of the Main Theorems

The composite of two finite abelian extensions of K is again a finite abelian extension of
K (FT, 3.20). Therefore the union K2 of all finite abelian extensions of K (in K?!) is an

19
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infinite abelian extension whose Galois group is the quotient of Gal(K?®!/ K) by the closure
of its commutator subgroup. (See FT, Chapter 7, and the appendix to this chapter for the
Galois theory of infinite extensions.)

Let L be a finite unramified extension of K. Then L is Galois over K, and the action of
Gal(L/K) on Of, defines an isomorphism Gal(L/K) >~ Gal(!// k), where [ is the residue
field of L. Therefore Gal(L/K) is a cyclic group, generated by the unique element o
such that oo = a9 mod my, for all « € Oy,. This o is called the Frobenius element of
Gal(L/K), and is denoted by Froby k. See ANT, 7.54.

THEOREM 1.1 (LOCAL RECIPROCITY LAW) For every nonarchimedian local field K , there
exists a unique homomorphism

dx: K* — Gal(K*/K)

with the following properties:

(a) forevery prime element w of K and every finite unramified extension L of K, ¢ g (1)
acts on L as Frobp /g ;

(b) for every finite abelian extension L of K, Nmy /x (L>) is contained in the kernel of
a— ¢g(a)|L, and ¢ induces an isomorphism

¢L/K: KX/NmL/K(LX) —> Gal(L/K).

In particular,
(KXZNHIL/K(LX)) = [L K]

Denote Nmy g (L*) by Nm(L>). Statement (b) says that, for every finite abelian
extension L of K, the map ¢ g factors as follows:

K* — 2% 5 Gal(K*™/K)

| [l

K*/Nm(L*) 2255 Gal(L/K).

We call ¢ and ¢k the local Artin maps for K and L/K. They are often also called
the local reciprocity maps and denoted by reck and recy /g, and ¢y /k is often called the
norm residue map or symbol and denoted a — (a, L/K).

The subgroups of K* of the form Nm(L*) for some finite abelian extension L of K
are called the norm groups in K*.

COROLLARY 1.2 Let K be a nonarchimedean local field, and assume that there exists a
homomorphism ¢: K* — Gal(K?"/K) satisfying conditions (a) and (b) of the theorem.

(a) The map L — Nm(L>) is a bijection from the set of finite abelian extensions of K
onto the set of norm groups in K*.

(b) L C L' < Nm(L*) > Nm(L™).
() Nm((L - L')*) = Nm(L*) N Nm(L").
(d) Nm((L N L)*) = Nm(L*) - Nm(L"™).

(e) Every subgroup of K> containing a norm group is itself a norm group.


Radan Kučera
Zvýraznění
Proč? Viz ANT 7.50.
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PROOF. Note that the transitivity of norms,
Nmy/ /g =Nmp/goNmp//p.
shows that L € L' =—> Nm(L*) D Nm(L">). Hence,
Nm((L - L')*) € Nm(L>*) N Nm(L").
Conversely, if a € Nm(L>) N Nm(L'>), then
¢r/k(a) =1=¢p k(a).

But, ¢11/ k(@)L = ¢r/k(a)and ¢pp/k(a)|L" = ¢1//k(a). As the map

o+ (o|L,o|L"): Gal(LL'/K) — Gal(L/K) x Gal(L'/K)

is injective (FT, 3.20), this shows that ¢7;//x (a) = 1, and hence that @ € Nm((L - L')*).
This proves (c), and we now complete the proof of (b). When Nm(L>*) D Nm(L"),

statement (c) becomes
Nm((LL")*) = Nm(L"™).

Since the index of a norm group is the degree of the abelian extension defining it (1.1(b))
and LL’ D L', this implies that LL’ = L’. Hence L’ D L.

We now prove (a). By definition, the map L +— Nm(L>) is surjective, and it follows
from (b) that it is injective.

We next prove (e). Let N be a norm group, say, N = Nm(L*),andlet I D N. Let M
be the fixed field of ¢ /g (1), so that ¢ ;g maps I /N isomorphically onto Gal(L/M).
Consider the commutative diagram,

K* PEE Gal(L/K)

| |

dM/K

K* —= Gal(M/K).
The kernel of ¢/ g is Nm(M ™). On the other hand, the kernel of
K* — Gal(L/K) — Gal(M/K)

is d)Z/l x (Gal(L/M)), which equals I (by Galois theory).

Finally, we prove (d). We have an order inverting bijection between the two sets in (a).
As LN L' is the largest extension of K contained in both L and L', and Nm(L*)-Nm(L")
is the smallest subgroup containing Nm(ZL>™) and Nm(L"*) (and it is a norm group by (e)),
the two must correspond. O

In order to classify the abelian extensions of K, it remains to determine the norm groups.
The next lemma shows that (assuming Theorem 1.1), they are open.

LEMMA 1.3 Let L be an extension of K. If Nm(L™) is of finite index in K*, then it is
open.
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PROOF. The group Uy, of units in L is compact, and so Nm(Up) is closed in K*. By
looking at ords, one sees that

Nm(LX) NUkg = Nm(UL),

and so Ux/Nm(Ur) < K*/Nm(L*). Therefore, Nm(Uyp) is closed of finite index in
Uk, and hence is open in Uk, which itself is open in K*. Therefore the group Nm(L>)
contains an open subgroup of K>, and so is itself open.! O

THEOREM 1.4 (LOCAL EXISTENCE THEOREM) The norm groups in K* are exactly the
open subgroups of finite index.

COROLLARY 1.5 Corollary 1.2 holds with “norm group” replaced by “open subgroup of
finite index ™.

Before outlining the proofs of Theorems 1.1 and 1.4, I give some complements to the
theorems.

1.6 Corollary 1.5 holds also for archimedean local fields. The abelian extensions of R are
R and C, and their norm subgroups are R* and R~ respectively. Let H be a subgroup of
finite index in R*. Then H D R*™ for some m, and R*™ = R* or R~ according as m
is odd or even (apply the intermediate value theorem). Therefore R* and R~ are the only
two subgroups of R* of finite index. The unique isomorphism

R*/Rso — Gal(C/R)
is called the local Artin map for R.

1.7 When K has characteristic zero, every subgroup H of K™ of finite index is open.
To prove this, observe that a subgroup H of finite index will contain K*™ for some m,
and that Newton’s lemma (ANT, 7.32) applied to X™ — a shows that every a € O% such
that |1 — a| < |m|? is of the form u™ with u € 1 + m. Therefore H contains an open
neighbourhood of 1 in K, and, since it is a group, this implies that it is open.

When K has characteristic p # 0, not every subgroup of K of finite index is open.
Weil 1967, II 3, Proposition 10, shows that 1 + m ~ [[yZ, (product of copies of Z,
indexed by N), from which it follows that K> has a quotient isomorphic to [ [y F,. The
subgroup Py F is dense in [ [ Fp,. Therefore, every proper subgroup of [ [ F, contain-
ing @y [ is not closed. Choose such a subgroup of finite index, and let U be its pre-image
in 1 + m. Then U - 7% will be of finite index in K> but not closed (hence not open). Cf.
FT 7.26.

1.8 The composite of two finite unramified extensions of K is again unramified, and there-
fore the union K" of all finite unramified extensions of K (in K?') is an unramified ex-
tension of K. The residue field k of K™ is an algebraic closure of the residue field k of
K.

Every automorphism o of K"" fixing K preserves the absolute value | - | on K",
and hence induces an automorphism o of k /k. The map 0 + G is an isomorphism

'We used that a closed subgroup of of finite index in a topological group is open (because its complement
is a finite union of cosets, which are also closed), and that a subgroup is open if it contains an open subgroup
(because it is a union of cosets of the open subgroup).
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Gal(K"™/K) — Gal(k/k). Therefore, there is a unique element Frobg € Gal(K"™/K)
inducing the map x +— x4 on k, and the map o > Frob%: 7 — Gal(K"™/K) is an isomor-
phism of topological groups. Condition (a) of Theorem 1.1 can be re-stated as: for every
prime element 7 of K, ¢px(7) acts as Frobg on K", In particular, for any unitu € O%,
¢k () and ¢k (ru) have the same action on K" and therefore ¢ x (1) acts as the identity
map on K"".

1.9 The groups

Uk Dl+m>D---D14+m">D--- 7
form a fundamental system of neighbourhoods of 1 in Uk . Let L be a finite abelian exten-
sion of K. If L/ K is unramified, then Ker(¢7,x) D Uk by (1.8) and we say that L /K has
conductor 0. Otherwise, the smallest f such that Ker(¢,x) contains 1 + m/ is called
the conductor of L./ K. The extension L /K is unramified if and only if it has conductor
0, and it is tamely ramified if and only if it has conductor < 1. [Note that the quotients
1 4+ mi/1 +mit! are p-groups for i > 1, and so ¢1/k|Uk factors through Uk /(1 + m)
if L /K is tamely ramified. For a better statement, see 1.11.]

1.10 The homomorphisms
¢r/x: K™/ Nm(L*) - Gal(L/K)

form an inverse system as L runs through the finite abelian extensions of K, ordered by
inclusion. On passing to the limit, we obtain an isomorphism

dr: KX — Gal(K*/K),

where K is the completion of K™ with respect to the topology for which the norm groups
form a fundamental system of neighbourhoods of 1. This topology on K* is called the
norm topology. According to Theorem 1.4, the norm groups are the open subgroups of
finite index in K. Choose a prime element 7, and write

KX =Ug 7" ~Ug x Z. (8)
The subgroups
(I4+m") - (x™) ~ (1 +m") xmZ
form a fundamental system of neighbourhoods of 1. In particular, Uk is not open in K*

for the norm topology, which is therefore coarser than the usual topology on K*. When
completed, (8) becomes

KX—UK n? ’\’UKXZ

where Z is completion of Z for the topology defined by the subgroups of finite index. More
canonically, the identity map

K> (usual topology) — K (norm topology)

is continuous, and induces a homomorphism on the completions K> — K>, which fits into
a commutative diagram

0 s Uk K* > 7

(SR |

A

0—— Ugx — KX —— 2 ——0

~

~
)

Loosely speaking, KX is obtained from K * by replacing Z with Z.
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1.11 The choice of a prime element 7 determines a decomposition

— Lot

KX :UK-HZ,

of KX into the product of two closed subgroups, and hence (by infinite Galois theory), a
decomposition
Kab =K, - Kun’ (9)

where K is the subfield of K2 fixed by ¢x () and K" is the subfield of K2 fixed by
¢x(Uk). Clearly, K is the union of all finite abelian extensions L /K (necessarily totally
ramified) such that 7 € Nm(L>). For example, when we choose the prime element p in
K = Qp, the decomposition (9) becomes

@ = (U, @) - (U, o, Qnd).-

The map ¢k restricts to an isomorphism
Ugx — Gal(K;/K).

This isomorphism maps the filtration (7), p. 23, to the filtration on Gal(K;/K) by the
ramification groups (upper numbering; see 4.3).

1.12 The composite of two totally ramified extensions need not be totally ramified. Con-
sider, for example, the quadratic extensions Q[,/p] and Q[,/pq] of Q, where p and ¢
are distinct odd primes. Then p is totally ramified in both of these extensions, but it is
not totally ramified in their composite Q[,/p, ,/q] because it is unramified in the subfield
QI[+/q]- When g is chosen not to be a square modulo p, these statements remain true when
Q is replaced by Q.

Therefore, in contrast to the situation with abelian and unramified extensions, there is
no “largest” totally ramified extension of K in K (or K2): there are only the maximal
totally ramified extensions K, depending on the choice of 7.

Outline of the proofs of the main theorems.

We first show that the uniqueness of the local Artin map follows from the remaining state-
ments.

THEOREM 1.13 Assume the local existence theorem 1.4. There exists at most one homo-
morphism ¢: KX — Gal(K?®P/K) satisfying the conditions (a) and (b) of Theorem 1.1.

PROOF. If no ¢ exists, there is nothing to prove, and so we assume there does exist a
¢, and therefore that Corollary 1.2 holds with “norm group” replaced by “open subgroup
of finite index”. Let w be a prime element of Ok, let K, , be the extension of K with
Nm(Ky,,) = (1 +m"*) - (x), and let Ky = |J,, Kx,». Because 7 is a norm from every
Kzn, ¢(r) acts as 1 on K. Since it acts as the Frobenius automorphism on K"", the
action of ¢(r) on K - K™ is completely determined. But K - K" = K& (cf. 1.11),
and so this shows that ¢ () = ¢’(;r) for any two homomorphisms ¢ and ¢’ satisfying the
conditions. As 7t was arbitrary, we have shown that if ¢ and ¢’ satisfy the conditions, then
¢ () = ¢/() for all w. The group K™ is generated by the prime elements 7 of Ok, and
so this proves that ¢ = ¢'. o


Radan Kučera
Zvýraznění
u obou Q na pravé straně chybí indexy p
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It remains to prove existence, namely, the existence of a local Artin map and the local
existence theorem. We shall offer three proofs of this. The first two have the advantage
that they explicitly construct the extension K , with norm group (1 + m”) - () and the
local Artin map K>/ Nm(K ,) — Gal(Ky ,/K). The last two have the advantage that
they prove the cohomological results used in global class field theory. The third has the
advantage of brevity.

The reader looking for the fastest route to the main theorems of global class field theory
need only understand the third proof, and so can skip the rest of the chapter and go directly
to Chapter I1.

FIRST PROOF OF EXISTENCE (LUBIN-TATE AND HASSE-ARF; I §§2—4)

The theory of Lubin and Tate explicitly constructs the fields K, for each prime, and
hence the field K, and it explicitly constructs a homomorphism ¢,: Ugx — Gal(K;/K);
moreover, it shows that K; - K™ and the unique extension of ¢, to a homomorphism
K* — Gal(K, - K"/ K) such that ¢(7r)| K™ = Frobg are independent of 7. From this
one gets Theorems 1.1 and 1.2 but with K2 replaced by K - K™,

Need to add a proof of this to the notes. Let KT = K - K"™. A key point is
that, if L is a finite extension of K, then

L* 2 Gal(LUT/L)

lNrn lﬂ—)rlKLT

K% 25,5 Gal(KYT/K)

commutes (Iwasawa 1986, Theorem 6.9, p. 89). This shows that, for any
abelian extension L of K contained in K'!, ¢x defines a surjective homo-
morphism

¢r/x: K™/ Nm(L™) - Gal(L/K).
Next one shows that this is injective (ibid., Corollary, p. 90). This proves the

local reciprocity law (with KT for K2P), and the local existence theorem fol-
lows easily.

All that remains is to show that K - K™ = K?P. The most direct proof of this uses
the Hasse-Arf theorem from algebraic number theory.

SECOND PROOF OF THE MAIN THEOREMS (LUBIN-TATE AND COHOMOLOGY; I §§2-3;
111 §§1-3)

According to Theorems 1.1 and 1.4, there exists for each prime element w of Ok and
integer n > 1, an abelian extension K , of K with

Nm(Kyr,) = (14 m"?) - 72,

These extensions have the following properties:
*a Ky K] = (¢ —Dg" L

*p for all n, 7 is a norm from K ;.
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Moreover, K?® = K, - K", where K, = Up>1 Krn-

In §3 of this chapter, we shall explicitly construct, for each prime element 77 of O g and
integer n > 1, a totally ramified abelian extension K , of K satisfying *a and *b. Let
Kz = U,>1 Kn,n and, for m > 1, let K, be the unramified extension of K of degree m.
We shall explicitly construct a homomorphism

bn: KX — Gal(Ky - K"™) /K)

such that
“¢ ¢ ()| K™ = Frobg:
*d for all m and n, ¢ (a)| (Knn - Km) = id fora € (1 +m™) - (z™).
Moreover, we shall prove that both K, - K" and ¢, are independent of the choice of .
In Chapter III, Theorem 3.4, we shall prove that there exists a homomorphism ¢: K* —
Gal(K®P/K) satisfying conditions (a) and (b) of Theorem 1.1.
In the remainder of this subsubsection, we explain how these two results imply Theorem
1.4 (hence also Theorem 1.1) with the added precision that K ab — K. K" and ¢ = ¢x
for all r.
Let K’ be the subfield K - K™ of K", and let ¢’ = ¢, — recall that both K’ and ¢’
are independent of the choice of the prime element .

1.14 Foralla € K*, ¢(a)|K' = ¢'(a).

PROOF. For every prime element 7 of K, ¢ () acts trivially on K , because r is a norm
from Ky 5, and ¢’ () acts trivially on K , because of condition *c with m = 1 (we may
assume that the prime element used in the definition of ¢’ is 7). Since ¢ () and ¢’ ()
both act as Frobg on K"", they must agree on K’ = |J, Kx,» - K"". But the prime
elements of K generate K™ as a multiplicative group (¢ € K™ can be written a = un’,
and u = (um) 1), and so this proves the claim. o

1.15 (LocAL KRONECKER-WEBER THEOREM) For any prime element 7,
Kab — K. Kun
=K, .

PROOF. Let
Kn,m = Kn,n : Kma

and
Un,m = (1 + mn) ' (”m>

We are given that ¢ (a)|Knm = 1 forall a € U, . Hence ¢(a)|Kn,n = 1 for all
a € Uy m, and s0 Up ,»n C Nm(K;,). But

(KX: Un,m) =U:1 +mn)(<7[> : (”m»

=(q—-1g""m
= [Kn,n : K][Km : K]
= [Km,n . K],

and we are given that ¢ induces an isomorphism

K*/Nm(K, ) = Gal(Ky m/K).
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Therefore,
Unm = Nm(K;’m).

Now let L be a finite abelian extension of K. We are given that ¢ defines an isomor-
phism K*/Nm(L>*) — Gal(L/K), and so Nm(L>) is of finite index in K*. According
to Lemma 1.3, it is also open, and so it contains U, ;, for some n, m > 0. The map

is onto and, fora € K*,

¢ (a) fixes the elements of L. <= a € Nm(L>),
¢ (a) fixes the elements of Ky, » <= a € Nm(K,; ) = Unm.

Because Nm(L>) D Uy m, this implies that L C Ky, .
It follows that K2 = K, - K", o

We now know that, for every prime element 7 of K, K®® = K, - K" and ¢ = ¢,,. To
complete the proof of the local existence theorem (1.4), we have to show that every open
subgroup H of K* of finite index is a norm group, but, as we observed above, every such
group contains Uy, for some n and m, and Uy, ,, = Nm(Kj ). Now (1.2e) shows that
H is a norm group.

THIRD PROOF OF THE MAIN THEOREMS (COHOMOLOGY AND HILBERT SYMBOLS; 111

§§1-5)

In Chapter III, we shall use cohomology (specifically, a theorem of Tate) to construct the lo-
cal Artin maps, and we shall make use of Hilbert symbols to prove that every open subgroup
of K* of finite index is a norm group.

EXERCISE 1.16 Use only results from algebraic number theory (e.g., ANT) to prove that
a finite extension L /K of local fields is totally ramified if and only if Nm(L/K) contains
a prime element.

2 Lubin-Tate Formal Group Laws

The important fact about a formal group law over A is that it turns the maximal
ideal 21 in the integers of each finite extension L /K into a group that is a Ga-
lois module. Being suitably careful, you can even let L be an infinite complete
extension of K. In any case, this group may be very different indeed from the
additive group (91, +) and from the multiplicative group (1 + 9, x). In par-
ticular, its torsion subgroup may give a very useful representation module for
the Galois group. (Lubin, sx2061570)

Power series

Let A be a ring (always commutative with 1). A power series with coefficients in A is an
infinite sequence
f =(ag,a1,az,...), aj€A, ieN.


https://math.stackexchange.com/questions/2061570/
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Addition and multiplication are defined by

(ag.ai,...) + (bo,b1,...) = (ag + bo,ar + b1,...)

(ag.ai...)(bo.b1....) = (aoho..... Y aibj....).
i+j=k

These formulas are easier to remember if we write

f= ZaiTi.

>0

The power series with coefficients in 4 form a commutative ring, which we denote by
A[[T]]. Power series can be manipulated in the same way as polynomials, with a few
cautions. For example, in general we cannot substitute an element ¢ € A4 into a power
series f(T) € A[[T]], because computing f(c) =D ;- a;c' requires us to sum an infinite
number of elements of A, which, not being analysts,_we are unable to do. For the same
reason, we can substitute one power series g(7') into a second f(7') only if the constant
term of g(T') is zero, in which case f(g(T)) is defined, and we denote it by f o g.

LEMMA 2.1  (a) For all power series f € A[[T]] and g, h € TA[[T]],
fo(goh)y=(fog)oh.

(b) Let f = ngl a;T' € TA[[T]]. There exists ag € TA[[T]] suchthat f o g = T
if and only if a; is a unit in A, in which case g is unique, and has the property that
gof=T.

PROOF. (a)In general, (f1 f2)og = (f1i0g)(f20g),andso f*og = (f og)". Therefore,
when f = T",both f o(goh)and (f og)ohequal (goh)*, andwhen f = a;T",
both equal Y a; (g o h)'.

(b) Weseekag =D .., b; T' such that

2:6H8i==71

i>1
1.e., such that
a1b1 =1
aiby + azb% =0
aib, + polynomial in as,...,an,b1,...,bp—1 =0

The first equation shows that, in order for g to exist, @; must be invertible. When a; is
invertible, the equations define the b;’s uniquely. Now, because b1 is invertible, the same
argument shows that there exists an # € TA[[T]] such that g o h = T'. But

f=foT =fogoh=Toh=h,

andsogo f =T. o
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Caution: f o (g +h) # f og+ f ohin general.

Power series in several variables can be defined similarly. Moreover, if f(X1,..., X,) €
Al[X1,...,Xy]] and g1, g2.....8n € A[[Y1,....Yn]], then f(g1,....gn) is a well-
defined element of A[[Y7, ..., Y, ]] provided that the constant terms of the g; are all zero.

REMARK 2.2 Let A be a complete discrete valuation ring, and let m be the maximal ideal in
A. For every f = Zizo a;T' € A[[T]] and every ¢ € m, a;c’ — 0 asi — oo. Therefore

the series ) ;- a;c' converges to an element f(c) of A, which lies in m if ag € m.

Formal group laws

A group is a nonempty set together with a law of composition satisfying the group axioms.
A formal group law is a law of composition (without the set) satisfying the group axioms.
More precisely:

DEFINITION 2.3 Let A be a commutative ring. A one-parameter commutative formal
group law is a power series F € A[[X, Y]] such that

(a) F(X,Y)=X+Y + terms of degree > 2;

(b) F(X,F(Y,Z)) = F(F(X.Y),Z):

(c) there exists a unique i p(X) € XA[[X]] such that F(X,ir (X)) = 0;
d F(X,Y)=F({,X).

REMARK 2.4 (a) Condition (a) ensures that (X, Y) has no constant term, and so axiom
(b) makes sense: we are comparing finite sums at each degree.
(b) On taking ¥ = Z = 0 in Axioms (a) and (b), we find that

F(X,0) = X + terms of degree > 2, F(F(X,0),0) = F(X,0).

Denote the power series F(X,0) by f(X). The first equality implies that there exists a g
such that f o g = X, and the second equality says that f o f = f. On composing the
second equality with g we find that f = X. Thus F(X,0) = X, and similarly F(0,Y) =
Y. Hence .
FX.Y)=X+Y+ ) 1<i<o0 aijX'Y7.
1<j<oo

To get an n-parameter group law, replace each of X and Y with sequences of n-
variables. Axiom (d) is the commutativity condition. Since we consider no other, we shall
refer to one-parameter commutative formal group laws simply as formal group laws.

Let A = Ok, the ring of integers in a nonarchimedean local field K, and let F =
Zf‘; ainin be a formal group law over Og. For every x,y € mg, a,-jxiyj — 0 as
(i, j) — o0, and so the series

F(x.y) =) ajx'y/

converges to an element x +r y of mg. In this way, mg becomes a commutative group
(mg, +F). Similarly, mz, acquires a group structure for every finite extension L of K, and
the inclusion (mg, +F) < (mg, + F) is a homomorphism.
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EXAMPLE 2.5 (a) Let F(X,Y) = X 4+ Y. Then + F is the usual addition law on mg.
(b)Let F(X,Y) =X +Y 4 XY. The map
a~l+am—14+m

is an isomorphism (m, +r) — (1 + m, x). Check:

@b) —— (1+a,1+b)

L+ I

a+b+ab ——> 1+a+b+ab.
(c) Let E be an elliptic curve over a nonarchimedean local field K, and let
Y2Z + a1 XYZ +a3YZ? = X3 + arX?Z + a4 XZ? + asZ>

be a minimal Weierstrass model of E. Let T = —X /Y. On expanding the group law on E
as a power series in 71, T, we obtain a formal group law Fg (T, T>) over Ok . See Milne
2020, 2.6, 2.7.

DEFINITION 2.6 Let F(X,Y) and G(X,Y) be formal group laws. A homomorphism
F — G is a power series h € TA[[T]] such that

h(F(X.Y)) = G(h(X),h(Y)).
When h has an inverse, i.e., there exists a homomorphism 4’: G — F such that
hoh' =T =h oh,

then 4 is called an isomorphism. A homomorphism h: F — F is called an endomorphism
of F.

In the case A = Ok, a homomorphism f: F — G defines a homomorphism
ar> f(a):(mp,+r) —> (mr, +6)
forevery L D K.

EXAMPLE2.7 Let F=X+Y + XY =(14+X)(1+Y)—1.Then f(T)=(14+T)? -1
is an endomorphism of F', because

F(f(X). /) =0+ X)PA+Y)? -1 = f(F(X.Y)).

Note that the following diagram commutes,

m—7I s m

lav—ﬂ—i—a lav—ﬂ—‘ra

ar>a?

l+4m —— 14+m

i.e., when we identify (m, 4+ ) with (1 4+ m, X), f becomes identified with a — a?.
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Let G be a formal group law. For any f, g € TA[[T]], we define

f+cg=G(f(T) g(T)).

Because of the Axioms 2.3a,b,c,d, this composition law makes TA[[T]] into a commutative
group. In particular,

f+aclige f)=0.
LEMMA 2.8  (a) For any formal group laws F and G, the set Hom(F, G) of homomor-
phisms from F to G becomes an abelian group with the addition f +¢g g.
(b) For any formal group law F, the abelian group End(F) of endomorphisms of F

becomes a ring (not necessarily commutative) with the multiplication f o g.

PROOF. Let f and g be homomorphisms F — G, andleth = f 4+g g. Then

def

h(F(X.Y)) = G(f(F(X.Y)).g(F(X.Y)))
= G(G(f(X), f(Y)).G(g(X).g(Y))).

Symbolically (at least), we can write this last power series as

(f(X)+6 f(Y)) +6 ((X) +c g(Y)). (%)

which associativity and commutativity allow us to rewrite as

(f(X) +6 g(X)) +6 (f(Y) +6 g(Y)), (%)

that is, as G(h(X), h(Y)). More formally, the operations that carry () into (xx*), also carry
G(G(f(X), f(Y)),G(g(X),g(Y)))into G(h(X), h(Y)). This proves that h € Hom(F, G).
Similarly, one shows that ig o f € Hom(F, G). As 0 € Hom(F, G), this completes the
proof that Hom(F, G) is a subgroup of (TA[[T]], +¢)-

We showed in Lemma 2.1 that f, g — f o g is associative. To show that End(F) is a
ring, it remains to observe that, for f, g, h € End(F),

def

fo(g+rh)=fF@T),n(T))=F((fog)T).(foh)T) = fog+F foh,
(f+Fg)oh= foh+F goh (similarly),

and that End(F) has an identity element, namely, T. o

Formal group laws are similar to algebraic groups. The main difference is that, because
they are defined by power series rather than polynomials, their points must have coordinates
“close to 1” in order for products to be defined. There is a very extensive theory of formal
group laws—see, for example, M. Hazewinkel, Formal Groups and Applications, Academic
Press, 1978.

Lubin-Tate group laws

We now let A = Ok, the ring of integers in a nonarchimedean local field K, and we choose
a prime element 7 of A.

DEFINITION 2.9 Let F5 be the set of f(X) € A[[X]] such that
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(a) f(X)==mX + terms of degree > 2;
b) f(X)= X7 mod 7.

EXAMPLE 2.10 (a) The polynomial f(X) = 7 X + X9 lies in F.
(b) Let K = Qp and © = p; then the polynomial

fX)=(1+X)?-1=pX + (§)X*+---+ pXP~' + x?
lies in F p.

LEMMA 2.11 Let f,g € Fy, and let ¢1(X1,--- , X,) be a linear form with coefficients in
A. There is a unique ¢ € A[[X1,..., Xn]] such that

{ d(X1,...,Xn) = ¢ + terms of degree > 2
f@(X1.....Xn) = ¢(g(X1).....8(Xn)).
PROOF. We prove by induction on r that there is a unique polynomial ¢, (X1, ..., X,) of

degree r such that

or(X1,...,Xn) = ¢ + terms of degree > 2
fpr(X1,....Xn) = ¢r(g(X1),...,8(Xpn)) + terms of degree > r + 1.

The unique candidate for the first polynomial is ¢, itself. It certainly satisfies the first
condition, and, if we write ¢1 = ) _ a; X;, the second says that

n(}oa;iX;) =) a;i(7X;) + deg > 2,

which is also true.
Suppose r > 1 and we have defined ¢,. Because ¢, is unique, ¢,41 must equal ¢, + Q,
where Q is a homogeneous polynomial of degree r + 1 in A[X1, ..., X,]. We need that

flpre1(X1,.... X)) L dr+1(g(X1),...,8(Xp)) + terms of degree > r + 2.
The left hand side is
flpr(X1,...,Xn)) + 70 (X1,..., Xn) + terms of degree > r + 2,
while the right hand side is
or(g(X1),...,8(Xn)) + O(nXy,...,7Xy,) + terms of degree > r + 2.

As Q is homogeneous of degree r + 1, Q(7X1,...) = 7" T1Q(n X1, ...), and so we need
that

@ =) Q(X1 e X)) = f@r (X1 X))~ (g(X1). ... §(Xn)
+ terms of degree > r 4 2.

Thus Q must be the unique polynomial such that

f(or(X1..... Xn)) — ¢ (g(X1).....2(Xn))

(7" —Drm

= Q + terms of degree > r + 2.


Radan Kučera
Zvýraznění
asi bez \pi
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Note that, because of the simple form that binomial theorem takes in characteristic p,

f°¢r_¢rogE¢r(X1»---»Xn)q_‘Pr(Xq,...,Xg)EO mod .

Because 7 divides f o ¢, — ¢, 0 g and 7" — 1 is invertible in A, Q does have coefficients
in A, and because ¢, satisfies the induction hypothesis, it does have degree r + 1.
Having defined the ¢, forr = 1,2, ... and noted that

¢r+1 = ¢r + terms of degree > r + 1,
we can define ¢ to be the unique power series such that
¢ = ¢, + terms of degree >r + 1
for all r. Clearly, it has the first of the required properties, and for any r,

f(@(X1,...,Xn) = f(¢r(X1,..., X)) + terms of degree > r + 1
= ¢, (g(X1,...,Xy)) + terms of degree > r + 1
= ¢(f(X1,...,Xp)) + terms of degree > r + 1.

Since this holds for all r, ¢ also has the second required property. O

PROPOSITION 2.12 For every [ € Fy, there is a unique formal group law F s with coef-
ficients in A admitting f as an endomorphism.

PROOF. According to Lemma 2.11, there is a unique power series F ¢ (X, Y') such that

{ Fr(X,Y) = X +7Y + terms of degree > 2
f(Fr(X.Y)) = Fr(f(X), f(Y)).

It remains to check that this is a formal group law.
Commutativity: Let G = Fy(Y, X). Then

{ G(X,Y) = X +Y + terms of degree > 2
f(G(X,Y)) SfFrY, X)) = Fr(f(Y), f(X)) = G(f(X), f(Y)).

Since Fz(X,Y) is the unique power series with these properties, it follows that G(X,Y) =
Fr(X,Y).

Associativity: Let G1(X,Y,Z) = Fr(X, Fr(Y,Z))and G2(X,Y, Z) = Fy(Fy(X.,Y), Z).
Then, fori =1, 2,

{ Gi(X,Y,Z) = X+Y + Z + terms of degree > 2
Gi(f(X). f(Y). f(Z2)) = [f(Gi(X.Y.Z))

and again Lemma 2.11 shows that there is only one power series satisfying these condi-
tions. O

EXAMPLE 2.13 Let K = Qp and # = p. Then f(T) = (1 + T)? — 1 lies in F, and
F(X,Y)=X +Y + XY admits f as an endomorphism (see 2.7). Therefore, F = F .

The formal group laws F s defined by the proposition are the Lubin-Tate formal group
laws. They are exactly the formal group laws admitting an endomorphism
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¢ that has derivative at the origin equal to a prime element of K, and

¢ reduces mod m to the Frobenius map 7+ T9.

PROPOSITION 2.14 For f,g € Fr anda € A, let [a]g, s be the unique element of A[[T]]

such that
lalg, s (T) = aT + terms of degree > 2

go [a]g,f = [a]g,f o f.
Then [a]g, r is a homomorphism Fy — Fyg.

PROOF. Let h = [a]g, r—its existence is guaranteed by Lemma 2.11. We have to show
that
h(Fy(X.Y)) = Fg(h(X),h(Y)).

Obviously each is equal to a X + aY +terms of degree > 2. Moreover,
h(Fy(f(X), f(Y))) = (ho f)(Fr(X.Y)) = g(h(Fr(X,Y))).
Fg(h(f(X)). h(f(Y))) = Fg(g(h(X)), g(h(Y))) = g(Fg(h(X),h(Y))),

and we can apply the uniqueness in Lemma 2.11 again. O
PROPOSITION 2.15 Foranya,b € A,

la +Dlg.r = lalg.s +F, [Plg.r

and
[ab]h,f = [a]h,g o [b]g,f-

PROOF. In each case, the power series on the right satisfies the conditions characterizing
the power series on the left. a]

COROLLARY 2.16 For f,g € Fr, Fy ~ Fg.
PROOF. Forevery u € A, [u] 7, and =1 ¢,/ are inverse isomorphisms. o

In fact, there is a unique isomorphism h: Fy — Fg such that h(T) = T + --- and
goh=ho f, namely, [1]g r. Thus Fr >~ Fy.

COROLLARY 2.17 Foreacha € A, there is a unique endomorphism [a] r: Fy — F ¢ such
that [a] f = aT +terms of degree > 2 and [a] y commutes with f. The map

a>[a]lr: A — End(Fy)
is a ring homomorphism.

PROOF. Take [a] y = [a] r, f—it is the unique power series aT + --- commuting with f,
and it is an endomorphism of F . That a > [a] s is a ring homomorphism follows from
Lemma 2.15 and the obvious fact that [1] r = T. o

It follows that the abelian group (mz, +F,) has a natural A-module structure for L a
finite extension of K.
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EXAMPLE 2.18 Let K = Qpand f = (1+T)? —1€ Fp,sothat Fy = X +Y + XY.
For every a € Z, define

a_ a\..m alaera@—1)---(a—m+1)
(1+7) —Z(m)T : (m)_ mm—1)---1 '

m>0

When a € Z, these definitions agree with the usual ones, and if (a;);>1 is a sequence of
integers converging to a € Zp, then (%) — () as i — oo. Therefore () € Z,. I claim
that

lal; = (1+T)% 1.

Certainly, 1+ T7)* —1=aT +---, and
fo(l+T)* =) =(+T) =1 =((1+T) =)o f

holds when a is an integer, which (by continuity) implies that it holds for alla € Z,.

1
Under the isomorphism (m, +F ) bindaiN (1 + m, x), the action of [a]  corresponds

to the map sending an element of 1 4+ m to its ath power.
REMARK 2.19  (a) Note that [7] s = f, because f satisfies the two defining conditions.

(b) The homomorphism a + [a] r: A = End(Fr) is injective, because a can be recov-
ered as the leading coefficient of [a] #.

(c) The canonical isomorphism [1], r: Fr — Fg commutes with the actions of A on
Fy and Fg, because

lalg o [lg, 7 = lalg,r = [lg,r olaly.

SUMMARY 2.20 For each f € Fj, there exists a unique formal group law F s admitting
J as an endomorphism. Moreover, there is a unique A-module structure @ — [a] r: 4 —
End(Fy) on Fy such that

(@) [a] f = aT +terms of degree > 2, all a € A;
(b) [a] y commutes with f.
We have [n] r = f.If g € Fy, then Fy >~ Fg (by a canonical A-isomorphism).

EXERCISE 2.21 Let F(X, Y) be a power series such that F(X,0) = X and F(0,Y) =Y.
Show that there is a unique power series G(X) = —X +Y 7, a; X suchthat F(X, G(X)) =
0. Hence Axiom (c) in Definition 2.3 is redundant.

NOTES Let f € F,. There is a unique power series log(T) = T + --- € K][[T]] such that
log(F(x, y)) = log(x) + log(y). It has the property that

log([a] s (T)) = alog(T)

fora € A. See sx3644403.


https://math.stackexchange.com/questions/3644403/
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3 Construction of the extension K, of K.

In this section, A = Ok, where K is a nonarchimedean local field with residue field
A/m = k having g (a power of p) elements. We fix a prime element 7z of A.

According to the discussion in Section 1, there should be a unique extension K, of K
in K such that K2 = K, - K"™ and 7 is a norm from every finite subextension of K,
namely, the subfield K, of K" fixed by ¢ ().

It is easy to construct K. Let i, be the set of mth roots of 1in K., i.e., i, is the set
of roots of X —1. When m is not divisible by p, the discriminant of X”” —1 is aunitin Ok,
and so the field K[u,] generated by the elements of i, is unramified over K; moreover,
the residue field of K [i,,] is the splitting field of X™ — 1 over k, and so has ¢/ elements,
where f is the smallest positive integer such that m| pf — 1. Therefore |_J pim K[um] is an
unramified extension of K with residue field an algebraic closure of k, and so equals K"".
The Galois group Gal(K""/K) ~ Z,and a € 7 acts K™ as follows: for every { € um
and every integer ag sufficiently close to a (depending onm), a ¢ = ¢%° (= Frob%({)).

In the case K = Q, and m = p, there is a similar construction for K, namely,
(Qp)p = UQp[unpn]—we shall prove later that this has the indicated properties. The
action

([m], &) > ™2/ p"Z X ppn — ppn

makes ppn into a free Z/p"Z-module of rank 1. Since Z/p"7Z =~ 7Z,/p"Zp, we can
regard ( pn as a Zp-module, isomorphic to Z, /(p™). The action of Z, on p p» induces an
isomorphism (Z,/p"Z,)* — Gal(Qp[upn]/Qp), and, on passing to limit over all n, we
obtain an isomorphism

Z; — Gal((Qp) p/Qp).

Thus, for both the extensions K" /K and (Q) ,/Q,, we have an explicit set of genera-
tors for the extension, an explicit description of the Galois group, and an explicit description
of the Galois group on the set of generators. Remarkably, the Lubin-Tate groups provide
similar results for K, /K for every K and .

The absolute value |- | on K extends uniquely to every subfield L of K?! of finite degree
over K, and hence to K?!. Let f € F,. Forany o, B € K® with |«|, |8| < 1 anda € A, the
series Fr(a, B) and [a] r () converge. Therefore, we can define A ¢ to be the A-module
with:

Ap={aeK"||a| <1} (asaset),
a+a, p=a+r, p=Fr(aPp),

ax*o=a]r(a).

We define A, to be the submodule of A s of elements killed by [n]’}. If g is a second
element of F, then the canonical A-isomorphism Fy — Fg induces an A-isomorphism
A — Ag.

REMARK 3.1 Recall that [] (T') = f(T), and therefore Ay is the set of roots of

fOE fofoof (n factors)

in K2 with absolute value < 1. For simplicity, we let f be a polynomial 77T + a,T? +
-+« + T4 rather than a more complicated power series — according to 2.16 it even suffices
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totake f = 7T + T9.2 Then,

def

(f 0 )TV E FFT) = (T + 4 TN o 4 (1T 4o 4 T9)1
:7-[2T+...+Tq2,
and
fOT) =2"T + -+ T

From the Newton polygon of f™ (cf. ANT, 7.44), we see that the roots of £ all
have positive ord g, hence absolute value < 1, and so A, is the set of all roots of f ®) in
K?! endowed with the commutative group stucture

wtr, B=Fref)=a+p+ .

and the A-module structure,
la] o = ao +--- .

EXAMPLE 3.2 Take K = Qp and f = (T + 1)? — 1 € F); then
Ap=tecQy | @—D" =13 ={ [ =1} = ppn.

The addition + g on A corresponds to multiplication on i p», and the Z ,-module structure
is as defined before. It follows that A, ~ Z/p"Z (as a Zp-module).

Recall that a cyclic module is a module that can be generated by a single element.
Because A is a principal ideal domain with only one prime element up to conjugates, every
finitely generated torsion A-module M decomposes into a direct sum of cyclic modules

M~A/(x")YD---®A/(x"), ny<ny=<...,
and the sequence n1, ..., n, is uniquely determined.

LEMMA 3.3 Let M be an A-module, and let M,, = Ker(n": M — M). Assume,
(a) M hasgq ] (A : (7)) elements, and
(b) m: M — M is surjective.

Then M,, ~ A/(z"); in particular, it has g" elements.

PROOF. We use induction on n. Because A/m has order ¢, condition (a) and the structure
theorem imply that M, ~ A/(;r). Consider the sequence

0— My — M, 5 M,_; — 0.

Condition (b) implies that it is exact at M, _1, and is therefore exact. It follows that M, has
q" elements. If M, is not cyclic,

My, ~A/(x"Y® A/ (") D---, ni,na...>1,
then M, is not cyclic,
My~ (@MY /(x") @ (a7 /(") @ -

Therefore M, is a cyclic A-module of order ¢g”, and every such module is isomorphic to

A/ (™). o
2 Alternatively, the p-adic Weierstrass preparation theorem (Washington 1997, 7.3) implies that every f €
Fy factors into f1(T)u(T), where f1(T) is apolynomial #7 +---+aT%,a =1 mod m, and u(T) is a unit

in A[[T]]. Obviously, the roots of f () are the roots of fl(").
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PROPOSITION 3.4 The A-module A, is isomorphic to A/(x"). Hence End4(A,) ~
A/ (") and Aut 4(A,) >~ (A/(x"))™.

PROOF. An A-isomorphism h: Fy — Fg of formal group laws induces an isomorphism
of A-modules Ay — Apg, and so it does not matter which f € F; we choose. We take
f € Fx to be a polynomial of the form 77 + --- + T9. This is an Eisenstein polynomial
(ANT, p. 129), and so has ¢ distinct roots, each with absolute value < 1. Let o« € K have
absolute value < 1. From the Newton polygon of

fT)—a=T94+ -4+ 7T —«

we see that its roots have absolute value < 1, and so lie in A r. We have shown that A ¢
satisfies the hypotheses of the lemma, and so A, ~ A/(x"). It follows that the action of A
on Ay induces an isomorphism A/ (") — End 4(Ay). o

LEMMA 3.5 Let L be a finite Galois extension of a local field K, with Galois group G . For
every F € Ok|[[X1, ..., Xn]land oy, ..., an € mp,

F(tay,...,tay) = tF(ay,...,0n), allt €G.

PROOF. If F is a polynomial, this follows from the fact that 7 is a field isomorphism fixing
the elements of Ok . Because the absolute value on L is the unique extension of the absolute
value on K (ANT, 7.38), it is preserved by 7 € G, i.e., |ta| = |¢| all @ € L, and so 7 is
continuous. Therefore it preserves limits,

lim ap =L = lim ta, = tL.
m—00 m—00

Write F' = Fj,+terms of degree > m + 1 with F;, a polynomial of degree m. Then

T(F(oy,...,an)) = t(n}i_r)noo Fo(ay,...,ay))
= mli_r)noot (Fm(og, ..., an))
= lim Fy(taq,...,1705). o
m—00

THEOREM 3.6 Let K, denote the subfield K[A,] of K¥ generated over K by the ele-
ments of A,,.

(a) Foreachn, Ky /K is totally ramified of degree (¢ — 1)¢™ L.

(b) The action of A on A, defines an isomorphism
(A/m™)* — Gal(Kyn/K).
In particular, K, /K is abelian.

(c) Foreachn,  is a norm from K 5.

PROOF. Again, we may assume that f € F; is a polynomial of the form #T + --- 4+ T4.
(a), (b). Choose a nonzero root 1 of f(7T') and (inductively) a root 7, of f(T)—mp—1.
Consider the sequence of fields

q q q q—1
K[An] D K[mn] D K[np—1] D --- D K[m1] D K.
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Each extension is Eisenstein (ANT, 7.55) with the degree indicated. Therefore K[mr,] is
totally ramified over K of degree ¢" (g — 1).

Recall that A, is the set of roots of £ in K?!, and so K[A,] is the splitting field of
£ Therefore Gal(K[A,]/K) can be identified with a subgroup of the group of permuta-
tions of the set A, but Lemma 3.5 implies that each element of Gal(K[A,]/K) acts on A,
as an A-module isomorphism, and so the image of Gal(K[A,]/K) in the automorphism
group of A, is contained in

Endg(Ay) = (A/(x™))*.
Hence
(g —Dg"™ " = |Gal(K[An]/K)| = [K[An] : K] = [K[7a] : K] = (¢ — Dg" .

We must have equalities throughout, and so Gal(K[A,]/K) ~ (A/m")* and K[A,] =
K|[my].
(c)Let f"N(T) = (f/T)o f o---o f (nterms), so that

n—1

f[”](T) =744+ T(‘I_l)q

Then f(z,) = fIr=W(rm,_) = --- = f(m1) = 0. Because f[™ is monic of degree
(g — g™ ! = [K[my] : K], it must be the minimal polynomial of 7,, over K. Therefore,

_ n—1
Nmgpa,1/k T = (=)@ DI 7

= unlessq=2andn =1.
In the exceptional case, K[A1] = K, and 7 is certainly a norm. O

SUMMARY 3.7 Let f(T) = nT +---4 T4, and let A, be the set of roots of £ in K2,
Define K, = K[Ay]. Then

Ky = UKJT,I’l
\
i

Kan = Klmn] f(mn) = mn—1 mg,, = (7Tn)
| 9
i q

Kzp = Km] f(m)=m wmk,, = (72)
K

Kri = Km] f(r) =0 wg,, =) 71 #0
=

K

Moreover, the action
axA=1lalr(A), a€A, L€ Ay,

induces an isomorphism
(A/m™)* — Gal(Kyn/K).

On passing to the inverse limit, we obtain an isomorphism

A% = Gal(K/K).
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EXAMPLE 3.8 Let K = Qp and f = (T + 1)? — 1. For each r, choose a p"th root
{pr of 1 in such a way that ¢, is primitive and Eé’r = {pr—1. Then 7, = {pr — 1 and
(Qp)pn = Qplrr] = Qpl¢pr]. Moreover, the isomorphism

(Zp/(P")* = Gal(Qpl¢pr]/Qp)

is the standard one.

The local Artin map

We define a homomorphism
¢n: K* — Gal((Ky - K"™) /K)

as follows. Let a € K*. Because K, N K" = K, it suffices to describe the actions of
¢r(a) on K; and K" separately. Let a = un™, u € U. We decree that ¢, (a) acts on
K" as Frob™, and that it acts on K, according to the rule

¢x(@) ="', ), allde( A
The ~! is inserted so that the following theorem is true.

THEOREM 3.9 Both K, - K™ and ¢, are independent of the choice of .

The proof will occupy the rest of this section.

Recall that K2! is not complete (see ANT, Exercise 7-7); in fact even K" is not com-
plete. We write K for its completion and B for the valuation ring of K" (the absolute
value | - | on K" extends uniquely to K", and B is the set of elements with value < 1).
We write o for the Frobenius automorphism Frobg of K™ /K, and also for its extension
to K", For a power series 0(T) = _b; T' € B[[T]], we define (¢0)(T) to be the power
series Y (ob;) T'.

PROPOSITION 3.10 Let Fy and Fg be the formal group laws defined by f € F, and
g € Fu, where m and w = um are two prime elements of K. Then Fy and Fg become
A-isomorphic over B. More precisely, there exists an ¢ € B> such that o = eu, and a
power series 8(T') € B[[T]] such that:

(a) 8(T) = eT +terms of degree > 2;
(b) 060 =00 [u]ys;

(© 0(Fr(X.Y)) = Fg(0(X),0(Y));
(d) Oola]y =[a]g 0.

The last two conditions say that ¢ is a homomorphism F ¢ — Fg commuting with the
actions of A, and the first condition implies that 6 is an isomorphism (because ¢ is a unit).

LEMMA 3.11 The homomorphisms

b+ ob—b:B — B,
b+ ob/b: B* — B*,

are surjective with kernels A and A respectively.
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PROOF. Let R be the valuation ring in K", and let n be its maximal ideal. Then R is a
discrete valuation ring, and 1(£1 R/n" = B (see (A.7 below). We shall show by induction
that the sequence

0 — A/mt —— R/w" =L R/w" —— 0 (10)

is exact. For n = 1, the sequence becomes

0 s k b o XXX f 5 0.

Here k is the algebraic closure of k. This is obviously exact. Assume that the sequence is
exact for n — 1, and consider the diagram

0 s R/n s R/n" —— R/ 1 —— 0
| P
0 s R/n s R/n* —— R/n" 1 —— 0.

From the snake lemma, we find that 0 — 1: R/n" — R/n’ is surjective and that its kernel
has ¢” elements. As A/n" is contained in the kernel and has ¢” elements, it must equal
the kernel. This shows that (10) is exact, and, when we pass to the inverse limit over n, the
sequence becomes

0—A4—B 2L B > 0,
which is therefore exact (see Proposition A.8 below).
The proof for B* is similar. o

The inverse of a power series & for composition will be denoted A=, Thus h o h=! =
T=h"1oh.
The proof of the Proposition 3.10 has four steps.

Step 1. Show there exists a (7T") € B[[T]] satisfying (a) and (b).
Step 2. Show that the € in Step 1 can be chosen so that g = 0l o f 0 671,

Step 3. Show that the power series 6(F ¢ (0~1(X),071(Y))) has the properties characteriz-
ing F¢(X,Y), and therefore equals it.

Step 4. Show that the power series 6 o [a] r o 6~ has the properties characterizing [a] g»and
therefore equals it.

PROOF (OF STEP 1) Choose an ¢ € B* such that o0& = su—its existence is ensured by
Lemma 3.11. Starting with 0;(T') = T, we shall construct a sequence of polynomials 6,

such that
0,(T) = 6,_1(T)+bT" ,someb € B,

00y = 0rolu]s + terms of degree > r + 1.

Note, that for 61 (T') = €T, the second equation becomes

oeT =ewT + ---) + terms of degree > 2,



42 Chapter I. Local Class Field Theory: Lubin-Tate Theory

which is true because of our choice of . Suppose that 8, has been found, and we wish to
find 6,4 1(T) = 6,(T) + bT"+!. Write b = ae"*!, a € B. Then the second equation
becomes

(06,)(T)+(ca)(oe) TiTm+! 2 Gr([u]f(T))—i-aerH(uT)rH+terms of degree > r+1.

Thus, we need

(ca —a)(su)"*! 2 c,

where c is the coefficient of 771 in 6, o [u] # — 00r. We can choose a to be any element
of B such that ca —a = c¢/(su)" 1. O

PROOF (OF STEP 2) Define
h=00o0fof ' =0oulsofof =00 fofulsof™".
Then, because f and [u] s have coefficients in A,
0h=090f0[u]f009_1 =060 fof !l =h.

For the middle equality, we used that [u] r o o0~1 = 6~ which follows from 6 o [u] o
00~! = T. Because oh = h, it lies in A[[T]]. Moreover,

WT)=o0¢e-w-¢'T +--. = wT + terms of degree > 2,

and
WT)y=0600(0"1 =006 1 (T7))=T? mod mg.

Therefore, i € For. Let 8’ = [1]4 5 0 0. Then 6’ obviously still satisfies condition (a) of
the proposition, and it still satisfies (b) because [1], , € A[[T]]. Moreover,

06 0 f o8~ = [l]ghoholll} =&

]

The proofs of Steps 3 and 4 are straightforward applications of Lemma 2.11, and so
will be left to the reader.

PROOF (THAT K - K"" IS INDEPENDENT OF ) Let 7 and @ = swu be two prime ele-
ments of K. From Proposition 3.10 we find that

(00)o[n]r=0o0(u]rolns]l=00c[w]s =[w]gol,
that is, that
(@0)(f(T)) = g(0(T)).
Therefore, for any o € K?! (recall that this is the separable algebraic closure of K),

fl@) =0= g(0(a)) =0,

and, similarly,
g@)=0= f(67" () =0.

Therefore 6 defines a bijection A £; — Ag 1, and so

K"™[Aga] = K*™[0(A 7] C K™ [A 1] = K07 (Ag,1)] € K™ [Ag,1].
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Therefore
K" [Ag1] = Kun[Aﬁl].

Now the next lemma shows that
Ieun[Ag’l] N K& = Kun[Ag’I]’ Ieun[Af’l] N K = Kun[Af,l]’

and so
K" [Ag1] = K““[Aﬂl].

The argument extends without difficulty to show that

K™ [Ag ] = K™[A ]
foralln,and so K" - K = K™ - K. o
LEMMA 3.12 Every subfield E of K®! containing K is closed (in the topological sense).

PROOF. Let H = Gal(K®/E). Then H fixes every element of E and so, by continuity,
it fixes every element in the closure of E. By Galois theory, this implies that E equals its
closure in K&, a]

PROOF (THAT ¢, IS INDEPENDENT OF 7.) We shall show that, for any two prime ele-
ments 7 and @,

Pn (@) = dw ().

Since 7 is arbitrary, this implies that for any other prime element " of K,

G (W) = ¢ (W) = P (w).

Since @ is also arbitrary, and the prime elements generate the group K™, this implies that
¢n = ¢7r/-

On K", both ¢ (ww) and ¢4 (@) induce the Frobenius automorphism. It remains to
prove that they have the same effect on K4 .

Let 6 be an isomorphism Fy — Fg over K" as in Proposition 3.10. It induces an
isomorphism A s, — Ag , for all n. By definition, ¢z (@) is the identity on K, and
since K, is generated over K by the elements 6(A) for A € A ¢, it remains to prove that

o (@)(O(1)) = 0(A), alll € Agy,.
Write w = um. Then ¢ (@) = ¢ (1) - ¢ () = t0, say, where

Frobg on K" id on K"
o = T =

id on A

Using that the series 8 has coefficients in K" and (3.10), we find that

¢ (@)(B(L) = t0(B(1)) = (66)(zA) = (@) ([u™ '], (X) = 6(R). o
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EXAMPLE 3.13 We describe the local Artin map ¢,: Q, — Gal(L/Qp) in the case L =
Qpl¢], where ¢ is a primitive nth root of 1.

(a) Suppose n is prime to p. Then L is unramified over Q,, with degree equal to the
degree of the residue field extension. The residue field is F b/ where pf is the smallest
power of p such that n|(p/ — 1). The map dp - Q; — Gal(L/Qp) sends u - p’ to the tth
power of the Frobenius element, and its kernel is Z; - pf ),

(b) Suppose n is a power p” of p. In this case, L is totally ramified of degree (p —
1)p"~ 1 over K, and L = (Qp)p,n (see 3.8). The map ¢p:Q, — Gal(L/Qp) can be
described as follows: let a = up’, and let ug € Z represent the class of u in (Z,/p"Z,)™;

then ¢, (a) sends ¢ to C“_l. Its kernel is {up™ |u =1 mod p", m € Z}.
(¢) In the general case, write n = m - p” with m prime to p. Then we have

/Qp [En]\
QplSpr] Qpl&m]

N

The map Q/ Nm(Qp[{n]*) — Gal(Qp[6x]/Qp) can be described as follows: write a =

—1
up', u € Z7; then a acts on Qp[{m] by {m +> £, and it acts on Qp[pn] by {pn > §Z§§ ,

where u is an integer congruent to ¥ mod p”.

4 The Local Kronecker-Weber Theorem

The main result proved in this section is that K ab — K. K" Since this is not needed
for the proofs of the main theorems of local class field theory, and is implied by them, this
section may be skipped.

The ramification groups of K , /K.

Let L/K be a finite Galois extension with Galois group G. Recall (ANT, 7.57, 7.58,...)
that the i th ramification group is defined to be

Gi={treG|ordr(ta—a)>i+1,alaeOr};
moreover, fori > 1,
Gi={t€Go|ordp(zll —1IT)>i+ 1},

where IT is a prime element for L. Here ordy, is the normalized valuation L — Z. Then
G/Go = Gal(l/ k), and there are inclusions:

(IT— /0 mod IT): Gy/Gy — [
(I — (<IT =)/ mod ):G;/Giy1 — I,
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where [ D k are the residue fields of L and K. Thus (Go: G1)|g — 1 and (G;: G;+1)|q for
i > 1. Moreover G; = {1} for i sufficiently large.
Let

U®=vU =4,
UD=14+m, i>1.

Then we have a filtration
u/u™su®W/u® s oumiug™ =0
on AX/(1+m") =U/U™.

PROPOSITION 4.1 Let L = Ky ,. Under the isomorphism AX/U(”) = G of Theorem
3.6, UD /U™ maps onto Gyiy.

PROOF. We take f = 7T + T4. Certainly G = Gg, and U© /U™ maps onto Go. Now
take i > 1,andlety € UD L UUFD Thenu = 1 4 v’ withv € A%, and

[u] £ (7tn) = (1] £ (7tn) + W] £ (7] () = 70 + [V] f (Tn—i) = 700 + (UNIOTH—;.

] e . 9 _— 29 (ZTit1 - 79 ;
Foreveryi > 1, m = wmiq1 + 7 = 7 ( 7 + 1) = 7, ; X unit because
i
ord(—Z5) > 0. Hence 7,—; = 7 X unit, and
Tit1

[u] () — 00 = Jr,‘{i X unit.

By definition, this means that [u]r € Ggi_y, [u]lf ¢ G, i. Since this is true for all i, it

implies that U ®) maps onto Ggi_q- a]
Hence
Go=G
Gy-1 =Gy =+ =G
Gq2_1 = GqZ_z == Gq
an—l = 1

is a complete set of distinct ramification groups for K /K.

Upper numbering on ramification groups

Let L be a finite Galois extension of K with Galois group G. We extend the definition of
Gy, to all real numbers u > —1, by setting

G, = G;, wherei isthe least integer > u.

Foru > 0,
G, ={te€Go|ordp(zII —1IT)>1i+ 1}.
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Define ¢: R>o — R to be the unique continuous piecewise linear function such that

@(0)
@' (u)

Define G = Gy if v = ¢(u), i.e., G¥ = G,-1().

0
(Go : Gy)~ ! if u is not an integer.

EXAMPLE 4.2 Let L = Ky . Then
(G01G1)=q—1, G1=G2=--'=Gq_1.

Thus ¢’ (u) = q+1 for 0 < u < g — 1, and the first segment of the graph of ¢ runs from
(0,0) to (¢ — 1, 1); hence G! = G,_1. Next

Thus ¢'(u) = ﬁ forg —1 < u < g% — 1, and the second segment of the graph of
¢ runs from (g — 1,1) to (g% — 1,2). Thus G? = G,2_;. Continuing in this fashion, we
arrive at the following picture,

qg—1

- q
Gyp D Gq_l D) Gq2—1 D D Gq”—l =1
| | | |
G° G! G? G"
PROPOSITION 4.3 Under the isomorphism AX /U™ — G,
vOum™ 3 gl
PROOF. Immediate consequence of (4.1) and (4.2). o

The upper numbering is defined so as to be compatible with the passage to the quotient
(whereas the lower numbering is compatible with passage to the subgroups).

PROPOSITION 4.4 Consider Galois extensions M D L D K, and let G = Gal(M/K) and
H = Gal(M/L) (assumed normal) so that G/H = Gal(L/K). Then

(G/H)" = Im(G" — G/H),
ie,(G/H) =G"H/H.
PROOF. See Serre 1962, IV.3, Pptn 14. o

Now consider an infinite Galois extension §2/K. Using (4.4) we can define a filtration
on G = Gal(£2/K):

1€ G’ < 1€ Gal(L/K)", all L/K finite and Galois L C £2.

DEFINITION 4.5 For a finite Galois extension L/K, v is called a jump in the filtration
{GV}if, forall e > 0, GV # GVT2,

THEOREM 4.6 (HASSE-ARF) If L /K is abelian, then the jumps are integers, i.e., if G; %
Git+1, thenp(i) € Z.
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PROOF. See Serre 1962, V.7. (The proof is fairly elementary, but complicated. It is does not
require that residue fields be finite, but only that the residue field extension be separable.)n

Thus, for a finite abelian extension L/ K, the filtration on Gy = G is of the form
G°2G"2G2.... ijeN

Moreover G = {1} for n sufficiently large, and (G%/: G'/+1) divides ¢ — 1 or g. For
an infinite abelian extension, the same statements hold, except that the filtration need not
terminate: we can only say that

(G =11

EXAMPLE 4.7 Let L = Kz . If G; # Gi41,theni =0, —1,...,¢" — 1, and at those
points ¢ takes the values 1,2,3,...,n. Thus we have verified the Hasse-Arf theorem for
all these extensions, and, because of (4.4), all subextensions. In particular, we have shown
that the local Kronecker-Weber theorem implies the Hasse-Arf theorem.

The local Kronecker-Weber theorem

As usual, K is a local nonarchimedean field, and all extensions of K will be required to be
subfields of a fixed separable algebraic closure K?! of K.

THEOREM 4.8 For every prime element r of K,
Ky - KU — Kab.

LEMMA 4.9 Let L be an abelian totally ramified extension of K. If L D K, then L =
K.

PROOF. Let G = Gal(L/K) and H = Gal(L/Ky), so that G/H = Gal(K,/K). Con-
sider the diagram (of abelian groups)

1 1 1

~N ~ ~N

1l — G""'NnH —— G"! —— (G/H)""! —— 1

l —— G"N > G" s (G/HY" — 1
| G"NH ek _ (G/H)" |

> Grtln H T gntl ’ (G/H)r+1

| | |

1 1 1

The columns are obviously exact, and Proposition 4.4 shows that the top two rows are exact.
Therefore, the third row is exact (by the snake lemma, for example) and so
(G*:G"tY = (G/H)*:(G/H)"*Y) (G"NH:G"t'N H).
<q =q—lorg
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From this we deduce that G" N H = G**! N H for all n. Thus
G""'nH=G"nH=--=GNH=H,

ie., H C G"*! for all n. Since (1 G™ = 1, this shows that H = 1. o

LEMMA 4.10 Every finite unramified extension of K is contained in K, - K"™.

PROOF. Let L be an unramified extension of K. Then L = K,; - L’ for some unramified
extension L of K , for some n.> Now apply (ANT, 7.58) to see that L’ = Ky , - L" for
some unramified extension L” of K. O

LEMMA 4.11 Let L be a finite abelian extension of K, of exponent m (i.e., T = 1 all
7 € Gal(L/K)), and let K, be the unramified extension of K, of degree m. Then there
exists a totally ramified abelian extension L; of K, such that

LCLi Kyy=L- Ky

PROOF. For every v € Gal(LK,,/Kz), t"|L = 1 = t"|K,, and so Gal(LK,,/Ky) is
still abelian of exponent m. Let t € Gal(LK,,/Kx) be such that t|K,, is the Frobenius
automorphism. Then t has order m, and so

Gal(LKy,/K) = () x H (direct product).

for some subgroup H. Let L; = L) then L; is totally ramified over K and L - K,, =
Lt M Km. O

PROOF (OF THEOREM 4.8) Let L be a finite abelian extension of K; we have to show that
L C Ky - K"™. Lemma 4.11 applied to L - K, shows that there exists a totally ramified
extension L; of K; and an unramified extension L, of K such that

L-K; CL;-Ly.
Now (4.9) implies that L; C K, and (4.10) implies that L,, C K5 - K"". o

COROLLARY 4.12 Every finite abelian extension of Q, is contained in a cyclotomic ex-
tension.

EXAMPLE 4.13 A finite abelian extension L of K need not be of the form L; - L,, with L;
totally ramified over K and L, unramified over K. Consider:

Qs[¢s. L624]

SN

Qs|¢s] L Qs[C624]

N7

Qs

3The finite extension L of K, is separable, so generated by an element § whose minimal K -equation has
only finitely many coefficients. Since K is union of the chain of subfields K 5, one of these must contain all
the coefficients of your polynomial.



4. The Local Kronecker-Weber Theorem 49

The field Qs[¢s] is totally ramified of degree 4 over Qs with Galois group (Z/5)%,
which is cyclic of order 4. Note that 624 = 5% —1, and so Qs [C624] is unramified of degree
4 over Q5, and its Galois group is also cyclic. Clearly

Gal(Qs5[¢3120]/Qs) = (o) x (7),

where
0(8624) = $2o4 T(l624) = 624

o(¢s) = &5 t(s) = &2

Let L be the fixed field of (627). Then L is a cyclic Galois extension of Q5 of degree
4. Its maximal unramified subfield

Ly = L N Qs[le24] = Qs[C624]") = Qs[t23,

which has degree 2 over Q5. If there existed field a L; such that L = L; - Ly, then
Gal(L/Qs) would be the product of two cyclic groups of order 2, contradicting the fact
that it is cyclic.

We recover the fact that K, - K™ is independent of & without using Proposition 3.10.
However, this proposition is still required to show that ¢ is independent of 7.

REMARK 4.14 The original Kronecker-Weber Theorem (proved by Hilbert in 1896 using
an analysis of the ramification groups after earlier incomplete proofs by Kronecker and
Weber) states that every finite abelian extension of QQ is contained in a cyclotomic extension.
For Q, the same statement is called the Local Kronecker-Weber Theorem, and Theorem
4.8 is usually referred to as the Local Kronecker-Weber Theorem for K. It is in fact possible
to give an elementary proof of the Local Kronecker-Weber Theorem for Q, (see Cassels
1986, p 151).

REMARK 4.15 In Chapter III, we shall deduce the Local Kronecker-Weber Theorem from
Theorem 1.1 without making use of the Hasse-Arf theorem—this was the original approach
of Lubin and Tate. The above proof follows Gold 1981 and Lubin 1981 (apparently a similar
proof was found earlier by Leopoldt but not published). For a proof of the local Kronecker-
Weber theorem for local fields of characteristic zero that does not make use of the Hasse-Arf
theorem or cohomology, but which is more complicated than the above, see Rosen 1981. As
Iwasawa points out (1986, p. 115), once Proposition 4.4 and certain properties of the abelian
extensions K /K are taken for granted, then the Local Kronecker-Weber Theorem for K
and the Hasse-Arf Theorem are essentially equivalent.

The global Kronecker-Weber theorem

Since it is now so easy, we might as well prove the original Kronecker-Weber theorem.
THEOREM 4.16 Every abelian extension of Q is contained in a cyclotomic extension.

LEMMA 4.17 Let K be a finite Galois extension of Q with Galois group G. Then G is
generated by the inertia groups of the prime ideals p of K that are ramified in the extension

K/Q.
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PROOF. Let H be the subgroup of G generated by the inertia groups, and let M be the
fixed field of H. Then KI® > M for all prime ideals p of K, and so p N M is unramified
in the extension M/Q. Therefore M is an unramified extension of , and so equals Q (by
ANT, 4.9). a]

PROOF (OF THE KRONECKER-WEBER THEOREM) “Let K be an abelian extension of Q.
Let p be a prime number, and let p be a prime ideal of Ok lying over it. From the local
Kronecker-Weber theorem, K, is contained in a cyclotomic extension of Qp, say K, =
Qplup.vp], where u, is a p*»th root of 1 and v, is a root of 1 of order prime to p. Note
that s, depends only on p (not p) because Gal(K,,/Q)) acts transitively on the primes lying
over p, and hence on the set of fields K.

Let L be the cyclotomic extension of (Q generated by the pS7th roots of 1 for all prime
numbers p ramified in K, and let K’ = K - L. Then K’ is again abelian over Q, and for
every prime p’ of K’, we have

K;/ C Qplup, wpl, (%)

where w, is aroot of 1 of order prime to p. Clearly it suffices to prove the theorem with K
replaced with K’, and so we can assume K D L.
We now have

[K:Q] > [L:Q] = H(p(psl’) (product over p ramifying in K).
P

Since the Galois group G of K/Q is commutative, the inertia group /(p) depends only on
the underlying prime p, and so we denote it /(p). From (*) we have

(I(p):1) < @(p°?)

because /(p) is a quotient of the corresponding group for Q,[u,, wp]. By (4.17), G is
generated by the groups /(p), and so there is a surjective map [[ I(p) — G; thus

G:1) <[Ja@:D < [Je*.
D

But (G: 1) = [K: Q] and so we have equality everywhere, and K = L. o

REMARK 4.18 At this point, it is not too difficult to complete the proofs of main theorems
of global class field theory (see the Introduction) in the case K = Q. From the fact that L
is contained in a cyclotomic extension we deduce that the Artin map ¢y /o has a modulus.
Now use Dirichlet’s theorem on the density of primes in arithmetic progressions to show
that ¢y /@ is surjective. We know that Nm(/ f ) is contained in the kernel, and so the only
thing that is lacking at this point is that

(I3:Nm 17 -i(Km1)) < [L:Q].

This is the first inequality, which is not difficult by analytic methods (see Janusz 1996, 1V,
5.6). Once one has that, the existence theorem follows from the fact that Q[{,,] has modulus
(m)oo.

4Following Cassels 1986, p. 236.
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Notes

The original source for the theory of Lubin-Tate extensions is Lubin and Tate 1965. The
theory is also treated in Serre 1967a, Iwasawa 1986, and Fesenko and Vostokov 1993.

Where did it all come from?

We have seen that the Lubin-Tate formal group laws provide a remarkably simple solution
to an apparently very complicated problem, that of giving explicit generators for the largest
abelian extension of a local field and describing how the Galois group acts on them. The
only mystery is how anyone ever thought of them. The following speculations may help.

That such a theory might exist was suggested by the theory of complex multiplication
of elliptic curves. Here one shows that, for a quadratic imaginary number field K, there
exists an elliptic curve E, unique up to isogeny, having O as its endomorphism ring. For
every n, the points of order dividing n on E form a cyclic Og-module, and it is this fact
that allows one to prove that adjoining their coordinates gives an abelian extension.

In seeking an analogous theory for local fields, it is natural to replace the algebraic group
E by the local analogue, namely, by a formal group law. Thus we seek a formal group law
whose endomorphism ring is so large that its torsion points form a cyclic module. The ob-
vious candidate for the endomorphism ring is again the ring of integers Ok in K. Initially,
it is natural to ask only that the formal group admit an endomorphism corresponding to a
prime element 7 of Og. Considerations of the heights of formal group laws together with
the desire for the torsion points to form a cyclic module suggest that this endomorphism
should be given by a power series f(T') such that f(T) = T9 mod m. Moreover, since we
truly want the formal group to depend on the choice of 7 (because the extension K, we
wish to construct does), it is natural to require that f(7) = 7T + ---. Thus, we are led to
the set F, and once we have that, the theory follows naturally.

Actually, the true story is more interesting — see below.

LUBIN M0220796

Since I had read and enjoyed Lazard’s paper on one-dimensional formal group (laws),
which dealt with the case of a base field of characteristic p, I decided to look at formal
groups over p-adic rings. For whatever reason, I wanted to know about the endomorphism
rings of these things, and gradually recognized the similarity between, on the one hand, the
case of elliptic curves and their supersingular reduction mod p, when that phenomenon did
occur, and, on the other hand, formal groups over p-adic integer rings of higher height than
1.

I had taken, or sat in on, Tate’s first course on Arithmetic on Elliptic Curves, and was
primed for all of this. In addition, I was aware of Weierstrass Preparation, and the power it
gave to anyone who wielded it. And in the attempt to prove a certain result for my thesis, I
had thought of looking at the torsion points on a formal group, and I suppose it was clear to
me that they formed a module over the endomorphism ring. Please note that it was not my
idea at all to use them as a representation module for the Galois group.

But Tate was looking over my shoulder at all times, and no doubt he saw all sorts of
things that I was not considering. At the time of submission of my thesis, I did not have a
construction of formal groups of height 4 with endomorphism ring o equal to the integers
of a local field k of degree h over Q,. Only for the unramified case, and I used extremely
tiresome degree-by-degree methods based on the techniques of Lazard. Some while after
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my thesis, I was on a bus from Brunswick to Boston, and found not only that I could
construct formal groups in all cases that had this maximal endomorphism structure, but that
one of them could take the polynomial form 7wx + x?. Tate told me that when he saw
this, Everything Fell Into Place. The result was the wonderful and beautiful first Lemma
in our paper, for which I can claim absolutely no responsibility. My recollection, always
undependable, is that the rest of the paper came together fairly rapidly. Remember that Tate
was already a master of all aspects of Class Field Theory. But if the endomorphism ring of
your formal group is o and the Tate module of the formal group is a rank-one module over
this endomorphism ring, can the isomorphism between the Galois group of k(F[p°°]) over
k and the subgroup o* C k* fail to make you think of the reciprocity map?

TATE, LETTER TO SERRE JANUARY 10, 1964; COLLECTED WORKS, L8

[From Lubin’s results] we get a homomorphism Ggxg — Ug = units in K. Restricting
this to the inertia group G gw we get a homomorphism Ggw — Uk, which is probably
canonical by the unicity remarks above, and which it is impossible to doubt is in fact the
reciprocity law isomorphism (or its negative!)... The miracle seems to be that once one
abandons algebraic groups, and goes to formal groups, the theory of complex multiplication
applies universally (locally).

A Appendix: Infinite Galois Theory and Inverse Limits

We review two topics required for this chapter (see also FT, Chapter 7).

Galois theory for infinite extensions

Fix a field K.

DEFINITION A.1 A field £2 D K (not necessarily of finite degree) is said to be Galois over
K if
(a) it is algebraic and separable over K, i.e., every element of §2 is a simple root of a
polynomial with coefficients in K;

(b) it is normal over K, i.e., every irreducible polynomial with coefficients in K having
aroot in £2 splits in £2[X].

PROPOSITION A.2 A field §2 is Galois over K if and only if it is a union of finite Galois
extensions of K.

PROOF. Suppose §2 is Galois over K. For every o € §2, the splitting field in £2 of the
minimal polynomial of & over K is a finite Galois extension of K, and 2 is the union of
such fields. Conversely, if £2 is a union of finite Galois extensions of K, then it is algebraic
and separable over K. Moreover, if f(X) € K[X] has a root in §2, then it has a root in
some finite Galois subextension E of £2, and therefore splits in E[X]. O

If £2 is a Galois extension of K, then the Galois group Gal(£2/K) is defined to be the
group of automorphisms of §2 fixing the elements of K, endowed with the topology for
which the sets

Gal(2/E), 2DEDK, [E:K]<o0
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form a fundamental system of neighbourhoods of 1. This means that two elements of
Gal(£2/K) are close if they agree on some “large” field £, 2 D E D K, [E: K] < oo.

PROPOSITION A.3 The group Gal(£2/K) is compact and Hausdorff.
PROOF. Consider the map
o+ o|E:Gal(/K) — [ [ Gal(E/K),

where the product runs over all £ C §2 with E finite and Galois over K. Proposition
A.2 implies that the map is injective. When we endow each group Gal(E£/K) with the
discrete topology, and the product with the product topology, then the topology induced on
Gal(£2/K) is the above topology. I claim that the image is closed. The image is equal to
the set of families (o0 ) g such that og/|E = o whenever E/ D E. Suppose that (og) is
not in the image. Then there exists a pair of fields E, D Ej such thatog,|E; # og, . Let

U= [[ Gal(E/K)x{og,}x {0k}
E+E.,E»

This is an open neighbourhood of (6g) g, and U N Im(Gal($2/K)) = 0. o
The topology on Gal(£2/K) is discrete if and only if 2 is a finite extension of K.

THEOREM A.4 Let §2 be a (possibly infinite) Galois extension of K with Galois group
G. Then there is a one-to-one correspondence between the subfields of §2 and the closed

subgroups of G. More precisely:
def

(a) For a subfield E of 2, H = Gal(£2/E) is a closed subgroup of G, and E = QH.
(b) If H is a subgroup of G, then Gal(£2/22) is the closure of H in Gal(2/K).

Moreover, the normal closed subgroups of G correspond to the Galois extensions of K, and
the open subgroups of G correspond to the finite extensions of K.

PROOF. Let E C §2 be a finite extension of K. Because every K-homomorphism £ —
£2 extends to £2, the map 0 +— o|£2:Gal(£2/K) — Homg(E, £2) is surjective, and so
induces a bijection

Gal(£2/K)/ Gal(2/E) — Homg (E, £2).

This shows that Gal(§2/ E) is of finite index [E : K] in Gal(£2/E). Because it is open (by
definition), it is also closed (its complement is a finite union of open cosets).

Let E C 2 be an arbitrary extension of K. Then E = [ E;, where the E; run over
the finite extensions of K contained in E. Correspondingly, Gal(2/E) = () Gal(£2/ E;),
which is therefore closed. Moreover, if & € £2 is not fixed by Gal(§2/E), then it is not
fixed by any Gal(§2/E;), and so does not lie in E. Thus E = Gal(2/E),

Let H be a subgroup of Gal(£2/K), and let H' = Gal(£2/2H). It follows from the
Galois theory of finite extensions that, for every open subgroup U of Gal(£2/K), UH =
UH’, and it follows from the theory of topological groups, the closure of H is (\UH
(intersection over the open subgroups U of Gal(£2/K)),andso H = (\UH = (UH' =
H'. O
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EXAMPLE A.5 (a) Endow Z with the topology for which the subgroups of finite index
form a fundamental system of neighbourhoods, and let Z be the completion. Then 7 =
[l prime ¢ and Z / m7, = Z/mZ for every m. Let I be the algebraic closure of ;. There
is a canonical isomorphism

7. — Gal(F/F,)

sending 1 € 7. to the automorphism x — x?. The extension of I, of degree m corresponds
to the subgroup mZ of Z. Let o be the automorphism of IF/[F, such that o (x) = x4. For
a € 7Z, define 0% to be the element of Gal(FF/IF,) such that, for each m, 0%|Fgm = % |Fym
for every a € Z sufficiently close to « (depending on m). The above isomorphism sends
a to 0. (For a detailed description of 7 and the isomorphism 7 — Gal(F/Fg), see Artin
1951,9.2.)

(b) Let 2, = |, Q[¢pr], where {pr is a primitive p”th root of 1. For u € Z7, write
u :ao+a1p+a2p2+--- ,0<a; < p—1,and define

oY, = §“9+“1P+'"+a*‘ps every s > r — L.
This defines an action of Z; on §2,, and in fact an isomorphism of topological groups
Z; — Gal(£2,/Q).
(c) Let 2 = | Q[¢y], where n is a primitive nth root of 1. Then
R=S2-23-25---, 2,N2y=Q, p#p.
Just as in the case of a finite number of finite Galois extensions, this implies that
Gal(2/Q) = [ [ Gal(2,/Q)
(topological product of closed subgroups). Thus there is an isomorphism
7% - Gal(£2/Q).
It can be described as follows: if ¢ is an nth root of 1 and u € 7%, then
MM =¢"foranym € Zwith m =u mod n.
(d) Let 2, = |JQ[¢pr], asin (b). Then
Ly~ Ap x Cp,
where Ap ~ (Z/(p)* ~ Z/(p—1) for p # 2and Ay = Z/27Z, and Cp, ~ Zp. Let
25, = 2 47 Then Gal(£22,/Qp) ~ Zp. Let
Q= _Qg ...

(composite inside Q). Then Gal(2'/Q) ~ [[Z, ~ Z.

(e) For every finite extension K of Q, K-£2’ is a Galois extension of K with Galois group
isomorphic to a subgroup of finite index in Z. But every such subgroup is again isomorphic
to Z (because it is again the completion of a subgroup of Z of finite index). Therefore

G@I(K - 2'/K) ~ 7. If we fix an isomorphism, and let K}, be the field corresponding to
mZ, then we see that:

(a) Ky, is cyclic of degree m;

(b) K, is cyclotomic, i.e., contained in an extension of K obtained by adjoining roots
of 1.

REMARK A.6 In general, there may exist subgroups of finite index in Gal(£2/K) which
are not open, even when K = Q (see FT, 7.26).
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Inverse limits

A partially ordered set (/, <) is said to be directed if, for any «, B € I, there existsay € [
such that &, B < y. For example, the set of positive integers ordered by divisibility,

m=<n <= min,

is directed.
An inverse system (or projective system) of sets is a family (Sy)qer Of sets indexed by
a directed set I together with, for each pair & < 8, amap ¢, g: Sg — Sq such that

(a) foralla € I, ¢y o is the identity map;

(b) foralla < B <Xyinl,@up°¢0gy = Qa,y-
A set § together with, for each @ € I, amap ¢o: S — Sq such that oy = @y g © @g
is said to be the inverse limit (or projective limit) of the inverse system (Sg), (¢q,g) if it
satisfies the obvious universal property.

Every inverse system of sets, groups, or rings has an inverse limit. For example, 7 =
limZ/mZ.
%

EXAMPLE A.7 The completion R of a discrete valuation ring R is canonically isomorphic
to 1<£n R /m", where m is the maximal ideal in R.

The profinite completion of a group G is defined to be l(gl G/H, where H runs through
the normal subgroups of finite index in G.

PROPOSITION A.8 The inverse limit of an inverse system of exact sequences of finite
abelian groups is again exact.

REMARK A.9 The Galois group Gal(£2/K) is the projective limit of the groups Gal(E/ K),
where E runs over the subfields of £2 that are finite and Galois over K. A topological group

that is a projective limit of finite groups is called a profinite group. They are precisely the

compact totally disconnected topological groups. (A topological space is totally discon-

nected if its connected components are the one-point subsets.) See Serre 1964 or Shatz

1972.






Chapter 11

The Cohomology of Groups

We take a respite from number theory and do some homological algebra. In an appendix to
the chapter, we review the general theory of derived functors.

1 Cohomology

The category of G-modules

Let G be a group. A G-module is an abelian group M together with a map
(g.m)—»gmGxM-—>M

such that, forall g, ¢’ € G,m,m' e M,

@) gm+m') =gm+gm';

(b) (gg")(m) = g(g'm), Im =m.
Equivalently, a G-module is an abelian group M together with a homomorphism of groups
G — Aut(M). We also say that G acts on M, and we say that the action is trivial if
gm=mforallg e Gandm € M.

A homomorphism of G-modules (or a G-homomorphism) is a map «: M — N such
that

(@) a(m +m') = a(m) + a(m’) (i.e., @ is a homomorphism of abelian groups);
(b) a(gm) = g(a(m)) forallg e G,me M.
We write Homg (M, N) for the set of G-homomorphisms M — N.
REMARK 1.1 The group algebra 7Z[G] of G is the free abelian group with basis the ele-

ments of G and with the multiplication provided by the group law on G. Thus the elements
of Z|[G] are the finite sums

Zinigi» ni €%, gie€a,

and
rory AV
(Zi nigi) (Zj njgj) - Zi’j nlnj(g’gj)'
A G-module structure on an abelian group M extends uniquely to a Z[G]-module structure,

and a homomorphism of abelian groups is a homomorphism of G-modules if and only if

57
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it is a homomorphism of Z[G]-modules. Thus the category Modg of G-modules can be
identified with the category of modules over the ring Z[G]. In particular, Modg is an abelian
category.

If M and N are G-modules, then the set Hom(M, N) of homomorphisms ¢: M — N
(M and N regarded only as abelian groups) becomes a G-module with the structures

(¢ + ¢")(m) = p(m) + ¢'(m)
(gp)(m) = g(p(g~"m)). (11)

Induced modules

For an H-module M, we define Indg (M) to be the set of maps (not necessarily homomor-
phisms) ¢: G — M such that ¢(hg) = he(g) forall h € H. Then Indg (M) becomes a
G-module with the operations

(0 +¢)x) = o(x) +¢'(x)
(g9)(x) = p(xg). (12)
A homomorphism a: M — M’ of H-modules defines a homomorphism
¢ > ao@:Indg (M) — Ind§ (M)
of G-modules.

LEMMA 1.2 (a) Forevery G-module M and H-module N,
Homg (M, Ind% (N)) ~ Hompg (M, N).

(b) The functor
nd$%:Mody — Modg

is exact.

PROOF. (a) Given a G-homomorphism o: M — Indg (N), we defineamap g: M — N
by the rule

B(m) = a(m)(1c).

where 1 is the identity element in G. For every g € G,

12

def (12)
Blgm) = (a(gm))(lg) = (g(a(m)))(1g) =" a(m)(g).
Because a(m) € Indg(N), when g € H, a(m)(g) = g(a(m)(1g)) = g(B(m)). There-
fore, § is an H-homomorphism M — N.
Conversely, given an H-homomorphism 8: M — N, we define « to be the map M —
Indg (N) such that a(m)(g) = B(gm). Then « is a G-homomorphism.

Since the maps & — B and  — « are inverse, both are isomorphisms.
(b) Given an exact sequence

O—-M—->N—-P—0,
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we have to prove that
0— md$ M — md§ N - md$ P -0

is exact. This is obvious except at the last position. Let .S be a set of right coset represen-
tatives for H in G, so that G = | cg Hs, and let ¢ € Indg(P). For each s € S, choose
an n(s) € N mapping to ¢(s) in P, and define ¢(hs) = h - n(s). Then ¢ € Indg (N) and
maps to ¢. o

Let ¢ be the map Indg (N) => N, ¢ = ¢(1g); this is an H-homomorphism, and the
lemma shows that (Indg (N), ¢) has the following universal property:

M
for any H-homomorphism : M — N from a |
G-module M to N, there exists a unique G- G-map | H -map
homomorphism a: M — IndIGLI(N) such that }
\2
gpoa=p nd$ (N) —2— N
H -map

When H = {1}, an H-module is just an abelian group. In this case, we drop the H
from the notation Indg. Thus

Ind® (Mp) = {¢p: G —> My} ( maps, not necessarily homomorphisms)
= Hom(Z[G], Mp) ( homomorphisms of abelian groups).

A G-module is said to be induced if it isomorphic to Ind® (My) for some abelian group
M.

REMARK 1.3 Let G be a finite group.

(a) A G-module M is induced if and only if there exists an abelian group My C M such
that
M = @geG gMy (direct sum of abelian groups),

in which case there is an isomorphism of G-modules
9> > g®¢(g "):Ind%(Mo) — Z[G] ®z Mo.
geG

Here Z[G] ®7 My is endowed with the G-structure such that
gz®@m) =gz Qm.

(b) Let H be a subgroup of G. An induced G-module is also induced when considered
as an H-module: let S be a set of right coset representatives for H in G, so that G =
Uses Hs; it M = Pge §Mo, then M = Py hM1 with My = B s sMo.

(c) Let M be a G-module, and let M be M regarded as an abelian group. Then

m:nd% (Mo) = M, ¢ Z go(g™h)
geG

is a surjective homomorphism of G-modules. It corresponds to the map

ZIG] ® My — M, (ang> R m > angm.
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REMARK 1.4 Let M and N be G-modules. Then the rule
gm®n)=gm®egn

defines a G-module structure on M ®z N. Let My be M regarded as an abelian group.
Then Z[G] ®7z M = Z[G] ®z My as abelian groups, but their G-module structures do not
correspond. However, one checks easily that the map Z[G]| ®7z My — Z[G] ®7 M sending
g ®mto g ® gm is an isomorphism of G-modules.

Injective G-modules

A G-module [ is said to be injective if every G-homomorphism from a submodule of a
G-module extends to the whole module, or, equivalently, if Homg (-, /) is an exact functor.

PROPOSITION 1.5 The category Modg has enough injectives, i.e., every G-module M can
be embedded into an injective G -module, M — I .

PROOF. When G = {1}, so that Modg is the category of abelian groups, this is proved in
the Appendix (A.4). Now let M be a G-module, and let My be M regarded as an abelian
group. We can embed M into an injective abelian group, say, My < . On applying
the functor Ind®, we obtain an inclusion Ind® (My) — Ind® (1) of G-modules. There
is an inclusion of G-modules M <> Ind® (My) sending m to the function g — gm. On
composing these maps, we obtain an injective homomorphism M < Ind® (1), and so it
remains to show that Ind® (1) is an injective G-module, but the natural isomorphism

Hompod, (M. Ind® (1)) ~ Homap(M, I)

shows that Hompoeq,; (—, Ind® (1)) is exact. 0

Definition of the cohomology groups
For a G-module M, define

MG ={meM|gm=mallgeG).

The functor
M + M%:Modg — Ab

is left exact, i.e., if
O-M —->M-—->M'—-=0

is exact, then
0> MY 5 MG 5 m"©

is exact. This can be checked directly, or by observing that (—)© is isomorphic to the left
exact functor Homg (Z, —).

Since the category of G-modules has enough injectives, we can apply the theory of
derived functors (see the appendix to this chapter) to this situation.

Let M be a G-module, and choose an injective resolution

0 1 2
O—>M—>10d—>lld—>l2d—>---
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of M. The complex
d—! d0
O——>(10)G—>(11)G—>'-- (I )G (Ir+1)G

need no longer be exact, and we define the rth cohomology group of G with coefficients

in M to be
Ker(d")

Im(d™1)’

These groups have the following basic properties.

H' (G, M) =

1.6 The zeroth group H%(G, M) = MY, because

0 M6 - 196 L 16

is exact, and H*(G, M) = « f(e(ré,d 1)) = Ker(d").

1.7 If I is an injective G-module, then H" (G, I') = 0 for all r > 0, because

O—->1I—->1—->0—--.
is an injective resolution of /.

1.8 Let M — I®* and N — J* be injective resolutions of the G-modules M and N. Any
homomorphism o: M — N of G-modules extends to a map of complexes

M —-1°
e e
N —— J°,

and the homomorphisms

H" (@®):H"(I*) - H"(J®)
are independent of the choice of &®. On applying this statement to the identity map id: M —
M, we find that the groups H" (G, M) are well-defined up to a well-defined isomorphism.

The statement for a general o then shows that M — H" (G, M) is a functor from the
category of G-modules to the category of abelian groups.

1.9 A short exact sequence
O-M —>M->M"-0

of G-modules gives rise to a long exact sequence

0> H"G,M')—>---—> H"(G,M) > H"(G, M”) H’“(G M) — ..
Moreover, the association
short exact sequence — long exact sequence

is functorial, i.e., a morphism of short exact sequences induces a morphism of long exact
sequences (see A.11).

REMARK 1.10 The family of functors (H" (G, -)),>0 and coboundary maps §" are uniquely
determined by the properties (1.6, 1.7, 1.9).
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Shapiro’s lemma

Let M be a G-module, and regard Z as a G-module with the trivial action: gm = m for
all g € G, m € Z. A homomorphism «:7Z — M is uniquely determined by «/(1), and
m € M is the image of 1 under a G-homomorphism Z — M if and only if it is fixed by G.
Therefore

Homg(Z, M) ~ MO. (13)

PROPOSITION 1.11 (SHAPIRO’S LEMMA) Let H be a subgroup of G. For every H -
module N, there is a canonical isomorphism

H"(G,1nd$ (N)) — H"(H, N)
forallr > 0.

PROOF. For r = 0, the isomorphism is the composite

13 1.2 13
LS Hompg (Z, N) 2 Homg (Z, Ind$, (N)) 2 md$ (N)S. (14)

Now choose an injective resolution N — [°® of N. On applying the functor Indg, we
obtain an injective resolution Indg (N) — Indg (I°®) of the G-module Indg (N) because
the functor Indg is exact (1.2) and preserves injectives (proof of 1.5). Hence

H™ (G, nd$%(N)) = H"((Ind$, (1*))%) BV H"(I*H) = H"(H, N). 5

COROLLARY 1.12 If M is an induced G -module, then H" (G, M) = 0 forr > 0.

PROOF. If M = Ind® (M), then

H' (G, M)~ H" ({1}, Mg) =0 forr > 0. o

REMARK 1.13 Consider an exact sequence
O—-M—>J—->N-—->0

of G-modules. If H" (G, J) = 0 for all r > 0, then the cohomology sequence becomes the
exact sequence
0—>M% - J°® —>NG—>H1(G,M)—>0

and the collection of isomorphisms
H™(G,N) = H™'Y(G, M), r>1.

For example, let M be a G-module, and let M, be the induced module Ind® (My),
where My is M regarded as an abelian group. As we noted in the proof of (1.5), M can be
identified with the G-submodule of My consisting of maps of the form g — gm, m € M.
Let My = M, /M . On applying the above remark to the sequence

0—->M—> M,— My —0 (15)
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we find that
H"(G,My) ~ H'"Y (G, M), allr > 1.

More generally, an exact sequence

0>M-—>J' ... 5 J" > N->0

such that H" (G, J : ) = 0forall r,i > 0, defines isomorphisms

H™(G,N) —> H™"S(G,M), allr>1.

To prove this, break the sequence up into short exact sequences
0>M—>J 5N -0
0>N!l-J2>5N2>0
;)“—>Ns_1 —-J¥—> N —>0

and note that we have isomorphisms

H" (G,N)~ H 'Y (G,N*" )Yy~ H""2(G,N*"2) ~ ... .

REMARK 1.14 Let
&€ Odo 1d1 2
0->M> JO5s gty g2,

be an exact sequence such that H5(G, J") = 0 for all s > 0 and all r. Then
H™(G,M) = H"(J*%).

This remark applies to every resolution of M by induced modules.

Description of the cohomology groups by means of cochains

Let P,, r > 0, be the free Z-module with basis the (» + 1)-tuples (go, . .., gr) of elements
of G, endowed the action of G such that

g(go.....&r) = (g8o0..--,88r).

Note that P, is also free as a Z[G]-module, with basis {(1, g1,...,2gr) | & € G}. Define a
homomorphism d,: P, — Pr_1 by the rule

r
dr(g()""’gr) = Z(_l)l(g()’""giv"~9gr)’
i=0

where the symbol * means that - is omitted. Let Po be

d
R R e

One checks easily that d,—1 o d = 0, and so this is a complex. Let ¢ be the map Py — Z
sending each basis element to 1.

LEMMA 1.15 The complex P, 5 7 — 0 is exact.
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PROOF. Choose an element o0 € G, and define k,: P, — P,41 by

kr(go""’gr) = (O’g()""’gr)-

One checks easily that dy41 o k, + kr—1 o d, = 1. Hence, if dr(x) = 0, then x =
dr+1(kr (x)). o

PROPOSITION 1.16 For every G-module M,
H"(G,M) ~ H"(Homg (Pe, M)).

PROOF. This follows from the fact that P — Z is a projective resolution of Z — see
Example A.14. m

An element of Hom(P,, M) can be identified with a function ¢: G" ! — M, and ¢ is
fixed by G if and only if
¢(88o.---.88r) = 8(¢(go.....&gr)) all g, go,....8r €G.

Thus Homg (P, M) can be identified with the set C” (G, M) of ¢’s satisfying this condi-
tion. Such ¢ are called homogeneous r-cochains of G with values in M. The boundary
mapd”:C" (G, M) — C"t1(G, M) induced by d, 11 is

d"9)(g0. - gr+1) = D _(=D'0(g0... .. &ir. .. &r1).

Proposition 1.16 says that

- N Ker(c?r)

A homogenous cochain ¢: G" ™1 — M is determined by its values on the elements
(1,g1,2182,....81...2r). We are therefore led to introduce the group C" (G, M) of in-
homogeneous r-cochains of G with values in M consisting of all maps ¢: G" — M. We
set GO = {1}, so that C°(G, M) = M. Define

d":C"(G,M) — C"t1(G, M),
by (d"@)(g1,-*+ . gr+1) =
.
g10(82. ... gri) + D (=D @(g1.....gjgj+1. - grr1) + (=D olgr..... &)
=1
Define

Z"(G,M) = Ker(d") (group of r-cocycles)

and
B"(G,M) =Im(d"™ 1) (group of r-coboundaries).

PROPOSITION 1.17 The sequence of maps

d0 dl dr—1 dr
c'G,.M)=—=CcY(G,M)— - ---—C"(G,M) — C" (G, M) — -
is a complex, i.e., d” o d"~! = 0, and there is a canonical isomorphism

Z7(G, M)

Hr(G,M) >~ m
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PROOF. For ¢ € C"(G, M), define

o' (g1, 8r) = 0(1,81,8182,---. 81" &r)-

Then ¢ — ¢’ is a bijection C" (G, M) — C’ (G, M) transforming the boundary maps in
C*(G, M) into the boundary maps in C*(G, M). o

EXAMPLE 1.18 (a) Amap ¢: G — M is a crossed homomorphism if
p(ot) =0¢(t) + ¢(0),allo, T € G.
Notice that the condition implies that, for e the identity element of G,
ple) = g(ee) = ep(e) + ¢(e) = 2¢(e)

and so ¢(e) = 0. For every m € M, the map ¢ + om — m is a crossed homomorphism—
called a principal crossed homomorphism. According to the proposition

{ crossed homomorphisms G — M }

HY(G. M) = :
( ) { principal crossed homomorphisms}

If the action of G on M is trivial, then a crossed homomorphism is a homomorphism, and
the principal crossed homomorphisms are zero. Thus, in this case,

HY(G, M) ~ Hom(G, M). (16)

(b) Let M be an abelian group (with the law of composition written as multiplication).
An extension of G by M is an exact sequence of groups

l>M—>ESG 1.

We set
om=s(0)-m-s(o)', ceG,meM,

where s(0) is any element of £ mapping to ¢. Because M is commutative, om depends
only on o, and this defines an action of G on M. Note that

s(c)-m=om-s(o), alloeG, meM.

Now choose a section s to 7, i.e., a map (not necessarily a homomorphism) s: G — E such
that 7 o s = id. Then s(0)s(0”’) and s(o¢”) both map to oo’ € G, and so they differ by an
element ¢(0,0') € M:

s(0)s(0’) = ¢(0,0") - s(o0”).

From
s(0)(s(0")s(0")) = (s(0)s(0”))s(0”)
we deduce that
og(o’,0") - ¢(0.0'0") = ¢(0,0") - p(00’,0"),
i.e., that o € Z2(G, M). If 5 is replaced by a different section, ¢ is replaced by a cohomol-
ogous cocycle, and so the class of ¢ in H2(G, M) is independent of the choice of s. Every

such ¢ arises from an extension. In this way, H?(G, M) classifies the isomorphism classes
of extensions of G by M with a fixed action of G on M.
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REMARK 1.19 Let G be a group, and let M be a G-module. Form € M, let ¢,: G — M
be the constant map o +— m. Then

dYom)(o. 1) =om—m~+m = om.

In particular, (d'¢;,)(1,1) = m. Therefore, every class in H2(G, M) is represented by a
2-cocycle ¢ with ¢(1, 1) = 0. Such a 2-cocycle is said to be normalized.

EXAMPLE 1.20 Let ¢: G — M be a crossed homomorphism. For every o € G,

9(0?) = 0p(0) + ¢(0)
9(0%) = p(0-0%) = 0%¢(0) + 0p(0) + ¢(0)

o) =0/ p(0) + -+ 0p(0) + ¢(0).

Thus, if G is a cyclic group of order f generated by ¢, then a crossed homomorphism ¢ is
determined by its value, m say, on o, and m satisfies the equation

o/ Ym+--+om+m=0. a7)

Conversely, if m € M satisfies (17), then the formulas ¢(0/) = o/ "'m + -+ om + m
define a crossed homomorphism ¢: G — M, and

@ is principal <= m = ox — x for some x € M.
Define maps

Nmg:M - M, mw ) cqom

o—1:M —>M, m—om-—m.

Then, for a cyclic group G of finite order, we have shown that the choice of a generator o
for G determines an isomorphism
Ker(Nmg)

9 @():H (G.M) — CETR

REMARK 1.21 Let
O—-M—->N-—->P—->0

be an exact sequence of G-modules. The boundary map
§":H"(G,P) —» H'TY (G, M)

has the following description: let y € H" (G, P) be represented by the r-cocycle ¢: G —
P; because N maps onto P, there exists an r-cochain ¢: G" — N lifting ¢; because
dg = 0, d ¢ takes values in M — it is the cocycle representing §”y.



1. Cohomology 67

The cohomology of L and L*

Let L be a finite Galois extension of the field K, and let G = Gal(L/K). Then both L
(regarded as a group under addition) and L™ are G-modules.

PROPOSITION 1.22 Let L/K be a finite Galois extension with Galois group G. Then
HY(G,L*) =0.
PROOF. Let ¢: G — L be a crossed homomorphism. In multiplicative notation, this
means that
pot) = 0¢(r)-¢(0), o0,1€C,
and we have to find a ¢ € L™ such that ¢(0) = oc/c. Fora € L™, let
b= Z p(o)-oa.
oceG

Suppose b # 0. Then
h = Z t@(0)-t0a = Z(p(t)_lga(ra)raa = (1) !b.
o o

Hence
p(x) =b/tb=t(b" /b,
which shows that ¢ is principal.
It remains to show that there exists an a for which b # 0. Recall (FT, 5.14, Dedekind’s
theorem on the independence of characters):
Let L be a field and H a group; then every finite set { f; } of distinct homomor-
phisms H — L* is linearly independent over L, i.e.,

Zaifi(oz)=0 alo e H =a1=a,=---=a, =0.
When we apply this to the homomorphisms o: L* — L*, 0 € G, we find that ) ¢(0)o
is not the zero map, and so there exists an a for which b # 0. O
COROLLARY 1.23 Let L/K be a cyclic extension, and let o generate Gal(L/K). If
Nmy, g a = 1, then a is of the form "Tb.
PROOF. We have 0 = H1(G, L*) = Ker(Nmg)/(c — 1)L*. o

Corollary 1.23 occurs as Satz 90 of Hilbert’s book, Die Theorie der algebraischen
Zahlkorper, 1894/95, and Theorem 1.22 is Emmy Noether’s generalization. Both are usu-
ally referred to as Hilbert’s Theorem 90.

PROPOSITION 1.24 Let L./ K be a finite Galois extension with Galois group G. Then
H"(G,L) =0 forallr > 0.

PROOF. Recall (FT, 5.18, Normal Basis Theorem):

There exists an « € L such that {o« | 0 € G} is a basis for L as a K-vector
space. (A basis of this form is said to be normal.)

A normal basis (0¢)seg defines an isomorphism of G-modules

ZaeG a0 ZaeG asoa: K[G] — L.

But K[G] = Indﬁ} K,and so H" (G, L) ~ H" ({1}, K) = 0 for r > 0 (Shapiro’s lemma,
1.11). o
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The cohomology of products

A product M = []; M; of G-modules becomes a G-module under the diagonal action:
o(....mj,..)=_(..,omj,...).

PROPOSITION 1.25 For all families of G-modules (M;);,
H"(G,]]; M;) ~T[, H' (G, M;).

PROOF. A product of exact sequences of abelian groups is again exact. From this it follows
that a product / = [] /; of injective G-modules is again injective, because

Homg (-, 1) ~ [[; Homg (-, I;)

isexact. Let M; — I i. be an injective resolution of M;. Then [[M; — [] 1 l.' is an injective
resolution of [ [ M;, and

H"(G.T; Mi) ~ H'(([T; 1)) = H ([T (7)) = TT; H"(179) = T1; H'(G. My).

O

In particular, for any G-modules M, N,
H (GM®N)=H"(G,M)® H" (G, N).

This can be proved more directly by noting that to say that a module P is a direct sum
of modules M and N means that certain maps, and relations between the maps, exist (see
p- 90). These maps and relations persist when we apply the additive functor H" (G, -).

REMARK 1.26 The formation of inverse limits of arbitrary abelian groups is not exact.
Therefore, in general, one can not expect cohomology to commute with inverse limits.

Functorial properties of the cohomology groups
Let M and M’ respectively be G and G’ modules. Homomorphisms
a:G' -G, B:M—->M

are said to be compatible if
Bla(g)m) = g(B(m)).

Then («, B) defines a homomorphism of complexes
C*(G,M)— C*(G',M"), ¢+ Bogoa,
and hence homomorphisms
H"(G,M) - H"(G',M).
EXAMPLE 1.27 (a) Let H be a subgroup of G. For every H-module M, the map

9= o(lg): ndG (M) - M
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is compatible with the inclusion H < G, and the induced homomorphism
H"™(G,1nd$ (M)) — H"(H, M)

is the isomorphism in Shapiro’s Lemma 1.11. To show that the two isomorphisms agree,
first check it for » = 0, and then use dimension-shifting (I, 1.28) to get it for all r.

(b) Let H be a subgroup of G. Let « be the inclusion H — G, and let § be the identity
map on a G-module M . In this case, we obtain restriction homomorphisms

Res: H"(G,M) — H"(H, M).

They can also be constructed as follows: let M — Indg (M) be the homomorphism send-
ing m to the map g — gm; the composite of the homomorphism this defines on cohomol-
ogy with the isomorphism in Shapiro’s Lemma,

H'(G.M) — H'(G.Ind$,(M)) = H'"(H. M)

is the restriction map.
(c) Let H be a normal subgroup of G, let o be the quotient map G — G/H, and let
be the inclusion M H < M. In this case, we obtain the inflation homomorphisms

Inf: H"(G/H,M™) - H" (G, M).

(d) For any g¢ € G, the homomorphisms o: G — G, 0 > goagal, and B: M — M,
me— gy U, are compatible. I claim that the homomorphisms

H" (G,M)— H"(G,M)
they define are each the identity map. For r = 0, the homomorphism is
m galm:MG — MO,

which is obviously the identity. Let r > 0, and suppose the statement is known for r — 1.
From the exact sequence (15, p. 62)

0—>M —> My —> M; — 0,

My = Ind® (My), we obtain a diagram with exact rows

HYG,My) — H™YG,My) —— H"(G,M) —— 0

| | |

HY(G,My) —— H""Y(G,My) — H"(G,M) —— 0.

The 0’s at right result from the fact that M, is an induced module. The vertical maps are
those defined by the pair («, 8) (for the different modules). One checks easily that the
diagram commutes. By induction, the middle vertical map is the identity, which implies
that the third is also.

REMARK 1.28 (a) The method of proof in (d) is called dimension shifting.
(b) Let H be a normal subgroup of G. For every G-module M, the recipe in (d) gives
an action of G on H" (H, M), which the above result shows to factor through G/H .
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EXAMPLE 1.29 We shall need one more functorial map of cohomology groups. Let H be
a subgroup of finite index of G, and let S be a set of left coset representatives for H in G,
G = J,cg SH. Let M be a G-module. For every m € M,

def
Nmg/gm = Zsm

seS

is independent of the choice of S, and is fixed by G. Thus Nmg/, g is a homomorphism
MY - MO,
This can be extended to a corestriction homomorphism'
Cor: H"(H,M) — H" (G, M)

for all r as follows: for every G-module M, there is a canonical homomorphism of G-
modules

Q> ZSES sgo(s_l):Indg M — M,

the map on cohomology which it defines, when composed with the isomorphism in Shapiro’s
lemma, gives Cor,

H'(H, M) —=> H"(G.Ind$, M) > H"(G.M).
PROPOSITION 1.30 Let H be a subgroup of G of finite index. The composite
CoroRes: H'(G,M) — H" (G, M)
is multiplication by (G: H).

PROOF. Form € M, let ¢, be the map g — gm: G — M. Then Cor o Res is the map on
cohomology defined by the composite of

M —>Indg(M) > M, m— @, ngom(s_l) = Zm = (G : H)m.
S N

]
COROLLARY 1.31 If(G:1) =m, thenmH" (G, M) = 0 forr > 0.
PROOF. According to the proposition, multiplication by m factors through H” ({1}, M) =
0,
H (G, M) & B (13, M) &5 HT (G, M). .

COROLLARY 1.32 If G is finite and M is finitely generated as an abelian group, then
H" (G, M) is finite.

PROOF. From the description of H” (G, M) as the group of cocycles modulo coboundaries,
it is clear that H" (G, M) is finitely generated as an abelian group, and we have just seen
that it is killed by (G: 1). Therefore it is finite. o

IThe corestriction homomorphism is also called the transfer homomorphism.
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For an abelian group A and prime number p, the p-primary component A(p) of A is
the subgroup consisting of all elements killed by a power of p.

COROLLARY 1.33 Let G be a finite group, and let G, be its Sylow p-subgroup. For every
G -module M , the restriction map

Res: H'(G,M) — H"(Gp, M)
is injective on the p-primary component of H" (G, M).
PROOF. The composite
CoroRes: H'(G,M) - H" (G,,M) - H" (G, M)

is multiplication by (G: Gp), which is not divisible by p, and so is injective on the p-
primary component of H" (G, M). o

The inflation-restriction exact sequence

PROPOSITION 1.34 Let H be a normal subgroup of G, and let M be a G-module. Let r
be an integer > 0. If H/ (H, M) = 0 for all j withQ < j < r, then the sequence

0— H'(G/H,MT) 2 176, m) 25 m7 (|, M)
1s exact.

PROOF. We first prove this for # = 1. In this case, the hypothesis on H/ (H, M) is vacu-
ous. Let ¢: G — M be a crossed homomorphism whose restriction to H is principal, say,
@(h) = hmo — mo. Define ¢'(g) = ¢(g) — (gmo — mg). Then ¢’ represents the same
class in H1(G, M), but now ¢’(h) = 0 forall # € H, and so ¢’ comes by “inflation” from
a crossed homomorphism G/H — M.

We show that ¢’ takes values in M . As ¢’ is a crossed homomorphism and ¢’(h) = 0
for h € H, we have

¢'(hg) = h¢'(g) + ¢'(h) = h¢'(g)
¢'(gh) = g¢'(h) + ¢'(g) = ¢'(g).

The second equation says that ¢’ is constant on left cosets of H. As H is normal, left cosets
and right cosets are the same, and so ¢’ is constant on right cosets. Since hg and g are in
the same right coset Hg, we have ¢’(hg) = ¢’(g). Combining this with the first equation
gives ho'(g) = ¢'(g).i.e..¢'(g) € MH.

We have shown that ¢’ comes by “inflation” from a crossed homomorphism G/H —
MH | which proves the exactness at H'(G, M. The proof of the exactness at H' (G/H, M )
is easy.

Now assume that r > 1 and that the statement is true for r — 1. Consider the exact
sequence (15), p. 62,

0—>M— M, — M; — 0.

Then _ .
H/(H, M) ~ H TV (H, M), j >0,
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and so H/ (H, M) = 0for0 < j <r — 1. By induction, the sequence

f
0— H™NG/H, M) =5 B (G, My) =5 H™\(H, My)

is exact, and this is isomorphic to the sequence

Inf Res
0—> H (G/H. M"Y = H"(G,M) — H"(H,M). 5

REMARK 1.35 (a) With a little more effort, one can extend the sequence to

0 >HYG/H MDY S g6, m) 25 gl (H, M)OH

H2G/H, MY S 102G, MY — HY(G/H, H'(H, M)) — H3(G/H, M),

where H?(G,M)* = Ker(Res: H*(G, M) — H?(H,M)). See Dekimpe, Hartl, and
Wauters, J. Algebra 369 (2012), 70-95.
(b) For the experts, the Hochschild-Serre (or Lyndon) spectral sequence takes the form

H'(G/H,H’(H,M)) = H'Y/ (G, M);

here G/H acts on H/(H, M) as described in (1.28b). It is possible to read off from this
sequence, an exact sequence

0— H'(G/H, M) 2 Hl(G, My 2S5 v (H, M),

The hypotheses that H! (H, M) = 0 for 0 < i < r forces r rows of the spectral sequence
to vanish, and allows one to read off the same sequence with 1 replaced with r.

EXAMPLE 1.36 Let £2 O L be Galois extensions of K. Then H & Gal(£2/L) is a normal
subgroup of G o Gal(£2/K). According to Proposition 1.22, H!'(H, 22*) = 0, and so
there is an exact sequence

0 - H*(G/H,L*) - H*(G, ™) - H?*(H, 2.
A direct proof (not involving dimension shifting) that this sequence is exact can be found
in Artin 1951, 6.4.

Cup-products
LEMMA 1.37 The exact sequence (15), p. 62,

0> M — My — My — 0,
is split as a sequence of abelian groups, i.e., Mx ~ M & My (as abelian groups).

PROOF. Recall that M, consists of the maps ¢: G — M and that the first homomorphism
in the sequence sends an element m of M to ¢,,, where ¢,(g) = gm. For ¢ € M,,
let s(p) = ¢(1g). Then s is a homomorphism of abelian groups M, — M such that
§(pm) = m, and so

My ~ Ker(1 —s) @ Ker(s) > M & M;

as abelian groups. O
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Let G be a group. For G-modules M and N, we write M ® N for M ®z N regarded
as a G-module with

gm@n)=gmxgn, geG, meM, nechN.
PROPOSITION 1.38 There exists one and only one family of bi-additive pairings
(m,n) > mUn: H (G,M) x H*(G,N) - H"™(G,M ® N),

defined for all G-modules M, N and all integers r, s > 0, satisfying the following condi-
tions:

(a) these maps become morphisms of functors when the two sides are regarded as co-
variant bifunctors on (M, N);

(b) forr = s = 0, the pairing is
(m,n) >menMC@NC - (M ®N)G;
(¢c) if0 > M’ — M — M" — 0 is an exact sequence of G -modules such that
0>MQON->MQIN—->M'®N -0
1S exact, then
Em"yun=38m"un), m”"e H (G,M"), n e H°(G,N).
Here 8 denotes the connecting homomorphism H" (G,M") — H"TY(G,M’) or

H™ ™(G,M" Q@ N)— H PTG, M ® N).

(d) if0 > N’ - N — N” — 0 is an exact sequence of G -modules such that
0O>MN - MRIN->MN" =0
is exact, then

mUén” = (=1)8mun”y, meH" (G,M), n" e H(G,N").

PROOF. The uniqueness is proved using dimension shifting, a key point being that, because
the sequence (15) is split-exact as a sequence of abelian groups (see 1.37), it remains exact
when tensored over Z with a G-module. For the existence, one proves that the pairing
defined as follows has the required properties: let m € H' (G, M) andn € H*(G, N) be
represented by the (inhomogeneous) cocycles ¢ and ¥; then m U n is represented by the
cocycle

&1: - &r+s) > 081, &r) ®Z1 - &r V¥ (gr+1.+ » &rts)-

It takes several pages to write out the details, but the proof is not difficult. O

PROPOSITION 1.39 The following formulas hold:
(@ (xUy)Uz=xU((yUz)(@inH PTG, M®N ® P));

b) xUy=(-1)"yUxifxe H'(G,M),y € H5(G, N) (we identify M ® N and
N®M);

(¢) Res(x Uy) = Res(x) U Res(y);
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(d) Cor(x UResy) = Cor(x) U y.
(e) Inf(x U y) = Inf(x) U Inf(y).

PROOF. In each case, one verifies the formula when x, y, ... have degree 0, and then uses
dimension shifting to deduce the general case. For example, the proof of (d) is written out

in detail in Atiyah and Wall 1967, Proposition 9. For (e), see Weiss 1969, 4-3-9. O
A pairing
X,y (x,y):M xN — P (18)
such that

glx,y) =(gx,gy), algegq,

defines a homomorphism of G-modules
M®N — P,

and hence maps
H"(G,M ® N) — H"(G, P).

The composites of the cup-product pairings with these maps, namely, the pairings
H'(G,M)x H*(G,N) — H""5(G, P),

will be referred to as the cup-product pairings defined by (18).

2 Homology

Definition of the homology groups

For a G-module M, let Mg be the largest quotient of M on which G acts trivially. Thus
Mg is the quotient of M by the subgroup generated by

{gm—m|geG, meM}.

Note that this is the dual notion to M @, which is the largest subobject of M on which G acts
trivially. The definition of the cohomology groups dualizes to give us homology groups.
In detail, the functor
M +— Mg:Modg — Ab

is right exact, i.e., if
0O-M ->M-—->M'—-0

is exact, then
Mg — Mg — Mg — 0

is exact. This can be checked directly, or by observing that passing from M to Mg amounts
to tensoring M with Z[G]/Ig, where I is the augmentation ideal

Ker(ang Y ng:Z[G] - Z).

An object P of an abelian category is projective if for any object N and quotient object
M, every morphism P — M lifts to a morphism P — N. For example, every free
Z[G]-module is projective as a Z[G]- (equivalently, G-) module.
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Let M be a G-module. Let (m;);e7 be a family of generators for M as a Z[G]-module,
and let Z[G]!) be a direct sum of copies of Z[G] indexed by /. The map Dier Vi
> yim; is a surjective G-homomorphism Z[G]Y) — M. This shows that every G-module
is a quotient of a free G-module, and hence that the category Modg has enough projectives.

Let M be a G-module, and choose a projective resolution

d d d
i Py 5P 5 Py S M —0

of M. The complex

d d
i —> (P2)Gg —> (P1)Gg —> (Po)g — 0

need no longer be exact, and we set

Ker(d;)
Im(dy+1)

These groups have the following basic properties.

Hr(GvM) =

2.1 The zeroth group Ho(G, M) = Mg, because
Pig = Pog > Mg — 0

is exact.

2.2 If P is a projective G-module, then H, (G, P) = 0 for all » > 0, because
o> 0—>P—>P—>0

is a projective resolution of P.

2.3 Let Po - M and Qo — N be projective resolutions of the G-modules M and N.
Any homomorphism o: M — N of G-modules extends to a morphism of complexes

P — M
Qe — N

and the homomorphisms
Hy(e): Hr(Po) = Hy(Qo)

are independent of the choice of oe. When we apply this statement to the identity map
id:M — M, we find that the groups H,(G, M) are well-defined up to a well-defined
isomorphism. The statement for a general « then shows that M +— H,(G, M) is a functor
from the category of G-modules to the category of abelian groups.

2.4 A short exact sequence
0O->M —->M-—->M'—0

of G-modules gives rise to a long exact sequence

8
o> H,(G,M) - H,(G,M") — H,_1(G,M') - --- — Ho(G,M") = 0.
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Moreover, the association
short exact sequence — long exact sequence

is functorial, i.e., a morphism of short exact sequences induces a morphism of long exact
sequences.

REMARK 2.5 The family of functors (H, (G, -))r>0 and the boundary maps §, are uniquely
determined by the properties (2.1, 2.2, 2.4).

Just as in the case of cohomology, it is possible to give an explicit description of
H,(G, M) as the quotient of a group of r-cycles by a subgroup of r-boundaries—see the
references later in this chapter.

The group H,(G, Z)

Using only the properties of the homology groups listed above, we shall compute H; (G, Z).
The augmentation map is

ZIG] > Z, Y ngg+> Y ng.

Its kernel is called the augmentation ideal 1. Clearly I is a free Z-submodule of Z[G]
with basis {g— 1| g € G, g # 1}, and so

2.1)
M/IgM = Mg =~ Ho(G, M).
Consider the exact (augmentation) sequence:
0— Ig > Z|G] > Z — 0. 19)

The G-module Z[G] is projective (because it is a free Z[G]-module), and so H (G, Z[G]) =
0. Therefore we obtain an exact sequence of homology groups

0— H\(G,Z) — Ig/1¢ — Z[G]/Ig — Z — 0.

The middle map is induced by the inclusion /g < Z[G], and so is zero. Therefore the
sequence shows that

Hy(G.Z) => Ig /I3 (20)

and ~
Z|Glg — Z

i.e., Z is the largest quotient of Z[G] on which G acts trivially. Note that / é £ Ig - Ig is
the Z-submodule of Z[G] generated by elements of the form

(g—-DE' -1, gge€G.

LEMMA 2.6 Let G€ be the commutator subgroup of G, so that G/ G€ is the largest abelian
quotient G of G. Then the map g — (g — 1) + 1(2; induces an isomorphism

G Ig

— - . Q1)
Ge I
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PROOF. Consider the map
g (g—1D+13:G—Ig/IE.
This is a homomorphism because
gg'—1=@g-DE'-D+@E-D+(E -1
=(g—1)+ (g —1)mod I.

Since Ig/1 é is commutative, the map factors through G#°. To prove that it is an isomor-
phism, we construct an inverse. Recall that /g is freely generated as a Z-module by the
elements g — 1. Consider the homomorphism /g — G2 mapping g — 1 to the class of g.
From the identity

g-DE'-H=(@Ee-H—-(-D-( -1

we see that (g — 1)(g’ — 1) maps to 1. Since é is generated by elements of this form,
this shows that the map factors through I/ é The two maps we have constructed are
inverse. =

PROPOSITION 2.7 There is a canonical isomorphism
H(G,Z) ~ G?.
PROOF. Combine the isomorphism (20) with the inverse of (21). o

ASIDE 2.8 For any group G, there exists a topological space BG, called the classifying space of
G, suchthat G = 71(BG) and H,(BG,Z) = H,(G,Z) for all r (Rosenberg 1994, 5.1.16, 5.1.27).
In terms of BG, the proposition simply states that H,(BG, Z) ~ m(BG)?".

3 The Tate groups

Throughout this section, G is a finite group.
For a G-module M, the norm map Nmg: M — M is defined to be

m deG gm.

Let g € G. As g runs through the elements of G, so also do g’g and gg’, and so
g'(Nmg(m)) = Nmg(m) = Nmg(g’'m). Hence

Im(Nmg) c MY, IgM C KerNmg .

Therefore, we get an exact commutative diagram,

M&)M

l ]

0 — Ker(Nmg)/IgM —— M/IgM s MC » MG /Nmg(M) — 0.

As Ho(G, M) = M/IgM and H°(G, M) = M, the bottom row of this can be rewritten

0 — Ker(Nmg)/IgM — Ho(G, M) 25 H(G, M) — M%/ Nmg(M) — 0.
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Tate defined
H" (G, M) r>0
MC/Nmg(M) r=
Ker(Nmg)/IgM r =-—1
H_,_1(G,M) r<-—l1.

HI (G, M) =

Thus, the exact sequence now becomes

0 — H7Y(G, M) — Ho(G, M) 2§ HO(G. M) — HO(G, M) — 0.

The groups Hp(G, M) are known as the Tate cohomology groups. Often Hp (G, M) is

denoted by H" (G, M). Since it causes no ambiguity, we sometimes omit the subscript T
when r > 0.
For any short exact sequence of G-modules

O-M —>M->M"-0

we get a diagram

HZY (G, M') > H:Y (G, M) > H:' (G, M")

o HU(G, M") — Ho(G. M) —> HO(GM, M") ——0
Nmg mgG Nmg
0— HO(GM,M) — H%(G,M") — HY(G,M') - -
@,M’) — H)(G.M) — H)}(G.M")

On applying the extended snake lemma (A.1) to the middle part of the diagram, we get
a (very) long exact sequence

8
-+ = Hp(G,M') » H{(G, M) - H{(G,M") — H{T' (G, M) —> - (22)
(—oo <1 < 00).
PROPOSITION 3.1 If M is induced, then Hy.(G, M) = 0 for all r € Z.

PROOF. For r > 0, this was proved in (1.12).

Case r = 0. Recall (1.3) that M ~ Z[G] ®z X for some abelian group X, and so an
element m of M can be written uniquely in the form m = ) g (g ® xg) with x; € X. If
m is fixed by g € G, then )", (g8 ® xg) = Y, (& ® x¢); in particular,” g’ ® x, =
g ® Xg/, 1.., Xe = Xgr. Therefore, if m € MG, then x; = x, for all g € G, and

m = (Zg g) ® xe = Nmg (e ® xe).

2Here, e is the neutral element in G.
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Case r = —1. If Nmg (Zg g ®xg) = 0, then }_, xg = 0, and so
Zg@xg Z(g—l)@xg)elGM.
g g

Caser < —1. Let M = Z[G] ®z X. Write X as a quotient Xo — X of a free abelian
group Xo. The kernel of this map will also be a free abelian group,® and so we have an
exact sequence

0—-X1—>Xo—>X—-0

with X and X; free abelian groups. On tensoring this with Z[G], we obtain an exact
sequence of Z[G]-modules

0> M > My—> M — 0. (23)

Now
H}(G, My) =0 = H}(G, My)

for r < —1 because My and M; are free Z[G]-modules and for r > —1 because M and
M, are induced. The (very) long exact sequence of (23) now shows that Hy.(G, M) = 0
for all r. O

We know (15), p. 62, that every G-module M is a submodule of an induced module. It
is also a quotient of an induced G-module because, on tensoring the augmentation sequence
(19) with M, we obtain an exact sequence of G-modules

0> M - Z[Gl®z M — M — 0.

This allows us to prove results by dimension shifting in both directions. Using this, it is
possible to extend to all r, most of the results we proved for the groups H” (G, M) with
r > 0. For example, Shapiro’s lemma and its consequences are true, and the restriction
and corestriction maps we defined in (1.27) and (1.29) extend to all the Tate cohomology
groups. Specifically, there are canonical homomorphisms:*

Res: Hp.(G,M) — Hp(H, M) (H a subgroup of G);

Cor: Hp(H,M) — H’ (G, M) (H a subgroup of G).
Moreover, there is a natural action of G/H on Hp(H, M) forall r € Z.

The composite Res o Cor is still multlphcatlon by (G: H). As Hp.({1}, M) = 0 for all
r, the argument in the proof of (1.30) shows that Hy(G, M) is kllled by |G| for all r.

Note that

H7%(G,Z) = H1(G,Z) ~ G/G°.

PROPOSITION 3.2 Let H be a subgroup of G.
(a) The map Cor: HT_Z(H, 7)) — HT_Z(G, 7)) corresponds to the map H/H¢ — G/G¢
induced by the inclusion H — G.

(b) The mapRes: Hz*(G.Z) — Hz*(H,Z) corresponds to the Verlagerung map G/ G*
H/HF® (V, 3.18).

3We are using that every subgroup of a free abelian group is free abelian. Darij Grinberg points out that
this fact is highly nontrivial (and nonconstructive), and that it is possible to avoid using it.

4However, the inflation map Inf: Hr(G/H, MHY Hp(G, M), H anormal subgroup of G, is defined
only for r > 1.
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PROOF. See Weiss 1969, 3-5-5, 3-5-7. T’ll include the proof in a future version of the
notes. o

There is a uniform explicit description of all the groups H.(G, M). In fact, there is an
explicit complex Lo of G-modules (infinite in both directions) such that

HJ(G. M) = H" (Homg (Le, M)).

For r > 0 this leads directly to the description we gave above of H” (G, M) in terms of
inhomogeneous cocycles and coboundaries. See Weiss 1969, Chapter I.

Cup-products

When the group G is finite, the cup-products extend in a unique way to all the cohomology
groups, and have the same list of properties. See Weiss 1969, Chapter I'V. A future version
of the notes will contain a complete list of the properties we need (but not the proofs, which
are lengthy but not difficult).

The cohomology of finite cyclic groups

We first compute the cohomology of Q, Z, and Q/Z regarded as G-modules with the trivial
action.

LEMMA 3.3 For every finite group G,
(@) Hp(G,Q) =0allr € Z;
(b) H)(G,Z) =7/(G : 1)Z and H'(G,Z) = 0;

(c) there is a canonical isomorphism
Hom(G,Q/Z) — H?*(G, 7).

PROOF. (a) The group Q is uniquely divisible, i.e., for all nonzero integers m, multi-
plication by m:Q — Q is an isomorphism. Therefore the map Hp.(m): Hp(G,Q) —
H7(G,Q), which is also multiplication by m, is an isomorphism. When we take m =
(G:1), we find that multiplication by m on H(G, Q) is both zero (see 1.30) and an iso-
morphism, which is possible only if H7(G,Q) = 0.

(b) Because G acts trivially on Z, Z6 = Z and the norm map is multiplication by
(G : 1). Hence H7Q(G, 7) = Z/(G : 1)Z. Moreover, H'(G,7Z) = Hom(G,Z) (see
1.18a), but, because Z is torsion-free, all homomorphisms G — Z are zero.

(c) The cohomology sequence of

0>Z—->Q—->Q/Z—0

is an exact sequence

HY(G,Q —— HYG,Q/Z) —— H*(G,Z) —— H?*(G,Q).

[ I [
0 Hom(G, Q/Z) 0
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Let G be a finite cyclic group of order m, with generator o. Then, by definition,

K —1
HpG.M) = T

Ker(N
HT'(G. M) =

Recall that in (1.20) we showed that H (G, M) is isomorphic to the same group as H T LG, M).
In fact, the cohomology groups of a finite cyclic group are periodic with period 2.

PROPOSITION 3.4 Let G be a cyclic group of finite order. The choice of a generator for G
determines isomorphisms

Hy(G, M) = HJ**(G, M)
for all G-modules M and all r € 7.

PROOF. Let o generate G. Then the sequence

ml—>2g€G gm

0—7Z 7i6] 2=

7161 225 7. 5 0

is exact. Because the groups in the sequence and the kernel /g of Z[G] — Z are free
Z-modules, the sequence remains exact after it is tensored with M. Thus

0> M —->ZGlQzM - ZIG]|z M - M — 0

is an exact sequence of G-modules. Recall (1.4) that Z[G] @7 M ~ Z[G] ®z My, where
My is M regarded as abelian group, and so H.(G,Z[G] ®z M) = 0 for all r by (3.1).
Therefore (see 1.13), the sequence defines isomorphisms

Hy(G, M) = H}**(G, M)
for all r. o

REMARK 3.5 Let y be the element of H?(G,Z) corresponding under the isomorphism
H?(G,7Z) ~ Hom(G, Q/Z) to the map sending the chosen generator o of G to 1/m. Then
the map Hy (G, M) — HFLZ(G, M) is x — x U y. In a future version, I’ll prove this.
Serre, Local Fields, VIII, Section 4 gives the following hint: “the period isomorphisms
are given by cup product with y: this follows, for example, from the formulas for the cup
product given in Cartan-Eilenberg (Homological Algebra) p. 252.” Alternatively, see Weiss
1969, 4-5-10.

Let G be a finite cyclic group, and let M be a G-module. When the cohomology groups
H" (G, M) are finite, we define the Herbrand quotient of M to be

_ |H2G. M)

O g o)

PROPOSITION 3.6 Let0 — M’ — M — M"” — 0 be an exact sequence of G -modules.
If any two of the Herbrand quotients h(M"), h(M), h(M") are defined, then so also is the
third, and

h(M) = h(M"h(M").
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PROOF. We can truncate the (very) long exact cohomology sequence as follows,
0—K— HX(M') - HY(M) - HX(M") - H' (M) - H (M) - H'(M") - K' — 0,
where
K = Coker(H7 ' (M) — H7'(M")) ~ Coker(H'(M) - H'(M")) = K.
The first statement is now obvious, and the second follows from the next lemma. o

LEMMA 3.7 Let
0> Ay—> A1 —>--— A4, >0

be a exact sequence of finite groups. Then

|40 - [A2] -+

|A1]-|A3]----
PRrROOF. For a short exact sequence, that is, r = 2, this is obvious, but every exact sequence
can be broken up into short exact sequences,

0—>A49g—> 41 —>C1 =0

0—>Ci > A4, > C,—>0

0—>Croq1 > A1 > A, > 0.

Here C; = Coker(4;—1 — A;) = Ker(4;+1 — Aj+2). From these sequences we find

that
_ Aol -IC1]  [Aol-[A42]

| = _ _
|Aq] |A1] - |Ca| o

PROPOSITION 3.8 If M is a finite module, then h(M) = 1.

PROOF. Consider the exact sequences

-1
0—>MG—>M£——>M—>M(;—>O
and
—1 Nmg . G 0
0—->Hy (M) > Mg — M” - Hp(M) — 0,

where g is any generator of G. From the first sequence we find that M ¢ and Mg have the
same order, and then from the second that H (M) and H % (M) have the same order. [

COROLLARY 3.9 Leta: M — N be a homomorphism of G-modules with finite kernel
and cokernel. If either h(M) or h(N) is defined, then so also is the other, and they are
equal.

PROOF. Suppose i(N) is defined, and consider the exact sequences:
0—> a(M)—> N — Coker(ax) — 0

0— Ker() > M - a(M) — 0.

From the first sequence, we find that #(aM) is defined and equals #(N), and from the
second sequence we find that #(M) is defined and equals i (aM). O
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Tate’s Theorem

For the remainder of this section, all cohomology groups will be the Tate groups, and so we
drop the subscript T except in the main statements.

THEOREM 3.10 Let G be a finite group, and let M be a G-module. If
HY(H,M)=0= H?*H, M)
for all subgroups H of G, then H;.(G, M) = 0 forall r € Z.

PROOF. If G is cyclic, this follows from the periodicity of the cohomology.

Assume now that G is solvable. We shall prove the theorem in this case by induction
on the order of G.

Because G is solvable, it contains a proper normal subgroup H such that G/H is cyclic.
Because H has order less than that of G, and the pair (H, M) satisfies the hypotheses of
the theorem, H" (H, M') = 0 for all r. Therefore (see 1.34), we have exact sequences

0—> H' (G/H M"Y > H'(G,M)— H"(H, M) (%)

forallr > 1. Because H'(G,M) =0 = H*>(G,M), H'(G/H, M) = H>(G/H, MH)
0, and because G/H is cyclic, this implies that H" (G/H, M) = 0 for all r. There-
fore, the sequences (*) show that H" (G, M) = O for all r > 0. We next show that
H%G,M) = 0. Letx € MY. Because H*(G/H, M) = 0, there existsa y € MH
such that Nmg, g (y) = x, and because HO(H,M) = 0, there exists a z € M such that
Nmg(z) = y. Now

Nmg(z) = (Nmg g oNmpg)(z) = x.

Thus, we now know that H" (G, M) = 0 for all » > 0.
To proceed further, we use the exact sequence

0->M - Z[Gl®z M - M — 0

obtained by tensoring the augmentation sequence (19) with M. Recall that

1.4 13 @
Z[Gl ®z M ~ Z|G] ®z My ~ Ind” (My)
is induced, and so H" (H,Z[G]| ®z M) = 0 for all r and all subgroups H of G. Therefore,
H'(H M)~ H "\ (H,M")

for all r and all H. In particular, M’ satisfies the hypotheses of the theorem, and so (by
what we have proved) H" (G, M’) = 0 for r > 0. In particular,

0=H°%G,M')=H G, M).

The argument, when repeated, gives that H ~2(G, M) = 0, etc.. This proves the theorem
when G is solvable.

Now consider the case of an arbitrary finite group G. If G and M satisfy the hypothe-
ses of the theorem, so also do G, and M, where G, is a Sylow p-subgroup. Therefore
H"(Gp, M) = Oforall r and p, and so (see 1.33), the p-primary component of H" (G, M)
is zero for all  and p. This implies that H" (G, M) = 0 for all r. o
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THEOREM 3.11 (TATE’S THEOREM) Let G be a finite group and let C be a G-module.
Suppose that for all subgroups H of G (including H = G),

(a) H'(H,C) =0, and
(b) H?(H,C) is a cyclic group of order equal to (H : 1).
Then, for all r, there is an isomorphism
H{(G,Z) - HI(G,C)
depending only on the choice of a generator for H*(G, C).

PROOF. Choose a generator y for H%(G,C). Because CoroRes = (G : H), Res(y)
generates H2(H, C) for any subgroup H of G.

Let ¢ be a cocycle representing y. Define C(¢) to be the direct sum of C with the free
abelian group having as basis symbols x,, one for each 0 € G, 0 # 1, and extend the
action of G on C to an action on C(¢) by setting

0Xy = Xgr — Xg + ¢(0, 7).

The symbol “x;” is to be interpreted as ¢(1, 1). This does define an action of G on C(¢p)
because

POXy = Xpgr — Xpg + @(p0, T),

whereas

p(oxz) = p(xgr — Xo + ¢(0, 7))
= Xpor — Xp T ¢(p,01) — (Xps — xp + @(p.0)) + pe(o, 7).

These agree because ¢ satisfies the cocycle condition

pp(0,7) + ¢(p,01) = ¢(po, T) + @(p,0).

Note that ¢ is the coboundary of the 1-cochain ¢ +— x4, and so y maps to zero in
H?(G, C(p)). For this reason, C(¢) is called the splitting module for y .
We shall first show that the hypotheses imply that

H'(H,C(p)) = 0= H*(H,C(p))

for all subgroups H of G.
Recall that we have an exact sequence

0— Ig —> Z|G] - Z — 0,

where /g is the free abelian group with basis the elements 0 — 1, 0 € G, 0 # 1 Because
Z[G] is induced, H" (H,Z[G]) = 0 for all r, and so

HY(H Ig) ~H%H,7)~7/(H :1)Z,
H?*(H,Ig) ~HYH,7Z)=0

Define « to be the additive map C(¢) — Z[G] such that

a(c) =0forallc € C

a(xg) =0 —1.



3. The Tate groups 85

Clearly,
0—>C—C(p)>1Ig—0

is an exact sequence of G-modules. Its cohomology sequence reads

0—> HY(H,C(¢)) > H'(H,Ig) — H*(H,C) R H?*(H,C(¢)) = 0

The zeros at the ends use that H'(H,C) = 0and H?(H, Ig) = 0. Themap H*(H,C) —
H?(H,C(p)) is zero because H2(H, C) is generated by Res(y), and this maps to the
restriction of the image of y in H2(G, C(p)), which is zero. Therefore, H'(H, Ig) —
H?(H,C) is onto, and hence is an isomorphism (because the two groups have the same
order). Its kernel and cokernel, namely, H'(H, C(¢)) and H?(H, C(p)), are therefore
both zero

We deduce from the Theorem 3.10 that H" (H, C(¢)) = 0 for all r. On splicing the
two short exact sequences together, we obtain an exact sequence

0—>C—>C(p)—>ZIG] >Z—0 (24)

with the property that H" (G, C(¢)) = 0 = H" (G, Z[G]) for all r. Therefore, the double
boundary map is an isomorphism (1.13)

H"(G,Z) — H" (G, C). 5

REMARK 3.12 If M is a G-module such that Tor%(M ,C) = 0, for example, if either M
or C is torsion-free as a Z-module, then one can tensor the above 4-term sequence with M
and obtain isomorphisms

H7 (G, M) — H;T*(G.M ® C).

REMARK 3.13 The map Hy(G,Z) — H}JFZ(G, C) is cup-product with the chosen ele-
ment y € H2(G, C).

EXAMPLE 3.14 Let K be alocal field. We shall prove that for any finite Galois extension L
of K with Galois group G, H?(G, L) is cyclic of order [L: K] with a canonical generator
ur k- Since we know that H (G, L*) = 0 (Hilbert’s Theorem 90), Tate’s theorem shows
that cup-product with u7 /g is an isomorphism

G*™ = H7?(G,Z) — HY(G, LX) = K*/Nm L*.
The inverse isomorphism K>/ Nm L* =, G is the local Artin map. The global Artin
map can be obtained by a similar argument.
NOTES The book Weiss 1969 gives a complete and very detailed account of the basic theory of Tate

cohomology groups. For a recent paper on the Tate sequence (24), its generalizations, and associated
boundary maps, see Buckingham, Acta Arith. 149 (2011), no. 4, 383-402.
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4 The Cohomology of Profinite Groups

Direct limits

A partially ordered set (7, <) is said to be directed if for any two elements i and j of I,
there exists a k such that i, j < k. Suppose that for every element i of a directed set (/, <)
we have a set A4;, and for every inequality i < j we have amap aj;: A; — A;. If

(a) o;; = idforalli € I, and

(b) agjoaji = ay; wheneveri < j <k,
then the family (4;, « ;) is called a direct system. On the disjoint union [ [ A; of the 4;,
introduce the equivalence relation under which a; € A; isrelated toa; € A; if and only if

ag;(a;) = agj(a;) for some k > i, j. The corresponding quotient set is called the direct
limit of the A; (relative to the o ):

A =1im A;.
—
There is for each i a canonical map
o Al‘ —> A,

possessing the following properties:

(@ o =ajoaj for j >1i;

(b) ai(a;) =aj(a;) < ag(a;) = ag;(a;) forsomek > 1, j;

(©) A= Uai(4).
The system (A, ;) has the following universal property: let T be a set and let (8;),
Bi: Ai — T, be a family of maps such that 8; = B; o«j; fori < j; then there exists
a unique map B: A — T such that 8; = B o o; foralli.

If the A; are abelian groups and the «;; are homomorphisms, then A has a unique
structure of an abelian group for which the «; are homomorphisms.

LEMMA 4.1 For any direct system of exact sequences
A; — B; — C;j,

the sequence
lim A; — lim B; — lim C;

is again exact. Therefore the formation of direct limits commutes with passage to cohomol-
ogy in complexes.

PRrROOF. Exercise for the reader. o

Profinite groups

Let G be a profinite group. This means that G is a compact® topological group for which the
open normal subgroups form a fundamental system of neighbourhoods of 1. Note that every
open subgroup is of finite index (because its cosets cover G). For example, a finite group
with the discrete topology is profinite, and every discrete profinite group is finite. A Galois

SFollowing Bourbaki, I require compact spaces to be Hausdorff.
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group G = Gal(L/K) is a profinite group — the open subgroups are exactly those fixing a

finite extension of K contained in L — and every profinite group occurs as a Galois group.

For a profinite group, we use the topology to modify our notion of cohomology group.
First, we consider only those G-modules for which the map

GxXM-—->M

is continuous when M is endowed with the discrete topology, i.e., the topology in which
every subset is open. Equivalent conditions:

o M=UM H H runs through the open subgroups of G;
¢ the stabilizer in G of any element of M is open.

A module satisfying these conditions is called a discrete G-module.

The discrete G-modules form an abelian category with enough injectives, and so we
can define cohomology groups H', (G, M), r > 0, by taking injective resolutions, just
as before. Moreover, the groups can be calculated using continuous cocycles: for r > 0,
let C (G, M) be the group of continuous maps G" — M, and define d": CL (G, M) —

C!T1(G, M) as before; then

cts

Zr (G, M)
Hy (G, M) = m
Ccts ’

where ZI (G, M) = Ker(d") and B (G, M) = ITm(d"™}).

Let ¢: G — M be a continuous r-cochain. Then ¢(G") is compact (because G is
compact) and discrete (because M is discrete), and so it is finite, and hence it is contained
in M o for some open normal subgroup Hy of G. The inverse image ¢! (m) of each point
m of ¢(G") is open, and so contains a translate of H(m)" for some open normal subgroup
H(m) of G. Let H; = mmE(p(G") H(m).5 This is again an open subgroup of G, and ¢
factors through (G/H1)". Let H = Ho N Hy. Then ¢ arises by inflation from an r-cocycle
on G/H with values in M. In other words, the map

li_r)nC’(G/H,MH) — Cr (G, M)

is surjective. It is not difficult to see that it is also injective. Because passage to the direct
limit commutes with the formation of kernels and cokernels, and hence with the formation
of cohomology, we obtain the following proposition:
PROPOSITION 4.2 The maps Inf: H"(G/H, M) — H! (G, M) realize H], (G, M) as
the direct limit of the groups H” (G/H, M) as H runs through the open normal subgroups
H of G:

lim H"(G/H, M) = H! (G, M).

—

Explicitly, the statement means that each element of H/ (G, M) arises by inflation from

some group H" (G/H, M) andifa € H"(G/H,MH) anda’ € H"(G/H', M¥") map
to the same element in H, (G, M), then they map to the same elementin H" (G/H", MHE")

cts

for some open subgroup H” ¢ H N H'.

This group may not be small enough for ¢ to factor through (G/H1)". Instead, for any point of G”, take
a translate of an open normal subgroup containing the point and fully contained in a fibre of ¢. In this way, we
get an open covering of G”, which may be replaced by a finite subcovering because G” is compact. Now let
H be the intesection of all the subgroups whose translates occur in this subcovering.
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COROLLARY 4.3 For every profinite group G and discrete G-module M, H" (G, M) is a
torsion group for all r > 0.

PROOF. Each of the groups H' (G/H, M*™), r > 0, is torsion (see 1.31). o

Most of the theory concerning the cohomology groups H" (G, M) for r > 0 continues
to hold for the groups defined by continuous cochains. For example, if H is a closed
subgroup of G, there are maps Inf, Res, and Cor (the last requires H to be of finite index),
and there are cup-product maps.

In future, all cohomology groups will be defined using continuous cochains (and
the subscript cts will be dropped). In practice, this will mean that either G is an infinite
profinite group, and it matters that we take continuous cochains, or G is finite, in which
case it doesn’t (and the groups are defined for all r € Z).

PROPOSITION 4.4 Let G be a profinite group, and let M be a discrete G-module. If M =
li_rr)lM,-, where M; C M, then H" (G, M) = h_r)nH’(G, M;).

PROOF. Because G is compact and M is discrete, the image of any r-cochain f: G" — M
is finite. Since the M; form a directed system of submodules of M (i.e., given M; and M,
there is an M} containing both of them) and M = | J M;, every finite subset of M is
contained in an M;. It follows that C" (G, M) = h_H)l C"(G, M;), and so Lemma 4.1 shows
that

O

H"(C*(G, M)) = lim H™(C*(G, M))).

ASIDE 4.5 (For the experts.) Let G be a profinite group, let M(G) be the category of all G-modules,
and C(G) the category of discrete G-modules. Then C(G) is a full subcategory of M(G). Moreover,
there is a functor )
MeME | MTMG) - CG).
H openin G

Clearly,
Homg (M, N*) = Homg (M, N)

for M a discrete G-module. The inclusion functor i: C(G) — M(G) is exact, but doesn’t pre-
serve injectives—hence H" (G, M) # H"(G,iM) in general. On the other hand, M +— M * pre-
serves injectives, but is only left exact—hence C(M) has enough injectives. Again H" (G, M) #
H" (G, M*) (however, there is a spectral sequence .. .).

NOTES In the mid-1930s, Hurewicz showed that the homology groups of an “aspherical space” X
depend only on the fundamental group 7 of the space. Thus one could think of the homology groups
H,(X,Z) of the space as being the homology groups H, (m, Z) of the group 7. It was only in the
mid-1940s that Hopf, Eckmann, Eilenberg, MacLane, Freudenthal and others gave purely algebraic
definitions of the homology and cohomology groups of a group G. It was then found that H! co-
incided with the group of crossed homomorphisms modulo principal crossed homomorphisms, and
H? with the group of equivalence classes of “factor sets”, which had been introduced much earlier
(e.g., I. Schur, Uber die Darstellung der endlichen. .., 1904; O. Schreier, Uber die Erweiterungen
von Gruppen, 1926; R. Brauer, Uber Zusammenhinge. .. , 1926). For more on the history, see
Mac Lane 1978.

Our proof of Tate’s theorem follows Tate’s original proof (Tate 1952). At that time, there was
no published account of the Tate groups, and so Tate proved his theorem only for r > 0, but ended
with an enigmatic promise to extend the result to negative r and to recover the Artin map. The con-
struction of the Tate cohomology groups was first published in Cartan and Eilenberg 1956 following
Tate’s ideas.
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A good source for the material in the first three sections is Serre 1962, Part 3. There is a
somewhat abbreviated version of the same material in Atiyah and Wall 1967. See also Iyanaga
1975, Chapter I, and Weiss 1969. For the cohomology of profinite groups, see Serre 1964 and Shatz
1972.

For a discussion of the origins of cohomology in class field theory, see sx857593.

A Appendix: Some Homological Algebra

Ca me semble extrémement plaisant de ficher
comme ¢a beaucoup de choses, pas dréles quand
on les prend séparément, sous le grand chapeau
des foncteurs dérivés.

Grothendieck, Letter to Serre, 18.2.1955.7

Some exact sequences®

LEMMA A.1 (THE EXTENDED SNAKE LEMMA) The exact commutative diagram in blue
gives rise to the exact sequence in red:

0 —— Ker f —— Kera ——— Kerb —— Ke7

Cokera — Cokerb —— Coker¢ — Coker g’ —— 0

PROOF. Except for the first and last terms, this is standard. A small diagram chase shows
that Ker f C Ker(a), from which exactness at Kera follows. The proof of exactness at
Coker c is similarly straightforward. o

LEMMA A.2 (KERNEL-COKERNEL LEMMA) Every pair of homomorphisms

VRN RN,

of abelian groups gives rise to an exact sequence

0—>Kerf—>Kergofi)Kerg—>C0kerf—>Cokergof—>C0kerg—>0.

7To me it seems extremely pleasant to stick all sorts of things, which are not much fun when considered
separately, under the big hat of derived functors
8Based on F. Lemmermeyer, The Snake Lemma.


https://math.stackexchange.com/questions/857593/
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PROOF. Apply the extended snake lemma to

AL B Coker(f) —— 0

s b ]

0o— Cc 4 ¢ 5 0 °

The language of category theory

A category C consists of a nonempty class ob(C) of objects, a set Hom(A4, B) for each pair
of objects A, B (called the set of morphisms from A to B), and a map

(o, B) = B oa:Hom(A, B) x Hom(B,C) — Hom(A4, C)

for each triple of objects A, B, C, satisfying the following conditions:
(a) composition of morphisms is associative;

(b) for each object A, Hom(A, A) has an element id 4 that is a left and right identity for
composition.

It is to be understood that the sets Hom(A, B) are disjoint, so that a morphism determines
its source and target.

A covariant functor F:C — D is a “map” that attaches to each object A of C an object
F(A) of D and to each morphism «: A — B a morphism F(«): F(A) — F(B) such that
F(aopf) = F(a)o F(B)and F(id4) = idFr(4).

A functor F:C — D is left adjoint to the functor G:D — C if there is a natural
isomorphism

Homp(F(A), B) ~ Homc(A4, G(B)).

If the sets Hom(A, B) are endowed with the structures of abelian groups in such a way
that the composition maps are bi-additive, and every finite collection of objects in C has a
direct sum, then C (together with the structures) is called an additive category. To say that A
and B admit a direct sum means that there is an object A@ B inCandmapsig: A - A® B,
ip:B—>A®B,ps:A® B — A, pp: AD B — B such that:

pacig =1idy ppoip =idp
pacip =0 ppoig =0

iapAa+ippe = laoB.

Let C be an additive category. A sequence

0>4—-B5C
is exact if the sequence of abelian groups
0 — Hom(7T, A) - Hom(T, B) — Hom(7, C)
is exact for all objects T. A sequence

AiB—>C—>O
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is exact if the sequence of abelian groups
0 — Hom(C,T) — Hom(B,T) — Hom(A4,T)

is exact for all objects 7. When the first sequence is exact, A is called the kernel of «, and
when the second is exact, C is called the cokernel of 5.

A morphism A — B is said to be injective (or a monomorphism) it 0 - A — B is
exact. Similarly, it is surjective (or an epimorphism) if A — B — 0 is exact.

Let C be an additive category in which every morphism has both a kernel and a cokernel.
Let «: A — B be morphism. The kernel of the cokernel B — C of « is called the image
of o, and the cokernel of the kernel of « is called the coimage of . There is a canonical
map from the coimage of « to the image of «, and if this is always an isomorphism, then C
is called an abelian category.’

Functors between additive categories will be assumed to be additive, i.e., such that the
maps Hom(A, B) — Hom(F(A), F(B)) are homomorphisms of abelian groups. Such a
functor is said to be exact if it maps exact sequences to exact sequences.

For example, for every ring R, the category of R-modules is an abelian category, and,
for every topological space X, the category of sheaves of abelian groups on X is an abelian
category.

In the remainder of this section, C will be an abelian category. The reader will lose little
(so far as this course is concerned) by taking C to be the category of modules over a ring,
for example, the category of modules over a group ring Z[G].

Injective objects

Let C be an abelian category. An object [ of C is injective if Hom(-, /') is an exact functor,
ie., if
0>A—-B—->C—0

exact in C implies that

0 — Hom(C, 1) — Hom(B,I) — Hom(A4,1) - 0

is exact. The last sequence is automatically exact except at A g B
Hom(A, I), and so to say that / is injective means that, when-
ever A is a subobject of B, every homomorphism A — [ extends u//

to B. I

An abelian category C is said to have enough injectives if every object admits an injec-
tive homomorphism into an injective object.

PROPOSITION A.3 A module M over a principal ideal domain R is injective if and only if
it is divisible, i.e., the map x + rx is surjective for allr € R, r # 0.

PROOF. injective = divisible: Let m € M and let r be a nonzero element of R. The map
X — rx: R — R is injective, and every extension of x > xm: R — M to R will send 1 to
an element m’ such that rm’ = m.

divisible = injective: Suppose that M is divisible, and consider a homomorphism
a: A — M, where A is a submodule of B. On applying Zorn’s lemma to the set of pairs

°If you are mystified by this paragraph, you may find sx2263197 helpful.


https://math.stackexchange.com/questions/2263197/
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(A’,a’), where A’ is a submodule of B containing A and o’ extends « to A’, we obtain a
maximal such pair (A1, a1). If A} # B, then there exists ab € B ~ Aj, and we define
I ={reR|rbe A1} Because M is divisible, the map r — a1 (rb): I — M extends'’
to R, but this implies that «; extends to A; + Rb, which contradicts the maximality of
(A1, 01). o

Therefore, when R is a principal ideal domain, every quotient of an injective module is
injective, for example, K /R, where K is the field of fractions of R. In particular, Q/Z is
an injective abelian group.

PROPOSITION A.4 The category of modules over a principal ideal domain R has enough
injectives.

PROOF. Write M as a quotient M =~ F/N of a free R-module F', and consider the exact
commutative diagram,

0 > N > F > M > 0
0 > N > FQR K —— (F ®@r K)/N —— 0.

Because F — F ®pg K is an injective map and F' ® g K is an injective object, the map
M — (F ®g K) /N is an injective homomorphism of M into an injective R-module. g

For abelian groups, the proposition can also be proved as follows: for an abelian group
M, let MY = Hom(M, Q/Z); choose a free abelian group F mapping onto MV, F —»
MVY;then M < MY — FV, and F" is injective.

PROPOSITION A.5 A functor that admits an exact left adjoint preserves injectives.

PROOF. Let F’ be an exact left adjoint to the functor F: C — D . For every injective object
I in C, the functor Homp(-, F(1)) is isomorphic to the functor Homg(F’'(-), I'), which is
exact because it is the composite of two exact functors, namely, F’ and Homg(-, I). o

Right derived functors

Let C be an abelian category with enough injectives, and let F: C — D be a left exact
functor from C to a second abelian category. Thus, a short exact sequence

0O-M ->M-—->M' -0
in C gives rise to an exact sequence
0—FM)— FM)— FM")

in D. The theory of derived functors provides a natural extension of this last sequence to a
long exact sequence.
Let M be an object of C. A resolution of M is a long exact sequence

0 r
0—>M—>Iod—>11—>-~-—>Ird—>lr+1—>---

If the "’s are injective objects of C, then it is called an injective resolution. We sometimes
denote this complex by M — I°.

10For the moment, this is left as an exercise for the reader.
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LEMMA A.6 An injective resolution M — I°® of M exists, and ift M — J*® is a second
injective resolution, then there exists a homomorphism from M — [®* to M — J°®, ie.,
there exists a commutative diagram,

0 > M > 10 > 11

|

0 > M > JO y J!

PROOF. By assumption, there exists an injective morphism
0>M—1°

with 70 injective. Let B! be the cokernel of the map. Again, there exists an injective
morphism
0— B! > 1!

with 71 injective. Now
0—>M—1°—1!

is exact. Let B2 = Coker(B! — I'!), and continue in this fashion.
Similarly, a morphism of resolutions can be constructed step by step, using the defini-
tion of an injective object. O

On applying a left exact functor F' to an injective resolution M — I°® of a object M,
we obtain a complex

F(I*):F(I% - F(IY) - - — F(I’) F(l’“) — -
which may no longer be exact, and so the cohomology groups

def Ker(F(d"))
H'(F(I*) = {1y (F@)

may be nonzero.

REMARK A.7 Because F is left exact, the sequence

0—> F(M)— F(I% LA F(IY

is exact. Therefore,
def

HY(F(1°)) = Ker(d®) = F(M).

PROPOSITION A.8 Let M — I® and N — J* be injective resolutions of objects M and
N of C. Every morphism a: M — N extends to a map of complexes

M —:I°
Jo Lo
N — J°.
For every left exact functor F, the morphism
H'(F(*): H"(F(I*)) > H"(F(J®))

is independent of the choice of «®.
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We discuss the proof below.

The proposition, applied to the identity morphism M — M, implies that the objects
H"(F(I*)) are well-defined up to a well-defined isomorphism: given two injective resolu-
tions M — [®*and M — J*® of M, there exists a morphism «®: /®* — J* extending the
identity map on M, and the maps H" (F(1°®)) — H" (F(J*)) it defines are isomorphisms
independent of the choice of «®. Now, for each object M of C, we choose an injective
resolution M — I°®, and we define

(R"F)(M) = H"(F(I%)).

A morphism o: M — N gives rise to a well-defined morphism (R" F)(M) — (R" F)(N),
and these maps make R" F into a functor. They are called the right derived functors of F.
The next two lemmas prove something a little more precise than the proposition.

LEMMA A9 Let M — I°® and N — J* be resolutions of objects M and N of C. If
N — J*® is an injective resolution, then every morphisma: M — N extends to a morphism

M —7I°
N —— J°.
of complexes.
PROOF. Bucur and Deleanu 1968, 7.5. o

Two morphisms «®, 8®: 1®* — J* of complexes are said to be homotopic if there exists
a family of morphisms k”: I” — J”~! (a homotopy) such that

O{r—,Br :dr—l okr +kr+1 odr

for all r.
Note that, for every x € Z"(1°®) < Ker(d"),

def

o (x) = " (x) = d" (k" (x)) € Im(d" ") = B"(J*).

Therefore «” (x) and B (x) have the same image in H" (J*), and so homotopic morphisms
define the same morphism on cohomology.

LEMMA A.10 Let M — I° be a resolution of M, and let N — J*® be an injective resolu-
tion N. Any two extensions «® and 8°* of morphisms M — N to I®* — J* are homotopic.

PROOF. Bucur and Deleanu 1968, 7.5. o

This implies the second statement of Proposition A.8, because the family (F(k")) is a
homotopy from F(a®) to F(8°).

PROPOSITION A.11 A short exact sequence
0>A—-B—->C—-0
in C gives rise to a long exact sequence
0 — F(A) - F(B) - F(C) —» R'F(4) — ---
--+—> R"F(A) > R"F(B) > R'F(C)—>---

and the association of the long exact sequence to the short exact sequence is functorial.
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The second condition means that a commutative diagram

0 s A s B s C s 0
0 s A’ > B’ s C/ > 0

gives rise to a commutative diagram

v —— RF(C) —— R"F(A) —— R"F(B) —— R'F(C) — ---

! | | |

-+ —— R'F(C') —— R"F(A) —— R"F(B') —— R'F(C') — ---
For the proof of the proposition, see Bucur and Deleanu 1968, 7.6.

REMARK A.12 The right derived functors of F are uniquely characterized (up to a unique
isomorphism of functors) by the following three properties:

(a) ROF = F;
(b) R"F(I) = 0forr > 0 when [ is injective;
(c) the property in (A.11).

Variants

By reversing the directions of some of the arrows, one obtains variants of some of the above
definitions, for example, projective objects, left derived functors, etc.

The Ext groups

Let C be an abelian category.

Let A € C. If C has enough injectives, then we can define the right derived functors
of the left exact functor Hom(A, -). Denote the rth right derived functor by Ext” (4, -). To
compute Ext” (A, B), we choose an injective resolution B — I® of B, and set

Ext’ (4, B) = H" (Hom(4, I°)).

Let B € C. If C has enough projectives, then we can define the right derived functors
of the left exact contravariant functor Hom(-, B). Denote the rth right derived functor by
Ext" (-, B). To compute Ext” (A, B), we choose a projective resolution Ps — A of A, and
we set

Ext" (A, B) = H" (Hom(P., B)).

PROPOSITION A.13 If C has enough injectives and enough projectives, then the two defi-
nitions of Ext” (A, B) coincide.

PROOF. We define the Ext” using projectives, and prove that they have the properties char-
acterizing the right derived functors of Hom(A4, -).

First, certainly Ext®(4, B) = Hom(4, B).

To say that [ is injective means that Hom(:, I') is exact. Therefore Hom(P,, I) is exact,
and so w

Ext"(A4,1) = H"(Hom(P,, 1)) = 0.
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Finally, if
0—-B -B—-B"-0

is exact, then because Poe — A is a resolution of A by projectives, the sequence of com-
plexes
0 — Hom(Ps, B') — Hom(Ps, B) — Hom(Pe, B") — 0

is exact. By a standard procedure, we get out of this a long exact sequence

-+« — H"(Hom(P,, B")) — H"(Hom(Ps, B)) — H"(Hom(P., B")) = ---.

EXAMPLE A.14 Let G be a group. Then Modg has both enough injectives and enough
projectives. For every G-module M, Homg (Z, M) = MY, and so the functors Hom(Z, -)
and H°(G, -) agree. Hence, so also do their right derived functors:

Extl; (Z, M) ~ H" (G, M).

The last proposition allows us to compute these groups by choosing a projective resolution
Pe — Z of Z and setting

H"(G, M) = H" (Homg (P., M)). (25)

REMARK A.15 It would shorten the exposition in this chapter a little by adopting the for-
mula (25) as the definition of H" (G, M). This is the approach taken by Atiyah and Wall
(1967), but it is not the natural definition.

References

For the general notion of derived functors, see Chapter 7 of Bucur and Deleanu 1968.
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Local Class Field Theory:
Cohomology

In this chapter, we develop the cohomological approach to local class field theory. We first
prove that there exists a local Artin map (Theorem 3.4). Together with the theorems of
Chapter I, §§1-3, this suffices to complete the proofs of the main theorems of local class
field theory. For those who skipped the Lubin-Tate theory, we then give a proof of the main
theorems that is independent of Chapter I (except for §1).

Throughout this chapter, “local field” means “nonarchimedean local field”. As before,
K?! denotes an algebraic closure of K (or separable algebraic closure in the case that K
has characteristic p # 0), and “extension of K” means “subfield of K?! containing K.
All cohomology groups will computed using continuous cochains (see I, §4). For a Galois
extension of fields L/ K (possibly infinite), set

H?*(L/K) = H*(Gal(L/K), L™).
For the moment, H?(L/K) is just a cohomology group, but in the next chapter we shall
see that it has an explicit interpretation as the relative Brauer group of L/K.
1 The Cohomology of Unramified Extensions

The cohomology of the units
Let K be a local field.

PROPOSITION 1.1 Let L/K be a finite unramified extension with Galois group G, and let
Uy, be the group of units in L. Then

HL(G.Up) =0, allr.

PROOF. If 7 is a prime element of L, then every element of L> can be written uniquely in
the form o = un™,u € Uy, m € Z. Thus

L*=Up 72 ~U; xZ. (26)

Since L is unramified over K, we can choose 7 € K. Then ta = t(un™) = (zu)x™
for t € Gal(L/K), and so (26) becomes a decomposition of G-modules when we let

97
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G act trivially on 7% ~ Z. Therefore, H" (G, Uy) is a direct summand of H" (G, L>)
(see II, 1.25). Since H!(G,L*) = 0 by Hilbert’s theorem 90 (II, 1.22), this shows that
H'(G,Ur) = 0. Because G is cyclic, to complete the proof of the theorem, it suffices (by
I1, 3.4) to show that H ?(G, Ur) = 0. This is accomplished by the next proposition. O

PROPOSITION 1.2 Let L/K be a finite unramified extension. Then the normmapNmy, /g: Uy, —
Uk is surjective.

We first need some lemmas. Let / and k be the residue fields of L and K. Because
L/K is unramified, the action of G on Op, defines an isomorphism G =~ Gal(// k).

LEMMA 1.3 Form > 0, let U™ = 1+ wm™. Then
UL/U 0%
umumth =
as G-modules.
PROOF. Let 7 be a prime element of K. It remains prime in L, and

U™ = {14+an™ |aeOyL}.

The maps
uryu modmp:Up — I
l14+an™ —a modmL:Uim)—>l
induce the required isomorphisms. O

LEMMA 1.4 Forallr, H;(G,[™) = 0. In particular, the norm map [* — k™ is surjective.

PROOF. By Hilbert’s Theorem 90 (II, 1.22), H'(G,I*) = 0, and because [* is finite, its
Herbrand quotient 2(1*) = 1 (see II 3.8). Therefore H?(G,[*) = 0, and this implies that
all the groups are zero (by II, 3.4). 0

LEMMA 1.5 The group Hy(G,l) = O for all r. In particular, the trace map [ — k is
surjective.

PROOF. In (II, 1.24) this is proved for r > 0, which implies it for all r (by II, 3.4). o

PROOF (OF PROPOSITION 1.2) There are commutative diagrams (m > 0)

Uy — I UM ——
le le le l’I‘r
Uk — k* ugm —— k.

Consider u € Ug. Because the norm map [* — k™ is surjective, there exists a vy €
Uy, such that Nm(vg) and u have the same image in k*, i.e., such that u/ Nm(vg) €
U I({l ). Because the trace map / — k is surjective, there exists a vy € U él) such that
Nm(vy) = u/Nm(vg) mod U I(<2 ), Continuing in this fashion, we obtain a sequence of
elements vg, vy, v2,v3,..., V; € Ug), such that u/ Nm(vg---v;) € UIgH). Letv =
limz,—c0 ]_[7;0 v;. Then u/ Nm(v) € () UI({i) = {l}. o
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COROLLARY 1.6 Let L/K be an infinite unramified extension with Galois group G. Then
H"(G,Uyr) = 0 forr > 0 (continuous cochains).

PROOF. The field L is a union of finite extensions K’ of K, and so (see 11, 4.2),

r ~ 1 r / ) —
H"(Gal(L/K),Ur) ~ lim ., H" (Gal(K'/K), Ug') = 0.

The invariant map

Let L be an unramified extension of K (possibly infinite), and let G = Gal(L/K).
As H2(G,Up) = 0 = H3(G,UL), the cohomology sequence of the short exact se-

quence

d
O—>UL—>LX(LI>‘Z—>O,

gives an isomorphism
H?2(ord
H2(G. L) 2, 26z,
The groups H" (G, Q) are torsion for r > 0 (see II, 4.3) and uniquely divisible (because
Q is), and hence zero. Therefore the cohomology sequence of the short exact sequence

0-72Z—->Q—->Q/Z—0

(trivial G-actions) gives an isomorphism

HY(G,Q/7) > H2G, 7).

Recall that
HY(G,Q/Z) ~ Hom(G,Q/Z)

and that G has a canonical topological generator, namely, the Frobenius element o0 =
Froby, k. The composite of

H?(L/K) L?) H*(G,Z) <i— HI(G,Q/Z) ~ HomctS(G,Q/Z)L—)ﬂU)Q/Z

is called the invariant map
invyx: H*(L/K) — Q/Z.
Consider a tower of field extensions
EDLDK

with both £ and L unramified (hence Galois) over K. Then

HA(L/K) ™8 Q2

= H

invg/x

H*(E/K) —= Q/Z

commutes, because all the maps in the definition of inv are compatible with Inf.



100 Chapter Ill. Local Class Field Theory: Cohomology

THEOREM 1.7 There exists a unique isomorphism
invg: H*(K"™/K) - Q/Z,

with the property that, for every L C K" of finite degree n over K, invk induces the
isomorphism
invy g H*(L/K) — T K]Z/Z

PROOF. This is an immediate consequence of the above discussion. O

PROPOSITION 1.8 Let L be a finite extension of K of degree n, and let K" and L"" be
the largest unramified extensions of K and L. Then the following diagram commultes:

HZ(Kun/K) Res HZ(Lun/L)

[ e @

Q/Z ——— Q/Z.

PROOF. The largest unramified extension of a local field is obtained by adjoining all mth
roots of 1 for m not divisible by the residue characteristic. Therefore, L"" = L - K™, and

so the map
T | K" Gal(L"/L) — Gal(K"™/K)

is injective. The map denoted Res in (27) is that defined by the compatible homomorphisms

Gal(K'"/K) < Gal(L™/L)

K unx N J,unx

(IL, 1.27b).
Let 'y = Gal(K"™/K) and I';, = Gal(L"™/L), and consider the diagram,

H2A(K™/K) —225 5 H2(Ig,7) <2 — H'(Ik,Q/7) £259%8 @z

lRes Je Res le Res l fe

HA(L™/L) —22 s 21y, 7) 2 — H(rp.Q/z) £2591 .

Here e is the ramification index for L./ K and f is the residue class degree. The first
square is obtained from the commutative square

ordg
K unx N/
e
ordy,

LllIlX ) Z

The second square expresses the fact that the restriction map commutes with the boundary
map. Apart from the factor “e”, the third square is

Hom(Ix, Q/2) £2£%) g7,

lgHgIFL lf

Hom(Iy, Q/Z) £281 q/z.
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The Frobenius elements og and o7, are determined by the fact that they induce x +— x4

and x > x4’ respectively on the residue fields, where ¢ = |k| and ¢/ = ||, and so
or|K"™ = OI];. It is now clear that the square commutes, and since n = e f, this proves the
proposition. u]
The local Artin map

Let L be a finite unramified extension of K with Galois group G, and let n = [L: K].
The local fundamental class uy g is the element of H 2(L/K) mapped to the generator

m of I K]Z/Z by the invariant map invy k: H?*(L/K) — I K]Z/Z The pair

(G, L™) satisfies the hypotheses of Tate’s theorem (II, 3.11),! and so cup-product with the
fundamental class 1/ x defines an isomorphism

H}(G.Z) — HP(G, LX)
for all r € Z. For r = —2, this becomes

H™%(G,7) —— H°(G, L>)
[J11, 2.7 |
G K*/Nm(L*).

We now compute this map explicitly.
A prime element 7 of K is also a prime element of L, and defines a decomposition

=Upg ol o~ Up x7Z
of G-modules. Thus
H"(G,L*)~ H"(G,Ur) ® H" (G, n?).
Choose a generator o of G (e.g., the Frobenius generator), and let
f € HY(G,Q/Z) ~ Hom(G, Q/Z)

be the element such that f(o?) = ’ﬁ mod Z for all i. It generates H (G, Q/Z).
From the exact sequence

0-Z—->Q—>Q/Z—0
and the fact that H" (G, Q) = 0 for all r, we obtain an isomorphism
§: HY(G,Q/Z) — H*(G, 7).

According to the description of § in (II, 1.21), to construct §f, we first choose a lifting
of ftol- cochalnf G — Q. Wetakeftobethemapo — ;l— where 0 <i <n—1.
Then

0 if i+j<n—1

df(' o’y =0 flo!) = f(e'") + flo') = if i+j>n—1.

IFor the condition on H'! , use Hilbert’s Theorem 90, and for the condition on H 2, use the invariant map.
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When we identify Z with the subgroup 7% of L*, we find that the fundamental class
up/k € H 2(G, L) is represented by the cocycle:

1 if i+j<n—1

i iy —
PO =) 1 i i1

From the exact sequences
0>1—->Z[G]l—>7Z—0

0> L= L (p)—>1—0

(see the proof of 11, 3.11) we obtain boundary maps
H™%(G,Z) - H G, I)

H™YG, 1) —» H°G, L"),
which are isomorphisms because Z[G] and L*(¢) have trivial cohomology. Here L™ (¢) is
the splitting module L* & P, e 521 ZXo of ¢.

Finally, H2(G,Z) € H,(G,Z) ~ G (see 11, 2.7).

PROPOSITION 1.9 Under the composite

H2(G,Z) —— H%G, LX)
. 2.7 |
G K>/ Nm(L*).

of the above maps, the Frobenius element 6 € G maps to the class of & in K>/ Nm(L>).

Note that, because all units in K are norms from L* (see 1.2), the class of = mod
Nm(L>) is independent of the prime element 7. On the other hand, the G-module L (¢)
and the map depend on the choice of the generator o for G.

PROOF. From the construction of the isomorphism H ~2(G, Z) ~ G, we see that the image
of o under the boundary map H?(G,Z) — H™Y(G,Ig) C I(;/I(z; is represented by
o—1.

The boundary map H (G, Ig) — H°(G, L) is that given by the snake lemma from
the diagram (we write I for Ig):

H™YG,I)

|

(L)¢ — L*(@)g > (e >0

| | l

0 s LXG }LX((p)G }IG

|

HY(G, L™).
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The vertical maps connecting the rows are Nmg = Z?;é o'. The element (o0 — 1) + I?
is the image of xo + I - L*(¢) in L*(¢)g, and Nmg (xg + I - L*(¢)) is the sum of the
elements:

Xg = Xg
0Xg = Xg2—Xg+ ¢(0,0)
0%xy = Xg3 — Xg2 + ¢(0, 02)
o lx, = ‘x1°— Xgn—1 + @(0, 0”_1)

On summing these, remembering that ‘x;’= ¢(1,1) = 1 and that + on the factor L* of
L(p) is actually -, we find that

n—1
Nmg (xg) = 1_[ ¢(o,0') = 7.
i=1
This completes the proof. O

REMARK 1.10 The above proof of Proposition 1.9, using Tate’s original definition of the
isomorphism H”(G,Z) — H"12(G,C), is simpler than that found in other references,
which uses the description of the map in terms of cup products.

2 The Cohomology of Ramified Extensions

Because of Hilbert’s Theorem 90 (II, 1.22), there is an exact sequence

0— HX(L/K) 2% H2(E/K) 25 H2(E/L)

for any tower of Galois extensions £ D L D K (see II, 1.36).
The next theorem extends Theorem 1.7 to ramified extensions.

THEOREM 2.1 For every local field K, there exists a canonical isomorphism
invg: H3(K¥/K) - Q/Z.
Let L be a Galois extension of K of degree n < oo. Then the diagram

0 — H?(L/K) —— H2(K*/K) 2= H2(K3/L)

linv,( l (28)

0o—— iz —— Q/Zz —2— Q/Z
commutes, and therefore defines an isomorphism
invy x: H*(L/K) — 17/Z.
The proof will occupy most of the rest of the section.

LEMMA 2.2 If L/K is Galois of finite degree n, then H?(L/K) contains a subgroup
canonically isomorphic to %Z /7.
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PROOF. Consider the diagram

0 — Ker(Res) — H2(K"™/K) 23 H2(L™/L)

| = [

0 — H2(L/K) —— H*(K*/K) -2=5 H2(K?/L)

Since the two inflation maps are injective, so also is the first vertical map, but 1.8 shows
that the kernel of the restriction map on the top row is canonically isomorphic to %Z /7. o

To complete the proof of Theorem 2.1, it suffices to prove that the map }IZ/ 7 —
H?(L/K) is an isomorphism. There are two different approaches to proving this. In the
next chapter on Brauer groups, we shall show that H2(K"/K) ~ H?(K®/K) (every
central simple algebra over K is split by an unramified extension; see IV §4), and so the
vertical maps in the above diagram are isomorphisms. The second proof, which we now
present, shows that ‘Hz(L/K)‘ <n.

LEMMA 2.3 Let L be a finite Galois extension of K with Galois group G. Then there
exists an open subgroup V of Oy, stable under G, such that H" (G, V) = 0 forallr > 0.

PROOF. Let {x; | T € G} be a normal basis for L over K (see FT, 5.18). The x; have a
common denominator d in O (see ANT, 2.6). After replacing each x; with d - x;, we may
suppose that they lie in Op . Take V = ) Ogx;. It is stable under G because the normal
basis is. Let v be a prime element of Oy,. Then V O 7™ Oy, for some m > 0, which shows
that 1 is open (it is union of cosets of 7 Op,). Finally,

V ~ Og[G] ~ Ind® Og
as G-modules, and so H" (G, V) = 0forall r > 0 (I, 1.12). o

LEMMA 2.4 Let L, K, and G, be as in the last lemma. Then there exists an open subgroup
V of Uy, stable under G such that H" (G, V) = 0 forall r > 0.

PROOF. I prove this only for K of characteristic zero.> The power series
e‘x :1+x++xn/n'+

converges for ord(x) > ord(p)/(p —1) (ANT, 7.29). It defines an isomorphism of an open
neighbourhood of 0 in L onto an open neighbourhood of 1 in L™, with inverse mapping

log(x) =(x—1)—(x—1?/24+(x-13/3—---.

Both maps commute with the actions of G (because G acts continuously). If V'’ is an open
neighbourhood of 0 as in (2.3), then 7™ V'’ will have the same properties, and we can take
V = exp(m™V’) with M chosen to be sufficiently large that the exponential function is

defined and an isomorphism on 7™ V. O

LEMMA 2.5 Let L/K be a cyclic extension of degree n; then h(Ur) = 1 and h(L>) = n.

2For a proof of the characteristic p case, see p. 134 of Serre 1967b.
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PROOF. Let V be an open subgroup of Uy, with H" (G, V) = 0 for all r. Because Ur,
is compact, the quotient Uy /V is finite, and so A(Uz) = h(V) = 1 by II, 3.9. Now
h(L*) = h(UL) - (Z) = h(Z), and

h(Z) = |H}G.Z)|/ |H(G.Z)| = |HP(G.Z)| = |Z/nZ| = n. 5

LEMMA 2.6 Let L be a finite Galois extension of K of order n, then H?(L/K) has order
n.

PROOF. We know that the order of H?(L/K) is divisible by n, and that it equals n when
L /K is cyclic. We prove the lemma by induction on [L: K]. Because the group Gal(L/K)
is solvable (ANT, 7.59), there exists a Galois extension K’/ K with L ?t K’ 2 K. From
the exact sequence

0> H*(K'/K) - H*(L/K) - H*(L/K")

we see that
|H*(L/K)| < |H*(K'/K)|-|H*(L/K')| = n. 5

PROOF (OF THEOREM 2.1) From the diagram in the proof of (2.2) we see that, for ev-
ery finite Galois extension L of K, the subgroup H?(L/K) of H*(K?/K) is contained
in H2(K"™/K). Since H?>(K*/K) = |J H?(L/K), this proves that the inflation map
H?*(K"™/K) — H?*(K®/K) is an isomorphism. Compose the inverse of this with the
invariant map invg: H?(K"/K) — Q/Z of Theorem 1.7. o

In fact, the diagram in Theorem 2.1 commutes even when L /K is not Galois:
invy oRes = [L : K]invg . (29)

(In this setting, we define H?(L/K) to be the kernel of the restriction map.)
I claim that
invg o Cor = invy, . (30)

Because Res is surjective (see diagram (28)), to prove this it suffices to show that
invg o Coro Res = invy, o Res.

But Coro Res = [L : K] by (II, 1.30), and so this is the preceding equality (29).

The fundamental class

Let L be a finite Galois extension of K with Galois group G. As in the unramified case,
we define the fundamental class uy /g of L/K to be the element u;, /g of H 2(L/K) such
that

. 1
invy/ gk(up/g) = m mod Z,

or, equivalently, such that

1
invg(up k) = -5 mod Z.
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LEMMA 2.7 Let L D E D K with L /K finite and Galois. Then

Res(ur/x) =ur/E, (31)
COI“(ML/E) = [E . K]”L/K- (32)

Moreover, if E/K is also Galois, then
PROOF. Consider

H*(K¥/K) —2= 5 H2(KY/E) —2% H>(K?/L)

Zlinv K :linv E :linv L

Q/Z E:K gz — B gz

On applying the kernel-cokernel lemma (II, A.2) to the rows (and using that the lemma is
functorial), we obtain a commutative diagram,

0 —— HX(E/K) —2L 5 H2(L/K) —B= 3 H2(L/E)

linvE/K linvL/[( linvL/K

id [E:K] 4
Z]Z Z]Z > LE] L/ 2

\ 1 \ 1
" [E:K] " [L:K]
Here H?(E/K) is defined to be the kernel of Res: H2(K*/K) — H?*(K?/E). The
equality (31) expresses the fact that the second square commutes. When E/K is Galois,
the equality (33) expresses the fact that the first square commutes.

Equality (32) follows from comparing

. 30) . 1
anK(COI‘E/K(uL/E)) = 1nvE(uL/E) = ﬁ mod 7Z

. 1
invg(up/x) = mmod 7. O

REMARK 2.8 There are groups KX/ Nm(L*) and H?(L/K) attached to every finite ex-
tension L /K of local fields. When L /K is cyclic, they are isomorphic, but not otherwise.
The first group is always isomorphic to Gal(M/K), where M is the largest abelian subex-
tension of L/ K (see 3.4, 3.5), and the second is always cyclic of order [L : K]. Thus, when
L /K is abelian but not cyclic, the two groups have the same order but are not isomorphic,
and when L /K is not abelian, they have different orders.

3 The Local Artin Map

The pair (G, L™) satisfies the hypotheses of Tate’s theorem (II, 3.11),and so we have proved
the following result.
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THEOREM 3.1 For every finite Galois extension of local fields L/ K and r € 7, the homo-
morphism
H}(Gal(L/K),Z) — Hit*(Gal(L/K), L)

defined by x +— xUuy g is an isomorphism. When r = —2, this becomes an isomorphism
G® ~ K*/Nmyp, g (L).

If L O E D K with L/K Galois, then the homomorphism in the theorem commutes
with both Res and Cor. For example, to prove the statement for Res we must show that

Res(x Uuyp k) = Res(x) Uup /g
forall x € Hy(Gal(L/K), L*). But a standard property of cup-products (II, 1.39¢) is that
Res(x Uuy k) = Res(x) URes(uz k),

and so this follows from (31). The proof for Cor is similar.
If L D E D K with L/K and E/K Galois and x € H" (Gal(E/K), E*) with r > 1,
then
Inf(x Uug,x) = [L : E]Inf(x) Uup k.

Again, this follows from a standard property of cup-products (1.39¢) and the formula (33).
For r = —2, the map in the theorem becomes

Gal(L/K)® S K*/Nmy g L.
We denote the inverse map by
¢k : K*/Nmy g L — Gal(L/K)™

and call it the local Artin map, or by recy ,k and call it the local reciprocity map. (The
second name is more common, but it is hard to see any reciprocity in the map.)

LEMMA 3.2 Let L D E D K be local fields with L/K Galois. Then the following
diagrams commute:

SL/E dL/E

EX —Z Gal(L/E)* EX 2~ Gal(L/E)*
JNmE/K l )‘\ TVer
KX —PHE L Gal(L/K)™ K% —PHE L Gal(L)K)™

The unmarked vertical arrows are induced by the inclusions Gal(L/E) C Gal(L/K) and
KCE.

PROOF. To be added (the second is not really needed). O

3.3 Let L D E D K belocal fields with both L and E Galois over K. Then the following
diagram commutes:

K< PEE Gal(L) Ky

¢ml

Gal(E/K)2b
The unmarked vertical arrow is induced by the surjection 0 + o|E: Gal(L/K) — Gal(E/K).
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PROOF. This follows directly from the definition of the local Artin map, using (33). O

In particular, if L D E D K is a tower of finite abelian extensions of K, then
¢r/k(@)E = ¢pg/k(a) for all a € K*, and so we can define pg: K* — Gal(K?*"/K)
to be the homomorphism such that, for every finite abelian extension L/K, ¢x(a)|L =

or/k(a).

THEOREM 3.4 For every local field K, there exists a homomorphism (local Artin map)
o KX — Gal(K*/K)

with the following properties:
(a) for every prime element w of K, ¢pg ()| K™ = Frobg;

(b) for every finite abelian extension L of K, Nmy ,x (L>) is contained in the kernel of
a+— ¢g(a)|L, and ¢ induces an isomorphism

¢L/K: KX/NmL/K(LX) d Gal(L/K).

PROOF. Everything is obvious from the above, except (a), which follows from the fact that,
for an unramified extension L of K, ¢,k agrees with that defined in §1, and so we can
apply Proposition 1.9. O

For those who have read §3 of Chapter I, this completes the proof of the main theorems
of local class field theory — they can now skip to Chapter V if they wish. Others will need
to continue to the end of the chapter.

THEOREM 3.5 (NORM LIMITATION THEOREM) Let L be a finite extension of K, and let
E be the largest abelian extension of K contained in L; then

Nmp /g (L™) = Nmg/g(E™).

PROOF. Because of the transitivity of the norm map, Nmy, ;g (L) is a subgroup of Nm g, g (E™).
If L/K is Galois, then Gal(E/K) = Gal(L/K)?, and so Theorem 3.1 shows that both
norm groups have index [E: K] in K*. This implies that they are equal.

In the general case, we let L’ be a finite Galois extension of K containing L. Let
G = Gal(L'/K) and H = Gal(L'/L). Thus:

L/
P
L
G

|
E
|
K

3Hervé Jacquet has pointed out that this doesn’t appear to be correct, but that the statement can be proved
using Proposition 3.6. I don’t know whether it can be proved without using 3.6.
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Then E is the largest subfield of L' that is abelian over K and contained in L. Therefore,
the subgroup of G fixing itis G’ H, where G’ is the derived group of G. Leta € Nm(E>).
We have to show that a € Nm(L™). Consider the commutative diagram

< 2 g
b ]
b1/ /K

K* —— G/G’

|, |

Kk* 255 G/G'H.

The element ¢/ /x(a) of G/G' maps to 1 in G/G'H. As ¢/ is surjective, we see
from the diagram that there exists a b € L™ such ¢/ /x(a) = ¢1//g(Nm(b)), and hence
a/Nm(b) € Nm(L"™), say, a/ Nm(b) = Nm(c). Now

a=Nmg g(b-Nmz1(c)) € Nmp, g(L™). O

Theorem 3.5 shows that there is no hope of classifying nonabelian extensions of a local
field in terms of the norm groups.

Alternative description of the local Artin map

Let L/K be a finite abelian extension with Galois group G, and letuy jx € H?(G, L*) be
the fundamental class. The local Artin map ¢,k is the inverse to the isomorphism

x> xUup g : Hp*(G,Z) — HY(G,L).

This definition is difficult to work with because cup-products involving both homology and
cohomology groups have no very convenient description. Instead, we re-interprete the map
purely in terms of cohomology groups. Consider the cup-product pairing

HO(G, L)xH%(G,Z) —— H2(G,L*) ™5 @/z.
Given an element ¢ € H%(G,L*) = K* and a class ¢ € H?*(G,Z) represented by a

cocycle f: G x G — Z, the cup-product class a U ¢ is represented by the cocycle (o, 7) —
a’(@7) Recall also that we have an isomorphism

Hom(G,Q/Z) = H'(G,Q/Z) —> H*(G. 7).
PROPOSITION 3.6 Forevery y € Hom.(G,Q/Z) anda € K*,
1@ k(@) = invg(a Udy).
PROOF. See Serre 1962, “Annexe” to Chapter XI, and Serre 1967a, p. 140. o

Using this, we can get another proof of Proposition 3.4.

LEMMA 3.7 If L/K is unramified, ¢y x sendsa € K to Frob®"dk (@)
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PROOF. Recall that invg is defined to be the composite

H2(G, L) % H2(G,7) <— Hom(G,Q/7) X2, /2.

Because of the functoriality of cup-products
ord(a Ué8y) = ord(a) USy, a€ K*, x e Hom(G,Q/7Z)

where, on the left ord denotes the map on H? induced by ordy: L* — Z, and on the
right it is the map itself. Let a € H°(G,L*) = K*, and let m = ordy (a). For every
x € Hom(G, Q/Z), in the above diagram,

aVU8y+— ord(a) Usy = my — y(c™), o = Frob,
ie., invg(a Udy) = y(a™). On combining this with the formula in (3.6) we find that
1($(@)) = 1 (0 4@)
for all y € Hom(G, Q/Z), and so ¢ () = ¢°d(®). 0

For every character y of G, we get a character a +— invg(a U §y) of K*. By duality
we get a map K™ — G. Proposition 3.6 shows that this map is ¢7  x: K* — Gal(L/K).

4 The Hilbert symbol

Since the subgroups of finite index in K> intersect in {1}, the existence theorem implies
that the norm groups intersect in 1. The following key result is the starting point in our
proof of the existence theorem.

PROPOSITION 4.1 Let K be a local field containing a primitive nth root of 1. Any element
of K* that is a norm from every cyclic extension of K of degree dividing n is an nth power.

This will be a consequence of the theory of the Hilbert symbol.

A VERY SPECIAL CASE

We explain in this subsection how to obtain the proposition in the special case K = Q,,
n = 2, by using only elementary results from Serre 1970, Chapter III.
Fora,b € Q;, define

(@.b), = 1 if z2 = ax? + by? has a nontrivial solution in Q,
Pl =1 otherwise.

Clearly, (a, b), depends only a and b modulo squares, and so this is a pairing
a,br (a,b),: Q;/Q;z X Q;/Q;z — {1}
Serre shows (ibid. 1.1, 1.2) that this pairing is bi-multiplicative

(@d'.b)p = (@.b)p(@'.b)p.  (@.bb)p = (@.b)p(@.b)p,
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symmetric (which in this case is the same as skew-symmetric)

(b,a)p = (a,b),' = (a,b)p,

and nondegenerate (i.e., the left and right kernels are trivial).
Let a be an element of Q; that is not a square. Then

2

b is anorm from Q,[va] < b =z*— ax? has a solution in Qp

2

<= z2 = ax? + by? has a nontrivial solution in Q,)

< (a,b)p =1.
Thus,
b is a norm from Q,[+/a] foralla = (a,b), = lforalla = b € Q;z,

by the nondegeneracy of the pairing. This proves the proposition in this case.

ASIDE 4.2 The map a, b — (a,b), is called the Hilbert symbol. 1t is defined also for R, and Serre
proves (Hilbert product formula)

[]@b,=1 (34)

pP=0o0

The general case

In this subsection, Hom(G, Z/nZ) denotes the group of continuous homomorphisms G —
Z/nZ.

STEP 1. REVIEW.

Recall that for every cyclic group G and G-module M, there are isomorphisms

Hj (G, M) — H7T*(G, M),

which become canonical once one chooses a generator o of G. More precisely, letn = (G :
1) and let y be the isomorphism G — Z/nZ sending ¢ to 1 mod n. From the cohomology
sequence of

05257 —>7Z/nZ — 0,
we obtain a boundary map §: H'(G,Z/nZ) — H?*(G,Z). The isomorphism

Hi (G, M) — H; (G, M)

ish— dyUb.
Now let K be a field (not necessarily local), and let L/ K cyclic extension with Galois
group G (of order n). When r = 0 and M = L, the isomorphism becomes

b8y Ub:K*/NmL*— H*G,L).
For y € Hom(G,Z/nZ) and b € K*, define
(x.b) =8y Ube H*G,L").

The above discussion shows that, if y is an isomorphism G — Z/nZ, then

‘()(,b)/:() — bisanormfromLx.‘
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STEP 2.

Let K be a field (not necessarily local). If K has characteristic p # 0, then we require
n to be relatively prime to p. Let K?! be a separable algebraic closure of K (thus, simply
an algebraic closure if K is perfect), and let G = Gal(K?'/K). Let u, be the group of
nth roots of 1 in K®, regarded as a G-module. Under our assumption on 7, i, is a cyclic
group of order n.

From the cohomology sequence of

x—>x"
0

S n y Kol XX, galx 5

and Hilbert’s theorem 90 (II, 1.22) we find that
§: KX/K*" 5 HYG, ),  H2(G, un) > H(G, K¥™),.

Here H?(G, K¥>), denotes the group of elements in H2(G, K**) killed by 7.
Consider the cup-product pairing

HI(G,Z/HZ) X Hl(G’ I’Ln) g Hz(Gv I'Ln)

12 12 12
Hom(G,Z/n7) KX/ K*" H?(G, K*),.

For y € Hom(G,Z/nZ) and b € K*/K*", we write (y, b) for the image of the pair under
the above pairing: (y,b) = x U 8b (as an element of H?(G, K**)).

Let y € Hom(G, Z/nZ) and (for simplicity) assume that y has order n. Let L be the
subfield of K®! fixed by Ker(y). Thus L x 1s a cyclic extension of K of degree n, and y
induces an isomorphism of its Galois group G with Z/nZ. Let b € K*, and let

(x.b) =8yuUbe H*(G,L>),

as in Step 1. Then
Inf((x.0)") = (x.b).

Since the inflation map H?2(G, Ly) — H?*(G, K1) is injective (see II, 1.36), we deduce
that

(x,b) =0 <= bisanorm from L.

STEP 3.
Now assume that K is a local field, so that we have a canonical isomorphism

invg: H*(G, K*) - Q/Z.

For y € Hom(G,Z/nZ) ~ HY(G,Z/nZ) and b € K*/K*" ~ HY(G, i), we now
define

1
(x,b) =invg(x U db) € —Z/7Z.
n

Thus, we have a canonical pairing
1
x. b (0. b): H(G,Z/nZ) x HY(G, un) - H?*(G, up) ~ -7 7.
n

PROPOSITION 4.3 The left kernel of this pairing is zero.
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PROOF. Let y € Hom(G, Z/nZ); we have to show thatif (y,b) = Oforallb € K*/K*",
then y = 0.
Recall that the composite of the local Artin map ¢x: K* — Gal(K2"/K) with

T 7|L: Gal(K*/K) — Gal(L/K)

is surjective for every finite extension L of K contained in K. This implies that the image
of ¢ is dense in Gal(K?"/K). Recall (3.6) that, for b € K*,

(x,b mod K™") = y(¢k (b)).
Because y is continuous, if it is zero on ¢ (K ), then it is zero on the whole of Gal(K®?/K).q

STEP 4.

Now assume that K contains a primitive nth root of 1. Thus, u, ~ Z/nZ as a G-
module (the isomorphism depends on the choice of a primitive nth root of 1). In particular,
Un ® in ~ fin, and so H?(G, iy ® pn) ~ H?(G, uy) (noncanonically). There is a
canonical isomorphism

HZ(G, Mn) &® Un — H2(G’ Un @ MH)’

which can be defined as x, y — xUy. On combining this with the isomorphism H?(G, j,) —
%Z /7 given by the invariant map, we obtain an isomorphism

H?(G. fin @ [in) = fin.
Thus, we have a cup-product pairing

HY G, pun) x HYG.pun) — H*G,pn @ [in)

12 12 12
KX/KXn KX/KXn I’Ln

For a,b € K*, their image in u, under this pairing is denoted (a, b). The pairing is called
the Hilbert symbol.

THEOREM 4.4 The Hilbert symbol has the following properties.

(a) Itis bi-multiplicative, i.e.,
(ad’,b) = (a,b)(d’,b), (a,bb') = (a,b)(a,b’).

(b) It is skew-symmetric, i.e.,

(b,a) = (a,b)" L.
(c) Itis nondegenerate, i.e.,
(a,b) =1forallb e K*/K*" =— a € K*",

(a,b) =1foralla e K*/K*" — b e K.

(d) (a,b) = 1 ifand only if b is a norm from K[ %/a].
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PROOF. Statements (a) and (b) are immediate from the definition of the Hilbert symbol in
terms of cup-products.

We next prove (c¢). Choose an nth root of 1, and use it to define isomorphisms Z/nZ —
Un and py — Uy & wn. The diagram defined by these maps,

HYG.pun) x HYG.pun) — H*(G.pn Q@ pn) =~ H>*(G,pn) ® pin

0 [ 0
HY(G,Z/nZ) x HYG,u,) —  H2G, ),

commutes. By Proposition 4.3, the left kernel of the lower pairing is zero. Hence, the left
kernel of the upper pairing is also zero, which, by skew-symmetry, implies that the right
kernel is zero.

Finally, we prove (d). Assume (for simplicity), that K[%/a] has degree n over K.
Choose a primitive nth root ¢ of 1. Then K[%/a] is cyclic of degree n over K, and its
Galois group is generated by the map o sending %/a to ¢ %/a. With this choice of ¢,
a € K*/K*" corresponds to the element of y, € Hom(G,Z/nZ) sending ¢ to 1 mod
nZ. As K[%/a] = Ly, (d) follows from the boxed formula above. o

PROOF (OF PROPOSITION 4.1) We can deduce Proposition 4.1 from Theorem 4.4 by the
same argument as in the case K = Qp, n = 2, namely, if b is a norm from K[ ¥/a] for all
a, then (a,b) = 1 for all a (by 4.4d), and hence b € K*" (by 4.4c). O

REMARK 4.5 The Hilbert symbol is related to the local Artin map by the formula

ok (b)(an) = (a.b)an.

Note that Galois theory tells us that, for every v € Gal(K [a%] /K), tan = e an for some
nth root of one ¢ (remember, we are assuming that K contains the nth roots of 1), and so the
point of the formula is that roots of 1 are the same. The proof of the formula is an exercise
in cup-products, starting from Proposition 3.6.(a)

REMARK 4.6 The existence theorem will show that ¢ g defines an isomorphism K>/ K*" —
Gal(L/K), where L/K is the largest abelian extension of K of exponent n (without the
existence theorem we know only that the map is surjective). Clearly, Hom(G,Z/nZ) =
Hom(Gal(L/K), Z/nZ), which is the dual of Gal(L/K). Thus, K*/K*" and Hom(G,Z/nZ)
have the same order. This shows that the pairing in Step 2,

H'(G.Z/nZ) x H' (G, un) > H*(G, ) ~ 12/7

is nondegenerate. More generally, for every finite G-module M, the cup-product pairing
H'(G,M)x H* (G, M) - H*(G, jip) ~ %Z/Z

is nondegenerate — here M = Hom (M, pty,). This duality theorem was proved by Poitou

and Tate in the early 1950s, and was a starting point for the theorems in my book “Arith-
metic Duality Theorems”. Note that it implies that H?(G, ity ® itn) =~ (Jin)G-
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REMARK 4.7 The Hilbert symbol has an interpretation in terms of central simple algebras
(see the next chapter). For a,b € K* and ¢ a primitive nth root of 1, define A(a, b;¢) to
be the K-algebra with generators i and j satisfying the relations i” = a, j” = b, and
ij = ¢ji. Then, (a,b), is the class in Br(K), represented by A(a, b;{). Note that for
n = 2, we recover the quaternion algebra H(a, b).

REMARK 4.8 The Hilbert symbol
(, ):K*/K*"x K*/K*" — un

is defined also for K = R and n = 2. Moreover, the product formula (34) holds for all
number fields and all n (see V, 5.4 below).

5 The Existence Theorem

Let K be a local field. Recall that a subgroup N of K* is a norm group if there is a finite

abelian extension L/K such that Nmz /g (L™) = N. Because K™ /N =t Gal(L/K), such
a group N is of finite index in K> and hence open (I, 1.3).

THEOREM 5.1 (EXISTENCE THEOREM) Every open subgroup of finite index in K* is a
norm group.

In this draft, I prove this only for K of characteristic zero. Then subgroups of finite
index are open, and we can use the theory of the Hilbert symbol.

REMARK 5.2 Before starting the proof of Theorem 5.1, we should consider the abstract
situation: Let Z be an infinite abelian group, and let ' be a family of subgroups of finite
index; what do we need to know in order to prove that A contains all subgroups of Z of
finite index? Clearly, a start is to know,

(a) 1if I contains an element of AV, then I isin N
(b) if Ni and N, are in V, then N1 N N, contains an element of A (and hence is in \V).

We know that the family of norm subgroups of K> has these properties (Corollary 1.2),
but so also, for example, does the set of subgroups of Z containing 5Z. Clearly, we need
to know more. Let D be the intersection of all the groups in N. If every subgroup [
of finite index in Z contains an element of N, then it contains D. Conversely, if D is
divisible, i.e., D = nD for all integers n, then D is contained in every subgroup of finite
index (a subgroup of Z of index n contains nZ, which contains nD = D). Therefore,
we need that D be divisible, but even this isn’t sufficient. For example, let Z = Z and
N = {p"Z | n € N}. Then D = (| p"Z = 0 is divisible, but not every subgroup of
finite index in Z contains an element of A/. [Probably I should include a complete list of
“axioms” that a family N should satisfy in order to contain all open subgroups of finite
index — see Serre 1962, XI.5, or Artin and Tate 1961, Chapter 14. This may be useful
when we come to the global existence theorem. ]

Proof of Theorem 5.1

STEP 1. For all finite extensions L /K, the norm map L* — K> has closed image and
compact kernel.
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PROOF. Since the image has finite index, it is open (see I, 1.3), and hence closed. The
kernel is closed, and the equality

ordy, (Nm(a)) = [L: K]ordp(a) = f -ordg(a),
shows that it contained in Ug, which is compact. o

Let Dg = (\Nmp g (L>), where L runs over the finite extensions of K (or only the
finite abelian extensions — after Theorem 3.5, it is the same).

STEP 2. For any finite extension K'/K, Nmg//x Dg' = Dg.

PROOF. Leta € Dk, and consider the sets
Nmp g L 0 Nmy;, g (@)

for L /K’ finite. They are compact and nonempty, and any two contain a third. Therefore
their intersection is nonempty (pointset topology). An element in the intersection lies in
Dk and has norm a. o

STEP 3. The group D is divisible.

PROOF. Letn > 1 be an integer — we have to show that nDg = Dg. Leta € Dg. For
each finite extension L of K containing a primitive nth root of 1, consider the set

E(Ly={be K*|b" =a, beNmp/gL}.

It is nonempty: a = Nmy /g a’ for some a’ € Dy ; according to Proposition 4.1, a’ = c”
for some ¢ € L, and
Nmy g (c)" = Nmy k(@) = a;

therefore b £ Nmy g (c) € E(L). Moreover, E(L - L") C E(L) N E(L’). Since each set
is finite, their intersection is nonempty. An element in their intersection lies in D g and has
nth power a. m

STEP 4. Dk = {1}. [Actually, we don’t use this here.]

PROOF. Choose a prime element of K. Let Vy, , = U (m) » 7"Z_ Then Vin,n 1s an (open)
subgroup of finite index in K*, and therefore contains Dg. Now Dg C ﬂmn Vinn =

{1}. D
STEP 5. Every subgroup I of finite index in K> that contains Uk is a norm subgroup.

PROOF. Since ordg: K* — Z is surjective with kernel Uk, the subgroups / in question
are the subgroups of K of the form ord}1 (nZ),n = 1. Let K,, be the unramified extension
of K of degree n. Then Nmg, /g (K,) is a subgroup of K containing Uk (see 1.2) with
image nZ in Z. The statement follows. O

We now prove the theorem. Let A be the set of norm groups in K*, so that Dg =
(\ven N. Let I be a subgroup of K* of finite index. Because D is divisible, I D Dk,
andso I D (\yen N O (yen (N N Uk). Therefore the sets (N N Ug) . I have empty
intersection. As they are compact some finite subfamily has empty intersection, i.e., for
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some finite subset S of N, I D (\yes(N NUk). As any two of the sets N N Uk contains
a third, this implies that I/ D N N Uk for some N.
Fix a norm group N such that N N Ug C I. Iclaim that / contains

N N Uk - (N N 1)).

Indeed, every element of the intersection is of the form ab,a € Ux, b € NN I,ab € N.
The last two statements imply thata € N. Hencea € N N Ug C I,andsoab € I.

Now N N [ is of finite index in K™ because both N and I are and K*/N N I injects
into (K*/N)x(K*/I). Hence Uk -(N N 1) is a subgroup of finite index in K> containing
Uk, and so is a norm group (Step 5). Now N N(Ug - (N N 1)), being the intersection of two
norm groups, contains a norm group. Therefore, / contains a norm group, which implies
that it is a norm group.

NOTES It follows from Krasner’s lemma (ANT, 7.60) that every finite abelian extension of local
fields arises by completing a finite abelian extension of global fields. In the 1930s Hasse and F.K.
Schmidt* were able to deduce the main theorems of local class field theory from those of global
class field theory.

From the modern perspective, this seems a strange way to do things. In the 1940s, in his alge-
braic approach to class field theory Chevalley developed local class field theory directly, and used
it in the construction of global class field theory. F. K. Schmidt also showed that local class field
theory can be constructed independently of global class field theory.

At that time, there was no good description of the local Artin map, and nor was there an explicit
way of constructing the maximal abelian extension of a local field (except for Q, of course).

In 1958 Dwork gave an explicit description of the local Artin map, which is reproduced in Serre
1962, but it was not very pleasant.

In 1965 Lubin and Tate introduced the Lubin-Tate formal group laws, and gave an explicit
construction of K®P and an explicit description of the local Artin map. However, they made use of
the existence of the local Artin map (our Theorem I, 1.1) in their proofs.

In the early 1980s Lubin, Gold, and Rosen independently gave “elementary” proofs that K2’ =
K5 - K" In his book (Iwasawa 1986), Iwasawa develops the whole of local class field theory from
the Lubin-Tate perspective, and also gives explicit formulas (due to de Shalit and Wiles) for the
Hilbert symbols etc..

Other noncohomological approaches can be found in Hazewinkel 1975, Neukirch 1986, and
Fesenko and Vostokov 1993. The disadvantage of the noncohomological approaches is, naturally,
that they provide no information about the cohomology groups of local fields, which have important
applications to other topics, for example elliptic curves.

For an explicit description of the local Artin map in the case of tame extensions, see Newton,
Rachel, Explicit local reciprocity for tame extensions. Math. Proc. Cambridge Philos. Soc. 152
(2012), no. 3, 425-454.

In this chapter, I have largely followed Serre 1962 and Serre 1967a.

4H. Hasse, Die Normenresttheorie relative-Abelscher Zahlkorper als Klassenkorper im Kleinen, J. fiir
Mathematik (Crelle) 162 (1930), 145-154.
F. K. Schmidt, Zur Klassenkorpertheorie im Kleinen, ibid. 155-168.






Chapter IV

Brauer Groups

In this chapter, I define the Brauer group of a field, and show that it provides a concrete
interpretation of the cohomology group H?(K?!/K). Besides clarifying the class field
theory, Brauer groups have many applications, for example, to the representation theory of
finite groups and to the classification of semisimple algebraic groups over nonalgebraically
closed fields.

Throughout the chapter, k will be a field, and all vector spaces over k will be finite-
dimensional. A k-algebra is a ring A containing k in its centre and finite dimensional as a
k-vector space. We do not assume A to be commutative; for example, A could be the ring
M, (k) of n x n matrices over k. A k-subalgebra of a k-algebra is a subring containing k.
A homomorphism ¢: A — B of k-algebras is a homomorphism of rings with the property
that ¢(a) = a for all a € k. The opposite A°PP of a k-algebra A is the algebra with the
same underlying set and addition, but with multiplication - defined by o - 8 = Ba. Let
e1,...,e, be abasis for A as a k-vector space. Then

l
[

for some all.. € k, called the structure constants of A relative to the basis (¢;);. Once a

basis has been chosen, the algebra A is uniquely determined by its structure constants.

1 Simple Algebras; Semisimple Modules

Semisimple modules

In this section, A is a k-algebra.

By an A-module, we mean a finitely generated left A-module V. In particular, this
means that lv = v forall v € V. Such a V is also finite-dimensional when considered as
a k-vector space, and so to give an A-module is the same as to give a (finite-dimensional)
vector space over k together with a homomorphism of k-algebras A — Endg(V), i.e.,
a representation of A on V. The module is said to be faithful if this homomorphism is
injective, i.e., if ax = 0 for all x € V implies a = 0.

An A-module V is simple if it is nonzero and contains no proper A-submodule except
0, and it is semisimple if it is isomorphic to a direct sum of simple A-modules. It is in-
decomposable if it can not be written as a direct sum of two nonzero A-modules. Thus a
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simple module is semisimple, and an indecomposable module is semisimple if and only if
it is simple. !

EXAMPLE 1.1 Let V = k2, and let A = k[a] for some a € M5 (k). The A-submodules of
V are the k-subspaces stable under .

Ifa = ( g clz ), then {( ; )} is an A-submodule of V. In fact, it is the only

nontrivial submodule, and so V' is indecomposable but not semisimple.

Ifa= ( ?) 2 ),a # b, then the only lines stable under « are L déf{( 2‘) )% and

L» o { ( 2 )} .Since V = L1 & L (as an A-module), it is semisimple.
a

Ifa = 0 2 , then V' again decomposes as the direct sum of two lines, but the

decomposition is no longer unique.
Finally, if A = Mj(k), then V is a simple A-module: for every nonzero v in V,
V = Mjy(k) - v.

THEOREM 1.2 Every A-module V' admits a filtration
V=122V =0

whose quotients V; / Vi 1 are simple A-modules. If
V=W>D---DW;=0

is a second such filtration, then r = s and there is a permutation o of {0, ...,r — 1} such
that Vi / Vit1 = Wy(iy/ Wa(i)+1 foralli.

PROOF. If V is simple, then V' D 0 is such a filtration. Otherwise, V' contains a submodule
W,V # W # 0, and we can apply the same argument to V// W and to W. This procedure
terminates after finitely many steps because V is a finite dimensional k-vector space.

The uniqueness statement can be proved exactly as in the Jordan-Holder theorem (GT
6.2). o

COROLLARY 1.3 Suppose that

VaVié---aV
~W DD W

with all the A-modules V; and W; simple. Then r = s and there is a permutation o of
{1,....r} such that V; ~ Wy forall i.

PROOF. The decompositions define filtrations of the A-module with quotients {V1, ..., V;}
and {W1, ..., W} o

PROPOSITION 1.4 Let V be an A-module. If V is a sum of simple submodules (not nec-
essarily direct), say V = ) . Si, then for any submodule W of V, there is a subset J of
I such that
v=wes.
ieJ
'Some authors use “irreducible” and “completely reducible” for “simple” and “semisimple” respectively
so, for them “irreducible” implies “completely reducible”.
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PROOF. Let J be maximal among the subsets of / such that the sum Sy = ) jes Sjis
directand W NSy = 0. I claim that W 4+ S; = V (hence V is the direct sum of W and
the §; with j € J). To prove this, it suffices to show that every S; is contained in W + S
Because §; is simple, S; N (W + Sy) equals 0 or S;. In the first case, W N (S; + Sy) = 0,
because otherwise there exist vectors w € W, s; € S;,s57 € Sy, suchthatw = s;+s5 # 0;
then s; = w—sy # 0, contradicting S; N (W + S;) = 0. Therefore the second case holds,
and S; C W + §y. u]

COROLLARY 1.5 The following conditions on an A-module V are equivalent:
(a) V is semisimple;
(b) V is a sum of simple submodules;

(c) every submodule of V has a complement.

PROOF. Obviously, (a) implies (b), and the proposition shows that (b) implies (c). Assume
(c). If V is simple, then it is semisimple. Otherwise it contains a nonzero proper submodule
W, which has a complement W', i.e., V. = W @& W'. If W and W' are simple, then V is
semisimple. Otherwise, we can continue the argument, which terminates in a finite number
of steps because V has finite dimension as a k-vector space. O

COROLLARY 1.6 Sums, submodules, and quotient modules of semisimple modules are
semisimple.

PROOF. Each is a sum of simple modules: for sums this follows from (1.5); for quotients
it follows from (1.4); for submodules it follows from the fact that every submodule has a
complement and therefore is also a quotient. u]

Every semisimple A-module V' can be written as a direct sum
VemS & - &mS, (35

with each S; simple and no two isomorphic. An A-module is said to be isotypic (of type the
isomorphism class of ) if it isomorphic to a direct sum of copies of a simple module S.
The decomposition (35) shows that every semisimple module V is a direct sum of isotypic
modules of distinct types, called the isotypic components of V. The isotypic component of
V corresponding to a simple module S is the sum of all simple submodules of V' isomorphic
to S. From this description, we see that a homomorphism V' — V' of semisimple A-
modules maps each isotypic component of V' into the isotypic component of V"’ of the same

type.

PROPOSITION 1.7 Let V be a semisimple A-module. A submodule of V' is stable under
all endomorphisms of V' if and only if it is a sum of isotypic components of V.

PROOF. Every endomorphism of V' preserves its isotypic components, which proves the
sufficiency. For the necessity, let W be a submodule of V' stable under all endomorphisms
of V, and let S be a simple submodule of W. If S’ is a submodule of V' isomorphic to S,
then the endomorphism

project =~ ’

—— S >8>V
of V maps W into W, and so S’ C W. Therefore W contains the isotypic component of V'
of type the isomorphism class of S. O
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1.8 Let 4A denote A regarded as a left A-module. Right multiplication x + xa on 4A
by an element a of A4 is an A-linear endomorphism of 4 A. Moreover, every A-linear map
@: 4A — 4A is of this form with @ = ¢(1). Thus

¢ = o(1):End4( 4A4) = A (as k-vector spaces).

Let ¢, be the map x — xa. Then

(@a 0 96)(1) = 0u(pp(1) = ga(b) = ba = gpa(1),

and so
End4(4A4) >~ A°PP  (as k-algebras).

More generally, if V' is a free A-module of rank 7, then the choice of a basis for V' deter-
mines an isomorphism
End4 (V) — M, (A°PP).

A k-algebra A is said to be semisimple if every A-module is semisimple. As every A-
module is a quotient of a direct sum of copies of 4 A, it suffices to check that the A-module
4A is semisimple.

PROPOSITION 1.9 Let A be a semisimple k-algebra. The isotypic components of the A-
module 4 A are the minimal two-sided ideals of A. Every two-sided ideal of A is a direct
sum of minimal two-sided ideals.

PROOF. The two-sided ideals of A are the submodules of 4A4 stable under right multipli-
cation by the elements of A4, i.e., by the endomorphisms of 44 (1.8), and so they are the
sums of isotypic components of 44 (1.7). In particular, the minimal two-sided ideals are
exactly the isotypic components of 4A. The second statement is obvious from the above
discussion. o

Simple k -algebras

A k-algebra A is said to be simple if it contains no proper two-sided ideals other than 0. We
shall make frequent use of the following observation:

The kernel of a homomorphism f: A — B of k-algebras is an ideal in A not
containing 1; therefore, if A is simple, then f is injective.

EXAMPLE 1.10 A k-algebra A is said to be a division algebra if every nonzero element a
of A has an inverse, i.e., there exists a b such that ab = 1 = ba. Thus a division algebra
satisfies all the axioms to be a field except commutativity (and for this reason is sometimes
called a skew field). Clearly, a division algebra has no nonzero proper ideals, left, right, or
two-sided, and so is simple.

Much of linear algebra does not require that the field be commutative. For example, the
usual arguments show that a finitely generated module V' over a division algebra D has a
basis, and that all bases have the same number n of elements—u is called the dimension of
V. In particular, all finitely generated D-modules are free.
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EXAMPLE 1.11 Let D be a division algebra over k, and consider the matrix algebra M, (D).
For A, B € M, (D), the jth column (AB); of AB is AB;, where B; is the jth column of
B. Therefore, given a matrix B,

B;i =0= (AB); =0
Bj # 0 = (AB); arbitrary.
It follows that the sets of the form L(/), where [ is asubsetof {1,2,...,n}and L([) is the

set of matrices whose j th columns are zero for j ¢ I, are left ideals in M,,(D).> Moreover,
each set L({;j }) is a minimal ideal in M, (k). For example, when n = 4,

*0 %0 00=*0
i = (3] e = {(§4E)

are, respectively, a left ideal and a minimal left ideal. Similar statements hold for the right
ideals. It follows that every nonzero two-sided ideal in M, (D) is the whole ring, and so
M, (D) is a simple k-algebra.

EXAMPLE 1.12 For a,b € k*, let H(a,b) be the k-algebra with basis 1,1, j,ij (as a
k-vector space) and with the multiplication determined by

i’=a, j%2=0b ij=—ji.

Then H(a, b) is a k-algebra, called a quaternion algebra over k. For example, if k = R,
then H(—1,—1) is the usual quaternion algebra. One can show (see Exercise 5.7) that
H (a, b) is either a division algebra or it is isomorphic to M5 (k). In particular, it is simple.

Centralizers

Let A be a k-subalgebra of a k-algebra B. The centralizer of A in B is
Cp(A) ={b € B |ba=abforalla € A}.
It is again a k-subalgebra of B.

EXAMPLE 1.13 In the following examples, the centralizers are taken in M, (k).
(a) Let A be the set of scalar matrices in M, (k), i.e., A = kI,. Clearly C(A4) = M, (k).

(b) Let A = M, (k). Then C(A) is the centre of M, (k), which we now compute. Let e;;
be the matrix with 1 in the (7, j )th position and zeros elsewhere, so that

e; if j =1
€ijeim =) ¢ ifjj'yél.

Let o = (aij) € My(k). Then o = Zi,j ajjeij, and so aey,, = ) ;a;jejm and
elmt = Zj amjey;. If a is in the centre of M, (k), then ae;,, = e, and so
aj; =0fori #1,am; = 0for j # m, and aj; = amum. It follows that the centre of
M, (k) is k (identified with the set of scalar matrices).

(c) Let A be the set of diagonal matrices in My, (k). In this case, C(A4) = A.

2Not all left ideals in My, (D) are of the form L(/) — for example, imposing a linear relation on the
columns defines a left ideal in M, (D).
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Notice that in all three cases, C(C(A4)) = A.

THEOREM 1.14 (DOUBLE CENTRALIZER THEOREM) Let A be a k-algebra, and let V be
a faithful semisimple A-module. Then C(C(A)) = A (centralizers taken in Endy (V')).

PROOF. Let D = C(A) and B = C(D). Clearly A C B, and the reverse inclusion follows

from the next lemma when we take vy, ..., v, to generate V as a k-vector space. O
LEMMA 1.15 For any vy,...,v, € V and b € B, there exists ana € A such that
avy = bvy, avy =bvy, ..., av, = bv,.

PROOF. We first prove this for n = 1. Note that Av; is an A-submodule of V', and so (see
1.5) there exists an A-submodule W of V suchthat V = Avy @ W. Let n: V — V be the
map (avy, w) — (avy, 0) (projection onto Avy). It is A-linear, hence lies in D, and has the
property that 7w (v) = v if and only if v € Av;. Now

n(bvi) = b(wv1) = by,

and so bv; € Avq, as required.
We now prove the general case. Let W be the direct sum of n copies of V' with A acting
diagonally, i.e.,

a(vy,...,vy) = (avy,...,avy), a€A, v;el.

Then W is again a semisimple A-module (1.6). The centralizer of A in Endg (W) consists
of the matrices (yij)1<i,j<n, Yij € Endg(V), such that (y;ja) = (ay;;) for all o € A,
i.e., such that y;; € D. In other words, the centralizer of A in Endg (W) is M, (D). An
argument as in Example 1.13(b), using the matrices ¢;;(6) with § in the ij th position and
zeros elsewhere, shows that the centralizer of M, (D) in Endy (W) consists of the diagonal
matrices

g 0 - 0
0B - 0
00 - B

with B € B. We now apply the case n = 1 of the lemma to A, W, b, and the vector
(v1,...,vy) to complete the proof. o

Classification of simple k -algebras

LEMMA 1.16 (SCHUR’S LEMMA) The endomorphism algebra of a simple A-module is a
division algebra.

PROOF. Let y be an A-linear map S — S. Then Ker(y) is an A-submodule of S, and so
it is either S or 0. In the first case, y is zero, and in the second it is an isomorphism, i.e., it
has an inverse that is also A-linear. o

THEOREM 1.17 Every simple k-algebra A is isomorphic to M, (D) for some n and some
division k-algebra D.
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PROOF. Choose a simple A-module S, for example, any minimal left ideal of A. Then A
acts faithfully on S, because the kernel of A — Endy (S) will be a two-sided ideal of A not
containing 1, and hence is 0.

Let D be the centralizer of A in the k-algebra Endy (S) of k-linear maps § — S.
According to the double centralizer theorem (1.14), the centralizer of D in Endg (S) is 4,
ie.,, A = Endp(S). Schur’s lemma implies that D is a division algebra. Therefore, S is a
free D-module (1.10), say, S &~ D", and so Endp(S) =~ M, (D°PP) (see 1.8). o

Modules over simple k -algebras

Let A be an k-algebra. The submodules of 4A are the left ideals in A, and the simple
submodules of 4 A are the minimal left ideals.

PROPOSITION 1.18 Simple k -algebras are semisimple.

PROOF. Let A be a simple k-algebra. It suffices to show that the A-module 44 is semisim-
ple. After Theorem 1.17, we may assume that A = M, (D) for some division alge-
bra D. We saw in 1.11 that the sets L(i) are minimal left ideals in M,(D), and that
M,(D)=L()&---& L(n) as an M, (D)-module. This shows that 44 is semisimple. o

THEOREM 1.19 Let A be a semisimple k-algebra. The following conditions on A are
equivalent:

(a) A is simple;
(b) the A-module 4 A is isotypic;

(c) any two simple A-modules are isomorphic.

PROOF. The equivalence of (a) and (b) follows from Proposition 1.9, and (c) obviously
implies (b). Finally (b) implies (c) because, if 44 is isotypic, so also is a direct sum of
copies of 4 A, and every A-module is a quotient of such a direct sum. O

COROLLARY 1.20 Let A be a simple k-algebra. Any two minimal left ideals of A are
isomorphic as left A-modules, and A is a direct sum of its minimal left ideals.

PROOF. Minimal left ideals are simple A-modules, and so the first statement follows from
(c) of the theorem. The second statement was proved in the proof of 1.18. O

COROLLARY 1.21 Let A be a simple k-algebra, and let S be a simple A-module. Every
A-module is isomorphic to a direct sum of copies of S. Any two A-modules having the
same dimension over k are isomorphic.

PROOF. As A is semisimple, the first assertion follows from (c) of the theorem, and the
second assertion follows from the first. O

COROLLARY 1.22 The integer n in Theorem 1.17 is uniquely determined by A, and D is
uniquely determined up to isomorphism.

PROOF. If A =~ M, (D), then D°PP ~ FEnd4(S) for any simple A-module S, and # is
the dimension of S as a D-vector space. Since any two simple A-modules are isomorphic
(1.19), this implies the statement. o
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2 Definition of the Brauer Group

Tensor products of algebras

Let A and B be k-algebras, and let A ®; B be the tensor product of A and B as k-vector
spaces. There is a unique k-bilinear multiplication on A ®j B such that

(a®b)a@ ®b)=aad bb’', a,a’ €A, b,b €B.

When we identify k with k - (1 ® 1) C A ® B, then A ®; B becomes a k-algebra. If
(e;); and (f;j); are bases of A and B as k-vector spaces, then (e; ® f;);,; is a basis for
A ® B, and the structure constants for A ®; B can be obtained from those of A and B by
an obvious formula. We shall use that tensor products are commutative in the sense that,
for any two k-algebras A and B, the map a ® b — b ® a extends to an isomorphism of
k-algebras

A Rk B — B Rk A,

and that they are associative in the sense that, for any three k-algebras A, B, and C, the
mapa ® (b ® ¢) — (a ® b) ® ¢ extends to an isomorphism of k-algebras
AQ®r (BR®rC)— (A®r B) ® C.
EXAMPLE 2.1 For every k-algebra A,
AQp My(k) >~ M, (A).

To see this, note that a ring B containing a subring R in its centre is isomorphic to M, (R)
if and only if it admits a basis (e;;)1<i,j<n as a left R-module such that

ej if j =1
¢ijeim =) ¢ ifjj' £1.
If (e;;) is the standard basis for M, (k), then (1 ® e;;) is an A-basis for A ® M, (k) with
the correct property.

More generally,
A ® My(A') =~ My(A R A') (36)

for any k-algebras A and A’.

EXAMPLE 2.2 Forany m,n, My, (k) ® My (k) >~ My, (k). To see this, note that according
to the preceding example, My, (k) Qi My (k) ~ M,, (M, (k)), and an m x m-matrix whose
entries are n xXn-matrices is an mn xmn-matrix (delete the inner parentheses). Alternatively,
let (e;;) and ( f;-;) be standard bases for M, (k) and My (k), and check that (e;; ® fi’;’)
has the correct multiplication properties.

Centralizers in tensor products

The next proposition shows that the centralizer of a tensor product of subalgebras is the
tensor product of their centralizers.

PROPOSITION 2.3 Let A and A’ be k-algebras, with subalgebras B and B’, and let C(B)
and C(B’) be the centralizers of B and B’ in A and A’ respectively. Then the centralizer of
B ®; B'inA®; A" is C(B) ®; C(B'), ie.,

Cugpa (B ® B') = C4(B) ® Ca/(B').
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PROOF. Certainly C(B ®; B’) D C(B) ®; C(B’).

Let (f;); be a basis for A’ as a k-vector space. Then (1 ® f;); is a basis for A ®j A’
as an A-module, and so an element @ of A ®; A’ can be written uniquely in the form
o =)0, ® fi,; € A. Let B € B. Then o commutes with § ® 1 if and only if
Ba; = «; B for all i. Therefore, the centralizer of B® 1in A® A" is C(B) ® A’. Similarly,
the centralizer of 1 ® B’ in C(B) ® A" is C(B) ® C(B’).

Certainly, C(B® B’) C C(B® 1), and so C(B ® B’) is contained in C(B) ® A’, and,
in fact, is contained in the centralizer of 1 ® B’ in C(B) ® A’, which is C(B) ® C(B’).
This completes the proof. O

In particular, the centre of the tensor product of two k-algebras is the tensor product of
their centres: Z(A @y B) = Z(A) ®i Z(B).

COROLLARY 2.4 The centre of a simple k -algebra is a field.

PROOF. Obviously, the centre of a division algebra is a field, but Wedderburn’s theorem
(1.17) shows that every simple k-algebra is isomorphic to M, (D) for some division algebra
D. Now M,(D) ~ My (k) ® D,andso Z(M, (D)) ~ k ®; Z(D) ~ Z(D). o

A k-algebra A is said to be central if its centre is k, and a k-algebra that is both central
and simple is said to be central simple. The corollary shows that every simple k-algebra is
central simple over a finite extension of k.

Primordial elements

Before continuing, it will be useful to review a little linear algebra from the second edition
of Bourbaki’s Algebra.

Let V be a k-vector space, possibly infinite dimensional, and let (e;); <7 be a basis for
V. Any v € V can be written uniquely v = ) _ a;e;, and we define

J)={i el |a; #0}

it is a finite subset of I, which is empty if and only if v = 0.

Let W be a subspace of V. A nonzero element w of W is said to be primordial (relative
to V and the basis (e;);ey) if J(w) is minimal among the sets J(w’) for w’ a nonzero
element of W and, in the expression w = )_ a;e;, at least one a; = 1.

PROPOSITION 2.5 (a) Let w be a nonzero element of W such that J(w) is minimal, and
let w’ be a second nonzero element of W. Then J(w’) C J(w) if and only if w’ = cw for
some nonzero ¢ € k, in which case J(w') = J(w).

(b) The set of primordial elements of W spans it.

PROOF. (a) If w’ = cw, ¢ # 0, then certainly J(w’) = J(w). For the converse, let w =
Y icsw)diei and w' = 3.y, bie; be nonzero elements of W with J(w’) C J(w).
Let j € J(w’). Then J(w — ajbjflw’) C J(w) ~{j}, and so w —ajbjflw’ = 0 by the
minimality of J(w).

b)Letw =) ;¢ Jw)di€i € W. We have to show that w lies in the subspace spanned
by primordial elements. We may assume that w # 0. Among the nonzero elements w’
of W with J(w’) C J(w), there is one for which J(w’) has the fewest possible elements.
Some scalar multiple wg of w” will be primordial, say, wo = ZieJ(wo) bie; withbh; = 1.
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Now w = a;wo + (w — ajwg) with w —a;wo € W and J(w—ajwo)} < |J(w)].
If w —ajwp is a k-linear combination of primordial elements, so is w; if not, repeat the
process. As |J(w)] is finite, it will terminate in a finite number of steps. 0

The results (and proofs) of this section do not require k£ to be commutative, i.e., k can
be a division algebra.

Simplicity of tensor products

PROPOSITION 2.6 The tensor product of two simple k -algebras, at least one of which is
central, is again simple.

PROOF. After 1.17, we may suppose that one of the algebras is M, (D), where D is a
division algebra with centre k. Let A be the second simple k-algebra. In the next lemma,
we show that A ® D is simple. Therefore, A @) D ~ M,,(D’) with D’ a division algebra,
and so

A ® My(D) =~ My(A ®k D) ~ My(Mp(D")) >~ Mpn(D'),

which is simple. O

LEMMA 2.7 Let A be a k-algebra, and let D be a division algebra with centre k. Then any
two-sided ideal A in A @ D is generated as a left D-module by a “aAn (A®1).

PROOF. We make A ®; D into a left D-module by the rule,
Sa®8)=a®88’, acd, §8c¢€D.

The ideal X of A ®; D is, in particular, a D-submodule of A ®; D.
Let (e;) be a basis for A as a k-vector space. Then (e; ® 1) is a basis for A @ D as a
left D-vector space. Let o € 2 be primordial with respect to this basis, say

a= Y @@= Y &®;

ieJ(a) ieJ(a)

For any nonzero§ € D,aé € A,andad = ) e¢; ®5;6 =) ;<;(6:6)(e; ® 1). In particular,
J(ad) = J(), and so aé = 8’ for some §’ € D (see 2.5a). As some §; = 1, this implies
that § = &', and so each §; commutes with every § € D. Hence §; lies in the centre k of
D,and @ € A ® 1. We have shown that every primordial element of 2l is in A ® 1, which
completes the proof because 2 is generated as a D-module by its primordial elements (see
2.5b). o

COROLLARY 2.8 The tensor product of two central simple k -algebras is again central sim-
ple.

PROOF. Combine Proposition 2.3 with Proposition 2.6. o

Let A be a central simple algebra over k, and let V denote A regarded as a k-vector
space. Then left multiplication makes V into a left A-module, and right multiplication
makes it into a right A-module, or, what is the same thing, a left A°??-module. These ac-
tions identify A and A°PP with commuting subalgebras of Endy (V). From the universality
of the tensor product, we obtain a homomorphism

a®ad — (v~ avad'): A @ A°PP — Endg (V).
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As A ®j A°PP is simple and the kernel of the homomorphism does not contain 1, it is
injective. On counting degrees, we find that

[A Qr A°PP 1 k] = [A : k]? = (dim V)? = [Endg (V) : k],
and so the homomorphism is an isomorphism. We have proved the following result.

COROLLARY 2.9 For a central simple k -algebra A,

A Q) A°PP ~ Endi(A) ~ M, (k), n=][A:k].

The Noether-Skolem Theorem

THEOREM 2.10 (SKOLEM, NOETHER) Let f,g: A — B be homomorphisms from a k-
algebra A to a k-algebra B. If A is simple and B is central simple, then there exists an
invertible element b € B such that f(a) = b -g(a)-b~! foralla € A, i.e., f and g differ
by an inner automorphism of B.

PROOF. If B = M, (k) = Endg(k"), then the homomorphisms define actions of 4 on
k™ —let V and V, denote k™ with the actions defined by f and g. According to (1.21),
two A-modules with the same dimension are isomorphic, but an isomorphism b: Vg — V¢
is an element of M}, (k) such that f(a)-b =b - g(a) foralla € A.

In the general case, we consider the homomorphisms

f®1,g®1:4A®; B°* - B ®; BPP.

Because B ®; B°PP is a matrix algebra over k, the first part of the proof shows that there
exists ab € B ®; B°PP such that

(feD@eb)=b-(g@)@®b) b~

foralla € A, b’ € B°PP. On taking @ = 1 in this equation, we find that (1 ® b') =
b-(1®b")-b~! forall b’ € B°PP. Therefore (see 2.3), b € Cpg, porv (k ® BPP) = B®yk,
ie., b = bp ® 1 with by € B. On taking b’ = 1 in the equation, we find that

fl@®1=(bg-gla) by ®1
for all a € A, and so by is the element sought. o

COROLLARY 2.11 Let A be a central simple algebra over k, and let By and B, be simple
k-subalgebras of A. Any isomorphism f: By — Bj is induced by an inner automorphism
of A, i.e., there exists an invertible a € A such that f(b) = aba™! forallb € B.

PROOF. This is the special case of the theorem in which the two maps are B i> By — A
id

and B; 5 B; — A. ]

COROLLARY 2.12 All automorphisms of a central simple k -algebra are inner.

def

For example, the automorphism group of M,, (k) is PGL, (k) = GL,(k)/k*I,.
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Definition of the Brauer group

Let A and B be central simple algebras over k. We say that A and B are similar, A ~ B,
if A ®, My(k) ~ B ® My, (k) for some m and n. This is an equivalence relation: it is
obviously reflexive and symmetric, and 2.2 implies that it is transitive. Define Br(k) to be
the set of similarity classes of central simple algebras over k, and write [A] for the similarity
class of A. For classes [A] and [B], define

[A][B] = [4 ®k B].

This is well-defined (i.e., if A ~ A" and B ~ B, then A ®; B ~ A’ ®; B’), and the asso-
ciativity and commutativity of tensor products show that it is associative and commutative.
For every n, [M, (k)] is an identity element, and because A ®; A°P? ~ M, (k) (see 2.9)
[A] has [A°PP] as inverse. Therefore Br(k) is an abelian group, called the Brauer group of

k.

REMARK 2.13 (a) Wedderburn’s theorem (1.17, 1.22) shows that every central simple al-
gebra over k is isomorphic to M, (D) for some central division algebra D and that D is
uniquely determined by A (even by the similarity class of A) up to isomorphism. Therefore,
each similarity class is represented by a central division algebra, and two central division
algebras represent the same similarity class if and only if they are isomorphic.

(b) We should verify? that the similarity classes form a set, and not merely a class. For
each n > 0, consider the families (all- j)lsi, jl<ns af . € k, that are structure constants for
central division algebras over k. Clearly, these families form a set, each family defines a
central division algebra over k, and these division algebras contain a set of representatives
for the Brauer group of k.

EXAMPLE 2.14  (a) If k is algebraically closed, then Br(k) = 0. To prove this, we have
to show that any central division algebra D over k equals k. Let ¢ € D, and let k[«]
be the subalgebra of D generated by k and «. Then k[«] is a commutative field of
finite degree over k (because it is an integral domain of finite degree over k). Hence
klo] = k, and o € k. Since o was arbitrary, this shows that D = k.

(b) Frobenius showed that Hamilton’s quaternion algebra is the only central division al-
gebra over R. Therefore, the Brauer group of R is cyclic of order 2, equal to {[R], [H]}
(see §4 below).

(c) Wedderburn showed that all finite division algebras are commutative. Therefore, the
Brauer group of a finite field is zero (Theorem 4.1 below).

(d) Hasse showed that the Brauer group of a nonarchimedean local field is canonically
isomorphic to Q/Z (see p. 138 below).

(e) Albert, Brauer, Hasse, and Noether showed that, for a number field K, there is an
exact sequence

0 — Br(K) — @v Br(Ky) =, Q/Z — 0.

31 once heard Brauer, who normally had a gentle manner, deliver a tirade against “modern” mathematicians
who ignored the distinction between sets and classes. As he pointed out, if you ignore the distinction, then you
obtain a contradiction (Russell’s paradox), and once you have one contradiction in your system, you can prove
anything.
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The sum is over all the primes of K (including the infinite primes). This statement is
of the same depth as that of the main theorems of class field theory (see Chapters VII
and VIII).

Extension of the base field

PROPOSITION 2.15 Let A be a central simple algebra over k, and let K be a field contain-
ing k (not necessarily of finite degree over k). Then A ®; K is a central simple algebra
over K.

PROOF. The same argument as in the proof of Proposition 2.3 shows that the centre of
A ® Kisk ® K = K (the argument does not require K to have finite degree over k).
Also, the proof of Lemma 2.7 does not use that D is finite-dimensional over k. Therefore,
when A is a division algebra, every two-sided ideal in A ®; K is generated as an A-module
by its intersection with K, and therefore is 0 or A ® K. In the general case, A ~ M, (D),
and so
AQr K~ My(D) Q K =~ (My(k) ® D) Qr K
~ My (k) Q (D ® K)
~ My (D ®k K)
~ M, (K) ®k (D ® K)
which is simple. O
COROLLARY 2.16 For a central simple algebra A over k, [A : k] is a square.
PROOF. Clearly [4 : k] = [A ®; k? : k¥, and A @ k¥ ~ M, (k?') for some n. 0
Let L be a field containing k (not necessarily of finite degree). Then
My (k) ® L ~ My (L),
and
(AR L)®L (A @ L) = A®; (L®L (A" ®; L)) = (A®; A) ® L.
Therefore the map A — A ®j L defines a homomorphism
Br(k) — Br(L).

We denote the kernel of this homomorphism by Br(L/k) — it consists of the similarity
classes represented by central simple k-algebras A such that the L-algebra A ®; L is a
matrix algebra.

A central simple algebra A (or its class in Br(k)) is said to be split by L, and L is called
a splitting field for A, if A ®; L is a matrix algebra over L. Thus Br(L/k) consists of the
elements of Br(k) split by L.

PROPOSITION 2.17 For every field k, Br(k) = | JBr(K/ k), where K runs over the finite
extensions of k contained in some fixed algebraic closure k?' of k.

PROOF. We have to show that every central simple algebra A over k is split by a fi-
nite extension of k. We know that A ®; k! ~ M, (k®), i.e., that there exists a basis
(eij)1<i,j<n for A ® k2! such that ejjerm = 8;1eim foralli, j, 1, m. Because A ® k?l =
U[K:k]<oo A ® K, the ¢;; all lie in A ® K for some K, and it follows that 4 ®; K ~
M, (K).

[m]
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3 The Brauer Group and Cohomology

For a Galois extension L/ k of fields, let H?(L/k) = H?*(Gal(L/k), L*). We shall show
that there is a natural isomorphism H?(L/k) ~ Br(L/k), but first we need to investigate
the maximal subfields of a central simple algebra.

Maximal subfields

We need a variant of the double centralizer theorem in which M, (k) is replaced by a central
simple algebra.

THEOREM 3.1 Let B be a simple k-subalgebra of a central simple k -algebra A. Then the
centralizer C = C(B) of B in A is simple, and B is the centralizer of C. Moreover,

[B:K][C : k] =[A: k].

PROOF. Let V denote B regarded as a k-vector space. Then B and B°PP act on V, by right
and left multiplication respectively, and each is the centralizer of the other (see 1.8).

Consider the central simple algebra A ®; Endy (V). Proposition 2.3 shows that the
centralizer of B ® 1 in this algebra is C ® Endg (V) and that of 1 ® B is A ® B°PP. On
applying the Noether-Skolem theorem (2.10, 2.11) to the two embeddings » +— b ® 1 and
b 1Q®b of Binto A ®; Endg(V), we obtain an invertible element u of this k-algebra
suchthath ® 1 = u(1 ® b)u~! forall b € B. Clearly then

CB®1)=u-CAl®B) -u!

(centralizers in A ®j Endy (1)), which shows that these centralizers are isomorphic. There-
fore C ®; Endy (V) is simple because A ®j BPP is simple (see 2.6), and this implies that C
itself is simple because, for every ideal a of C, a®y Endy (V) is anideal in C ® Endg (V).
As End (V) has degree [B : k]? over k,

[C ®x End(V) : k] = [C : k][B : k]?,

and obviously
[A® B°PP . k] = [A : k][B : k].

On comparing these equalities, we find that
[A:k]=[B:k][C : k]

If B’ denotes the centralizer of C in A, then B’ D B. But after the above, [4 : k] = [C :
k][B’ : k];so[B :k] =[B’:k]and B = B’. o

REMARK 3.2 In the case that A = Endg (V) for V a k-vector space, Theorem 3.1 follows
from Theorem 1.14 because V' will be a faithful semisimple B-module. This observation
can be used to give an alternative proof of the theorem, because A becomes of this form
after a finite extension of the base field (see 2.17).

COROLLARY 3.3 Ifin the statement of the theorem, B has centre k, then so also does C,
and the canonical homomorphism B ®; C — A is an isomorphism.
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PROOF. The centres of B and C both equal B N C, and so B central implies C central.
Therefore the k-algebra B ®; C is central simple, which implies that B ® C — A is
injective. It is surjective because the algebras have the same dimension over k. O

COROLLARY 3.4 Let A be a central simple algebra over k, and let L be a subfield of A
containing k. The following are equivalent:

(a) L equals its centralizer in A;
(b) [A:k]=[L:k]*

(¢c) L is a maximal commutative k -subalgebra of A.

PROOF. (a) <= (b). Because L is commutative, it is contained in its centralizer C (L),
but
[A:k]=][L:k][C(L): k],

and so C(L) = L ifand only if [A4 : k] = [L : k]
(b) = (c¢). Let L’ be a maximal commutative subalgebra containing L. Then L’ C
C(L), and so
[A:k] > [L:k][L": k] > [L: k]?.

Thus (b) implies that [L": k] = [L: k].
(¢) = (a). If L # C(L), then there exists ay € C(L) ~. L. Now L[y] is a commuta-
tive subalgebra of A, contradicting the maximality of L. O

COROLLARY 3.5 The maximal subfields containing k of a central division k-algebra D
are exactly those with degree /[D : k] overk.

PROOF. Any commutative k-subalgebra of D is an integral domain of finite degree over k,
and hence is a field. O

COROLLARY 3.6 Let A be a central simple algebra over k. A field L of finite degree over
k splits A if and only if there exists an algebra B similar to A containing L and such that

[B:k]=I[L:k]* (37)
In particular, every subfield L of A of degree [A: k]}/? over k splits A.

PROOF. Suppose L splits A. Then L also splits A°PP, say, A°PP ®; L = Endg (V). This
equality states that A°PP ®;, L is the centralizer of L in Endg (V'), and so L is the centralizer
of A°PP ®; L in Endg (V) (see 3.1). Let B be the centralizer of A°PP in Endg (V). I claim
that B satisfies the required conditions. Certainly, B O L, and Corollary 3.3 shows that
B is central simple and that B ® A°PP >~ Endg (V). On tensoring both sides with A and
using that A ®; A°PP is a matrix algebra, we find that B ~ A.

For the converse, it suffices to show that L splits B. Because L is commutative, L =
L°PP C B°PP and because [L : k] = +/[B : k], L is equal to its centralizer in B°PP,
Therefore the centralizer of 1 ® L in B ® B°PP is B ®; L. When we identify B ®j B°PP
with Endg (B) (endomorphisms of B as a k-vector space—see 2.9), the centralizer of L
becomes identified with Endy (B) (endomorphisms as an L-vector space). This completes
the proof. O
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COROLLARY 3.7 Let D be a central division algebra of degree n? over k, and let L be a
field of degree n over k. Then L splits D if and only if L can be embedded in D (i.e., there
exists a homomorphism of k-algebras L — D).

PROOF. If L embeds into D, then the last corollary shows that it splits D. Conversely, if
L splits D, then there exists a central simple algebra B over k containing L, similar to D,
and of degree [L : k]2. But B ~ D implies B ~ M,,(D) for some m (see Remark 2.13a),
and the condition on the degrees implies that m = 1. O

PROPOSITION 3.8 Every central division algebra over k contains a maximal subfield sep-
arable over k.

PROOF. Let D be a central division algebra over k, and let L be a subfield that is maximal
among the separable subfields of D. If L is not a maximal subfield of D, then its centralizer
D’ is a central division algebra over L not equal to L (see 3.1). The next lemma shows that
D’ contains a separable subfield properly containing L, which contradicts the definition of
L. o

LEMMA 3.9 Every central division algebra over k and not equal to it contains a subfield
separable over k and not equal to it.

PROOF. Let D be a central division algebra over k. Choose a basis (e;);<;<,2 for D
with ey = 1, and let x = ) ; a;e; be an element of D. For every integer m, x™ =
> i Pi(m;ai, ..., a,2)e;, where the P; are polynomials in the a;’s with coefficients in k
that depend only on the structure constants for D. Therefore, if K is a field containing k
and

X = Zai(ei ®1), a; €Kk,

isanelementof D®y K, thenx™ =) . Pi(m;ay,...a,2)e; ®1 with the same polynomials
P;.

When k is perfect we know the lemma, and so we may assume that k has characteristic
p # 0 and is infinite. Suppose that k[a] is purely inseparable over k for every a € D.
Then a?’ € k for some r > 0, and one sees easily that there exists an r that works for
every element of D. For this particular r and i # 1, P;(p";ai1,...,a,2) = 0 for all
ai,...,a,2 € k, which implies that P; (p"; X1, ..., X,,2) is the zero polynomial (see FT,
proof of 5.18). Therefore, aP’ e k¥ for every element a of D ®; k?. But D ® k¥ ~
M, (k®'), and so

diag(1,0,...,0) = diag(1,0,...,0)?" €k,

which implies that n = 1. O

COROLLARY 3.10 The Brauer group Br(k) = |JBr(L/k), where L/k runs over the
finite Galois extensions of k contained in a fixed separable algebraic closure of k.

PROOF. The proposition shows that every element of Br(k) is split by a finite separable
extension, and therefore by a finite Galois extension. O
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Central simple algebras and 2-cocycles

Fix a finite Galois extension L of k, and let G = Gal(L/k). Define A(L/k) to be the
class of central simple algebras A over k containing L and of degree [4 : k] = [L : k]?
(hence, L equals its centralizer in A).

Fixan A € A(L/k). For every 0 € G, Corollary 2.11 of the Noether-Skolem theorem
shows that there exists an element e, € A such that

oa = e(,aegl foralla € L. (38)

Moreover, e, is determined by (38) up to multiplication by an element of L™, because if
fo has the same property, then £, le, centralizes L. Note that (38) can be written as

eg-a=o0a-eq5foralla € L, 39)

which says that moving e, past a € L replaces it with oa. Clearly es e, has the property
(38) for ot, and so

ecer = ¢(0,T)eor (40)
for some ¢(o, t) € L*. Note that

ep(eser) = ep(9(0.7)egr) = p@(0.7) - 9(p,07) - €por
and
(epes)er = ¢(p,0)epaer = (P, 0)p(p0, ) - €por-
Therefore the associative law implies that ¢ is a 2-cocycle. It is even a normalized 2-cocycle

if we choose e; = 1. A different choice of e ’s leads to a cohomologous 2-cocycle, and so
we have a well-defined map A — y(A): A(L/k) — H?*(L/k).

THEOREM 3.11 The map y: A(L/k) — H?(L/k) is surjective, and its fibres are the
isomorphism classes.

We first need a lemma.

LEMMA 3.12 Let A € A(L/k), and define ey to satisfy (38). Then the set (eg)geq is a
basis for A as a left vector space over L.

PROOF. Note that
dimy (A) .

dimg (L)
and so it suffices to show that the e, are linearly independent. Suppose not, and let (e5)gec s
be a maximal linearly independent set. If ¢ ¢ J, then

€r = § dgég

for some a; € L. Leta € L. When we compute e.a in two different ways,

dimz (4) =

éra =1d-€r = E Ta -dgéfy,

oeJ
éra = E Aglg - ad = E dg - 0d - €y
oelJ oelJ

we find that ta - ag = 0a - as forall o € J. For at least one ¢ € J, as # 0, and then the
equation shows that T = o, contradicting the fact that ¢ ¢ J. Therefore J = G. O
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Now A is uniquely determined by the following properties: A D L; (eq)seg 1S a basis
for A as an L-vector space; multiplication in A satisfies the equation (38) and (40).

Let A" € A(L/k) and suppose that y(A) = y(A’). The condition implies that we can
choose bases (ey) and (e);) for A and A’ satisfying (38) and (40) with the same 2-cocycle
@. The map Y ageq — Y agel: A — A’ is an isomorphism of k-algebras.

Next suppose that 4 and A’ are isomorphic elements of A(L/ k). The Noether-Skolem
theorem allows us to choose the isomorphism f: A — A’ so that f(L) = L and f|L is
the identity map. If e, satisfies condition (40) for A4, then f(ey) satisfies (40) for A’. With
the choices (e5) and ( f(es)), A and A’ define the same cocycle.

These remarks show that the map A — y(A) defines a injection

A(L/k)/~ — H*(L/k).

To show that the map is surjective, we construct an inverse.

Let ¢: G x G — L be a normalized 2-cocycle. Define A(p) to be the L-vector space
with basis (es)gseg endowed with the multiplication given by (38) and (40). Then e; is an
identity element for multiplication, and the cocycle condition (exactly) shows that

e,o(eoer) = (epec)et-
It follows that A(¢) is a k-algebra. We identify L with the subfield Lej of A(p).

LEMMA 3.13 The algebra A(¢p) is central simple over K.

PROOF. Let o = ) ageq centralize L, and let @ € L. On comparing ax = »_adg - €
with ea = ) ag(0a) - e, we find that a, = 0 for 0 # 1, and so @« = aje; € L.
Therefore, the centralizer of L in A(yp) is L.

Let « lie in the centre of A(¢). Then « centralizes L, and so @ € L, say ¢ = aeq,
a € L. On comparing e; - @ = (0a)es With a - e, = aeq, we see that @ € k. Thus A(¢p)
is central.

Let 2 be a two-sided ideal in A(¢); in particular, 2 is an L-subspace of A(p). If A
contains one element ey, then (40) shows that it contains all, and so equals A(¢). Suppose
2 #0,and leta = )_ages be a primordial element of A, with say as, = 1. If a5, # 0,
01 # 09, then forevery a € L,

(o10) a—0a-a= Zaa(ala —oga)es € 2.

If a is chosen so that oja # opa, then this element is nonzero but has fewer nonzero
coefficients than o, contradicting its primordality. Therefore, @ = e, and we have shown
that 2l = A(p). O

Let ¢ and ¢’ be cohomologous 2-cocycles, say,

a(0)-oa(r)-¢'(0,7) =a(or) - ¢(0, 1)

for some map a: G — L*. One checks immediately that the L-linear map A(¢) — A(¢’)
sending ey to a(o)el. is an isomorphism of k-algebras. Therefore ¢ +— A(yp) defines a
map H?(L/K) — A(L/k)/~, which is clearly inverse to A > y(A). This completes the
proof of Theorem 3.11.

The algebras A(¢) are called crossed-product algebra. Before group cohomology ex-
isted, 2-cocycles ¢: G x G — L* were called factor sets (and sometimes still are).
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THEOREM 3.14 For every finite Galois extension L/k, the map ¢ — [A(¢)] defines an
isomorphism of abelian groups H*>(L/k) — Br(L/k).

To show that this map is bijective, it suffices (after Theorem 3.11) to show that the map
A [A]: A(L/k)/~ — Br(L/k) is bijective.

If A and A’ are similar central simple algebras over k, then (see 2.13) there exists a
central division algebra D such that A ~ D ~ A’, say, A ~ M,(D), A’ ~ M, (D).
But if [A : k] = [A’ : k], thenn = n’, and so A ~ A’. This proves that the map
A(L/k)/~ — Br(L/k) is injective, and 3.6 proves that it is surjective.

LEMMA 3.15 For any two 2-cocycles ¢ and ¢’, A(¢p + ¢') ~ A(p) Q@ A(¢').

PROOF. The proof is a little messy because we have to recognize A(¢) ®x A(¢’), not as
a crossed-product algebra, but as matrix algebra over a crossed-product algebra. I merely
sketch the proof.*

Set A = A(¢), B = A(¢’), and C = A(¢ + ¢’). Regard A and B as left L-modules
(using left multiplication), and define

V=4 L B.
Concretely, V' is the largest quotient space of A ®; B such that
la®Qrb=a®rlb

holds foralla € A,b € B,l € L.
The k-vector space V has a unique right A ®; B-module structure such that

(@ ®Lb)a®b)=da®rb'b,alla’,ac A,b,becB,
and a unique left C-module structure such that
(leg)(a®p b) =leca®p ey ,alll € L,o € G,a€ A, b € B.

Here (es), (e)), and (e)) are the standard bases for A = A(¢), B = A(¢’), and C =
A(p + ¢') respectively.
The two actions commute, and so the right action of A ®; B on V defines a homomor-

phism of k-algebras
f:(A ®k B)°P — Endc¢ (V).

This homomorphism is injective because A ®; B (and hence its opposite) is simple. Since
both (A ®; B)°PP and Endc (V) have degree n* over k, where n = [L : k], f is an
isomorphism. As we showed in (1.21), any two modules over a simple ring of the same
k-dimension are isomorphic, and it follows that V'~ C™ as a C-module. Hence

Endc (V) ~ Endc (C") = M, (C°PP),
and on composing this isomorphism with f we obtain an isomorphism of k-algebras
(A ®k B)PP — Mp(C)°PP.
The same map can be interpreted as an isomorphism

A®r B— M,(C). O

4See Blanchard 1972, pp. 94-95, or Farb and Dennis 1993, p. 126-128, for the details.



138 Chapter IV. Brauer Groups

COROLLARY 3.16 For every separable algebraic closure k® of k, there is a canonical iso-
morphism Br(k) — H?(k*/k).

PROOF. For every tower of fields £ D L D k with E and L finite and Galois over k, the
diagram

H2(L/k) -2y H2(E/K)

| |

Br(L/k) — Br(E/k)

commutes (the vertical maps send ¢ to [A(¢)]).> Now use that

Br(k) = JBr(L/k)  (3.10),
H> (k™ /k) = H*(L/k).

where both unions run over the finite Galois extensions L of k contained in k?!. o

COROLLARY 3.17 For every field k, Br(k) is torsion, and for every finite extension L/ k,
Br(L/k) is killed by [L : k].

PROOF. The same statements are true for the cohomology groups. O

4 The Brauer Groups of Special Fields

The results of the last section allow us to interpret some of the results of Chapter III as
statements concerning the Brauer group of a field. In this section, we shall derive the same
results independently of Chapter III (but not quite of Chapter II).

Finite fields

Let k be a finite field. We saw in III, 1.4 that, for every finite extension L of k, H>(L/k) =
0, and hence Br(k) = 0. The following is a more direct proof of this fact.

THEOREM 4.1 (WEDDERBURN) Every finite division algebra is commutative.

PROOF. Let D be a finite division algebra with centre k, and let [D : k] = n?. Every
element of D is contained in a subfield k[«] of D, and hence in a maximal subfield. Every
maximal subfield of D has g” elements. They are therefore isomorphic, and hence conju-
gate (Noether-Skolem). Therefore, for every maximal subfield L, D> = | JaL*a™!, but
a finite group can not equal the union of the conjugates of a proper subgroup (because the
union has too few elements), and so D = L. o

5Should add a proof that the diagram commutes.
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The real numbers

Let G = Gal(C/R) = {1,0}. Then
H2(C/R) ~ HY(G.C¥) = R*/Nmg (C¥) = {£},

and so Br(C/R) is a cyclic group of order 2. The nonzero element of H?(C/R) is repre-
sented by the 2-cocycle ¢: G x G — C*,

-1 ifp=0o=t
v(p.7) = 1 otherwise

Let H be the usual quaternion algebra over R. Then the C-linear map A(¢) — H sending
X to j is an isomorphism of R-algebras. It follows that every central simple algebra over
R is isomorphic either to a matrix algebra over R or to a matrix algebra over H.

A nonarchimedean local field

Let K be a nonarchimedean local field. In Chapter III, Theorem 2.1, we defined an isomor-
phism H?(K?®/K) ~ Q/Z, and hence an isomorphism Br(K) ~ Q/Z. In this subsection,
we explain how to construct this isomorphism more directly.

Let D be a central division algebra over K, and let n? = [D : K]. For every subfield L
of D containing K, the absolute value |- | has a unique extension to L. Since every element
a of D is contained in such a subfield of D, for example, in K[«], the absolute value | - |
has a unique extension to D. It is possible to verify that | - | is a nonarchimedean absolute
value on D in the obvious sense, i.e.,

@ |a] =0 <= a=0;
(b) foralla, B € D, |aB| = |a|B];
(c) foralle, B € D, o + B] < max{|a|,|B]}.

Let g be the number of elements in the residue field k of K, and define ord(«) for
a € D by the formula:
o = (1/g)°".

Then ord extends the additive valuation ordx on K (normalized to map K> onto Z) to D.
For any subfield L of D containing K, [L : K] < n, and so ord(L*) C n~!Z. Hence also
ord(D*) c n~1Z.
Let
Op ={ax € D | ord(e) = 0}

B ={aeD|ord(x) > 0}

Then Op is a subring in D, called the ring of integers. For every subfield L of D containing
K, Op N L = Oy, and so Op consists precisely of the elements of D that are integral
over Ok . Moreover B8 is a maximal 2-sided ideal in Op (obviously), and the powers of it
are the only 2-sided ideals in D (the proof is the same as in the commutative case). Hence
B¢ = pOp for some e. Then ord(D*) = e~1Z, and therefore e < n.

Clearly, the elements of Op not in 3 are units. Therefore d o Op/*B is again a
division algebra, and hence a field (4.1). Let f be its degree over k. Write d = k[a]. We
can lift a to an element @ of Op. Because [K[«] : K] < n, we have f < n.
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The same argument as in the commutative case shows that n2 = ef, namely, Op is a
free O g-module of some rank m. Because Op ®p, K = D, m = n?. Moreover, because
Op ®ox k = Op/pOp, it also is free of dimension of n? over k. Now consider the
filtration of k-vector spaces

Op DL DOP2D---DP° =pOp.

From our definition of ', Op /B = d has dimension f as a k-vector space, and the succes-
sive quotients are one-dimensional vector spaces over d. Hence Op /pOp has dimension
ef overk,and soef = n?.

Because e < n, f < n, the equality ef = n? implies that e = f = n. In particular,
every central division algebra # K is ramified. Again write d = k[a], and lift a to an
element @ € D. Then K|[«] is a field with residue field d, and so [K[«] : K] > [d : k] = n.
Therefore K[o] has degree n over K and is unramified. It is a maximal subfield, and hence
splits D. We have shown that every element of Br(K) is split by an unramified extension,
i.e., Br(K) is equal to its subgroup Br(K""/K).

We next define the map

invg:Br(K) - Q/Z.

An element of Br(K) is represented by a central division algebra D over K (unique up to
isomorphism). According to what we have just proved, there is a maximal subfield L of D
that is unramified over K. Let o be the Frobenius automorphism of L. According to the
Noether-Skolem theorem, there is an element o € D such that ox = axa™! forall x € L.
If o’ also has this property, then &’ = ca for some ¢ € L, and so

ord(a’) = ord(c) + ord(a) = ord(e) mod Z.

We define
invg(D) = ord(e) mod Z.

It depends only on the isomorphism class of D.

EXAMPLE 4.2 Let L be the unramified extension of K of degree n, and let o be the Frobe-
nius automorphism of L/K, so that G o Gal(L/K) ={c' |0 <i <n—1}. Let ¢ be the
2-cocycle
P I if i4+j<n-1
i JN =
vlo.o )_{ o if i >n—1,
where 7 is a prime element of K (see the discussion preceding III 1.9). The crossed-product
algebra A(p) equals P, <i<n—1 Lei with the multiplication determined by
e -a =oia~ei alla € L,
and
ei+; if i+j<n-1
e;e j = . . .
wejyjpn if i4+j>n-—1,
We identify L with a subfield of A(¢) by identifying e with 1. Because elael_l = oa
for a € L, we can use e; to compute the invariant of A(¢). According to the above rules,
el =ey—1e1 = meg = m. Hence

invg (A(g)) = ord(er) = Lord(e]) = Lord(n) = 1,

as expected.
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PROPOSITION 4.3 The map invg: Br(K) — Q/Z just defined is a bijection.

PROOF. Let L be the unramified extension of K of degree n (contained in a fixed algebraic
closure K2 of K), and let [ /k be the corresponding extension of residue fields. Because
the norm maps | — k, [* — k> are surjective, and U, has a filtration whose quotients
are [* or [ one finds that the norm map Uy, — Uk is surjective (see III, 1.2). Therefore,
H% (G,Ur) = 0, and (because the cohomology of cyclic groups is periodic) this implies
that H2(G,Ur) = 0. As L* = Uy, x n” for any prime element 7 of K,

H?*(L/K) = H*(G,n?%).
Consideration of the cohomology sequence of
0--Z—-Q—->Q/Z—0

shows that H2(G, %) is cyclic of order n and is generated by the class of the cocycle ¢
considered in the last example (see the discussion preceding III, 1.9). Therefore, Br(L/K)
is cyclic of order n, and it is generated by [A(¢)]. It now follows that invg: Br(K""/K) —
Q/Z is an isomorphism, and we saw above that Br(K"™/K) = Br(K*/K). o

REMARK 4.4 (a) The calculation in Example 4.2 shows that the invariant map defined in
this chapter agrees with that in the preceding chapter using cohomology. In particular, this
shows that the map defined here is a homomorphism.

(b) A calculation as in Example 4.2 shows that inv g (A(¢') = ’ﬁ mod Z. I claim that
if i is relatively prime to n, then A(¢") is a central division algebra. If not, then A(¢') ~
M, (D) for a central division algebra D of degree m? some m < n, and invg (A(¢')) =
invg(D) € %Z/ Z, which is a contradiction. It follows that each central division algebra
over K is isomorphic to exactly one division algebra of the form A(¢") for some n > 1 and
some i relatively prime to n. In particular, for a central division algebra D, the order of [D]
in Br(K) is {/[D : K].

(c) Let D be a central division algebra of degree n~ over K. Because the map Br(K) —
Br(L) multiplies the invariant by [L : K] (see III, 2.1), D is split by every extension L of
K of degree n. Therefore every such L can be embedded into D (by 3.7). In other words,
every irreducible polynomial in K[X] of degree »n has a root in D!

2

NOTES The results for finite fields, the real numbers, and nonarchmidean local fields are due re-
spectively to Wedderburn, Frobenius, and Hasse. The calculation of the Brauer group of a nonar-
chimedean local field is essentially the original (pre-cohomological) proof of Hasse.

S Complements

Semisimple algebras

Recall that a k-algebra A is semisimple if every A-module is semisimple. Simple k-algebras
are semisimple (1.18) and Maschke’s theorem (GT, 7.4) shows that the group algebra k[G]
is semisimple when the order of G is not divisible by the characteristic of k.

EXAMPLE 5.1 Let A be a finite product of simple k-algebras. Every minimal left ideal of
a simple factor of A is a simple A-submodule of 4A4. Therefore, 4A is a sum of simple
A-modules, and so is semisimple. Since every A-module is a quotient of a direct sum of
copies of 4 A, this shows that A is semisimple.
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Before stating the main result of this section, we recall some elementary module theory.

5.2 Let A be an k-algebra, and consider modules

M=M& &M,
N=N ® - ® Ny.

Let a be an A-linear map M — N. For x; € M, let

0,...,0,x;,0,...,0) = (y1,..., Ym)-

Then x; + y; is an A-linear map M; — N;, which we denote «;;. Thus, « defines an
m x n matrix whose ij th coefficient is an A-linear map M; — N;. Conversely, every such
matrix (o;;) defines an A-linear map M — N, namely,

X1 oap1 e oy e Qi \ [ X1 arp(xy) + -+ arp(xn)
def ’

xj|l— o o oa o agn x| = @in(x) 4+ 4 @in(xn)

Xn Om1 *** Omj - Omp Xn A1 (x1) + -+ + otmn (xn)

Thus, we see

HOIHA(M,N) ~ (HOInA(Mj,Ni)) (41)

1<j=<n,1<i<m
(isomorphism of k-vector spaces). When M = N, this becomes an isomorphism of k-
algebras. For example, if M is a direct sum of m copies of M, then

Endyg(M) ~ M,,(End 4(My)) (42)
(m x m matrices with coefficients in the ring End 4 (Mp)).

THEOREM 5.3 Let V be a finite-dimensional k-vector space and A a k-subalgebra of
Endg (V). If V is semisimple as an A-module, then the centralizer of A in Endg (V) is
a product of simple k-algebras (hence it is a semisimple k -algebra).

PROOF. By assumption, we can write V ~ €D, r; S;, where the S; are simple A-modules,
no two of which are isomorphic. The centralizer of A in Endg (V) is End4(V), and
End4(V) ~ End4 (€D, ri Si). Because Hom 4(S;, S;) = 0fori # j,

Enda(@riS) = [ ] Enda(riSi) by (41)
~ [ [, Mr(Di) by2)

where D; = End 4(S;). According to Schur’s lemma (1.16), D; is a division algebra, and
therefore M, (D;) is a simple k-algebra (1.11). O

THEOREM 5.4 Every semisimple k -algebra is isomorphic to a product of simple k -algebras.

PROOF. Choose an A-module V' on which A acts faithfully, for example, V' = 4A4. Then
A is equal to its double centralizer C(C(A)) in Endy (V) (see 1.14). According to Theorem
5.3, C(A) is semisimple, and so C(C(A)) is a product of simple algebras (5.3). o
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Modules over a semisimple k -algebra

Let A = B x C be a product of k-algebras. A B-module M becomes an A-module with
the action (b, ¢c)m = bm.

THEOREM 5.5 Let A be a semisimple k-algebra, say, A = Ay x --- x A; with the A;
simple. For each A;, let S; be a simple A;-module.

(a) Each S; is a simple A-module, and every simple A-module is isomorphic to exactly
one of the S;.

(b) Every A-module is isomorphic to @ r; S; for some r; € N, and two modules @ r; S;
and @ r]S; are isomorphic if and only if r; = r! for alli.

PROOF. (a) It is obvious that each S; is simple when regarded as an A-module, and that
no two of them are isomorphic. It follows from 1.20 that 44 ~ @ r; S; for some r; € N.
Let S be a simple A-module, and let x be a nonzero element of S. Then the map a —
ax: 4A — § is surjective, and so its restriction to some S; in 4 A is nonzero, and hence an

isomorphism.
(b) The first part follows from (a) and the definition of a semisimple ring, and the second
part follows from 1.3. o

PROPOSITION 5.6 Let A be a semisimple k-algebra and k' a separable extension of k.
Then A ®j, F is semisimple.

PROOF. We may suppose that it is simple. Then the centre F of A is a field. Because k’/ k
is separable, F ®j k' is a product of fields F;. Now

A®kk/2A®F(F®kk/)2A®F(l_[Fi)21_[A®F F,

and each algebra A ® g F; is simple (2.15). o

Algebras, cohomology, and group extensions

Let A be a central simple algebra of degree n? over k, and assume that 4 contains a field

L that is Galois of degree n over k. Let E be the set of invertible elements o € A such that
aLa™! = L. Then each « € E defines an element x — axa~! of Gal(L/k), and the
Noether-Skolem theorem implies that every element of Gal(L/k) arises from an o € E.
Because [L : k] = /[A : k], the centralizer of L is L itself, and so the sequence

1> L*— EX— Gal(L/k) > 1

is exact. It is not difficult to show that the map sending A to this sequence defines an
isomorphism from A(L/k) to the set of isomorphism classes of extensions of Gal(L/k)
by L*, and hence to H%(L/k) (see II, 1.18). See Serre 1950/51.

Brauer groups and K -theory

Let k be a field containing a primitive nth root ¢ of 1. To any elements a,b € k*, one
attaches the k-algebra A(a, b; {) having generators i and j and relations

i"=a, j"=b, ij==Cji.
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It is a central simple algebra over k.

The Milnor K-group K> F of a field F is the quotient of F* ®z F> by the abelian
group generated by the elements of the form u ® (1 —u) with u an element of F* such that
1 —u € F*. Thus K F has as generators pairs {a, b}, one for each pair of elements in F*,
and relations

{ab,c} = {a,c}{b,c}
{a,bc} = {a,b}{a,c}
{u,1—u} =1.

It is known that these relations imply that

{u, v} = {v,u}™!
{fu,—u} =1

(see Rosenberg 1994, p. 214).
It is not difficult to show that the A(a, b; ), considered as elements of Br(k) satisfy
these relations, and so there is a well-defined homomorphism

Kok — Br(k).

Remarkably, it has been proved (Theorem of Merkuryev-Suslin, early 1980s) that this map
defines an isomorphism from K,k /n K>k onto the subgroup of Br(k) of elements killed by
n, and so we have an explicit description of Br(k), in terms of generators and relations.®

EXERCISE 5.7 Let F be a field of characteristic # 2, and define the quaternion algebra
H(a,b) asin (1.12). Thus H(a,b) hasbasis 1,i, j,k andi? = a, j2 = b,k = ij = —ji.
It is a central simple algebra over F'.

(a) Show that every 4-dimensional central simple algebra over k is isomorphic to H(a, b)
for some a,b € F*.

(b) According to Wedderburn’s theorem, either H(a,b) ~ M,(F) or H(a, b) is a divi-
sion algebra. Show that the first case occurs if and only if w? —ax? —by? +abz? has

anontrivial zero in F. (Hint: fore = w4+ xi + yj + zk,letad = w—xi — yj — zk,

and note that «@ = w? —ax? —---)

(¢) Show that H(1,1) ~ M»(F). (Hint: consider the matrices e;2 + e31 and ej1 — €22.)
(d) Show that H(a,b) ~ H(ax?,by?)any x,y € F*.

(e) Show that H(a,b) ® p L is the quaternion algebra over L defined by a, b regarded
as elements of L.

(f) Verify that H(a, b) is in fact central simple over F.

(g) Show that H(a, 1 —a) ~ M»(F), provideda,1 —a € F*.

(h) Show that H(1,b) ~ H(a,—a) ~ M»(F) (Hint: consider j + k andi + j.)
(i) Show that H(a,b) ~ H(a, b)°PP.

6See: Merkurjev, A. S.; Suslin, A. A. K-cohomology of Severi-Brauer varieties and the norm residue
homomorphism. (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 46 (1982), no. 5, 1011-1046, 1135-1136.
The theorem is discussed in the book: Kersten, Ina. Brauergruppen von Korpern. (German) [Brauer groups
of fields] Aspects of Mathematics, D6. Friedr. Vieweg & Sohn, Braunschweig, 1990.
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(j) Show that H(a,b) ~ M»(F) if and only if a € Nm(F [/b]).
(k) Show that the map {a, b} — [H(a,b)]: Ko F — Br(F) is well-defined.

EXERCISE 5.8 For a given central division algebra D over QQ, determine the number fields
that admit an embedding into D.

EXERCISE 5.9 Determine the number fields that admit an embedding into some central
division algebra over Q.

For a solution to Exercises 5.8 and 5.9, see sx178999.

Notes

Brauer groups were introduced and studied by R. Brauer, and studied by Albert, Brauer,
Noether, Hasse, and others, starting in the nineteen-twenties. The classic accounts are:
Deuring, M., Algebren, Springer, 1935.

Artin, E., Nesbitt, C., and Thrall, R., Rings with Minimum Condition, University of Michi-
gan. Press, 1944.

Apart from the quaint terminology (e.g., Kronecker products for tensor products), the latter
is still an excellent book.

Other books include Blanchard 1972, Farb and Dennis 1993, and Herstein 1968. These
books include the Brauer group, but also cover much more (but no number theory). The
second has lots of exercises.

I found the following especially useful when I was writing the first version of this chap-
ter:

Serre, J-P., Applications algébriques de la cohomologie des groupes, I, II, Séminaire Henri
Cartan, 1950/51 (now available at www.numdam.org).


https://math.stackexchange.com/questions/178999/




Chapter V

Global Class Field Theory:
Statements of the Main Theorems

La théorie du corps de classes a une réputation
de difficulté qui est en partie justifiee. Mais il
faut faire une distinction: il n’est peut-étre pas
en effet dans la science de théorie ou tout a la
fois les démonstrations soient aussi ardues, et les
résultats d’une aussi parfaite simplicité et d’une
aussi grande puissance.

J. Herbrand, 1936, p. 2.!

In this chapter, I state and explain the main theorems of global class field theory. They
will be proved in Chapter VII

Throughout this chapter, K is a number field, although most of the results hold also for
finite extensions of IF, (7).

Recall that for a number field K, we define a prime of K to be an equivalence class of
nontrivial absolute values of K. There are two types of primes: the finite primes, which can
be identified with the prime ideals of Ok, and the infinite primes. A real infinite prime can
be identified with an embedding of K into R, and a complex infinite prime can be identified
with a conjugate pair of embeddings of K into C. We use p or v to denote a prime, finite or
infinite. We use S to denote a finite set of primes of K, and also the set of primes of a finite
extension L of K lying over K. The set of infinite primes is denoted by Seo.

The completion of K at a prime p (resp. v) is denoted by K|, (resp. Ky), and the inclu-
sion K — K, (resp. K — Ky) is denoted a — ay, (resp. a — ay).

1 Ray Class Groups

Ideals prime to S

Let I = Ik be the group of fractional ideals in K. For a finite set S of primes of K, we
define 15 to be the subgroup of I generated by the prime ideals not in S. Each element a

IClass field theory has a reputation for being difficult, which is partly justified. But it is necessary to make
a distinction: there is perhaps nowhere in science a theory in which the proofs are so difficult but at the same
time the results are of such perfect simplicity and of such great power.

147
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of IS factors uniquely as
a=p'1“-~- ?S, pi €S, n; €7,

and so 15 can be identified with the free abelian group generated by the prime ideals not in
S. Define

K5 ={ae K*|(a) € IS} = {a € K* | ordy(a) = O all finite p € S}.

Leti: K5 — IS be the map sending an element a of K to the ideal aOk.
For example, when K = Q and S is the set of prime numbers dividing and integer 7,
IS is the set of fractional ideals

{(r/s) | r.s € Z, ged(r,n) =1 = ged(s,n)}
and
QS ={r/s|r.s €Z, ged(r,n) = 1 = ged(s,n)}.
In this case, the natural map Q% — IS is surjective with kernel {#1}.

LEMMA 1.1 For every finite set S of prime ideals in Ok, the sequence
O—>UK—>KS—>IS—>C—>O
is exact. (Here Uy = O and C is the full ideal class group I /i(K*).)

PROOF. To show that /5 — C is surjective, we have to show that every ideal class C is
represented by an ideal in /5. Let a represent C. Then a = be™! with b and ¢ integral
ideals, and for any ¢ € ¢, a-(c) = b-c¢~! - (c) is integral, and so we may suppose that a
itself is an integral ideal. Write a = [, p"®p, where b € IS. For each p € S, choose
amy €PN p2, so that ordy(mp) = 1. By the Chinese Remainder Theorem, there exists an
a € Ok such that

n(p)+1

_ _n(p)
a = 7Tp

mod p

for all p € S. These congruences imply that ordy(a) = n(p) for all p € §, and so
(a) = ]_[peS p"®p’ with b’ € I5. Now a~'a € IS and represents the same class as a in
C.

Next, if a € IS maps to zero in C, then a = («) for some € K5, and « is uniquely
determined up to a unit. This proves the exactness at the remaining places. O

REMARK 1.2 In fact, every class in C is represented by an integral ideal a in I5: suppose
the class is represented by a € I5; write a = bc™! with b and ¢ integral ideals in 75,
choose a nonzero ¢ € ¢ N K (exists by the Chinese remainder theorem), and note that ca
is integral.

Moduli
DEFINITION 1.3 A modulus for K is a function
m: { primes of K} — Z

such that
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(a) m(p) = 0 for all primes p, and m(p) = O for all but finitely many p;
(b) if pis real, then m(p) = O or 1;
(c) if pis complex, then m(p) = 0.

Traditionally, one writes

m= Hpm(p).
p

A modulus m = []p™® is said to divide a modulus n = [, p"®) if m(p) < n(p) for all
p. In particular, a prime p divides a modulus m if and only if m(p) > 0.
A modulus m can be written
m = MeoMo,

where mq is a product of real primes and mg is product of positive powers of prime ideals,
and hence can be identified with an ideal in Og.

The ray class group

For a modulus m, define K, 1 to be the set of @ € K* such that

ordg(a —1) > m(p) all finite p dividing m
a, >0 all real p dividing m.

Note that

ordy(a — 1) > m(p) < Nm(p)|(ap —1
& ar> 1in (Op/p"P)* ~ (O, /pmP),

where 7 is a prime element in the completion K, of K at p. Let
S(m) = { primes dividing m}.
For any a € Ky, and prime ideal p dividing m, ordy(a — 1) > 0 = ordy(1), and so
ordp(a) = ordp((@ —1) +1) = 0.

Therefore, for any a € Ky, 1, the ideal (a) lies in [/ S Let i denote the map a >
(a): Km1 — 15 The quotient

Coo =15 /i(Kn.1)
is called the (ray) class group modulo m.

EXAMPLE 1.4 The expression m = (2)3 - (17)2 - (19) - oo is a modulus for Q with my =
(2)3-(17)%-(19) and my, = oo (here oo denotes the unique infinite prime of Q). Moreover,
Qm,1 consists of the positive rational numbers a such that

orda(a—1) > 3
ordi7(a—1) = 2.
ordig(a—1) > 1

The condition at 2 says that a is the quotient of two odd integers, a = b/c, and that the
image of bc™! in (Z/8Z)* is 1. The other conditions can be expressed similarly.
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LEMMA 1.5 Let S be a finite set of prime ideals of K. Then every element o € KS can
be written « = a/b witha,b € Og N K5.

PROOF. Because o € K5, (@) = a/b with a, b integral ideals in I5. Clearly a and b
represent the same element C of the ideal class group, and according to Remark 1.2 we can
choose an integral ideal ¢ in I to represent C™'. Now () = ac/bc = (a)/(b) for some
a,b e Og NKS. o

PROPOSITION 1.6 Every class in Cy, is represented by an integral ideal a, and two integral
ideals a and b represent the same class in Cy, if and only if there exist nonzero a,b € Ok
such that aa = bb and

a=b=1modmg

a and b have the same sign for every real prime dividing m.

PROOF. Suppose that the class is represented by a € 5, and let a = bc™! with b and
¢ integral ideals in /5. The Chinese remainder theorem shows that there exists a nonzero
¢ € ¢N Ky,,1, and the strong approximation theorem shows that ¢ can be chosen to be > 0
at the real primes. Now ca is integral and represents the same class as a in Cy,. The second
part of the statement follows from Lemma 1.5. o

Thus, for example, the usual ideal class group can be identified with the set of integral
ideals modulo the equivalence relation: a ~ b if and only if aa = bb for some nonzero
a, beO K-

THEOREM 1.7 For every modulus m of K, there is an exact sequence
0—>U/Uni = Kn/Knjg = Cn—>C —0

and canonical isomorphisms

Kn/Kni >~ [ x [] ©x/p™®)* > [ %} x (Ok/mo)*,

p real p finite p real
plm plm plm
where
Kn = K5™ = {o € K* | ordy(a) = 0 for all p|mo}
U = Ok , the group of units in K,
Un1=UNKy,1.

Therefore, Cy, is a finite group of order

1
— . -1 T ||
hm—h(UUm,l) ZON(mO)pl (I—N—p),
mo

where rg is the number of real primes dividing m and h is the class number of K (order of
C).
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PROOF. The inclusion 75 — [ defines a homomorphism C,, — C. Consider the pair
of maps

Kot L K & 15

According to the Lemma 1.1, the kernel and cokernel of g are U and C respectively. The
cokernel of g o f is Cy, (by definition) and its kernel is Kin,1 N U = Uy, 1. Finally, f is
injective. Therefore, the kernel-cokernel sequence (see II, A.2) of the pair of maps is

0—>Un1 —>U— Kyn/Kn1 —>Cyh—C —0.

We next prove that Ky, is canonically isomorphic to the given groups. Let p be a prime
dividing m. If p is real, we map o € Ky, to the sign of oy, (recall that a real prime is an
embedding K < R, and that «r, denotes the image of « under the embedding). If p is finite,
i.e., it is a prime ideal in Ok, then we map « € Ky, to [a][b]™! € (Og/p™®)*, where
a, b are as in the lemma. As a and b are relatively prime to p, their classes [a] and [b] in
Ok/ pm(p) are invertible, and so this makes sense. The weak approximation theorem (ANT,
7.20) shows that the map Ky, — []{%} x [](Ox/p™®)* is surjective, and its kernel is
obviously Ky 1.

The Chinese Remainder Theorem shows that there is an isomorphism of rings

Ok /mo = [ [0k /p™®.
plm

and hence an isomorphism of groups

(Ok/mo)* ~ [ [(Ok/p™®)*.

This completes proof of the isomorphisms.

It remains to compute the orders of the groups. Note that Ok /p™ is a local ring with
maximal ideal p/p" (because its ideals correspond to the ideals of Ok containing p™), and
S0 its units are the elements not in p/p™. The filtration

(Ok/P™* DL +p)/p" DDA +p" /" D0

has quotients isomorphic to

def

K k,....k, k=O0g/p,
and so (Og /p™)* has order (g — 1)¢"" !, g = (Ok : p) = Np. This shows that
(Co:1)=(C:1)- (Kp: K1) (Up : Up1) !
is equal to the expression in the statement of the theorem. O

EXAMPLE 1.8 (a) If m = 1, then C,, = C.
(b) When m is the product of the real primes, Cy, is the narrow-class group and there is
an exact sequence
0->U/U;t - K /Ky - Cpp — C — 1,

where K is the group of totally positive elements (i.e., positive under all real embeddings)
and Uy is the group of all totally positive units. Moreover, K* /K ~ ]_[p realt £}, and so
the kernel of C,, — C is the set of possible signs modulo those arising from units.
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For Q, the narrow-class group is trivial. For Q[«/E ], d > 0, there are two real primes,
and U = {x&™ | m € Z} ~ (Z/2Z) x Z, where ¢ is a fundamental unit. Let & be the
conjugate of &. Then Ay, = 2h or h according as ¢ and & have the same or different signs.
Note that Nm(e) = +1 if the signs are the same and —1 if they differ. For small values of
d we have

d h € Nm(e)
21 1442 -1
31 2443 1
5 1 (1++/5)2 —1
6 1 5+2V6 1

Therefore, Q[+/3] and Q[+/6] have class number 1 but narrow-class number 2, whereas for
Q[+/2] and Q[+/5] both class numbers are 1.
(c) For the field Q and the modulus (m), the sequence becomes

0— {*1} = (Z/mZ)* — Cyx — 0.
For the modulus oco(m), the sequence becomes
0— {£1} = {£} x (Z/mZ)* — Cyp — 0.
Here —1 maps to (—, [—1]), and the subgroup (Z/mZ)* of the product maps isomorphically
onto the quotient C,.
The Frobenius element

We review the theory of the Frobenius element (ANT, Chapter 8). Let K be a number field,
and let L be a finite Galois extension of K with group G. Let p be an ideal of K, and let |3
be an ideal of L lying over it. The decomposition group D () (or G(*R)) is defined to be

{lreG [P =P

Equivalently, it is the set of elements of G that act continuously for the J3-adic topology,
and so extend to the completion Lg. In this way we obtain an isomorphism

D(P) — Gal(Ly/Ky).

Assume ‘B is unramified over p. Then the action of Gal(Lg/K}) on Oy, induces an iso-
morphism
Gal(Ly/Ky) — Gal(l/ k),

where [ and k are the residue fields. Pictorially:

Py L Ly [
S| D®) S| D® D)
Bp LDP®) K, k
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The group Gal(// k) is cyclic with a canonical generator, namely, the Frobenius element
x + x4, where ¢ is the number of elements of k. Hence D(*B) is cyclic, and the generator
of D(®P) corresponding to the Frobenius element in Gal(// k) is called the Frobenius ele-
ment (3, L/K) at 3. It is the unique element o of Gal(L/K) satisfying the following two
conditions:

(a)o € D(P), i.e., 0P =P

(b) forall @ € O, oo = a? mod B, where ¢ is the number of elements the residue
field Ok /p,p =P N K.

We now list the basic properties of (3, L/K).

1.9 Let tB be a second prime dividing p. Then D(tB) = tD(B)r !, and
(B, L/K) = t(B, L/K)r L.
PROOF. If p € D(B), then
wpr ! (tP) = P = TR,

and so tpr~! € D(B). Thus tD(P)r~! C D(r*P), and since they have the same order,
they must be equal.
Leta € Op and let 0 = (B, L/K); then

tot ) =1 (" '®)? + a) ,somea € P, and
T ((T_la)q +a) = a? + ra = o? modrP. 5
As G acts transitively on the primes dividing p, this implies that

{(B, L/K) [ Blp;

is a conjugacy class in G, which we denote (p, L/K). When L/K is abelian, (p, L/K)
contains a single element, and we regard it as an element of Gal(L/K) (rather than a set
consisting of a single element).

1.10 Consider a tower of fields
M

9
|
L g
|

K p
and assume that £ is unramified over p; then

(Q.M/L) = (Q, M/K)T*/P).

def

PROOF. Let £(Q) D k(R) D k(p) be the tower of residue fields. Then f(B/p) = [k(V) :
k(p)], and the Frobenius element in Gal(k(Q)/k(3)) is the f(3/p)th power of the Frobe-
nius element in Gal(k(Q)/k(p)). The rest is straightforward. o

1.11 In 1.10, assume that L is Galois over K ; then

(Q.M/K)|L = (B.L/K).



154 Chapter V. Global Class Field Theory: Statements

PROOF. Clearly (Q, M/ K)|L satisfies the conditions characterizing (3, L/ K). o

Let L; and L, be Galois extensions of K contained in some field §2, and let M =
Ly - Ly. Then M is Galois over K, and there is an injective homomorphism

o+ (0|L1,0|L2):Gal(M/K) — Gal(L1/K)) x Gal(L,/K).
1.12 Let Q be a prime ideal of Opy, and let P; = Q N Oy, . Under the above map,

(Q, M/K) = (B1. L1/K) x (P2, L2/ K).
PROOF. Apply 1.11. O

Note that p splits completely in L if and only if (3, L/K) = 1 for one (hence all)
primes 3 lying over it. Hence, in the situation of 1.12, p splits completely in M if and only
if it splits completely in L and L.

2 L-Series and the Density of Primes in Arithmetic
Progressions

We begin by briefly reviewing the elementary theory of Dirichlet L-series (see, for example,
Serre 1970, Chapter VI).

Let m be an integer. A Dirichlet character modulo m is ahomomorphism y: (Z/mZ7Z)* —
C*. Because (Z/mZ)* is finite, y([n]) is aroot of 1 for all n. A Dirichlet character modulo
m can be regarded as a multiplicative function on the set of integers prime to m whose value
at n depends only on n modulo m. Often one extends y to a function on all the integers by
setting y(n) = 0 when gcd(m,n) # 1. The trivial Dirichlet character modulo m, taking
the value 1 for all integers prime to m, is called the principal Dirichlet character y.

To a Dirichlet character y modulo 7, one attaches a Dirichlet series

L. =[] =2 xm/n".

im x(p)p‘s =

Both expressions converge for s a complex number with 3 (s) > 1—their equality is the
analytic expression of the unique factorization. Note that L(s, yo) differs from the Riemann
zeta function ¢(s) only in that it is missing the factors 1+p“ for p dividing m.

THEOREM 2.1 (a) The zeta function {(s) extends to a meromorphic function on the half-
plane R(s) > 0, and

() = =+ pls).

where ¢(s) is holomorphic for R(s) > 0.
(b) If x # xo, then the series for L(s, y) converges for 9i(s) > 0 and L(1, y) # 0.

PROOF. Serre 1970, Chapter VI, Propositions 10, 12, Théoteme 1. o

On applying log to the equality in (a), one finds using the approximation — log(1 —x) ~

x that |
2 1/p" ~log+

ass | 1.
s
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By this we mean that the quotient % converges to 1 as s approaches 1 through

real numbers > 1. This result makes reasonable the definition that a set 7' of primes has
Dirichlet (or analytic) density § if

1
1—s

Z 1/p* ~ 8log

peT

Define fy(s) = Zme x(p)/p®. Then (2.1b) shows that, for y # o, fy(s) is bounded
near s = 1. An elementary argument (Serre 1970, Chapter VI, Lemme 9) shows that, for
every a prime to m,

ass | 1.

E 1/p* = L E x(@) ! f(s),
@(m)
X

p=a modm
where ¢(m) £ |(Z/mZ)*| and the sum is over all Dirichlet characters modulo m.
THEOREM 2.2 For every a prime to m, the primes in the arithmetic progression
..,a—2m,a—m,a,a+m,a+2m,...
have Dirichlet density 1/¢(m).

PROOF. For y # o, fy(s) remains bounded near s = 1, and so

1 1
Z 1/p* ~ (p(m)XO(a)_leO(S) ~ o(m) log T ass | 1.

p=a mod m O

COROLLARY 2.3 For every m, the set of primes splitting in the cyclotomic field Q[(,,]| has
Dirichlet density 1/¢(m).

PROOF. A prime ideal (p) splits in Q[{,,] if and only if p =1 mod m. o

We now explain how the above results generalize from Q to arbitrary number fields.
Proofs will be given in Chapter VI.

Let K be a number field, and let m be modulus for K. A (Dirichlet or Weber) character
modulo m is a homomorphism y: Cy, — C*—again, its values are roots of 1. Alternatively,
such a character is a multiplicative function [ S — C* that is zero on i (Km,1) for some
modulus m with S(m) = §. The principal character modulo m is the function yo: Cp, —
C* taking only the value 1.

To a character y modulo m, one attaches a Dirichlet series

1 S
L(s, x) = l_[ W = . m§:(9k x(a)/Na®.

ptm

The product is over the prime ideals relatively prime to mg, and the sum is over the inte-
gral ideals relatively prime to mg. Again, both expressions converge for Ji(s) > 1, and
their equality is the analytic expression of the unique factorization of ideals. The L-series
L (s, xo) differs by only a finite number of factors from the Dedekind zeta function

ef 1 -5
é‘K(S)d:HW: Z Na™.

p aCOk
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THEOREM 2.4 (a) The zeta function {k (s) extends to a meromorphic function on the half-
plane R(s) > 0, and
2" (2m)"2 Reg(K) 1

s) ~ h ass | 1,
Ck(s) wxlAkol? K5 \

where r1 and r, are the numbers of real and complex primes of K respectively, Reg(K) is
the regulator of K (see ANT, Chapter 5), wk is the number of roots of 1 in K, Ag /Q 1s the
discriminant of K/Q, and h is the class number.

(b) If x # xo, then the series for L(s, y) converges for 9i(s) > 0 and L(1, y) # 0.

The proof of (b) uses the Existence Theorem (see 3.6).
Again, on applying log to the equality in (a), one finds that

1
Z 1/Np® ~ log
p

S —

L
1ass¢

and one says that a set 7' of prime ideals in K has Dirichlet (or natural) density § if

1
Z 1/Np*® ~ §log
peT §=

1.
1assl

A similar argument to that in the previous case proves:

THEOREM 2.5 For every ideal a relatively prime to my, the prime ideals in Ok whose
class in Cy, is [a] have Dirichlet density 1/ hy,.

The analysis in the proofs of Theorems 2.4 and 2.5 is the same as in the case K = Q,
but the number theory is much more difficult.

3 The Main Theorems in Terms of Ideals

The Artin map

Let L/K be a finite abelian extension Galois group G. Recall that, for a prime ideal p of
K that is unramified in L, there is a Frobenius automorphism o = (p, L./ K) of L uniquely
determined by the following condition: for every prime ideal 3 of L lying over p, o8 = ‘13,
and o = o™ mod P.

For every finite set S of primes of K containing all primes that ramify in L, we have a
homomorphism

Yrx: 15— Gal(L/K). p}'-p)t | [ L/K)"
called the global Artin map (or reciprocity map).

EXAMPLE 3.1 Let K = Q[+/m], where m is a square-free integer. The set S of finite
primes ramifying in K consists of the primes dividing m if m = 1 mod 4 and the primes
dividing m together with 2 otherwise. Identify Gal(K/Q) with {£1}. The Artin map is the
homomorphism determined by

m

P (—) 15 > Gal(K/Q),
p

where (%) is the quadratic residue (Legendre) symbol.
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EXAMPLE 3.2 Let L = Q[&y,], where ¢y, is a primitive mth root of 1. Assume that m is
odd or divisible by 4 (so that the primes ramifying in L are precisely the primes dividing
m). The map sending an integer n prime to m to the automorphism ¢ + ¢” of L defines an
isomorphism (Z/mZ)* — Gal(L/Q). For p not dividing n, (p, L/K) = [p]. If r and s
are positive integers prime to m, then r /s defines a class [r/s] = [r][s]™! € (Z/mZ)*, and
the Artin map is the composite of

s (r/)=>[r/s] n]—> ("

I 2/ mZ)* L ), Gal(L/Q).

Recall (ANT, p. 68) that for any finite extension of number fields L/ K, the norm map
Nmy  g: I — Ik from the group of fractional ideals of L to the similar group for K, is
the unique homomorphism such that for any prime ideal 8 of L, Nmy g (B) = RACION
where p =P N Ok. Forany o € L, Nmy /g ((«)) = (Nmp /g @).

PROPOSITION 3.3 Let L be an abelian extension of K, and let K’ be an intermediate field:
L D K’ D K. Then the following diagram commutes:

18, YY5 GalL/K)

=

18 VL5 Gal(L/K).

Here S is any finite set of prime ideals of K containing all those that ramify in L, and also
the set of primes of K’ lying over a prime in S

PROOF. Let p’ be any prime ideal of K’ lying over a prime ideal p of K not in S. Then
Nmg/ /g (p') = p/®'/%) and we have to show that VL k() = wL/K(pf(p//P)), i.e., that
(B, L/K") = (B, L/K)f(p//p) for every prime ideal 3 of L lying over p. But this was
proved in 1.10. u]

COROLLARY 3.4 For every finite abelian extension L of K, NmL/K(If) is contained in
the kernel of Yy /g : IS — Gal(L/K).

PROOF. Take K’ = L in the above diagram. 0
Thus the Artin map induces a homomorphism
Yk I3/ Nm(Ip) — Gal(L/K)

whenever L/K is a finite abelian extension. The group IS/ Nm(/ ‘Lg ) is infinite (because
infinitely many primes don’t split), and so 7,k can not be injective.

The main theorems of global class field theory

Let S be a finite set of primes of K. We shall say that a homomorphism v: IS — G admits
a modulus if there exists a modulus m with S(m) D S such that ¥ (i (Kw,1)) = 0. Thus ¢
admits a modulus if and only if it factors through Cy, for some m with S(m) D §.
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THEOREM 3.5 (RECIPROCITY LAW) Let L be a finite abelian extension of K, and let S
be the set of primes of K ramifying in L. Then the Artin map ¥: IS — Gal(L/K) admits
a modulus m with S(m) = S, and it defines an isomorphism

13 /i(Kp1) - Nm(15 ™) - Gal(L/K).

A modulus as in the statement of the theorem is called a defining modulus for L.

Note that the theorem does not imply that K has even a single nontrivial abelian exten-
sion. Write I for the group of S(m)-ideals in K, and /}* for the group of S(m)’-ideals in
L, where S(m)’ contains the primes of L lying over a prime in S(m). Call a subgroup H
of Iz a congruence subgroup modulo m if

Ig O H Di(Km,1).

THEOREM 3.6 (EXISTENCE THEOREM) For every congruence subgroup H modulo m,
there exists a finite abelian extension L /K, unramified at the primes not dividing m such
that H = i (K1) - NmL/K(IE‘).

Note that, for H and L as in the theorem, the Artin map 7,/ induces an isomorphism
5™ /H — Gal(L/K).

In particular, for each modulus m there is a field Ly, called the ray class field modulo m
such that the Artin map defines an isomorphism C,, — Gal(L,/K). For a field L C L,
set

Nm(Cpm) = i (K1) - Nm(IF) mod i (Km,1).

COROLLARY 3.7 Fix a modulus m. Then the map L — Nm(Cp, ) is a bijection from the
set of abelian extensions of K contained in Ly, to the set of subgroups of Cy,. Moreover,

LiC L, < Nm(cLl,m) D Nm(CLz,m)§
Nm(Cr,.L,,m) = Nm(Cp, m) N Nm(Cp, m);
Nm(Cpr,nL,,m) = Nm(Cp, m) - Nm(Cp, m).

REMARK 3.8 Let L/K be an abelian extension with Galois group G. According to the
Reciprocity Law, there is a modulus m with support the set of primes of K ramifying in L
such that the Artin map ¥y /g 1 S(m) _» G takes the value 1 on i (Km,1). Consider the map

in Theorem 1.7
YiL/K

(OK/pm(p))X > Kn/Km,1 5 Co—G.
Clearly, there will be a smallest integer f(p) < m(p) such that this map factors through
(Ok /p” ®)* . The modulus f(L/K) = meo []p/® is then the smallest modulus such that
V1K factors through Cj—it is called the conductor’ of L/K. The conductor f(L/K) is
divisible exactly by the primes ramifying in L.
The subfields of the ray class field Ly, containing K are those with conductor f|m.?
Every abelian extension of K is contained in L, for some m.

2Fiihrer in German—in Germany in the 1930s, conversations in public on class field theory could be
hazardous.

3Let L be an abelian extension of K whose conductor divides m. Then the primes that split in Ly, also
split in L. Now the Chebotarev density theorem shows that L C Ly, (see 3.25 below).
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In Section 5 below, we shall restate Theorems 3.5 and 3.6 in terms of ideles, and in
Chapter VII we prove the restated theorems.

As we discuss below, there is a rather simple analytic proof that the Artin map is sur-
jective. Thus the difficulty in proving the Reciprocity Law is in showing that the Artin map
admits a conductor and that

(150“) : i(Km,l)-Nm(zf(“‘))) <[L:K]

To prove the Existence Theorem we must construct a ray class field for each modulus. Un-
fortunately, we don’t know how to construct the ray class field directly. Rather we construct
enough extensions to force the theorem to be true.

EXAMPLE 3.9 The ray class group for the modulus m = 1 is the ideal class group, and the
corresponding ray class field is the Hilbert class field; it is the maximal abelian extension of
K that is unramified at all primes including the real primes (which means that real primes
stay real). For example, the Hilbert class field of Q is Q itself (because QQ has class number
1). The Hilbert class field of Q[+v/—5] is Q[v/—1, +/5]—both 2 and 5 ramify in Q[v/—=3],
but only 2 ramifies in Q[+/—1] and only 5 ramifies in Q[+/5], from which it follows that the
primes of Q[+/—5] dividing 2 and 5 do not ramify Q[+/—1, v/5].

EXAMPLE 3.10 Let m be a positive integer which is odd or divisible by 4. The ray class
field for (m) is Q[¢ 4], and the ray class field for co(m) is Q[¢,].* Thus the Reciprocity
Law implies the Kronecker-Weber theorem: every abelian extension of Q has conductor
dividing co(m) for some m, and therefore is contained in a cyclotomic field.

EXAMPLE 3.11 Let d be a square-free integer. We compute the conductor of K = Q[v/d]
over Q by finding the smallest integer m such that Q[+/d] C Q[{].

First, consider an odd prime p. Then Gal(Q[¢,]/Q) ~ (Z/pZ)™ is cyclic of order
p — 1, and so has a unique quotient group of order 2. Therefore, Q[{,] contains a unique
quadratic field, which because it can only be ramified at p, must equal Q[+/p*], where
p* = (—l)pT_lp (the sign is chosen so that p* = 1 mod 4).

Second, note that £g = (1 + i)/~/2, and so &g + &g = ~/2. Therefore Q[+/2] C Q[¢g]
(in fact, Q[+/2] is the largest real subfield of Q[¢g], and Q[¢g] = Qli, v/2)).

Let n be the product of the odd primes dividing d (so d = =£n or £2n). I claim that

Q[vd] C Q[tp]ifd =1 mod 4,
QVd] C Qltan]ifd =3 mod 4,
Q[Vd] C Q[tga]ifd =2 mod 4

and that, in each case, this is the smallest cyclotomic field containing @[\/E ]. For example,
note that d = py...pr, d = 1 mod 4, implies that d = pT--- py, and so Q[Vd] c
Q[¢,]. Also note that if d is even, then Q[+/d] is not contained in Q[¢4,] because otherwise
Q[¢4,] would contain i, v/d, \/d_/2 and hence would contain i, +/2, and s.

We conclude that the conductor of Q[+/d] is |Ag /ol or 00| Ak /| depending on whether
d > 0ord < O0—here Ag/q is the discriminant of K /Q.

4This follows from the description of the ray class group in 1.8(c) of the notes and the description of the
Frobenius element in ANT, 8.18.
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REMARK 3.12 For a finite abelian extension L /K and modulus m with S(m) equal to the
set of primes of K ramifying in L, let

T(L/K,m) = i(Km1) - Nmp g (I2™) C Ik.

Takagi showed that for m sufficiently divisible (in fact, for all m divisible by the conductor f
of L/K), the group T (L /K, m) is independent of m and Il‘g(m)/ T(L/K,m) ~ Gal(L/K).
For this reason, 7 (L/K,m) is often called the Takagi group of L/K when fjm. Artin
showed that the Takagi group is the kernel of the map a +— (a, L/K): I Ig(m) — Gal(L/K).

EXERCISE 3.13 Compute the conductor of Q[+/d]/Q by applying the quadratic reciprocity
law to find the smallest m such that i (Qy,1) is in the kernel of the Artin map (cf. Exercise
0.11).

The field L corresponding to a congruence subgroup H is called the class field of H,
whence the name of the subject. Note that for a prime p of K not dividing the conductor of
L/K, the residue class degree f(3/p) for a prime lying over p is the order of p in I™/H
(because this is the order of the Frobenius element in Gal(k(3)/k(p))). Thus we have
obtained a classification of the abelian extensions of K in terms of the ideal structure of K,
and for each abelian extension we know the decomposition laws of the primes in K.

EXERCISE 3.14 Verify the last row in the following table:

Discriminant —15 -20 -23 —24 —31
Class number 2 2 3 2 3
Hilbertclass field | X2 +3 | X2 4+1 | X?—-X—-1 | X2+3 | X3+ X -1

The first row lists the discriminants of the first five imaginary quadratic fields with class
number not equal to 1, the second row lists their class numbers, and the final row lists
the minimal polynomial of a generator of the Hilbert class field. (Note that for a totally
imaginary field, the class number and the narrow-class number coincide.)

[For example, the quadratic field with discriminant —24 is Q[+/—6], and its Hilbert class
fieldis L = Q[v—6, v—3] = Q[+/2, ¥—=3]. Thus L = Q[o] with & = +/2+ /=3, which
has minimum polynomial X# 4 2X?2 4 5. However, Z[«] is not equal to the ring of integers
in L; cf. mo122765.]

EXERCISE 3.15 This exercise explains what happens when we ignore a finite set S of
prime ideals of K. Let m be a modulus of K with S(m) NS = @, and let H be a subgroup
of [SUSm) containing i (Ky,,1). Define an extension L of K to be an S-class field for H if

(a) L is a finite abelian extension of K, and the prime ideals in S split completely in L;
(b) m(p) = 0 = p does not ramify in L;
(c) the prime ideals not in .S U S(m) that split in L are precisely those in H.

Prove that an S-class field L exists for each group H as above, that it is unique, and
that /SYSM™ /H ~ Gal(L/K); moreover, every field L satisfying (a) is the S-class field
for some H.

Hint: Show ISUS(m)/i(Km,l) ~ [Sm)/(5). i(Km,1), where (S) is the subgroup of
[S@m) generated by the primes in S.


https://mathoverflow.net/questions/122765/
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The norm limitation theorem

In our classification of the abelian extensions of K, we attach to L the group H = i (K 1)-
Nm(/ f (m)) for m a modulus sufficiently large to be a defining modulus (and then (/5™ :
H) = [L : K]). One might hope that something similar works for nonabelian extensions,
but the following theorem shows that it does not.

THEOREM 3.16 (NORM LIMITATION THEOREM) Let L be a finite extension of K, and
let L'/ K be the maximal abelian subextension of L /K. For every defining modulus m for
L'/K,

. S . S

i(Km,1) 'NmL/K([L(m)) =i(Kn,1)- NmL//K(IL/(m))-

For example, if L is a cubic extension of K that is not Galois over K, then L’ = K,

and so S S
i(Kmn,1) - NmL/K(IL(m)) = IK(m)-

The norm limitation theorem indicates that, for a nonabelian extension L/ K, Spl(L/K)
is not described by congruence conditions. For a proof of the norm limitation theorem, see,
e.g., Grant and Leitzel 1969.

The principal ideal theorem

\

. a ma honte, je ne suis par arrivé a retrou-
ver ce “corollaire” que tous les idéaux de K de-
viennent principaux dans la plus grande exten-
sion abélienne non ramifiée dans le fini. Si ca
s’explique en deux mots, je t’en serais fort recon-

naissant.
Grothendieck, letter to Serre, 19.9.1956.°

The following theorem was conjectured by Hilbert about 1900.

THEOREM 3.17 (PRINCIPAL IDEAL THEOREM) Every ideal in K becomes principal in
the Hilbert class field of K.

I explain the idea of the proof. Recall that for a group G, the commutator (or derived)
subgroup G’ of G is the subgroup generated by the commutators ghg~'h~!, g, h € G. The
quotient G® = G /G’ is abelian, and it is the largest abelian quotient of G. If L is a Galois
extension of K with Galois group G, then LY is an abelian extension of K with Galois
group G?P, and it is the largest abelian extension of K contained in L.

5... to my shame, I have been unable to find the “corollary” stating that all ideals of K become principal

in the largest abelian extension unramified at the finite primes. If it can be explained in two words, I would be
very grateful to you.
Serre responded:

Enclosed is a little paper on the “Hauptidealsatz” explaining how the theorem can be reduced to
an (actually very mysterious) theorem in group theory. This, in fact, is the reduction given by
Artin himself in his paper on the subject (Abh. Hamburg, around volume 7-10); if you could
find a beautiful cohomological proof of the theorem it would be so much better, but everyone
has got stuck on it up to now.

See also the endnote to Serre’s letter (Grothendieck and Serre 2001).
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Suppose we have fields
L>K DK

with L Galois over K (not necessarily abelian). For every finite set of primes S of K,
a — aQOg is a homomorphism / Ig — I I‘g,. Consider:

15 YEE, Gal(L/K)P

lcanonical l‘?

18, YE Gal(L/ K'Y,

What is the map “?7”” making the diagram commute?
Before describing it, I need to explain a construction in group theory. Let H be a group
of finite index in a group G, and write G as a disjoint union of cosets,

G=Hg1UHg2U...UHgn.

For g € G,set p(g) = g; if g € Hg;, and define

n
V(g) =[] gigp(gig)™" mod H’,
i=1

where H' is the commutator subgroup of H.

PROPOSITION 3.18 The map g +— V(g) is a homomorphism G — H/H’, and it is inde-
pendent of the choice of the coset representatives g;.

PROOF. The verification is straightforward—see, for example, Hall 1959, 14.2.1. o

Thus, whenever we have a group G and a subgroup H of finite index, we have a well-
defined homomorphism
V:G*® — H™,
called the Verlagerung (or transfer) map. Roughly speaking, we are trying to define a
“norm” from G to H, which doesn’t work because the groups are not abelian, but does
work when we pass to the associated abelian groups.

In the situation of the above diagram, Gal(L/K’) is a subgroup of Gal(L/K), and
hence the Verlagerung is a homomorphism

V:Gal(L/K)* — Gal(L/K')*.

Emil Artin showed that this is the map making the above diagram commute (cf. II, 3.2b).
Consider the fields
K"> K DK,

where K’ is the Hilbert class field of K, and K" is the Hilbert class field of X’. Then

(a) K” is normal over K (because any conjugate of K” is again an abelian unramified
extension of K’, and hence is contained in K");

(b) K’ is the largest abelian extension of K contained in K” (because every abelian
extension of K contained in K” is unramified over K, and hence is contained in K’).
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From (b) we find that Gal(K”/K)* = Gal(K’/K). Therefore, when L = K”, the
previous diagram becomes

Cxk —— Gal(K'/K)

lcanonical lVer

Cxr —— Gal(K"/K’),

where Ck and Cg- are the class groups of K and K'. Let G = Gal(K”/K) and let
H = Gal(K”/K"). Because of (b), H is the commutator subgroup of G. The next theorem
(which was conjectured by Emil Artin) shows that V' is zero in this situation, and hence that
the canonical map Cx — Ck is zero, i.e., that every ideal of K becomes principal in K.

THEOREM 3.19 Let G be a finite group, and let H be its commutator subgroup; then
V- Gab N Hab
is zero.

PROOF. This is a theorem in group theory, also called the Principal Ideal Theorem. It
was proved by Furtwingler in 1930. For a simple proof, see: Witt, Proc. International
Congress of Mathematicians, Amsterdam, 1954, Vol 2, pp. 71-73. Also Zassehaus, Theory
of Groups, V, Theorem 12, or Artin and Tate 1961, Chapter XII. o

REMARK 3.20 It is in fact easy to see that there exists an extension L of K of degree
dividing the class number / of K such that every ideal in K becomes principal in L: write
the class group of K as a direct sum of cyclic groups; choose a generator a; for each
summand, and let /; be the order of a; in the class group; write a?[ = (a;), and define L
to be the field obtained from K by adjoining an /;th root of a; for each i.

However, a field constructed in this fashion will not usually be the Hilbert class field
of K—it need not even be Galois over K. There may exist fields of degree < & over K in
which every ideal in K becomes principal.

REMARK 3.21 Note that the principal ideal theorem says that “ideal” factorizations of
elements in K become actual factorizations in the Hilbert class field L: leta € K, and let
(a) = p}' -+ -ps*; then p; Op, = (7;) for some 7; € Op,andsoa = um|' -+~ 75" in Of.

REMARK 3.22 The principal ideal theorem does not, of course, imply that every ideal in
the Hilbert class field K’ of K is principal, because not every ideal of K’ is in the image of
the homomorphism /g — Ik/. One can form the Hilbert class field K” of K’, and so on,
to obtain a tower

KcK cK'c---cK™c...

in which K@*1 is the Hilbert class field of K. For every automorphism 7 of K2,
K@+ is obviously the largest abelian unramified extension of 7K, which implies that
1K’ = K, tK” = K”, etc., and so on. In particular, K™ is Galois over K. The class
field tower problem (stated by Hasse in 1925) asks whether this tower is always finite, and
so terminates in a field with class number one. The answer was shown to be negative by
Golod and Shafarevich in 1964 (see Roquette 1967). For example, Q[+ —2.3.5.7.11.13]
has infinite class field. In fact, Q[+/d] has an infinite class field tower whenever d has more
than 8 prime factors.
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The Chebotarev Density Theorem

Let L be a Galois extension of K with Galois group G. Recall that, for every prime ideal p

of K unramified in L,
def

(b, L/K) = {(B. L/K) | Blp}

is a conjugacy class in G.

THEOREM 3.23 (CHEBOTAREV DENSITY THEOREM) Let L/K be a finite extension of
number fields with Galois group G, and let C be a conjugacy class in G. Then the set of
prime ideals of K such that (p, L/K) = C has density |C| /|G| in the set of all prime
ideals of K. In particular, if G is abelian, then, for a fixed t € G, the set of prime ideals p
of K with (p, L/K) = t has density 1/(G : 1).

PROOF. For an abelian extension L/K this follows from Theorem 2.5 and Theorem 3.5:
the latter says that the map p — (p, L/K) induces a surjective homomorphism C,, —
Gal(L/K) for some modulus m, and the former says that the primes are equidistributed
among the classes in Cy,. The nonabelian case is derived from the abelian case by an
ingenious argument—see Chapter VIII O

COROLLARY 3.24 If a polynomial f(X) € K[X] splits into linear factors modulo p for
all but finitely prime ideals p in K, then it splits in K[X].

PROOF. Apply the theorem to the splitting field of f(X). 0

For a finite extension L/K of number fields and a finite set S of primes of K, let
Splg (L/K) be the set of primes of K not in § that splitin L.

THEOREM 3.25 If L and M are Galois extensions of K, then
LCM < Splg(L/K)D Splg(M/K).

Hence
L=M < Splg(L/K) = Splg(M/K).

PROOF. As a consequence of (1.12),
Splg(LM/K) = Splg(L/K) N Splg(M/K).

Hence
Spls(L/K) D Splg(M/K) = Splg(LM/K) = Splg(M/K),

which, by the Chebotarev density theorem, implies
[LM : K]=[M : K],
and so L C M. The reverse implication is obvious. o

REMARK 3.26 (a) Theorem 3.25 is not true without the Galois assumption (see Cassels
and Frohlich 1967, p. 363).

(b) In the statement of Theorem 3.25, S can be replaced by any set of primes of density
0.
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(c) Let f(X) be an irreducible polynomial in K[X]. If f(X) has a root modulo p for
almost all prime ideals p, then f(X) has a root in K (Cassels and Frohlich 1967, p. 363,
6.2).

(d) Chebotarev proved his theorem using Dirichlet (analytic) densities. Artin noted that
it should hold for natural densities (see later), and, in fact, it does.

(e) Given a finite Galois extension K of (Q and a conjugacy class C, Chebotarev’s theo-
rem says that there exists a prime ideal p of K, unramified over @, such that (p, L/K) = C.
It is interesting to know how big Np has to be. For a recent paper on this question, see Ahn,
Jeoung-Hwan; Kwon, Soun-Hi. An explicit upper bound for the least prime ideal in the
Chebotarev density theorem. Ann. Inst. Fourier (Grenoble) 69 (2019), no. 3, 1411-1458.

The conductor-discriminant formula

Two Dirichlet characters y: 15 — C* and y': IS " — C* are said to be cotrained if they
agree on I " for some §” O § |J S’. This is an equivalence relation. In each equivalence
class, there is a unique y with smallest S—such a y is said to be primitive.

Let y1 be the primitive character equivalent to y. The smallest modulus m such that y
is zero on i (Ky, 1) is called the conductor of f(x) of x. Set f(x) = foo(¥)fo(x), Where foo
and fo are respectively divisible only by infinite primes and finite primes.

THEOREM 3.27 (FUHRERDISKRIMINANTENPRODUKTFORMEL) For every finite abelian
extension L /K of number fields with Galois group G,

disc(L/K) = [] fo(xovi/x). GY = Hom(G,C*);
xeGY

f(L/K) = lemy (f(x © ¥1/K))-

Clearly (Ker(y: G — C*) = 0, from which the second statement follows. We omit
the proof of the first—it is really a statement about local fields.

REMARK 3.28 Let H be the kernel of the character y. Then f(y) = f(L¥/K). For
example, if y is injective, then f(x) = f(L/K).

EXAMPLE 3.29 Let L = Q[+/d]. Then G ~ Z/27Z, and there are only two characters
G — C*, namely, the trivial character yo an an injective character y;. Therefore, the
theorem says that Ag /g = fo(x1) = fo(K/Q), as we showed in Example 3.11.

EXAMPLE 3.30 Let L = Q[{,], p an odd prime. Then G ~ (Z/pZ)*, which is cyclic of
order p — 1. It therefore has p — 2 nontrivial characters. If y is nontrivial, then f(y)|oo(p),
but f(y) = 1 or oo is impossible (because it would imply y is trivial). Therefore, f(y) = (p)
or oo(p) if y is nontrivial, and so the conductor-discriminant formula shows (correctly) that
AL/Q = :Epp_z.

EXERCISE 3.31 Verify the conductor-discriminant formula for the extension Q[{ ,2]/Q.

REMARK 3.32 Let L/K be a finite extension of number fields with Galois group G (not
necessarily abelian). To a representation p: G — GL(V') of G on a finite-dimensional
vector space V', Artin attaches a Dirichlet L-series L(s, p) (see the introduction). The
analytic properties of these Artin L-series are still not fully understood.
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When G is commutative, the Artin map IS — G identifies characters of G with
Dirichlet/Weber characters, and hence Artin L-series with Dirichlet L-series. This was
Artin’s motivation for seeking the map (not, as seems natural today, in order to construct
a canonical isomorphism between the groups Cy, and G, already known to be abstractly
isomorphic).

A part of Langlands’s philosophy is a vast generalization of this correspondence be-
tween Dirichlet L-series and abelian Artin L-series.

The reciprocity law and power reciprocity

Assume K contains a primitive nth root of 1, and leta € K. If %/a is one root of X" — a,

then the remaining roots are of the form ¢ ¥/a, where ¢ is an nth root of 1. Therefore
def

L = K[ %/a] is Galois over K, and 0 %/a = ¢ %/a for some nth root ¢ of 1.
If p is a prime ideal of K that is relatively prime to n and a, then p is unramified in L,
and we can define an nth root (%)n of 1 by the formula

(p, L/ K)(¥a) = (g) a.

One can show that

(%) =1 <= ais an nth power modulo p,
n

and so (%)n generalizes the quadratic residue symbol. For this reason (%) is called the
n

power residue symbol. Artin’s reciprocity law implies all known reciprocity laws for these
symbols, and so, as Artin pointed out, it can be viewed as a generalization of them to fields
without roots of unity. We shall explain this in Chapter VIII

An elementary unsolved problem

Let K be a number field, let S be a nonempty finite set of prime ideals of K, and let p
be a prime number not divisible by any prime in S. Does there exist a sequence of fields
eeos Ly, Ly+1,...such that

(a) Ly is unramified outside the primes of S;
() p"[[Ln: K]?

A key case, for which the answer is unknown, is K = Q and S = {/}.
More explicitly (and slightly harder), fix primes p # [ in Q. Does there exist a sequence
of monic irreducible polynomials f;,(X) € Z[X] such that

(a) disc(f,(X)) is not divisible by any prime other than /;
(b) p"|deg fn(X).

See Milne 2006, pp. 48-49, to find where this problem turned up. It is certainly very
difficult.®

SLet K be a number field, let S be a set of primes of K, and let K g be the largest extension of K unramified
outside S. Let P be the set of prime numbers £ such that £*°|[Kg: K]. It is now known that P contains all
prime numbers provided that S contains all the prime ideals of K lying over at least two primes in Q. See
Chenevier and Clozel, JAMS 22 (2009), 467-519, Cor. 5.2.
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Explicit global class field theory: Kronecker’s Jugentraum and Hilbert’s twelfth
problem

Unlike local class field theory, global class field theory does not (in general) provide an
explicit construction of the abelian extensions of a number field K.

Gauss knew that the cyclotomic extensions of (Q are abelian. Towards the end of the
1840s Kronecker had the idea that the cyclotomic fields, and their subfields, exhaust the
abelian extensions of Q, and furthermore, that every abelian extension of an imaginary
quadratic number field E is contained in the extension given by adjoining to E roots of 1
and certain special values of the modular function j. Many years later he was to refer to
this idea as the most cherished dream of his youth (mein liebster Jugendtraum).

More precisely, Kronecker’s dream’ is that every abelian extension of Q is contained in
the field obtained by adjoining to Q all values of the function e2™'Z for z € Q*, and that
every abelian extension of an imaginary quadratic field K is contained in the field obtained
by adjoining to K all values of the function j(z) for z € K*.

Later Hilbert took this up as the twelfth of his famous problems: for any number field
K, find functions that play the same role for K that the exponential function plays for Q and
the modular function j plays for an imaginary quadratic field®. The first part of Kronecker’s
dream, that every abelian extension of Q is a subfield of a cyclotomic extension, was proved
by Weber (1886, 1899, 1907, 1911) and Hilbert (1896).

The statement above of “Kronecker’s dream” is not quite correct. Let K be an imaginary
quadratic field. We can write O = Z + Zt with J(t) > 0. It is known that K[j(7)] is
the Hilbert class field of K. Now adjoin to K all roots of unity and all values j(t) with
t € K, J(tr) > 0. The resulting field K’ is abelian over K, and [K?P : K] is product of
groups of order 2. To get the whole of K2, it is necessary to adjoin special values of other
elliptic functions. These statements were partially proved Weber (1908) and Feuter (1914),
and completely proved by Takagi (1920).

From the modern point of view, special values of elliptic modular functions are related
to the arithmetic of elliptic curves with complex multiplication, and it is results about the
latter that allow one to prove that the former generate abelian extension of an imaginary
quadratic field.

Beginning with the work of Taniyama, Shimura, and Weil in the late fifties, the theory
of elliptic curves and elliptic modular curves has been successfully generalized to higher
dimensions. In this theory, an elliptic curve with complex multiplication by an imaginary
quadratic field is replaced by an abelian variety with complex multiplication by a CM field,
that is, a quadratic totally imaginary extension K of a totally real field F', and an elliptic
modular function by an automorphic function.

Philosophically, one expects that, with the exception of (@, one can not obtain abelian
extensions of totally real fields by adjoining special values of automorphic functions. How-
ever, it is known that, roughly speaking, one does obtain the largest possible abelian exten-
sion of a CM-field K consistent with this restriction.

More precisely, let K be a CM-field and let F' be the largest totally real subfield of

def

K. Then G = Gal(Q*/K) is a subgroup of index 2 in G’ £ Gal(Q*/F), and the
corresponding Verlagerung is a homomorphism V' : G'*» — G2, In this case, V has a
very simple description.

7For a careful account of Kronecker’s idea and work on it, see Schappacher 1998
8See pp. 18-20 of Mathematical Developments arising from Hilbert’s Problems, Proc. Symp. Pure Math.
XXVIIL, Part 1, AMS, 1976.
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THEOREM 3.33 Let K be a CM-field, and let F be the totally real subfield of K with
[K : F] = 2. Let H be the image of the Verlagerung map

Gal(F*/F)* — Gal(K*/K).

Then the extension of K obtained by adjoining the special values of all automorphic func-
tions defined on canonical models of Shimura varieties with rational weight is (K abyH (ab,

PROOF. See Wei 1993, Wei 1994. O

Notes

The relation between congruence groups and abelian extensions of K was known before
Artin defined his map. It emerged only slowly over roughly the period 1870-1920. The
main contributors were Kronecker, Weber, Hilbert, and Takagi. Chebotarev proved his
theorem in (1926) (a less precise result had been proved much earlier by Frobenius), and
Artin defined his map and proved it gave an isomorphism in 1927. (Earlier, it had been
known that /™/H ~ Gal(L/K), but no canonical isomorphism was known.) The fact
that analysis, in the form of Chebotarev’s (or Frobenius’s) theorem was required to prove
the main theorems, which are purely algebraic in form, was regarded as a defect, and in
1940, after much effort, Chevalley succeeded in giving a purely algebraic proof of the main
theorems. (The difficult point is proving that if L/K is an abelian extension of number
fields of prime degree p, then at least one prime of K does not split or ramify in L.°) He
also introduced ideles, which make it possible to state class field theory directly for infinite
extensions. Group cohomology (at least 2-cocycles etc.) had been used implicitly in class
field theory from the 1920s, but it was used systematically by Nakayama, Hochschild, and
Tate in the 1950s. In 1951/52 in a very influential seminar, Artin and Tate gave a purely
algebraic and very cohomological treatment of class field theory. Since then there have
been important improvements in our understanding of local class field theory (mainly due
to Lubin and Tate). Nonabelian class field theory is a part of Langlands’s program, which
is a vast interlocking series of conjectures, and some progress has been made, especially in
the local case and the function field case. A fairly satisfactory abelian class field theory for
more general fields (fields of finite transcendence degree over Q or IF,) has been created by
Bloch, Kato, Saito, and others. It uses algebraic K-theory (see Raskind 1995 for a survey
and Wiesend 2007 for a recent result).

4 Ideles

Theorems 3.5 and 3.6 show that, for any number field K, there is a canonical isomorphism
1<i£1m Cm — Gal(K?P/K). Rather than studying l<i£1m Cy, directly, it turns out to be more
natural to introduce another group that has it as a quotient—this is the idele class group.

9Class field theory holds also for fields that are finite extensions of k(X)) with k finite, and local class field
theory holds for local fields whose residue fields k are only quasi-finite, i.e., perfect with Gal(k?!/k) ~ Z.
When one tries to do global class field theory for finite extensions of k(X ) with k quasi-finite, one finds that
everything works except that, for some k, there do exist nontrivial abelian extensions in which every prime
splits. See my book, Arithmetic Duality Theorems, Appendix to Chapter 1.
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Topological groups
A group G with a topology is called a topological group if the maps
2.8 g GxG—>G, g—glG->G
are continuous. The translation map
g—ag:G > G

is then a homeomorphism.

In general, to determine a topology on a set we have to give a fundamental system of
neighbourhoods of each point, i.e., a set of neighbourhoods of the point such that every
neighbourhood contains one in the set. Because the translation map is a homeomorphism,
the topology on a topological group is determined by a fundamental system of neighbour-
hoods of 1.

We shall need to make use of various generalities concerning topological groups, which
can be found in many books. Fortunately, we shall only need quite elementary things.

Let (X;); be a (possibly infinite) family of topological spaces. The product topology
on [ [ X; is that for which the sets of the form [] U;, U; open in X for all i and equal to
X; for all but finitely many i, form a basis. Tychonoff’s theorem says that a product of
compact spaces is compact. However, an infinite product of locally compact spaces will not
in general be locally compact: if V; is a compact neighbourhood of x; in X; for all 7, then
[ ] V;i will be compact, but it will not be a neigbourhood of (x;) unless V; = X; for all but
finitely many i.

Ideéles
We now often write v for a prime of K. Then:
| - |y = the normalized absolute value for v (for which the product formula holds),
K, = the completion of K at v,
py = the corresponding prime ideal in O , (when v is finite),
O, = the ring of integers in K,
UU == O;;

py = the completion of p, = maximal ideal in O,,.

Recall that, for all v, K, is locally compact—in fact, O, is a compact neighbourhood of 0.
Similarly K} is locally compact; in fact

14+pyD14+p2D14+p2D--

is a fundamental system of neighbourhoods of 1 consisting of open compact subgroups.
We want to combine all the groups K. into one big topological space, but [ [ K} is not
locally compact. Instead we define the group of idéles to be'”

Ix = {(av) € l_IK;< | ay € O for all but finitely many v}.

100ther notations for the ideles: A}((, GL1(Ag).
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In the following, an unadorned I means I g.
For every finite set S of primes that includes all infinite primes, let

Is =[] ks =[] OF

veS véS

with the product topology. The first factor is a finite product of locally compact spaces,
and so is locally compact, and the second factor is a product of compact spaces, and so is
compact (by Tychonoff). Hence I is locally compact. Note that

I=|JLs.

We want to endow I with a topology such that each I g is open in I and inherits the product
topology. We do this by decreeing that a basis for the open sets consists of the sets of the
form [, Vo with V;, open in K¢ for all v and V,, = O for almost all'! v. An intersection
of two sets of this form contains a set of this form, and so they do form a basis for a topology.
It is clear that the topology does have the property we want, and moreover that it endows I
with the structure of a topological group. The following sets form a fundamental system of
neighbourhoods of 1: for each finite set of primes S O S and € > 0, define

U(S,e) ={(ay) | lay—1lv <&, veES, layly=1 alv¢S}

4.1 There is a canonical surjective homomorphism id

(@)~ [] po ) 1 — Ig

v finite

whose kernel is [g__.

We can think of the ideles as a thickening of the ideals: it includes factors for the
infinite primes, and it includes the units at the finite primes. Note that I/Ig__ is a direct sum
of countably many copies of Z with the discrete topology, but that [[ K\ /Is__ is a direct
product of countably many copies of Z, which is itself uncountable.

4.2 There is a canonical injective (diagonal) homomorphism
av (a,a,a,..) K* —Ig.

I claim that the image is discrete. Because we have groups, it suffices to prove that 1 € K*
is open in the induced topology. Let U = U(S, ¢) with S any finite set containing S, and
1>e&>0.Foreverya e K*NU,

la—1]y, <e forallveS
laly =1 forallv ¢ S.

The second condition implies that
la — 1|y < max(laly, | —1]y) < 1.

Therefore, if a € K* N U, then [[, la — 1]y < elSl' < 1, which contradicts the product
formula unless a = 1.

"'Here “almost all” means “for all but possibly finitely many”.
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The quotient C = /K™ is called the ideéle class group of K. It maps onto the ideal
class group of K. It is not compact (see (4.4) below).

4.3 There is a canonical injective homomorphism
ar>(1,....,1,a,1,...1): K; = Ig
(a in the vth place). The topology induced on K is its natural topology, because

{a|la—1]y < €} v €8

vsank = 2 g

and such sets form a fundamental system of neighbourhoods of 1 in K.

4.4 There is canonical surjective homomorphism

a= (ay) > c(a) = l_[ layly : T — Rxp.
The image of a is called the content of a. Define
I' = Ker(c) ={ael]|c(a)=1}.

Note that, because of the product formula, K> C I!. The quotient I/ K* can’t be compact
because it maps surjectively onto R ¢, but one can prove that I' / K> is compact.

ASIDE 4.5 Define [ s the same way as I, except using only the finite primes. We call I s the group

of finite ideles. We have
[]orciyc [] &

v finite v finite

The subgroup [ [ O is open and compactin Iy, and 17/ [] Oy = I (the group of ideals of K).
Again there is a diagonal embedding of K* into I ¢, but this time the induced topology on K>

has the following description: Uk &f Ok is open, and a fundamental system of neighbourhoods of
1 is formed by the subgroups of Uk of finite index (nontrivial theorem).!?> In particular, K* is a
discrete subgroup of I <= Uk is finite <= K = Q or an imaginary quadratic field.

NOTES The adelic topology does not induce the idelic topology on the ideles (because I—[U‘oo Ky x
I, finice Oi is not open in the adéles). As an exercise, show that the ideles are not even a topological
group under the induced topology. (Consider first the case of Q, and forget about the infinite prime.
(a) Make sure you understand what the standard basis for the neighbourhoods of 0 in the adeles is.
(b) Translate the neighbourhoods in (a) by adding 1, and intersect with the ideles to get a base for
the neighbourhoods of 1 in the ideles for the adelic topology. (c) Check that the pre-image of one of
the neighbourhoods in (b) under the map x — x~! is not open.)

12Copied from sx140729. For the first claim: The subset of the finite idéles given by I, OXKU is open by
the definition of the topology on the restricted direct product, and an element in K is in this subset if and only
if it is a unit in each completion, which is true if and only if it is in OIX(.

The proof of the second claim is just a generalization of this first argument. A basis of open neighborhoods
of 1 in the finite ideles is given by choosing any open subgroup you wish in K* for finitely many primes v and
choosing Oy for the remaining v. If we just want a basis of open subsets, we may as well only look at really
small ones, so we can assume that, for the finitely many primes v where we did not choose O, we chose some
small open subset of O,f. Note that subgroups of O are all finite index and generated by a power of a prime
element. Note also that all these open subsets of the ideles are subsets of the one we discussed in checking the
first claim.

What happens when we intersect such a neighbourhood with the diagonal image of K*? We get the sub-
group of elements in OIX( which are in all the open subgroups of O}F that we chose at the special places v. The
index is just the product of the indices of those subgroups, so that’s a finite index subgroup. Conversely, any
finite index subgroup of (9}(( is determined by its images in each completion.
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NOTES Let (Vy, Uy), be a family of topological spaces V,,, each equipped with a subspace U, . The
restricted product of the family, [[(Vy, U,), is the subset of [ ]V}, consisting of the families (a,)
such that a,, € U, for almost all v.It is equipped with the topology for which [] U, is open and has
the product topology. Sometimes the restricted product is written [ V. Now Ag = [1,(Ky, Uy),
where U, = O, if v is finite and U, = K, otherwise. Similarly, A% = [, (K}, U)), where
U, = Oy if v is finite and U, = K otherwise.

NOTES Give more examples. Let K be a field with class number 1. Let x = (x,) be an idele.
Then the ideal of x is principal, say, equal to (a). Now x/a € [[ue On x KX. Hence A% =
K> [inie On x K. However, K* N ([ [ On x KX) = Uk.

NOTES Copied from sx80763. Question from Princeton’s generals: What results do the major
compactness theorems about adeles and ideles imply? Answer: The finiteness of the ideal class
group and the units theorem (proven with classical methods) prove the compactness of the norm-
one idele class group, and the compactness of the norm-one idele class group, proven using measure
theoretic methods proves finiteness of the ideal class group and the units theorem. (See Cassels
1967.) On the other hand, the compactness result does generalize to division algebras, where there
is not an obvious version of the ideal class group, etc. (See Weil’s Basic Number Theory.)

Realizing ray class groups as quotients of 1

We have seen that the class group Cx = I/i(K*) can be realized as the quotient of I. We
want to show the same for Cy,.
Let m be a modulus. For p|m, set

R-o p real
Wa(p) = { + pm®)  p finite.

Thus, in each case, W, (p) is a neighbourhood of 1 in K'f.
Define I, to be the set of ideles (ap), such that a, € Wy (p) for all p|m:

In = | [T&X < [[Wa® | (L

ptm plm

In other words, I, consists of the families (ap), indexed by the primes of K such that

ay € K for all p
ay € Oy for almost all p
ay € Wn(p) forall plm.

Define W, to be the set of ideles (ay )y in I, such that a;, is a unit for all finite p not dividing

m.
Wa= [] KXx]]Wa®x [] U
ptm plm pm
p infinite p finite

In other words, W;, consists of the families (a;), indexed by the primes of K such that

ay € K for all infinite p
ay € Oy for all finite p
ay € Wn(p) forall pjm.
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Note that
Kn1=K*nN l_[ Wa(p) (intersection inside 1_[ K;(),
plm plm
and that
Kni =K NIy (intersection inside I).

PROPOSITION 4.6 Let m be a modulus of K.

(@) The mapid: I, — I S(m) defines an isomorphism
In/Km,1 - Wi = Cn.
(b) The inclusion I, — I defines an isomorphism:
]Im/Km,l — H/KX.
PROOF. (a) Consider the pair of maps
id S(m)
Kni1—In—1 .

The first map is injective, and the second is surjective with kernel W,,, and so the kernel-
cokernel sequence (I, A.2) of the pair of maps is

Wan = In/Km1 — Cn — 1.

The proves (a) of the proposition.
(b) The kernel of I, — I/ K™ is K™ NIy, (intersection in I) which, we just saw, is K, 1.
Hence the inclusion defines an injection

In/Km1 — I/K™.

For the surjectivity, we apply the weak approximation theorem (ANT, 7.20). Let S = S(m)
and leta = (ay) € L. If we choose b € K to be very close to a, in K forall v € S, then
ay/b will be close to 1 in K for all v € S; in fact, we can choose b so that ay /b € Wiy(p)
for all v € S. For example, for a real prime v in S, we need only choose b to have the same
sign as ay in K. Then a/b € I, and it maps to ain I/ K*. o

Characters of ideals and of idéles

Let S D Soo be a finite set of primes of K, and let G be a finite abelian group. A homo-
morphism
v IS > G

is said to admit a modulus if there exists a modulus m with support in S such that ¥ (i (Ky,1)) =
1. For example, for every abelian extension L /K, Artin showed that the Artin map

15 > Gal(L/K)

admits a modulus.
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PROPOSITION 4.7 Ify: IS — G admits a modulus, then there exists a unique homomor-
phism ¢: I — G such that

(a) ¢ is continuous (G with the discrete topology)
(b) ¢(K*) =1;
(c) ¢(a) = ¥ (id(a)), alla € IS d:ef{a |ay =1lallv e S}.

Moreover, every continuous homomorphism ¢: 1 — G satistying (b) arises from a V.

PROOF. Because ¥ admits a modulus m, it factors through /™ /i(Ky,1) = Cn. Hence we
have the diagram:

m s Ch —Y 5 G
I/ K1 — In/Km,1 W (43)
I —— I/K*.

The isomorphisms are those in Proposition 4.6, and the remaining unnamed maps are quo-
tient maps. Define ¢ to be the composite I — G. It certainly has properties (a) and (b), and
it also has the property that

¢(a) = Y¥(id(a)) for all a € I,

and so, a fortiori, it has property (c).

To prove that the map is uniquely determined by (a), (b), and (c), it suffices to prove that
IS K* is dense in I, but this follows from the weak approximation theorem (ANT, 7.20): let
a € [; choose b € K* to be very close to a, for v € §, and let a’ be the element of IS such
that ay,b = a, forallv ¢ S. Thena'b € IS - K and is close to a in L.

For the converse, let ¢:1 — G be a continuous map. The kernel contains an open
neighbourhood of 1, and so U(S,e) C Ker(¢) for some S and ¢. Consider an infinite
prime v. The restriction of ¢ to K. is a continuous map R* — G or C* — G. Clearly,
the connected component of K containing 1, namely, R or C*, maps to 1, and so is in
the kernel. On combining these remarks, we see that the kernel of ¢ contains W, for some
m.

Now we can use the diagram at the start of the proof again. We are given a homomor-
phism ¢:I/K* — G, which we can “restrict” to a homomorphism I,/ Ky,1 — G. This
homomorphism is trivial on Wy, and hence factors through I,/ Ky, 1 Wy, The homomor-
phism can now be transferred to Cy,, and composed with I — Cy,. This is the ¥ we are
looking for. O

REMARK 4.8 Let G be acommutative topological group. Define a homomorphism y: 5 —
G to be admissible if for every neighbourhood N of 1 in G, there exists a modulus m such
that ¥ (i (Kw,1)) C N. Then every admissible homomorphism i defines a homomorphism
¢: 1 — G satisfying conditions (a), (b), (c) of the proposition. Moreover, if G is complete
and has “no small subgroups” i.e., there exists a neighbourhood of 1 containing no nontriv-
ial subgroup, then every continuous homomorphism ¢: I — G satisfying (b) arises from an
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admissible ¥. The proof is the same as that of the proposition (see Proposition 4.1 of Tate
1967).

The circle group G = {z € C | |z| = 1} is complete and has no small subgroups. The
admissible ¥: IS — G, and the corresponding ¢, are called Hecke characters.

REMARK 4.9 Given ¥ we chose an m, and then showed how to construct ¢. In practice,
it is more usually more convenient to identify ¢ directly from knowing that it satisifies the
conditions (a), (b), (c). For this, the following observations are useful.

(a) Leta = (ay) be an idele such that a, = 1 for all finite primes and a, > 0 for all
real primes; then ¢(a) = 1. To see this, note that the topology induced on ]_[v| o K
as a subgroup of [ is its natural topology. Therefore, the restriction of ¢ to it is trivial
on the connected component containing 1.

(b) Leta = (ay) be an idele such that a, = 1 for all v € S and a, is a unit for all
v ¢ S; then ¢p(a) = 1. In fact, this follows directly from condition (c).

(c) Ifais“closeto 17, ¢p(a) = 1. In fact, this follows directly from condition (a) in view
of the fact that G has the discrete topology.

(d) On combining (a), (b), (c), we find that if a = (a,) is such that

a, > 0 when v is real;
ay is “close to 1 ” when v € S is finite;
ay isaunit when v ¢ S

the ¢(a) = 1. In fact, (a) and (b) say that we can multiply a with ideles of certain
types without changing the value ¢ (a). Clearly, if a, is close to 1 for the finite v in
S, we can multiply it by such ideles to make it close to 1.

EXAMPLE 4.10 Let L = Q[{,], and let ¢ be the Artin map
15 — (Z/pZ)* — Gal(L/Q), S = {p,o0}.

Recall that first map sends the ideal (uniquely) represented by (r/s), r,s > 0, (p,r) =1 =
(p.s),to [r][s]~', and that the second sends [m] to the automorphism ¢ + . Overall, for
any prime number / # p, the map sends (/) to the Frobenius automorphism at /, ¢ > ¢/,
Let ¢:1 — Gal(L/Q) be the homomorphism corresponding to i as in the theorem. We
wish to determine ¢ explicitly.

Leta = (doo,a2,....0p,...,a;,...)beanidele of Q. If aso = 1 = a,p, then ¢(a) =
¥ (id(a)). Thus ¢(a) = {7, where m = [] 10 (@),

Considerp = (1,...,1, p,1,...) (p in the p-position). Then

p/p = (p_19---9p_1,1,p_1,...).

According to (d) of the above Remark, ¢ (p/p) = 1, and so

o) = ¢/ p)e(p) = 1.

In this, p denotes both the element p € Q, and the principal idele (p, p, .. .).
Considera = (1,...,1,u,1,...),u € Z%, u in the p-position. Write

ul=ag+aip+-+asp’+--. 0<a;<p, a €L,
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and let¢c = ag + -+ + a5 p* € Z. Note that ¢ > 0. Then uc € 1 + p**t1Z,, i.e., for large
s itis “close to 1. Write

llc p Ile
ac = (c,c,...,c, 1L,c,...,uc,c,...)(1,...,1,¢c,1,...).

The first factor is ac except that we have moved the components at the primes / dividing
¢ to the second factor. For large s, ¢ ( first factor) = 1 by (d) of the above remark. The
second factor lies in IS, and the description we have of ¢|I5 shows that ¢ ( second factor)
maps ¢ to ¢€. In conclusion,

$@)(©Q) = =" (44)
Consider a = (—1,1,...,1). Then

p p
—a=(1,—1,...,—1,1,=1,..)(L,....1,—-1,1,...),

and

¢p@) =¢(—a)=¢(,....1,—1,1,...).

According (44), ¢ (a)(¢) = 1.
Because ¢ is a homomorphism, this completes the explicit description of it.

REMARK 4.11 From (43), we get a canonical homomorphism 7,,: 1 — Cy,. This is the
unique continuous homomorphism 7p,: I — Cy, such that

@) mm(K*) =1

(b) 7m(a) = id(a) for alla € IS,
(Take ¥ to be 1 S Cy, in Proposition 4.7.).

If m|m’, then the composite of 7, with the canonical homomorphism Cpy — Cy
satisfies the conditions characterizing m,,. Therefore, the m, combine to give a continuous
homomorphism 7: 1 — 1(&11 Cin. We wish to determine the kernel and image of this map.

Because each map my,: I — C, is onto, the image is dense. In fact, I' - Cy, is onto,
and so (1) is dense. But 7, (I') is compact, because my, factors through the compact
group I'/ K>, and therefore is complete. This shows that 7 is onto.

Let ]Ig‘o be the set of ideles a such that a, = 1 if v is finite and a, > O if v is real.
Thus I, is isomorphic to the identity component of (K ®g R)* = [, o K, - The kernel
of I — lim Cy, contains ]Io+o - K*, and hence its closure. In fact, it equals it. [In a future
version, these things will be examined in more detail.]

Norms of idéles

Let L be a finite extension of the number field K, let v be a prime of K. Recall from (ANT,
8.2) that there is a canonical isomorphism

L@k Ky > [[Luw.
w|v
It follows (ibid. 8.3) that for any o € L,
Nmy g a = 1_[ Nmy , /k, @ (equality in Ky).

w|v
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For an ide¢le a = (ay) € I, define Nmy x(a) to be the idele b € I with b, =
I, jp Nz, /K, @w. The preceding remark shows that the left hand square in the following
diagram commutes, and it is easy to see that the right hand square commutes:

L~ s I —4s 1
leL/K l/NmL/K l/NmL/K
K> s Ixg —9 Ik,

Thus we get a commutative diagram:

C, — CL
leL/K Nmy , x

Cxk — Cg
(C g = idele class group I/ K*; Cx =ideal class group I/i(K>)).

PROPOSITION 4.12 If L /K is a finite extension of local fields of characteristic zero, then
(@) Nmyz/g(L™) =Rsq (case K =R, L = C);
(b) Nmy g (L) D 1+ p’¢ for some m (case K is nonarchimedean);
(¢c) Nmp g (L*) D Ok (case K is nonarchimedean and L/K is unramified).

PROOF. Statement (a) is obvious. For (b), see (I 1.3), and for (c), see (III, 1.2). o

COROLLARY 4.13 Let L/K be a finite extension of number fields. Then Nmy g Iz D
W for some modulus m.

5 The Main Theorems in Terms of Ideles

The statement of the main theorems of class field theory in terms of ideals is very explicit
and, for many purposes, it is the most useful one. However, it has some disadvantages.
One has to fix a modulus m, and then the theory describes only the abelian extensions
whose conductor divides m. In particular, it provides no description of the infinite abelian
extensions of K. The statement of the main theorems in terms of ideles allows one to
consider infinite abelian extensions, or, what amounts to the same thing, all finite abelian
extensions simultaneously. It also makes transparent the relation between the local and
global Artin maps.

Let L be a finite abelian extension of K. Let v be a prime of K, and let w be a prime of
L lying over v. Recall that the decomposition group D(w) of w is the subgroup

D(w) ={o € Gal(L/K) | cow = w}.

Its elements extend uniquely to automorphisms of L, /Ky, and D(w) >~ Gal(Ly/Ky).
Local class field theory (I, 1.1) provides us with a homomorphism (the local Artin map)

¢v: K, — D(w) C G.

LEMMA 5.1 The subgroup D(w) of G and the map ¢, are independent of the choice of
the prime w|v.
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PROOF. Any other prime lying over v is of the form cw for some 0 € G,ando: L — L
extends by continuity to a homomorphism o: Ly, — L4y, fixing K. We have

D(ow) = oD(w)o !,

which equals D(w) because G is commutative.

Let 2 and £’ be maximal abelian extensions of K, containing L, and Lgy re-
spectively. From Chapter III, we obtain local Artin maps ¢,: K* — Gal(£2/K,) and
¢, K* — Gal(£2'/Ky). The choice of an isomorphism 6: 2 — §2’ determines an iso-
morphism

p>6opos t:Gal(R2/Ky) — Gal(2'/Ky)

which is independent of 6. Moreover, its composite with ¢, is ¢;, (because it satisfies the
conditions characterizing ¢),). O

PROPOSITION 5.2 There exists a unique continuous homomorphism ¢ g : 1 — Gal(K?P/K)
with the following property: for any L C K® finite over K and any prime w of L lying
over a prime v of K, the diagram

KX —2 5 Gal(Lw/Ky)

| |

T 229K oL/ K)

commutes.

PROOF. Leta € I, and let L C K2 be finite over K. Ifa, € U, and Ly, / K is unramified,
the ¢, (ay) = 1 (see III, 1). Therefore, ¢, (ay,) = 1 except for finitely many v’s, and so we
can define

¢L/K(a) = 1_[ dv(ay).

(product inside Gal(L/K)). Clearly, ¢1,/ g is the unique homomorphism making the above
diagram commute.

If L" D L, then the properties of the local Artin maps show that ¢/ /x(a)|L =
¢1/k (a). Therefore there exists a unique homomorphism ¢: 1 — Gal(K ab/K) such that
¢(@)|L = ¢r /K (a) forall L C K?P, L finite over K.

Again, the properties of the local Artin maps show that, for any fields K € K’ C L C
K2 with L finite over K,

1S, 2% Gal(L/K')

1=

dL/K
I3 —= Gal(L/K)
commutes. On taking K’ = L, we find that Nmy, g (]I{) is contained in the kernel of ¢,/ k.

In particular, the kernel of ¢7,/ x contains an open subgroup of H‘IS; (Corollary 4.13), and this
implies that ¢ is continuous. a]

THEOREM 5.3 (RECIPROCITY LAW) The homomorphism ¢g:Ix — Gal(K*?/K) has
the following properties:
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@ ¢x(K*) =1;
(b) for every finite abelian extension L of K, ¢k defines an isomorphism

¢r/k: 1k /(K™ -Nm(IL)) — Gal(L/K).

We saw in the proof of the proposition that ¢z x (Nm(llz)) = 1, and so (assuming (a)
of the theorem) we see that ¢, /g does factor through I /K> - Nm(I ). Part (b) can also
be stated as: ¢ defines an isomorphism

¢r/k:Cx/Nm(Cr) — Gal(L/K).

EXAMPLE 5.4 Statement (a) of the theorem says that, forevery b € K>, [[ ¢y (b) = 1. On

applying this to the extension K [a%] / K under the assumption that K contains a primitive
nth root of 1, one obtains the product formula for the Hilbert symbol:

[@.b)y =1.

v

See (111, 4.8).

THEOREM 5.5 (EXISTENCE THEOREM) Fix an algebraic closure K of K ; for every open
subgroup N C C g of finite index, there exists a unique abelian extension L of K contained
in K¥ such that Nmy ;g Cp = N.

A subgroup of C g is a norm group if it is of the form Nm(C 1) for some finite abelian
extension L of K. The existence theorem shows that the norm groups are exactly the open
subgroups of finite index in C g. If N is such a group, then the finite abelian extension L
of K such that Nm(C ) = N, i.e., such that N = Ker(¢y k), is called the class field of
K belonging to N.

As stated, the Existence Theorem is valid for all global fields.

COROLLARY 5.6 The map L — Nm(C ) is a bijection from the set of finite abelian
extensions of K to the set of open subgroups of finite index in C g . Moreover,

LiCl, Nm(CLl) D Nm(CLz);
Nm(Cr,z,) = Nm(Cpr,)NNm(Cp,):
Nm(C 1,nL,) = Nm(Cpr,) -Nm(Cp,).

REMARK 5.7 (a) In the number field case, the map
dx:1x — Gal(K*/K).

is surjective. For an infinite prime v of K, write K& for the connected component of K
containing 1; thus K, is isomorphic to C* or Rs¢ according as v is complex or real.
Clearly [ ][00 K;F C Ker(¢k). By definition K* C Ker(¢g), and so K> - (I Tvjoo K C
Ker(¢x). But ¢ is a continuous homomorphism and Gal(K?"/K) is Hausdorff, and so
the kernel is a closed subgroup. Thus Ker(¢ ) contains the closure of K - (Hvl o KD Tt
is a theorem that this is precisely the kernel. The image of the closure of K* - (nvl 0o K
in C g is the connected component of C g containing 1.

For every finite abelian extension L of K, the Artin map defines an isomorphism
Ck/Nm(Cr) — Gal(L/K). When we pass to the inverse limit over L, we get an iso-
morphism with Gal(K®?/K) on the right, so the problem is to compute the inverse limit
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of the system Cg/Nm(Cp). The existence theorem shows that the groups Nm(Cp) are
exactly the open subgroups of finite index, so this is a problem in topology.

(b) In the function field case, the Artin map ¢x:Ix /K> — Gal(K?P/K) is injective,
but it is not surjective (its image is dense).

REMARK 5.8 Assume that the global Artin map ¢:1 — Gal(K?*’/K) contains K* in
its kernel. Then, for every finite abelian extension L/K, ¢y /x:1 — Gal(L/K) arises
(as in Proposition 4.7) from a homomorphism v: /¥ — Gal(L/K) admitting a modulus.
Moreover, because ¢ is the product of the local Artin maps, ¥ must be the ideal-theoretic
global Artin map (which therefore admits a modulus). It is a straightforward exercise to
derive Theorems 3.5 and 3.6 from their idelic counterparts, Theorems 5.3 and 5.5. We shall
prove Theorems 5.3 and 5.5 in Chapter VII

NOTES In his 1951 report Sur la théorie du corps de classes, Weil wrote:'?

La recherche d’une interprétation de Cy si k est un corps de nombres, analogue en
quelque maniere a I’interprétation par un groupe de Galois quand k est un corps de
fonctions, me semble constituer I’'un des problemes fondamentaux de la théorie des
nombres a I’heure actuelle; il se peut qu’une telle interprétation renferme la clef de
I’hypothese de Riemann. ..

For a discussion of this, see mo41296.

Example
LEMMA 5.9 The map

(r.t,(up)) — (rt,ruz,rus,rus,...):Q* x Ry x HZ; — Iy
is an isomorphism of topological groups (Q* with the discrete topology).
PROOF. Any idele a = (doo. a2, ...,dp,...) can be written

a=a(t,uz,us,us,...), ac€Q*, teRsg, upc Z;;

—take a = (sign(as))[] pordr(@r) 1 = q/a, up = ap/a. Moreover, the expression
is unique because the only positive rational number that is a p-adic unit for all p is 1.
The subsets

(1xUx [] Up

p finite

with U, U) open neighbourhoods of 1 in R, Q7, and U = Z, for all but finitely many
p’s, form a fundamental system of neighbourhoods 1 on the left, and also on the right.

Thus there is a canonical isomorphism of topological groups

Cg— Rog x 1_[ Z; = Rog x Z%.
p finite

13The search for an interpretation of Cj, when k is a number field, in some way analogous to its interpretation
as a Galois group when k is a function field, seems to me to be one of the fundamental problems of number
theory at present; perhaps such an interpretation contains the key to the Riemann hypothesis...
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Let
Q¥ = Q).

In this case, the global reciprocity map is the reciprocal of

¢:lg — 2% — Gal(Q¥°/Q),

where Ip — 7 is the above projection map, and 7x — Gal(Q<¢/Q) is the canonical
isomorphism (see I A.5c¢).

SUMMARY 5.10 Let K be an algebraic number field. There exists a continuous surjective
homomorphism (the reciprocity or Artin map)

ox:Ix — Gal(K*/K)

such that, for every finite extension L of K contained in K", ¢ g gives rise to a commuta-
tive diagram

Ix/K* —25 5 Gal(K™/K)

| [z

I/ (K* - Nm(IL)) 2255 Gal(L/K).

It is determined by the following two properties:
(@) ¢ k(u) = 1forevery u = (uy) € Ik such that
1) if v is unramified in L, then u,, is a unit,

ii) if v is ramified in L, then u, is sufficiently close to 1 (depending only on L/ K),
and

iii) if v is real but becomes complex in L, then u, > 0.

(b) For every prime v of K unramified in L, the idele

a=(,...,1,m,1,...), m aprime element of O,,
v

maps to the Frobenius element (p,, L/K) in Gal(L/K).

To see that there is at most one map satisfying these conditions, let @ € I g, and use the
weak approximation theorem to choose an a € K™ that is close to «,, for all primes v that
ramify in L or become complex. Then o = auf with u an idele as in (a) and B a finite
product of ideles as in (b). Now ¢ /g (@) = ¢1/x (B), which can be computed using (b).

For K = Q, the Artin map factors through {£} x I /Q*, and every element of this
quotient is uniquely represented by an element of Z* C1 7 Inthis case, we get the diagram
LS ¢
2~ = Gal(Q"/Q) === U, Qltn]

l lrestrict

@/mzy* ) G o)l /Q).

which commutes with an inverse. This can be checked by writing an idele « in the form
auf as above, but it is more instructive to look at an example. Let p be a prime not dividing
m, and let

Ol=p-(1,...,1,p_1’1"”)GZ.Hf=]If.
p
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Then
a=(p,....p,1,p,..) €L
P

has image [p] in (Z/mZ)*, which acts as (p, Q[{n]/Q) on Q[¢m]. On the other hand,
do(a) = ¢po((1,...,1, p71 1,...)), which acts as (p, Q[¢m]/Q) L.
p

EXERCISE 5.11 Show that, even when K is a number field, the idele class group of K has
subgroups of finite index that are not open.



Chapter VI

L-Series and the Density of Primes

Euler used the Riemann zeta function in rudimentary form to prove that there are infinitely
many prime numbers. In order to prove that the primes are equally distributed among
the different arithmetic progressions modulo m, Dirichlet attached L-series (regarded as
functions of a real variable) to a character of (Z/mZ)*. Riemann initiated the study of
the Riemann zeta function as a function of a complex variable. In this section, we shall
(following Weber) extend Dirichlet methods to the study of the distribution of the prime
ideals among the classes in a ray class group. Except for the definition of the ray class
group, this chapter is independent of the preceding chapters.

In this chapter, we shall need to use a little complex analysis. Recall that the power
series 1 +z + 22—2, + --- converges for all z € C to a holomorphic function, which is denoted
eZ. For every positive real number 7 and complex number z, n? is defined to be e(°87)Z,
where log is the natural log (function R->g — R inverse to e”).

1 Dirichlet series and Euler products

A Dirichlet series is a series of the form

f(s)=Z“(” an)eC, s=o+iteC.

ns
n>1

An Euler product belonging to a number field K is a product of the form
1

8(s) = 1:[ (1= 01 (p)Np=) -+~ (1 = 6a ()Np~)’

0;(p) e C, s5€eC,

in which p runs over all but finitely many of the prime ideals of Og.
EXAMPLE 1.1 (a) The Riemann zeta function is

(=Y~ =[]
p

n>1 l—p_s

It is known that the behaviour of {(s), especially in the critical strip 0 < J(s) < 1, is
related to the distribution of the prime numbers.

183
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(b) The Dedekind zeta function. For every number field K,
1 1
=L = i

a>0

Here Na = (Og : a). The sum is over the integral ideals in Ok, and the product is over
the prime ideals in Og.
(¢) A Dirichlet character is' a homomorphism

1™ — C*

whose kernel contains i (K1) for some modulus m, i.e., y is a character of the ray class
group Cy,. For such a character, the corresponding Dirichlet L-series is

_ x(@) _ !
ten= 2 e L e

aCOk, (m,a)=1 (m,p)=1

(d) A Hecke character (or Grissen character) is a continuous homomorphism
lﬂ: I K / K* - C*

with image in the unit circle. If it is 1 on the identity components of [ ¢ at the infinite primes,
then it factors through Cy, for some m, and is a Dirichlet character; conversely, a Dirichlet
character defines a Hecke character with discrete image. A Hecke character will take the
value 1 on some set ]_[v¢ s Uy (S a finite set of primes containing the infinite primes), and
the corresponding Hecke L-series is

Ls(s,v) =[]

véS

1
1 — ¢ (my)Npys’

where m,, is an idele with a prime element in the v-position and 1 elsewhere.
(e) Let L be a finite Galois extension of K with Galois group G. Let V be a finite
dimensional vector space over C and let

0:G — GL(V)

be a homomorphism of G into the group of linear automorphisms of V. We refer to p as a
(finite-dimensional) representation of G. The trace of p is the map sending o to the trace
of the automorphism p(c) of V. For o € G, let

dim V
Po(T) £ det(1 = p(@)T | V) = [ 1 ~ai(@T).  aieC.

i=1

be the characteristic polynomial of p(c). Because Py (7T) depends only on the conjugacy
class of o, for every prime p of K unramified in L, we can define P,(T) to be the char-
acteristic polynomial of (3, L/K) for any prime B3 of L dividing p. The Artin L-series
attached to p is

1 1
Heo= 1:[ Py(Np—) 1:[ (1= a1 (®Np=) - (1 = dgimy (F)NP~)

(product over all unramified primes of K; a; (p) = a; ((B, L/K))).

In the case K = Q and m = oo(m), so that Cyy = (Z/mZ)>, these characters and L-series were
introduced by Dirichlet. For arbitary ray class groups, they were introduced by Weber. Some authors (including
sometimes this one) restrict the terms “Dirichlet character” and “Dirichlet L-series” to the case Q and refer to
the more general objects as “Weber characters” and “Weber L-series”. Dirichlet used L to denote his L-
functions, and the letter has been used ever since.
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2 Convergence Results
We study the elementary analytic properties of Dirichlet series and Euler products.

Dirichlet series

PROPOSITION 2.1 Let

o=y

n>1

Write S(x) = ), -, a(n), and suppose that there exist positive constants a and b such that
|S(x)| < ax? for all large x. Then the series f(s) converges uniformly for s in

D(b,8,e) ={N(s) >b+4, |arg(s—b)| < g — ¢}
for all §, & > 0, and it converges to an analytic function on the half plane R(s) > b.

PROOF. Since every point s with 3%i(s) > b has a neighbourhood of the form D(b,é, ¢),
the second part of the statement follows from the first. To prove the first, we use Cauchy’s
criterion for uniform convergence. For large integers n1 < np,

2 a(n)
>

_ i s(n) —s(n—1)

ns
n=ni ni
B i s(n) "22‘1 s(n)
B ns (n+ 1)
ni ni—1

_|s(n2) s —1) 2l 1 1
- 2o (- Gay)

ny—1

ls(n2)| | Is(ny— 1) mtodr
- + Y + Z ls(n)| |s prEa
2 1 ni n
no—1 n+1
a a b dt
= na—b + na—b + Z |S|an / ts+1
2 1 ni n

no—1

2a
na—b + Z |s|a
1 ni

A

/n+1 lbdl
n [S+1

- 2a *©dt
= Tkl Tam
1 ni
2a Isla 1 |
= oh o—b
n‘l7 o—bt n
2a |s|a
=<

But for s € D(b, 6, ¢),
s |s—b+b| |s—0b| b 1 b 1 b
= < —+

oc—b o—b T o-b O'—b_COSQ+O'—bSCOSQ+8
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with 6 = arg(s — b). Now because [0]| < T —&, ﬁ is bounded by some number M, and

SO
<X a(n) 2a (M + %)a
Z ns | — ,0-b + o—b
n=nq ny ny

The right hand side of this equation tends to zero as n; — 00, and so we can apply Cauchy’s
criterion to deduce the uniform convergence of f(s). o

REMARK 2.2 (a) For the Dirichlet series {(s), S(x) is [x], and so the series of {(s) con-
verges for M (s) > 1. For (g (s), S(x) is the number of integral ideals in K with numerical
norm < x. It is obvious that S(x) is finite, but in fact (see 2.8 below) S(x) < Cx. There-
fore the series for g (and for L(s, y)) converge for R (s) > 1. (It is also possible to show
directly that the Euler products converge for M (s) > 1, which implies that the Dirichlet
series converge. See Frohlich and Taylor 1991, VIII, 2.2.)

(b) Let f(s) = >_ %’;) be a Dirichlet series with a(n) > 0. If f(s) converges for all s
with M (s) > b, but does not converge on the half-plane {s | R(s) > b — ¢} for any ¢ > 0,
then f(s) — oo as s — 1 through real numbers > 1. i.e., the domain of convergence of
f(s) is limited by a singularity of f situated on the real axis. (See Serre 1970, III, 2.3.) For
example, the series for ¢(s) does not converge on any half-plane 9i(s) > 1 — ¢, & > 0, and,
as we shall see, {(s) does have a pole at s = 1.

LEMMA 2.3 The zeta tunction ¢ (s) has an analytic continuation to a meromorphic function
on N (s) > 0 with its only (possible) pole at s = 1.

PROOF. Define
1 1 1
Zz(s)_l_z_s—i_:;_s_ﬂ_{—

For this Dirichlet series, S(x) = 0 or 1, and so {»(s) is analytic for s > 0. Note that

T B T B S B
st gtpt ) 2statat ) =l-5tm -t

3S 2S 6S 2S 3S 4S
that is, 5
() = 2286) = 5a(6),
. £(5)
S
66 = T g

Thus ¢ (s) is analytic for 9% (s) > 0 except possibly for poles where 2°~! = 1. But
2Pl =1 = 08D6-D = | — (log2)(s — 1) = 2kni,

and so {(s) is analytic except possibly at

2kmi
s=1+2" rewm
log 2

In fact, the only possible pole is s = 1. To see this, define

1 2 1 1 2
§3(S)_1+2_s_3_s+_+5_s_5+
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and observe (as for {»(s)) that {3(s) is analytic for s > 0, and

§3(s)
() =131
Hence ¢ (s) is analytic for s > 0, except possibly for poles at
ki
s=1 .
log3
Thus, at a pole for {(s), we must have
ki 2k'mi
log2  log3’
or
K =3k kK el
Because of unique factorization, this is possible only if k = 0 = k. O

LEMMA 2.4 Fors real ands > 1,

1
=) =1+—:-.
s —1 s—1
Hence {(s) has a simple pole at s = 1 with residue 1, i.e.,

1
L(s) = 1 + function holomorphic near 1.
S —

PROOF. Fix an s > 1, s real. By examining the graph of y = x™%, one finds that

o0 o0
/ xPdx <t(s) <1 —I—/ xPdx.
1 1

o0 1—s
_ X
/ xSdx =
1 1—s

which gives the inequalities. Because ¢ (s) is meromorphic near s = 1,

But o
B 1

1 s —1

_ g(s)
() =G T oy

near s = 1 for some m € N, ¢ € C, and g(s) holomorphic near s = 1. The inequalities
imply thatm = 1 and ¢ = 1. a]

PROPOSITION 2.5 Let f(s) be a Dirichlet series for which there exist real constants C and
b, b < 1, such that

|S(n) —apn| < Ccnb.
Then f(s) extends to a meromorphic function on R(s) > b with a simple pole at s = 1
with residue ag, i.e., near s = 1
f(s) = a_ol + holomorphic function
S J—

nears = 1.

PROOF. For the Dirichlet series f(s) — aol(s), we have |S(n)] < Cn®, and therefore
f(s) —aopl(s) converges for Ji(s) > b. O
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Euler products

Recall that an infinite product [[p— (1 4 by), by € C, b, # —1, is said to converge if the
sequence of partial products

m
My = [T+ b0)
n=1
converges to a nonzero value. Moreover, the product is said to converge absolutely if

[Th=; 1 + |bn| converges. A product [];=; 1 + b, converges if it converges absolutely, in
which case, any reordering of the product converges (absolutely) to the same value.

LEMMA 2.6 The product [[3° 1 + by, converges absolutely if and only if the series Y_ by
converges absolutely.

PROOF. We may suppose that b, > 0 for all n. Then both [T, o [17' 1 + by and Zp, &
Z'I" by, are monotonically increasing sequences. Since [T, > X,,, it is clear that X,
converges if IT,, does. For the converse, note that

m m
e*m =T]e" =[]0 +b) =y

i=1 i=1

and so, if the sequence X, converges, then the sequence I1,, is bounded above, and there-
fore also converges. O

Recall that a product of finite sums, say,
I m n
> ) (30 (4]
i=1 i=1 i=1

is a sum

Z aibjcy

1<i<l
1<j<m
1<k<n

of products, each of which contains exactly one term from each sum. Recall also that

1 2
ﬁ=1+t+t + e lt] < 1.

Hence (formally at least),

] 1_ =(1+27+2) 7+ I +35 4+ )+ A +55+ G+ )
1—p—s

p
-y
because each positive integer can be written as a product of powers of primes in exactly one

way. This identity is sometimes referred to as the analytic form of unique factorization. We
now prove a more general result.

PROPOSITION 2.7 Let x be a Dirichlet character of a number field K. For all s with
N(s) > 1, the Euler product prm W)Nr‘ converges to L(s, y).
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PROOF. For N(s) > 1,

1 2
S )((ps)Jr X(pz)s+_“
1 — x(p)Np Np* — (Np?)
Now | @
xua
1_[ _ —s = Z —s’
iy L= )N N(a)
Np=<to

where the second sum runs over all integral ideals expressible as a product of prime ideals
with numerical norm < t3. As t9p — o0, the right hand side converges (absolutely) to
L(s, x). Therefore the infinite product converges, and its value is L(s, y). o

Partial zeta functions; the residue formula

Let K be a number field, let m be a modulus. For every class £ in Cy, & m Ji(Km,1), we
define the partial zeta function

1
£(s, 8 = Z Na® (sum over the integral ideals in £).

a>0,act

Note that for every character y of Cp,,

L(s.0) = Y x(®)¢(s.b).

teCyy

In particular,

Cr(s) =) L(s,0).

teCy,
Therefore, knowledge of the (s, t) will provide us with information about L(s, y) and
K (5).
Let

S(x,¢t) = |{a € ]| aintegral Na < x}|,

i.e., it is the S(x) for the Dirichlet series {(s, £). Recall from ANT, Chapter 5, p. 87 that
there is a homomorphism

I:U - R, uwes (logloi(w)l,....2log|or+s(u)])

whose kernel is the torsion subgroup of U and whose image is an r + s — 1 dimensional
lattice. The regulator reg(K) is defined to be the volume of a fundamental parallelopiped
for this lattice. Let Uyn,1 = U N Kn,1. Then Uy, has finite index in U, and we define
reg(m) to be the volume of the fundamental parallelopiped for /(Uy,1). Thus

reg(m) = reg(K)(U : U(m)).
PROPOSITION 2.8 Forall x > 1,

2" (2m)’ reg(m)

_1
IS(x,8) — gmx| < Cx'"4, gn = T
wuN(m)[Ag/gl2

d =[K:Q],
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where

r = number of real primes,
s = number of complex primes,
Wy = number of roots of 1 in Ky, 1,
N(m) = N(mp)2",
ro = number of real primes in m , and

Ak = discriminant of K /Q.

PROOF. First show that there is an integral ideal bg € £~!. Then for every a € £, a integral,
abg = (@), some @ € Og. Now S(x,£) is the number of principal ideals () such that
o € bopN Ky,1 with | Nm(«)| < xN(bg). Now count. The techniques are similar to those in
the proof of the unit theorem. For the details, see Lang 1970, V1.3, Theorem 3. (A slightly
weaker result is proved in Janusz 1996, IV.2.11). O

COROLLARY 2.9 The partial zeta function (s, £) is analytic for R(s) > 1 — % except for
a simple pole at s = 1, where it has residue g,.

PROOF. Apply Proposition 2.5. u]
Note that gy, does not depend on €.

LEMMA 2.10 If A is a finite abelian group, and y: A — C* is a nontrivial character (i.e.,
homomorphism not mapping every element to 1), then

Z x(a) =0.

acA

PROOF. Because y is nontrivial, there is a b € A such that y(b) # 1. But

D x@) =" xab) = (O x(@)x(®).

acA acA

and so

(x(®) =1 x(a) =0,

which implies that ), x(a) = 0. o
COROLLARY 2.11 Ify is not the trivial character, then L (s, y) is analytic for 9i(s) > 1—%.

PROOF. Nears =1,

L(s,) = Y x(®)-L(s.t) =

teCpy,

4
M + holomorphic function,
5 —

1

and the lemma shows that the first term is zero. o

Later we shall see that L(1, y) # 0.
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COROLLARY 2.12 The Dedekind zeta function (g (s) is analytic for R(s) > 1 — % except
for a simple pole at s = 1, where it has residue

2" (2m)S reg(K)h
wg|A|2

PROOF. Recall that (g (s) = ) yec, $(5, ). o

EXAMPLE 2.13 (a) For K = Q, the last formula becomes 1 = %
(b) For K = Q[\/E ], the formula becomes

ﬂo;i(“)h K u > 1 a fundamental unit ,d > 0
lim (s — g (s) = a2
lim (s = Dk (5) S he. d<o

wi|A|2

It is possible to find a closed formula for the expression on the left, and this leads to a very
simple expression for the class number. Recall that the Artin map for K/Q can be regarded
as a character y: IS — {#1}, where S is the set of primes that ramify. Rather than a map
on ideals, we regard it as a map on positive integers, and we extend it to all positive integers
by setting y(m) = 0 if m is divisible by a prime that ramifies in K. Thus y is now the
multiplicative map on the set of positive integers taking the values

1 if psplitsin K
x(p) =4 —1 if p remains prime in K
0 if p ramifies in K.

For an imaginary quadratic field with discriminant < —4, the formula becomes

1
hg = — .
k=370 (x%::l x(x)

0<x<|A|/2

For example, if K = Q[+ —5], then |A| = 20, and

:
h= 5 () + 26) + XD+ xO) = 5 =2

because 2 ramifies, and
—5=1=1% mod 3, —5=2=3% mod7.

See Borevich and Shafarevich 1966, Chapter 5, Section 4, for more details.

3 Density of the Prime Ideals Splitting in an Extension

For a set T' of prime ideals of K, we define {x 7(s) = HpeT #p*s- If some positive
integral power (g, 7(s)" of {k 1 (s) extends to a meromorphic function on a neighbourhood
of 1 having a pole of order m at 1, then we say” that T has polar density §(T) = m/n.

2Following Marcus 1977, p. 188; or p. 134 in the second edition.
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PROPOSITION 3.1  (a) The set of all prime ideals of K has polar density 1.
(b) The polar density of every set (having one) is > 0.
(c) Suppose that T is the disjoint union of Ty and T,. If any two of T', T1, T, have polar
densities, then so also does the third, and §(T') = 6(T1) + 8(T3).
(d) IfT C T’, then §(T) < §(T’) (when both are defined).

(e) A finite set has density zero.

PROOF. (a) We know that (g (s) itself extends to a neighbourhood of 1, and has a simple
pole at 1.
(b) To say that 7" has negative density means that {x 7(s) is holomorphic in a neigh-
bourhood of s = 1, and is zero there. But {x 7(1) = ]_[PGT # > 0.
(c) Clearly,
Sr,1(s) = Ck,1y () - Ck, 15 (5).

Suppose, for example, that {x 7(s)™ and g 1, (s)™' extend to meromorphic functions in
neighbourhoods of 1, with poles of order n and n; at 1. Then

(k1 ()™M = Cr ()" [k, (5)™T

extends to a meromorphic function in a neighbourhood of 1, and has a pole of order mn —
mnq at 1. Therefore

min mni

mmi mmi

§(T2) =

= 8(T) — 8(T>»).

(d) Combine (c) with (b).
(e) Obvious o

PROPOSITION 3.2 IfT contains no primes for which Np is a prime (in Z), then §(T') = 0.

PROOF. Forp € T, Np = p/ with f > 2. Moreover, for a given p, there are at most
[K : Q] primes of K lying over p. Therefore (g 7(s) can be decomposed into a product

sz=1 gi(s) of d infinite products over the prime numbers each factor of a g; (s) being 1 or
of the form 5 lpf with f > 2. Foreachi, g;(1) <) ,., n~2 = {(2). Therefore g; (s) is

holomorphic at 1. u]

COROLLARY 3.3 Let Ty and T, be sets of prime ideals in K. If the sets ditfer only by
primes for which Ny is not prime and one has a polar density, then so does the other, and
the densities are equal.

THEOREM 3.4 Let L be a finite extension of K, and let M be its Galois closure. Then the
set of prime ideals of K that split completely in L has density 1/[M : K].

PROOF. A prime ideal p of K splits completely in L if and only if it splits completely in
M 3 Therefore, it suffices to prove the theorem under the assumption that L is Galois over

3Here’s an explanation of the statement that a prime splits completely in an extension L if and only if it
splits completely in its Galois closure. If a prime splits completely in L, then it splits completely in every
conjugate L’ of L, so it becomes a question of showing that if a prime splits completely in two fields L and L’
then it splits completely in their composite. This follows easily (for example) from the criterion that a prime p
in K splits completely in L if and only if L ® ¢ K}, is a product of copies of K}, (the composite LL’ is a direct
factorof L @ g L').
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K. Let S be the set of prime ideals of K that split completely in L, and let T be the set
of prime ideals of L lying over a prime ideal in S. Corresponding to each p in S, there
are exactly [L : K] prime ideals ‘B in 7', and for each of them Nmy ;g B = p, and so
N = Np. Therefore, {1, 7(s) = {k.s (s)[L:K1 But T contains every prime ideal of L that
is unramified in L/K for which N3 = p. Therefore T differs from the set of all prime
ideals in L by a set of polar density 0, and so 7 has density 1. This implies that {x s (s)
has the property signifying that S has density 1/[L : K]. o

COROLLARY 3.5 If f(X) € K[X] splits into linear tactors modulo p for all but finitely
many prime ideals p, then f splits into linear factors in K.

PROOF. Apply the theorem to the splitting field of f. &)
COROLLARY 3.6 (BAUER 1916) For Galois extensions L and M of a number field K,
LCM < Spl(L) D Spl(M).

Hence
L=M < Spl(L) = Spl(M),

and
L — SpI(L)

is an injection from the set of finite Galois extensions of K (contained in some fixed alge-
braic closure) to the set of subsets of {p C Ok}.

PROOF. See the proof of (V 3.25). o

EXAMPLE 3.7 Let f(X) be an irreducible polynomial of degree 3. The density of the set
of primes p for which f(X) splits modulo p is 1/3 or 1/6 depending on whether f(X) has
Galois group C3 or S3.

COROLLARY 3.8 For every abelian extension L /K and every finite set S D Soo of primes
of K including those that ramify in L, the Artin map ¥y, /g 1 S — Gal(L/K) is surjective.

PROOF. Let H be the image of Y1 k. Forallp ¢ S, (p, LH/K) = (p, L/K)|LH =1,
which implies that p splits in L. Hence all but finitely many prime ideals of K split in
LH  which implies that [L# : K] = 1. 0
4 Density of the Prime Ideals in an Arithmetic Progression
Let f(s) and g(s) be two functions defined (at least) for s > 1 and real. We write
fls)~g(s)  ass |l

if f(s) — g(s) is bounded for

l<s<1+e¢g, sreal somee > 0.

Note that

f(s) ~ dlog ass | 1

S —
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implies
lim /) =34
531 log ﬁ

When f(s) and g(s) are functions holomorphic in a neighbourhood of s = 1 except possi-
bly for poles at s = 1,

fls)~g(s)  ass |l

if and only if f(s) and g(s) differ by a function that is holomorphic on a neighbourhood of
1.
Let T be a set of primes of K. If there exists a § such that

1 1
ZNpswglogs—l ass | 1,

peT

then we say that T has Dirichlet density §.

If the limit .
. number of p € T with Np < x
11m

x—oo  number of p with Np < x

exists, then we call it the natural density of T .

PROPOSITION 4.1  (a) If the polar density exists, then so also does the Dirichlet density,
and the two are equal.
(b) If the natural density exists, then so also does the Dirichlet density, and the two are
equal.

PROOF. (a) If T has polar density m/n, then

“a_ g(s)

(ko (s)" = G T G

where g(s) is holomorphic near s = 1. Moreover, a > 0 because (g, 7(s) > 0 fors > 1
and real. On taking logs (and applying 4.3), we find that

1 1
n;N—psfvmlogs_lassil,

which shows that 7" has Dirichlet density m/n.
(b) See Goldstein 1971, p. 252. o

REMARK 4.2 (a) A set T may have a Dirichlet density without having a natural den-
sity. For example, let 7" be the set of prime numbers whose leading digit (in the dec-
imal system) is 1. Then T does not have a natural density, but its Dirichlet density is
logo(2) = -3010300. .. (statement in Serre 1970, VI, 4.5). Thus it is a stronger statement
to say that a set of primes has natural density § than that it has Dirichlet density 5. All of
the sets whose densities we compute in these notes will also have natural densities, but we
do not prove that.

(b) By definition, polar densities are rational numbers. Therefore every set having a
natural density that is not rational will not have a polar density.
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Recall that the exponential function
z Zn X .. .
e ZZF =e*(cosy +isiny), z=x+1iy,
defines an isomorphism from
{zeC|—n <3(z) <7}
onto the complement of the negative real axis
{zeR|z <0}

in C whose inverse is, by definition, the (principal branch of) the logarithm function log.
With this definition
logz =log|z| +1iargz,

where the log on the right is the function defined in calculus courses and
- <argz < m.

With this definition

i 2] <1
=z+ =4+ =—4---, z .
l1—z 2 3

log

LEMMA 4.3 Letuy,u,,... be a sequence of real numbers > 2 such that

o0

O] s

1—u-
j=1 J

is uniformly convergent on each region D(1,6,¢),§,& > 0. Then
1
log f(s) ~ ZE ass | 1.

PROOF. We have

1
—S
l—uj

log f(s) = ) log
Jj=1

1 =1
-y leyy
i j m=2"""]
1
= 5 +20,
u
i
where
gOI= DD || =D ) e 0 =),
j=1m=2 J j=lm=2""J
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Estimate the inner sum by using (v > 2,0 > 1)

i 1 <i1 1\" 1 1 )] u=2 _ !
ol = = —-u - — = - —.
mumo ~ 2 \u° 2\1—-u—"° 21—u—° y2°

g(s)] = f(20).

Because f(s) is holomorphic for R(s) > 1, f(2s) is holomorphic for Ji(s) > %, and so
g(o) isbounded as o | 1. a)

PROPOSITION 4.4 (a) The set of all prime ideal of K has Dirichlet density 1.
(b) The Dirichlet density of any set (having one) is > 0.
(¢) IfT is finite, then §(T) = 0.

(d) Suppose that T is the disjoint union of Ty and T». If any two of §(T1), 6(T2), 6(T)
are defined, so is the third, and §(T) = §(T1) + 8(T3).

() IfT C T', then 8(T) < §(T') (assuming both are defined).

PROOF. (a) The set of all primes ideals even has polar density 1.

(b) For s > O real, @ > 0,and fors = 1 + ¢, log S_Ll = —log &, which is positive for
O<e<l.

(c) When T is finite, ZpeT NLPS is holomorphic for all s and hence bounded near any
point.

(d) Clearly

1 1 1
Z Nps = Z Nps + Z Np*s %(S) > 1.

peT peT] peT>

Therefore, if, for example,

1 1 1 1
Z ~ 51 log s Z ~ 82 log ,
oeT, Nps s—1 oy Np*$ s—1

then

1
> Np* (81 + 82) log

peT
(e) If both §(T') and §(T"') exist, then so also does §(7’ ~. T'), and

s_.

()

sy — 81 L sar' 1) Lo, .

PROPOSITION 4.5 Let T be the set of prime ideals of K having degree 1 over Q, i.e., such
that the residue class degree f(p/p) = 1. Then §(T) = 1.
PROOF. The complement of 7" has polar density 1 (Proposition 3.2) o

COROLLARY 4.6 LetT be as in the Proposition. For every set S of primes of K having a

Dirichlet density
(T NS)=468(S).
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PROOF. The complement 7’ of T has density 0, and it follows easily that §(S N 7") = 0.
Because S is the disjoint union of S N 7 and S N 7", this implies that §(S N T') is defined
and equals 5(S). 0

LEMMA 4.7 Let A be a finite abelian group, and leta € A. Then

Z x(a) = 0.

XEAY
Here AV is the group of characters of A, i.e., AY = Hom(A4, C*).

PROOF. If a = 1, then y(a) = 1 for all y, and so the statement follows from the fact that
AY has the same number of elements as A (it is in fact noncanonically isomorphic to A). If
a # 1, there is a character y; such that y{(a) # 1. Then

Y@= (uo@= Y x@x@=yx@ Y xa).

X€EAY XEAY XEAY XEAY

Since x1(a) # 1, this implies that ) _, 4 x(a) = 0.
Alternatively, identify A with AY" by means of the isomorphism

a> (x> x@):A— (4")",
and apply (2.10). O
THEOREM 4.8 Letm be a modulus for K, and let H be a congruence subgroup for m:
I™ D H Di(Km,1).
Then

S(p € HY) = 1/(15 : H) if L(1, y) is nonzero for all characters y # yo of IS(™ /H
P 10 otherwise.

PROOF. Let y be a character of /™ trivial on H, and let

1
Hon=l e

Then the argument in the proof of (4.3) shows that

x(p)
Np*

log L(s, ) = )

ptm

is holomorphic for N(s) > % In particular,

1)
Np*$

log(L(s, 1)) ~ Y .

ptm

ass | 1.

But (see 4.7)
h peH
3 1) = {
X 0 p¢H,
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and so, on summing over all y, we find that

1
ZlogL(s,)()fthNps ass | 1.
be

peH

If x # o, then L(s, x) is holomorphic near s = 1, say L(s, x) = (s — 1) g(s), where
m(yx) > 0and g(1) # 0. Thus

1
log L(s, x) ~ m(y)log(s — 1) = —m(y) log T

If x = yxo,then L(s, x) = Lk (s)/ lem #p_s, and so

log L (s, yo) ~ log (kg (s) ~ log ass | 1.
S p—
On combining these statements, we find that
hY No™~ (1= ) m()log —,

peH XF X0

and hence

S(tp < 1y = Zxtn )

This shows that §({p € H}) = %if L(1,y) # Oforall y # yo,and6({p € H}) =0
otherwise (and at most one L(s, y) can have a zero at s = 1, and it can only be a simple
ZEero). o

The Second Inequality

THEOREM 4.9 For every Galois extension L of K and modulus m of K,
(I5®™ - i (K1) - Nm(I5™)) < [L : K].

PROOF. Let H = Nmy g I}" - i(Km,1). From Theorem 4.8, we know that 6({p € H}) =
1/(I5 m . g ) or 0, and that the first case holds exactly when, for all nontrivial characters
yof IS/H, L(1, y) # 0.
If p splits in L, i.e., f(P/p) = 1 for all P|p, then p is the norm of any prime ideal of
O lying over it, and so {p € H} contains the set of prime ideals splitting in L. Hence,
Theorem 3.4 shows that
S{pe HY) = [L: K]7" #0.

On combining the two statements we find
(@) é({pe H}) #0;
(b) that for all nontrivial characters y of IS /H, L(1, x) # 0;
(© (IS:H)=5({peH) " <[L:K]. 0

COROLLARY 4.10 Let y be a nontrivial character of Cy,, and suppose that there is a Galois
extension L of K such that Nmy /g Cn, 1 C Ker(y). Then L(1, y) # 0.
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PROOF. This was shown in the course of the proof of the theorem. o

The Existence Theorem (Chapter V, 3.6) implies that the hypothesis of the corollary
holds for all y. It is possible to prove that L(1, y) # 0 without using class field theory, but,
at this point we prefer to return to class field theory. We shall complete the proof of the
Chebotarev Theorem in Chapter VIII






Chapter VII

Global Class Field Theory: Proofs of
the Main Theorems

J’ai revu un peu la théorie du corps de classes,
dont j’ai enfin limpression d’avoir compris
les énoncés essentiels (bien entendu, pas les
démonstrations!)

Grothendieck, letter to Serre, 19.9.56.!

In this chapter we prove the main theorems of global class field theory, namely, the
Reciprocity Law and the Existence Theorem (Theorems 5.3 and 5.5 of Chapter V), follow-
ing the method of Tate 1967 (see also Artin and Tate 1961). Throughout, we work with
ideles rather than ideals.

This chapter is independent of Chapter VI, except that Theorem 4.9 of Chapter VI can
be used to replace Section 6. We shall need to refer to Chapter V only for the definitions of
the idele class group and the the definition of the global Artin map ¢: 1 — Gal(L/K) as the
“product” of the local Artin maps (Section 5). On the other hand, we shall make frequent
use of the results in Chapters II and II1.

We use the notation from Chapter V (especially p. 169). In particular, | - |, denotes the
normalized absolute value for v (for which the product formula holds).

1 Outline

Let L/ K be a finite Galois extension of number fields with Galois group G. The id¢le class

group C 1, & 1/ L plays the same role for global class field theory that the multiplicative
group L™ plays for local class field theory. In particular, when L/K is abelian, we shall
prove that there is a isomorphism

¢:Cg/Nmp/g(CL) —> G

'T have been reviewing a little class field theory, of which I finally have the impression that I understand
the main results (but not the proofs, of course!)

201
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whose local components are the local Artin maps, i.e., such that for any prime v of K and
prime w of L lying over it, the following diagram commutes,

KX~ Gal(Lw/Ky)

| |

Ix —2— Gal(L/K),
where ¢, is the local Artin map of Chapters I and III.
According to Tate’s theorem (3.11, Chapter II), to obtain such an isomorphism, it suf-
fices to prove that, for every finite Galois extension L /K with Galois group G,

(@ H'(G.Cr)=0;

(b) H%(G, C 1) is cyclic of order [L : K] with a canonical generator u, /K>

(c) if E D L D K are two finite Galois extensions of K, then Res(ug/x) = ug/r.
The isomorphism ¢y /g is then the inverse of that defined by uy /x,

H7%(G,Z) — HX(G,Cp).

Once the fundamental class u; /g has been shown to be compatible with the local funda-
mental classes, ¢ /g will be a product of the local Artin maps.

In fact, we adopt a slightly different approach. We shall define the global Artin map
Ckx — Gal(L/K) to be the “product” of the local Artin maps, and we shall use results
slightly weaker than (a) and (b) to deduce that it has the correct properties.

In Section 2, we express the cohomology of the ideles in terms of the cohomology of
the local fields,

H%(G, 1) = Ig;
H{(G.Ip) =~ P HF (G, LY)

(sum over the primes v of K; for some choice of a prime w|v, GV is the decomposition
group of w and LY = L4,). After computing the Herbrand quotient of the group of S-units
in Section 3, we prove the first inequality,

for any cyclic extension L/K, (Cg : Nmy,x Cr) > [L : K],
in Section 4. We also prove in Section 4 that, for any abelian extension, the Galois group is
generated by the Frobenius elements. In Section 5 we state the theorem,

For every Galois extension L/K of number fields, (a) (Cx : Nmy g Cp) <
[L : K] (second inequality); (b) H'(G,C 1) = 1; (c) H*(G, C 1) has order
<[L:K].
and we prove it using Theorem 4.9 of Chapter VI. In the following section, we give a
different proof of the theorem that avoids the use complex analysis.

After some preliminaries on Brauer groups, in Section 7 we complete the proof of the
reciprocity law by showing that, for every abelian extension L /K, K™ is contained in the
kernel of ¢7/x : Ik — Gal(L/K). Because we already know that Nmy /g (I1) is con-
tained in the kernel of ¢,/ and that ¢,k is surjective (because Gal(L/K) is generated
by the Frobenius elements), the second inequality implies that ¢7 / x is an isomorphism.

We prove the Existence Theorem in Section 9 by showing the every (open) subgroup of
finite index in C g contains the norm group of some subextension of the extension obtained
by first adjoining a root of unity to K and then making a Kummer extension.
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To some extent, the cyclic cyclotomic extensions of K play the same role as the unram-
ified extensions of a local field. For example, a key point in the last step of the proof of the
Reciprocity Law is that every element of Br(K) is split by a cyclic cyclotomic extension.

2 The Cohomology of the Ideles

Let L/K be a finite Galois extension of number fields with Galois group G. Recall that
o € G acts on the primes w of L lying over a fixed prime v of K according to the rule
|oalgw = |a|w. Therefore o is an isomorphism of valued fields

(L. [ lw) = (L.] low).

and so extends to the completions: there is a commutative diagram

Lw L> Law
e e
L—2— L.
Fix a prime v of K, and let wg be a prime of L lying over v. The map o — owq defines
a bijection
G/ Guy = {wlvj,
where Gy, is the decomposition group of wy.

We wish to extend the action of G on L to an action of G on [],,,, Lw- Recall (ANT,
8.2) that the map

a®b > (iw(@h)y, Lok Ky > [] | Lu

wlv

is an isomorphism. The group G acts on L ® g K, through its action on L, and we use the
isomorphism to transfer this action to [ [,, jv Lw. Thus,

(a) the elements of G acts continuously on ]—[w‘v Ly;

(b) all elements of the form (a, . ..,a), a € Ky, are fixed by G;

(¢c) foreverya e L,a(...,iy(a),...)=(..,iy(0a),...).

These conditions determine the action uniquely (in fact, (a) and (c) determine it because

K is dense in Ky).

LEMMA 2.1 Foro € G anda = (a(w)) € [[y Lw,

(ca)(w) = o™ w)). (%)

PROOF. The rule () does define a continuous action of G on [ Ly, and so it suffices to
check that it satisfies (b) and (c). Condition (b) is obvious. For (c), let a(w) = iy(a),
a € L. Then (by (%))

(ca)(w) = G(ia_lw (a)).
When we replace w with o~ !w in the commutative diagram above, we obtain the formula
0 0ls—1, = iy o 0. Therefore

(ca)(w) = iy(0oa),

as required. o
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In more down-to-earth terms, (ca)(cw) = o(a(w)): if « has the element a in the
w-position, then o« has the element oa in the ow-position.

Note that the action of G on [],,,, Lw induces an action of G on the subsets [ [,,,, Ly,
and [ [,y Uw of [y Lw-

PROPOSITION 2.2 Choose a wo|v, and let Gy, be its decomposition group. For o €
lev Ly and 0 € G, define fy(0) = o(a(c wg)). Then fy € Indng(Lwo), and
the map

o> for [ [ Lw — Indng (L)

wlv
is an isomorphism of G -modules. Similar statements hold with L,, replaced with L and
with Uy,.
PROOF. Recall (II 1) that
IndgwO (Lwo) ={f:G = Ly, | f(po) = pf(o), all p € Gy}

and that T € G actson f € Indgw0 (L) according to the rule (tf)(0) = f(ot). For

IOe GU)()’ 1

falpo) = po(a(c™ p~ we)) = po(a(c ™ wy)) = pfa(0),

and so fy € Indng (Lw,)- Moreover,
(0fa)(0) = fulor) = ot(a(t™ 0 wo)) = o(ra) (0™ wo) = fra(0),

and so @ — fy is a homomorphism of G-modules []
G
fe Inde0 (L), set

wlv

Ly — Indng(Lwo). Given

arw) =o(fle™"). w=owo.
Then f + o is aninverse to o > fq. o
PROPOSITION 2.3 Forallr,

H" (G g L) = H" (Gug. L.

In particular,
HO(Gv lev L1>1(;) = K1>)(

Similar statements hold with L} replaced with Uy,.
PROOF. We have
H (G Ty L)) = H’(G,Indgwo L%) = H" (Guw,. LY,)

by Shapiro’s lemma (II, 1.11). |
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REMARK 2.4 The group H" (G, Ly,) is independent of the prime wo dividing v up to
a canonical isomorphism, for let w be a second such prime. Then we can write w = owy,
and we have a compatible pair of isomorphisms

‘L’I—)U‘L’O'_IIGwO — Gy, x>0 'x:Ly — Ly,
and hence isomorphisms
H" (Gy, L) = H" (Gy,, L;;O)

for each r (see II, §1).

If w = 0’wo, then 6’ = ot with © € Gy,,. The maps defined by o and o’ differ by
the automorphism of H" (G, L,,) defined by 7, which is the identity map (II, 1.27d).
Therefore H" (G, Ly,,) and H" (G, Ly,) are canonically isomorphic. This suggests the
following notation: choose a prime w|v and set,

Gv:Gw, Lv:Lw, Uv:Uw.

These objects are defined only up to noncanonical isomorphisms, but H" (G, L") and
H" (G, U?) are defined up to canonical isomorphisms.

We endow I ;, with the action of G such that the inclusions

l_[ L1>1() -1 L

w|v
are G-homomorphisms. Thus if o has a,, in the w-position, then o« has oa,, in the cw-
position.
PROPOSITION 2.5 (a) The map Ix — I induces an isomorphism lg — }Ig.

(b) Forallr > 0,
r _ r v VX
HL(G,I1) = @U HL(GP, L").

PROOF. (a) Clearly a = (ay,) is fixed by G if and only if each subfamily (ay )|y is fixed
by G. But (ay)y|y is fixed by G only if ay, is independent of w and lies in K.
(b) For each finite set S of primes of K, let

Ies=[]q]Lo)x [T
veS wlv véS wlv

Then Iz g is stable under the action of G, and I, is the directed union of the [ g as S runs
over the finite sets of primes of K containing all infinite primes and all primes that ramify
in L. Hence (see Il, 4.4),

H'(G,1p) = lim H' (G, IL5).

On applying (II, 1.25) and (2.3), we find that

Hr(GJIL,S) = 1_[ Hr(G’ Hw|v L1>1()) X Hv¢S Hr(G’l_[wlv UW)
vES
= 1‘[ H"(GY, L") x ]‘[ H" (G, UY).

veS véES
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Because of (III, 1.1), the second factor is zero when r > 0, and so
r 1 r
1 r v VX
_h—n;S@veSH (G%L7)
=@  H(G".LY).
all v

The same argument works for » < 0 when one uses the Tate groups. O

COROLLARY 2.6 (a) H'(G,I) = 0;
(b) H2(G.I.) ~ @, (%Z/Z), where ny = [LV : K.
PROOF. (a) Apply Hilbert’s theorem 90 (II, 1.22).

(b) From Theorem 2.1 of Chapter I1I, we know that the invariant map gives an isomor-
phism

1
H?*(G®, L") - —17Z/ 7.
ny

PROPOSITION 2.7 Let S be a finite set of primes of K, and let T be the set of primes of L
lying over primes in S. If L /K is cyclic, then the Herbrand quotient

hIpr) =[] v no=[L": K.

veS
PROOF. We have
e = (TTAT20) = (TTqTow)
veS wlv veéS wlv

The Herbrand quotient of the second factor is 1 (apply 111, 2.5), and so

WG, IL,r) = [T (G [Ty Lip)
veES
— 1—[ h(Gv,LvX)
ves
— 1_[ |H2(GU,LUX)}

vES

~TTn :

The norm map on idéles

Let L/K be a finite Galois extension of number fields. As for any G-module, there is a
norm map
X 1_[ ox:1, —>]Ig = Ig.
oceG
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We need to examine this map. Recall (ANT, 8.4) that there is a commutative diagram:

L — Hw|v Ll>l(1
leL/K l(aw)’_)l_[Nme/Kv aw
K* — K.

For every w, Nm L is open in K (because it is of finite index; see I, 1.3), and for any
unramified w, the norm map sends Uy, onto Uy (see III, 1.2). The image of the right hand
vertical map in the diagram is equal to Nm L} for any w|v (because any two L,’s are
Ky-isomorphic). We denote it by Nm LV,

Let S D S be a finite set of primes of K containing those that ramify, and let 7' be
the set of primes lying over a prime of S. The above remarks show that

Nmp/ g lIp,r = l_[ Vy X l_[ Uy,
veS véS

where 1, is an open subgroup of finite index K . This is an open subgroup in Ix g and
Ik,s is open in [x. We have proved the following result.

PROPOSITION 2.8 For every finite Galois extension L/K of number fields, Nmy /g I,
contains an open subgroup of I and therefore is itself open.

In fact, we showed earlier (V, 4.13) that every norm group contains Wy, for some mod-
ulus m, and W, is open.
We next consider the norm map on idele classes. Consider

0 s L~ > Iz, > Cp

leL/K leL/K

0 —— K~ > g » Ck > 0.

~
o

The left hand square commutes, and so the norm map I; — Ig induces a norm map
Nmy g:Cp — Cg. From the snake lemma, we find that the quotient map [x — Cg
induces an isomorphism

Ix/K>*-Nm(l) - Cg/Nm(CpL).

3 The Cohomology of the Units

Let L /K be a finite extension of number fields with Galois group G. Let S D S be a
finite set of primes of K, and let T be the set of primes of L lying over a prime of K in S.
Because T is stable under the action of G, the group of T -units

def

UT)={aeL|ordy(e) =0allw ¢ T}

is also stable under G.
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PROPOSITION 3.1 In the above situation, assume that G is cyclic. Then the Herbrand
quotient h(U(T)) is defined, and satisfies

n-h(UT) = ]n.

veSs
wheren = [L : K] andn, = [L" : Ky].

We first show that any two G-stable full lattices® in the same real vector space have the
same Herbrand quotient. Then we construct two such lattices, one with Herbrand quotient
n - h(U(T)) and the other with Herbrand quotient [ [ 7.

LEMMA 3.2 Let G be a finite group, and let k be an infinite field. Let M and N be k[G]-
modules that are of finite dimension when regarded as k-vector spaces. If M ®j, §2 and
N ®j §2 are isomorphic as §2[G] modules for some field £2 D k, then they are already
isomorphic as k[G]-modules.

PROOF. First note that if V' is the space of solutions for a system of homogeneous linear
equations over k, then the solution space for the same system of equations over £2 admits
a basis with coordinates in k. In fact, the standard algorithm for finding a basis for the
solution space yields the same result when carried out over k or £2.

A k-linear map a: M — N is a G-homomorphism if ¢(cm) = ca(m) allm € M,
o € G. Once bases have been chosen for M and N, giving a k-linear map «: M — N is
the same as giving a matrix A, and the condition that o be a G-homomorphism takes the
form A - B(o0) = C(0) - A for certain matrices B(c) and C(c). This is a linear condition
on the coefficients of A, and so the remark shows that there are k[G]-homomorphisms
a1,...,0: M — N that form an §2-basis for the space of §£2[G]-homomorphisms M ®y
2 —- N Rk $2.

Because M ® §2 and N ®y, §2 are isomorphic as £2[G]-modules, there existay,...,a, €
£2 such that )} a;«; is an isomorphism, and hence has nonzero determinant. But det(}_ a;«;)
is a polynomial in the a; with coefficients in k, and the preceding sentence shows that not
all of its coefficients are zero. As k is infinite, there exist @;’s in k such that ) a;a; has
nonzero determinant?, and hence is a k[G]-isomorphism M — N. o

REMARK 3.3 For those who find the above proof too simple, here is another. Assume
that k has characteristic zero. The group H of automorphisms of M as a k[G]-module
is a product of groups of the form GL4(D), D a division algebra over k. The functor
of isomorphisms M — N is a principal homogeneous space for H (nonempty, because
there exists an isomorphism over some field containing k), and hence defines an element of
H'(k, H). Now a generalization of Hilbert’s theorem 90 shows that H(k, H) = 1.

LEMMA 3.4 Let G be a finite cyclic group, and let M and N be G -modules that are finitely
generated as Z-modules, and such that M ®7Q and N ®7 Q are isomorphic as G -modules.
If either h(M) or h(N) is defined, so also is the other, and the two are equal.

2Recall that a subgroup M of a real vector space V is called a full lattice if M is the Z-submodule generated
by a basis for V'; equivalently, if it is finitely generated and the canonical map R®z M — V is an isomorphism.
The definition of a full lattice in a Q-vector space is similar.

3We are using that a polynomial f with coefficients in an infinite field k is zero if f(ay,...,an) = 0 for
all (ay,...) € k™ (FT, proof of 5.18).
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PRrROOF. After (II, 3.9), we may assume that M and N are torsion free. Choose an isomor-
phism
aMeQ—>NQRQ.

Then a(M) and N are lattices in the same Q-vector space, and so «(M) C n~!N for
some n € N (express the elements of a basis for (M) in terms of a bases for N, and let
n be a common denominator for the coefficients). After replacing « with no, we have that
a(M) C N. Now we have an exact sequence

0> M3 N— NaM)—0
with N /o (M) finite, and we can apply (I, 3.9) again to deduce that A(M) = h(N). o
LEMMA 3.5 Let G be a finite cyclic group, and let V' be a real vector space on which G

acts linearly (i.e., V is an R[G]-module). Let M and N be two G -stable full lattices in V.
If either h(M) or h(N) is defined, then so is the other, and they are equal.

PROOF. Because M and N are full lattices in V, the canonical maps
MezR—-V, N R->V

are isomorphisms. These maps are G-homomorphisms, and therefore (3.2) M ®7z Q ~
N ®z Q as Q[G]-modules, and we can apply Lemma 3.4. o

We now complete the proof of the Theorem. Let V' be a product of copies of R indexed
by the elements of 7', i.e.,
V = Hom(T, R).

We let G act on V according to the rule:

(cf)w)= fc™'w), 0e€G, weT.

The first lattice in V is N & Hom(T,7Z). For each v € S, choose a w lying over v, and
let GV be the decomposition group of w. The sets GY - w, v € S, are the orbits of G acting
on T'. In particular, T is a disjoint union of these sets, and so

j— v
Hom(T,Z) = @v Hom(G/G?,Z).
But Hom(G/G"V,Z) = Indg, (Z) (Z regarded as a trivial GV-module). Therefore,
h(G.N) =[]hG. md&,(Z)) = [[n(G".Z) =[] nv.
v

We now define the second lattice. Let A: U(T) — V bethe mapa +— (..., loglaly,.-.),
and let M© to be the image of A. Note that A commutes with the action of G. The kernel
of A consists of the elements a of L™ such that |a|y, = 1 for all w (including the infinite
primes). These are the roots of 1 in L, and so h(U(T)) = h(M°). The product formula
shows M9 is contained in the subspace

VO xy =0,
of V', and the proof of the T'-unit theorem shows that M 0 is alattice in V0 (cf. ANT, 5.8).

The vector e = (1,1,...,1) is stable under G, and we define M = MO + Ze. Then
M ®zR=V%4+Re =V, andso M is a lattice in V. Moreover,

h(M) =h(M®)-h(Z) = h(M°) - n.

This completes the proof Proposition 3.1.
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4 Cohomology of the Idele Classes I: the First Inequality

Let L/K be a finite Galois extension of number fields with Galois group G. We have a
commutative diagram of G-modules with exact rows,

0 —— K* > Ig > Cg > 0
0 > L™ > I >y C L > 0,

That the rows are exact is the definition of the idele class groups. The vertical arrows in the
left hand square are the natural inclusions. The square therefore commutes, which shows
that the right hand vertical arrow exists.

LEMMA 4.1 The canonical map C g — C 1, induces an isomorphism
Cx —>C¢ =H"G,Cy).
PROOF. From the bottom row of the above diagram, we obtain a cohomology sequence
0 — H°%G, L) —— H%G,1;) —— H%G,Cr) —— HYG, LX)
| | | |

LxC 136 c¢ 0

which can be identified with
0—- K*—Ig —-Cg —0. -

The ideal class group of a number field is finite, and it is generated by the classes of
prime ideals. Therefore, it is generated by a finite number of prime ideals.

LEMMA 4.2 Let K be a number field, and let S D Soo be a finite set of primes of K
containing a set of generators for the ideal class group of K. Then

Ix = K*-Ig.

PROOF. The condition that S' contains a set of generators for the ideal class group of K
means that every fractional ideal a can be written

a="0b-(c)

with b in the group generated by the prime ideals in S and ¢ € K*. Therefore, a = (¢) in
the quotient group 15 = I/(S), and so I5/i(K*) = 0.

For every finite set S O Soo of primes of K, the natural map I — /5 defines an
isomorphism I/Ig — IS. On dividing out by K* on both sides, we find that [/ K* - [g ~
I5/i(K*) ~0. -

Recall that we want to prove that for every abelian extension L/ K, C g/ Nmy  x Cp =~
Gal(L/K) and that for every Galois extension H1(G, Cr) = 1. For a cyclic extension, the
two statements imply that the Herbrand quotient

def (Cx :NmCp)

h(CL) = m = [L : K]

As a first step, we verify this equality.
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THEOREM 4.3 For every finite cyclic extension L /K of number fields, h(C 1) = [L : K].

PROOF. Let S any finite set of primes of K such that:
(a) S D S, the set of infinite primes of K
(b) S contains all primes that ramify in L;

(c) S contains the prime ideals 3 N Ok for a set of generators ‘B of the ideal class group
of L.

Let T be the set of primes of L lying over a prime in S. Condition (c) implies that Iy =
Iy, 7-L>, and so

def

CL= ]IL/LX =L* -]IL,T/LX ~ I[L,T/LX NIr.

Note that
L NIy ={a € L|ordy(a) =0,YVw ¢ T} = U(T),
and so
h(Cr) = h(r,r)/h(U(T)).
The theorem now follows from Proposition 2.7 and Proposition 3.1. O

COROLLARY 4.4 (FIRST INEQUALITY) If L/K is cyclic of degree n, then
(Ig : K*-Nm()) > n.
PROOF. Since h(C 1) = n, its numerator must be > n. 0
We now give some application of the First Inequality.

LEMMA 4.5 Let L be a finite solvable extension of K (i.e., a finite Galois extension with
solvable Galois group). If there exists a subgroup D of [ such that

(@ D C Nmyp g Iz; and

(b) K*-D isdense inlg
then L = K.

PROOF. If L # K, then the exists a subfield K’ of L that is cyclic over K and # K. Then

D C Nmp, x(Ip) = Nmg//g(Nmy,x17)) C Nmgr g (k).

Therefore, K™-Nmg, g I is dense in [ . Because it is a union of translates of Nm g, x g,
it is open (2.8), and because it is a subgroup of Ik, it is also closed. Therefore, K> -
Nmg /g Igr = Ik, and the first inequality implies that K’ = K. o

PROPOSITION 4.6 Let L be a finite solvable extension of K. If L # K, then there are
infinitely many primes of K that do not split completely in L.

PROOF. Suppose there are only finitely many, and let S O S be a finite set of primes of
K including all those that do not split completely. We shall apply the lemma with

D=1 déf{(av) | ay = 1forallv € S}.
For wjv ¢ S, Ly = Ky, and so clearly D C Nm(Iz). Let a = (ay) € I. By the Weak
Approximation Theorem (ANT, 7.20), there is an element » € K* that is very close to a,
in K, forall v € S. Choose a’ to be the element of IS such that the v component of ba’ is
equal to a, forall v ¢ S. Then ba’ is close to ain I[g. Hence K* - D is dense in I . o
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PROPOSITION 4.7 Let L/K be a finite solvable extension with Galois group G, and let
T be a finite set of prime ideals containing those that ramify in L. Then the Frobenius
elements (3, L/ K) for*3 ¢ T generate G.

PROOF. After possibly replacing 7" with a larger set, we may suppose that it is stable under
G. Then the subgroup H of G generated by the Frobenius elements at the 3 ¢ T is normal.
Let E = L. Recall (V, 1.11) that

(BNE.E/K)=B.L/K)|E.

which is the identity map. Therefore all primes p of K not lying under a prime of T split
in E, which shows that £ = K. By the main theorem of Galois theory, this implies that
H=aG. O

COROLLARY 4.8 For every abelian extension L /K and finite set of primes S D Soo of K
including the primes that ramify in L, the map

p (p,L/K): IS — Gal(L/K)

is surjective. (Recall that IS is the group of fractional ideals generated by prime ideals not
inS.)

PROOF. The image contains the Frobenius elements (3, L/ K) for all *J3 dividing a prime
p not in S, and these generate Gal(L/K). 0

REMARK 4.9 Of course, Proposition 4.6 is much weaker than the result available using
complex analysis—see Theorem VI.3.4—but it suffices for the proof of the Reciprocity
Law.

5 Cohomology of the Idele Classes I1: The Second Inequality

THEOREM 5.1 Let L /K be a Galois extension of number fields with Galois group G. Then
(a) (second inequality) the index (Ig : K™ - Nm(I1)) is finite, and divides [L : K];
(b) the group H'(G,C 1) = 0;
(c) the group H?(G, C 1) is finite, and its order divides [L : K].

LEMMA 5.2 If G is cyclic, then statements (a), (b), and (c) of the theorem are equivalent
(and (Ig : K*-Nm(z)) = (H*(G,Cr): 1) =[L: K]).

PROOF. Without restriction on G,
Ix/K*-Nmp,g(Ir) ~ Cg/Nmp x(Cr) = H}NG,Cp).

If G is cyclic, its cohomology is periodic, and so H% (G,Cr) ~ H*(G,C ). This proves
that (a) and (c) are equivalent. Theorem 4.3 states that the Herbrand quotient #(C 1) = [L :
K], and so each of (a) and (c) is equivalent to (b). o

LEMMA 5.3 It suffices to prove the theorem in the case that G is a p-group, p prime.
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PROOF. Recall (I, 1.33), that if H is the Sylow p-subgroup of G then, for every G-module
M, the maps
Res: Hp(G,M) — Hp(H, M)

are injective on the p-primary components. Therefore, if the theorem holds for L/LH
then p does not divide the order of H } (G, C 1) and the power of p dividing the orders
H% (G,CL) and H% (G, Cp) is less than the power of p dividing [L : K]. On applying
this for all p, we obtain the lemma. o

LEMMA 5.4 It suffices to prove the theorem in the case that G is a cyclic group of prime
order p.

PROOF. After the last lemma, we may assume that G is a p-group. We shall prove the
theorem for G by induction on (G : 1). Because G is a p-group, it has a normal subgroup
H of index p (see GT 4.17). Consider the exact sequence (II, 1.34)

0— HY(G/H,Cx) 25 HY (G, Cp) 25 H'(H,C}),

where K’ = L . By assumption H'(G/H, C x/) = 0 and by induction H'(H,C ) = 0.
Therefore H'(G, C 1) = 0—statement (b) is true.
Because H!(H, C ) = 0, the sequence

0> H*(G/H,Cg/) - H*(G,C1) - H*(H,Cp)

is exact, from which it follows that statement (c) is true.
Finally, note that

(Ck :Nmyp/g(Cp)) = (Ck : Nmg//x(Cg/))(Nmgr/ g (Cgr) : Nmyp g (CL)),

which divides p[L : K'] because Nmg, x defines a surjection
Cg//Nmp g/(Cpr) - Nmgr/g(Ckr)/ Nmp g (CL). 0

To finish the proof of Theorem 5.1 using Lemma 5.2, it therefore remains to prove that
the Second Inequality holds for a cyclic extension of degree p, but in VI 4.9 we proved that
the Second Inequality holds for all finite Galois extensions. (For the translation between
the idealic and the idelic form of the statement, see Proposition V 4.6). In the next section,
we give an algebraic proof of the Second Inequality, independent of Chapter V1.

REMARK 5.5 To a finite Galois extension L/K of number fields, we have attached the
group C g/ Nm(C 1) and H?(G,C ). When L/K is cyclic, they are canonically (up to
a choice of a generator for G) isomorphic, but not otherwise. The first group is always
isomorphic to G?P, and the second is always cyclic of order [L : K]. Thus, when G is
abelian but not cyclic, the two groups have the same order but are not isomorphic, and
when G is nonabelian, they have different orders.

6 The Algebraic Proof of the Second Inequality

We shall prove the Second Inequality in the case that L /K is cyclic of prime degree p.
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LEMMA 6.1 It suffices to prove the Second Inequality in the case that K contains a pth
root of 1.

PROOF. Let ¢ be a primitive pth root of 1 (in some fixed algebraic closure of K containing
L), andlet K’ = K[{]and L’ = K'- L = L[¢]. Then [K’ : K] = m|p — 1, and so is
relatively prime to p. Hence K’ N L = K, and we have the picture:

L/L/&K/
A

The map
Gal(L'/K) — Gal(L/K) x Gal(K'/K)

is an isomorphism. Consider the diagram:

Nm
C L/Ich > Cxg/NmCp —— 0
lo |
C NmL//({/C N C
L 7 K’ 7 K’/NmCL/—>O
leL//L leK’/K l/
Nm
Cr L/[ch )CK/NIHCL—>O

Here iz and ik are the maps induced by the inclusions I, < Iz, and [g < Ig/, Nmy g
and Nmy/ /g are the maps

x> Y ox, o€Gal(L/K)~Gal(L'/K').
and Nmy,; and Nmg/, g are the maps
x> ox, o€Gal(l'/L) ~ Gal(K'/K).

Clearly the squares at left commute, and this implies that the rest of the diagram exists. The
composites
Nmy,,p oif, and Nmg/ /g oig

are both multiplication by m. Therefore the composite
Cxg/NmCp —-Cg//NmCp — Cg/NmCp

is also multiplication by m, and hence is an isomorphism (clearly, pth powers in C g are
norms, and so C g/ Nm C  is killed by p). In particular, the second map is surjective, and
SO

(Cx :NmCyp)divides (Cg/ : NmCyp),

which by assumption, divides p. m
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We shall prove the Second Inequality in the case the K contains a primitive pth root
of 1 and L is a finite abelian extension of K of exponent p with Galois group G. Let
[L : K] = p", sothat G ~ (Z/pZ)". By Kummer theory (see the appendix to this
chapter), there exist ay,...,a, € K such that

1 1
L=Kla],....,a/].

Let S be a finite set of primes of K such that
(a) S contains the infinite primes;
(b) S contains all divisors of p;
(c) S is so large that all g; are S-units.

(d) S contains a set of generators for the ideal class group of K, and so Ix = Ig g - K*
(see 4.2).

Note that, according to (A.5), conditions (b) and (c) imply that S contains all primes that
ramify in L.

As usual, we write U(S) for the group of S-units, i.e., the group of elements of K* that
are units for all primes outside S. Recall that the unit theorem says that

US) ~ Z ' x U(S)ors. 5 =1|S].

The group U(S) (ors is cyclic, and in our case its order is divisible by p (because it contains
M p), and so
U(S)/US)? ~ (Z/pZy’.

Let M = K[U(S )%]. This is the Kummer extension corresponding to the group
US)-K*P/K*P ~U(S)/US)NK*P =U(S)/US)? ~ (Z/ pZ)°.

‘We therefore have extensions

t r

M % L pD K, r+t=s.
LEMMA 6.2 There exists a finite set of primes T of K, disjoint from S, such that
{(po. M/K) |v €T}
is a basis for Gal(M/ L) (regarded as an IF ,-vector space).

PROOF. Note S contains all primes of K ramified in M (by A.5). Therefore, for a prime
w of M lying over a prime v not in S, the extension My, /K, is unramified, and hence
is cyclic of exponent p. Therefore, it is either cyclic of order p or it is trivial. Thus, if
My, # Ly, then Ly, = K, (here I'm using w both for the prime of M and the prime of L
it divides).

According to (4.7), there exists a finite set 7’ of primes of M, none dividing a prime
in S, such that the Frobenius elements (py,, M/L) for w € T’ generate Gal(M/L). After
replacing 7’ with a subset (if necessary), we may suppose that these Frobenius elements
form a basis for Gal(M/L). Let w € T’ divide the prime wy, of L and the prime wg of K.
Because My, # Ly, , we have Ly, = Ky, and therefore (py,, M/L) = (py. M/K).
Thus T = {wg | w € T’} has the required property. o
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Note that the order of T is ¢, where p’ = [M : L], and that if w is a prime of M such
that w|v € T, then Ly, = K.

LEMMA 6.3 With the above notation, an element a € U(S) becomes a pth power in L if
and only if it becomes a pth power in Ky, forallv € T'.

PROOF. = : Leta € U(S). If a becomes pth power in L, then it becomes a pth power
in L7 for all w. Butif wjv € T, then Ly, = Ky, and so it becomes a pth power in K.

<= : Leta € U(S). Then a% eEM. Ifa% € Ky forall v € T, then a% is fixed by
1
(py, M/K) for all v € T, and hence by Gal(M/L). Thus, a? liesin L,andsoa € L?. g

LEMMA 6.4 The subgroup

E=J]K?x[][kix [] U

vesS veT vgSUT
of [ g is contained in Nmy, /g (I ).

PROOF. Leta = (ay) € E. We have to show that each component a, of a is a norm.
v € §: From local class field theory, we know that

KX/Nm L% —> Gal(Ly/Ky).

Because the second group is killed by p, so also must be the first group, which means that
Ky? ¢ NmLj.

v € T: Here Ly, = Ky, and so every element of Ky, is a norm from L.

v ¢ S UT: Because Ly, is unramified over K, the norm map U,, — U, is surjective
(see I11, 1.2) o

Now
(CK : NmCL) = (]IK : KX -Nm]IL),

which divides (Ix : K*E), and so it remains to show that

|(Ix : K*E)|p".|

Butlg = K*-Isg = K*-Ig ()7, and so
(]IK : KXE) = (KXHSUT . KXE).

LEMMA 6.5 Let A, B, and C be subgroups of some abelian group, and assume that A O B.
Then
(AC : BC)(ANC:BNC)=(A:B)

in the sense that, if two of the indexes are finite, so is the third, and the equality holds.

PROOF. In the following commutative diagram, the columns and the top two rows are ob-
viously exact, and it follows (from the snake lemma for example) that the bottom row is



6. The Algebraic Proof of the Second Inequality 217

exact. This implies the statement.

0 0 0
0——> BNC s B s BC/C — 0
0—— ANC s A s AC/C — 0

On applying the lemma with A = Igyr, B = E, and C = K* we find that

(Isur : E)
(USUT): KXNE)

(Ig : K*E) =

LEMMA 6.6 With the above notation:
(Isur : E) = p*°.
LEMMA 6.7 With the above notation:
(USUT): K*NE)=pst.
Since r 4+t = s, this will prove the boxed formula.

PROOF (OF 6.6) Obviously (Isur : E) = [[,es(K; : K, ?). Since there are s primes in
S and K contains p distinct pth roots of 1, the next proposition shows that

p2s

(Isur: E) = =
nvES |p|v

By assumption, S contains all the primes for which |p|, # 1, and so
[Tiel=TTInl.
vesS allv

which equals 1 by the product formula. O

PROPOSITION 6.8 Let K be a local field of characteristic zero, and let ju,, be the group of

nth roots of 1 in K*. Then
|in

ln| -

(K*:K*)=n
If K is nonarchimedean and U is the group of units in K, then

| en |
|n|

U :Uu" =
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PROOF. If K = C, the first equation becomes 1 = nn”—z, and if K = R, it becomes 1 = n%

when n is odd and 2 = n% when 7 is even. If K is nonarchimedean, K* ~ U x Z, and so
(K*: K™= (U :U"YZ:nZ) = (U : UMn.

Therefore, it remains to prove the second equation.
For an abelian group M, we write

ha(M)= (M :nM)/(M, : 1), M, ={xe M |nx =0}

Then h, (M) is the Herbrand quotient of M regarded as a Z/nZ-module with trivial action,
and so we may apply the results in II, §2.

As we saw in the proof of (III, 2.4), the exponential map defines an isomorphism from
a subgroup of finite index in Ok onto a subgroup of finite index in U. Therefore

ha(U) = ha(Og) = (Ok : nO0g) = |n| ™",

Hence

Uy i 1)
n|

As U, = g, this proves the second equation. O

U :U0" =

PROOF (OF 6.7) Clearly K* N E D U(S U T)?. 1t follows from the unit theorem (as
before) that (U(S U T) : U(S U T)?) = p***, and so it remains to prove that

K*NECUSUT)P.

This is accomplished by the next two lemmas (the first shows that the second may be applied
to prove the inclusion). o

LEMMA 6.9 With the above hypotheses, the obvious map

ues)— [ w/Uf
veT

is surjective.

PROOF. Let H be the kernel of the map. To prove that the map is surjective, we shall show
that

U(S): H)= [[Wy:UD).

veT

Because T is disjoint from S, | p|, = 1 forall v € T, and so (6.8) shows that the right hand
side is p’. On the other hand, by Lemma 6.3, H = U(S) N L*?, and so

U(S)/H = U(S)/U(S) N L*P ~ U(S)- L*P/L*P,

This last group corresponds by Kummer theory (see A.3) to the extension M/ L, and hence
has order [M : L] = p'. O
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PROPOSITION 6.10 Let K be a number field containing a primitive nth root of 1. Let S be
a set primes containing the infinite primes, the divisors of n, and a set of representatives of
the ideal class group of K. Let T be a set of primes disjoint from S and such that

ues) - [Juw/uy
veT

is surjective. Suppose that b € K> is an nth power in K, for allv € S and a unit outside
SUT. Thenb € K*".

PROOF. Let L = K [b%]—we have to show that L = K. Put

D=[[K:x[Jurx [[ U
veS veT véeSUT
By Lemma 4.5, in order to show that L = K, it suffices to shows that
(@ D C Nmyp g Iz, and
(b) D-K* =1g.
(a) Letd = (dy) € D. We have to check that d, is a norm from K, [b%] for all v.
v € S: In this case K, [b%] = Ky, and so every element of K, is a norm.
v € T: By local class field theory, the index (K, : Nm K, [b%]x) is equal to the degree
[Ky [b%] : Ky], which divides n. Hence every nth power in K, is a norm.
v ¢ SUT: Because nb is a unit at v, the field K, [b%] is unramified over K, and hence
every unit is a norm.
(b) Obviously Is/D = [[,er Uv/ U}, and by hypothesis U(S) — [[,e7 Uv/ U]} is
surjective. Hence [g = D - U(S), and therefore

Ix =Is-K*=D-UWS)-K*=D-K*. °

This completes the proof of Theorem 5.1 (the Second Inequality).

7 Application to the Brauer Group

Welet H>(L/K) = H?(Gal(L/K), L) and H2(/K) = H*(Gal(K?/K), K**). Those
who have read Chapter IV will recognize that H%(L/K) ~ Br(L/K) and H*(/K) =
Br(K).

THEOREM 7.1 For every Galois extension L/K of number fields (possibly infinite), the
canonical map

H*(L/K) — D H>(L/Ky)
is injective.

PROOF. Assume initially that L/K is a finite Galois extension with Galois group G. Be-
cause H1(G, C 1) = 0, the cohomology sequence of

0>L"—>1; —-C1—0

is
0—> H?*(G,L*) —> H*(G,I;) — - .
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But
H?*(G,L*) = H*(L/K)

and (see 2.5)

H*(G.I) = @@ H*(GY.LV) = P H* (LY /Ky).
and so this proves the theorem in this case. To obtain the theorem for an infinite extension,
pass to the limit over the finite Galois subextensions. o

An extension L/K of fields is said to be cyclotomic if L C K|{] for some root ¢ of 1.
The next proposition will play a role in the proof of the global reciprocity law

PROPOSITION 7.2 For every B € H?(/K), there exists a cyclic cyclotomic extension L
of K such that B maps to zero in H*(/L).

PROOF. The theorem shows that f8 is determined by its images in H?(K,), and hence by
the invariants inv,(8y) € Q/Z (see Theorem 2.1, Chapter III). For every finite extension
L of K and prime w|v of L, invy, (B|L) = [Ly : Ky] - invy(B) (ibid.), and so we have to
find a cyclic cyclotomic extension L/ K such that

[L? : Ky] - invy(By) = 0 mod Z

for all v. Note that, because H2(L/K)!'"H?(/K) maps into the direct sum of the local
groups, invy(By) = 0 for almost all v. Hence there exists an integer m > 0 such that
minvy(By) = O for all v. The existence of an L with the correct properties is ensured by
the next lemma. O

LEMMA 7.3 Given a number field K, a finite set S of finite primes of K, and an integer
m > 0, there exists a totally complex cyclic cyclotomic extension L of K such that m|[L" :
Kyl forallv € S.

PROOF. It suffices to prove this for Q and m - [K : Q]. Hence we can simply assume
K =Q.

Let [ be a prime, and let ¢ be a primitive /" th root of 1 with 7 > 2. Then Gal(Q[(]/Q) ~
(Z/1"7Z)*, and
AxCI™ 1) [ odd
AxCQ2) [=2

where A is of order / — 1 and 2 in the two cases and C(¢) denotes a cyclic group of order
def

t (Serre 1970, 11, 3.2). Therefore L(I") =
degree [" "2 or ["73.

Next consider Q,[¢]. If p = [, then Q[{] is totally ramified over p, and so [Q,[{] :
Qpl = [Q[¢] : Q] = @(I"). If p # [, then Q[{] is totally unramified over p, and [Qp[] :
Q)] is the smallest integer 7 such that /" | p* — 1. In either case, we see that [Q,[¢] : Q,] —
oo as r — oo. Thus, for every p, [L(I")? : Qp] is a power of / that tends to oo as r tends
to 0o.

A product of cyclic groups of distinct prime power orders is again cyclic. Therefore,
for distinct primes /1, ..., ls, L = L(I{") -+ L(I5*) will be cyclic, and clearly, by choosing
I7'...1s* to be sufficiently large, we can ensure that the local degrees m|[L? : Q,] are
divisible by m for all p € §. a]

(Z)1"Z2)* ~

Q[¢]4 is a cyclic cyclotomic extension of Q of

In more concrete terms, the two results say that:
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If a central simple algebra over K splits over K, for all v, then it splits over K.
and

Every central simple algebra over K splits over a cyclic cyclotomic extension
of K.

8 Completion of the Proof of the Reciprocity Law

Recall that, for a finite abelian extension L/K of number fields with Galois group G, we
have defined a homomorphism ¢ /x : Ix — G such that ¢y /x(a) =[], dv(ay).

THEOREM 8.1  (a) Let L/K be a finite abelian extension of number fields. Then ¢ ;x
takes the value 1 on the principal idéles K* C lg.

(b) Let L/K be a finite Galois extension of number fields. Then ) inv,(«) = 0 for all
a € H*(L/K).

Before proving this theorem, we explain why (a) implies the Reciprocity Law for L /K.
Statement (a) says that ¢y /g : Ix — Gal(L/K) contains K™ in its kernel. We know
already that it contains Nmy /g (Iz ) in its kernel*, and therefore it defines a homomorphism

HK/KX'NmL/KHL%GaI(L/K) (*)

For any finite prime v of K unramified in L, ¢; ;g maps the idele with a prime element in
v-position to the Frobenius element (py, L/K), and so (4.7) shows that ¢ /g is surjective.
On the other hand, the Second Inequality (5.1) states that

(Ig : K*-Nmp/xIp) <[L:K]
and so the homomorphism () is an isomorphism.

EXAMPLE 8.2 We verify (8.1a) for the extension Q[¢,,]/Q, where ¢y, a primitive mth root
of 1. We identify Gal(Q[¢,]/Q) with (Z/mZ)*. Thus, for n an integer relatively prime
to m, [n] denotes the automorphism of Q[{,,] sending ¢, to {},,. It suffices to show that
¢(a)|Q[¢;r] = 1 for all [|m. Thus, we may assume thatm = [", m # 2.

The homomorphism ¢ : R*/Nm(C*) — Gal(Q[{,]/Q) sends any negative real
number to complex conjugation. Therefore ¢oo(a) = [sign(a)].

Leta = up® € Q;. If p # [, then p is unramified in Q[,,], and ¢, (a) acts as the sth
power of the Frobenius at p:

opup®) = [p’].

The prime [ is totally ramified in Q[¢,,] and

$r(a) = [u™"]
(seeI, 3.13).°

“4Because this is true locally.

5 As Catherine O’Neil pointed out to me, here I’'m making use of a result from I §3, contrary to my promise
that §§2—4 of Chapter I can be skipped. However, it is possible to prove (a) of Theorem 8.1 in an elementary
fashion for the cyclotomic extensions of Q. For example, use the diagram in V, 5.10, to define ¢, and then
verify that its local components are correct. This will be clarified in a future version. (See also Remark 8.3.)
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It suffices to show that ¢(a) = 1 in the three cases: a = —1,a = [,a = aprime g # [.
We have:
[-1] if p=o0
pp(=1) =4 [-1] if p=I
[11 if p#I, o0.

gp() =1 W 1 p=

(1] if p#I
lq] if p=gq
dplq) =14 [g7"] if p=

(1] if p#lgq.
In each case, [[¢p(a) = 1.

REMARK 8.3 InExample V 4.10, we showed that the homomorphism ¢ : Ig — Gal(Q[{]/Q)
attached to the Artin map ¢ : Coo() — Gal(Q[{]/Q) has local components equal to the
local Artin maps. Since, by definition, ¢ (Q*) = 1, this gives an alternative proof of (8.1a)

in the case Q[¢,]/Q.

LEMMA 8.4  (a) If 8.1(a) holds for L/ K, then it holds for every subextension.
(b) If 8.1(a) holds for L/ K, then it holds for L - K'/ K’ for every number field K’ O K.

PROOF. (a) Suppose L D K’ D K. Then ¢k is the composite of ¢,/ x and the restric-
tion map Gal(L/K) — Gal(K’/K) (because this is true for the local Artin maps).
(b) Let L' = L - K’. For each prime w of K’, we have a commutative diagram

Ky -2 Gal(L™/K))

o

KX 2 Gal(L¥/Ky).

On combining them, we get a commutative diagram:

b/ /K

Ig: 2% Gal(L'/K')

o

Tx 2E% Gal(L/K).

Because the norm map on ideles maps K’* into K*, we see that this lemma follows from

earlier results. O

From the Example 8.2 and Lemma 8.4, we find that (8.1a) holds for all cyclotomic
extensions® of a number field K.

We next need to relate the two statements in Theorem 8.1.

LEMMA 8.5 Let L/ K be an abelian extension of number fields. If (8.1b) holds for L/ K,
then so also does (8.1a). Conversely, if L /K is cyclic and (8.1a) holds for L/ K, then so
also does (8.1b).

6An extension L /K is said to be cyclotomic if L C K[¢] for some root ¢ of 1.
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PROOF. Let y € Hom(G, Q/Z). We can regard y as an element of H (G, Q/Z), and then
its image under the boundary map arising from the sequence

0-Z—->Q—>Q/Z—0

is an element §y € H?(G, Z). Consider the diagram,

K* s Ig s G

lusx lusx lx

H?*(G,L*) —— H?*(G,11) —— Q/Z.

The first two vertical arrows are cup-product by §y: if §y is represented by the 2-cocycle
ng,r then the image of x is represented by the 2-cocycle o, +— x"o 7. Clearly, the left-
hand square commutes. The right-hand vertical map is yx itself. That the right hand square
commutes follows from (III, 3.6). Now assume 8.1b is true for L/ K. Then y(¢r,/k(a)) =
0 for all characters y of G, and so ¢ /g (a) itself is zero. Conversely, when G is cyclic, we
can choose y to be injective, and then 8.1a implies 8.1b since U§, is then an isomorphism
{1, 3.5). a]

Since we know 8.1a for cyclotomic extensions, it follows that we know 8.1b for cyclic
cyclotomic extensions. Moreover, we will have proved the whole theorem once we have
proved (b) of the theorem. Thus, the next result completes the proof of the theorem

LEMMA 8.6 If (8.1b) is true for cyclic cyclotomic extensions, then it is true for all finite
Galois extensions.

PROOF. Let B € H?( /K). We are given that, if 8 € H?(L/K) for some cyclic cyclo-
tomic extension L/K, then Y inv,(B8) = 0, where B, is the image of B in H?(Ky), but
Proposition 7.2 says that every B in H?(K) lies in H?(L/K) for some cyclic cyclotomic
extension L/K.

[Mention that we are using the inflation-restriction sequence

0 — H?(Gal(L/K),L*) - H*(Gk,K™) - H*(Gr,L>),

and that 8 as above is in the middle group and vanishes in the right-hand group.] O

9 The Existence Theorem

In this section we prove the Existence Theorem: every open subgroup of finite index in the
idele class group is a norm group. A large part of the proof can be extracted from Section
6. However, at the cost of some repetition, I give a proof independent of Section 6 (except
for some elementary statements).

LEMMA 9.1 IfU is anorm group, and V D U, then V also is a norm group.

PROOF. Suppose U = Nm C,. According to the Reciprocity Law, the Artin map defines
an isomorphism
¢:Cg/U — Gal(L/K).
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If M is the fixed field of ¢ (1), then ¢ defines an isomorphism
Cg/V — Gal(M/K),
but, according to the Reciprocity Law, the kernel of ¢ : C ¢ — Gal(M/K)is Nmys/ g C pr.0

It is obvious from its factorization into primes, that a rational number a is an nth power
if and only if it is an nth power in R and in Q, for all primes pla. The proof of the
analogous statement for number fields requires the Reciprocity Law (or complex analysis).

PROPOSITION 9.2 Let K be a number field containing a primitive nth root of 1, and let
S D S« be a finite set of primes of K containing all those dividing n and enough primes
to generate the class group of K. Any a € K* such that

¢ a isannth powerin K, forallv € S;
o aisaunitin K, forallv ¢ S.

is an nth power in K.

PROOF. " Let L = K[a'/"]—because ¢, € K, this is an abelian extension of K. For every
prime v € S, X" — a splits completely in K,[X], and so L,, = K, for all w|v. Hence
the norm map L,;; — K is onto. On the other hand, L is unramified over K at any prime
v ¢ S, and so the norm map Nmy /g : Uy, — Uy is onto. Therefore, Nmy /g (I1) D Ig,
and so

K* 'NmL/K(]IL) D K* ‘I = Ig.

The Reciprocity Law now shows that L = K, and so a is an nth power in K. o
LEMMA 9.3 (KEY CASE OF THE EXISTENCE THEOREM) Let K be a number field con-

taining a primitive pth root of 1 (p prime). Then every open subgroup V of C i such that
C k/V is a finite group killed by p is a norm group.

PROOF. Let S D S be a finite set of primes of K containing the infinite primes, those
dividing p, and enough primes so that [x = K - Ig. Let L be the extension of K corre-

sponding by Kummer theory to the group U(S) - K*?,i.e., L = K[U(S)%], and let

E=]]K?x]] U

veS veS
We shall prove that K* - E = K> - Nm(Iz) by verifying that
(a) E C Nm(Ir);
(b) (Ig:K*-E)=p*=(Ig:K*-Nmp (L))
For any prime v of K and prime w of L lying over it, the local Artin map is an isomor-

phism
K}/ Nm(Ly) — Gal(Ly/Ky).

Because L /K is has exponent p, Nm(L;) D Ky 7.

7From Wojtek Wawréw: Since L = K in the proof is cyclic, it appears that the proof only uses the First
Inequality (specifically Lemma 4.5), not the full Reciprocity Law. Regardless, it appears that this Proposition
is not used anywhere.



9. The Existence Theorem 225

For any prime v ¢ S, L is unramified over K and v, and so the norm map Uy, — U, is
onto.

On combining the statements in the last two paragraphs, we obtain (a).

From the Reciprocity Law,

(Igx : K*-Nm(I.)) = [L : K],
and from Kummer theory,
[L:K]= (U(S) -K*P:K*P).
But
US) - K*P/K*P ~ U(S)/U(S)N K*?.

If a? € U(S), thena € U(S), and so U(S) N K*? = U(S)?. Now, by the Dirichlet Unit
Theorem (ANT, 5.9),
U(S) ~ U(S) torsion P Zs_l s
and U(S) torsion 1S the group of roots of 1 in K, which is a cyclic group whose order is
divisible by p. Hence (U(S) : U(S)?) = p*.
On the other hand,

(Ig:K*-E)=(g-K*: E-K*),

which, by (6.5), equals
(Is: E)/Is N K*: ENKX).

Therefore (see 6.8),

P
@s: By = [[k5 K =[] = = p
vesS vesS Pl

Here, we have used that K contains a primitive pth root of 1 and that S contains all v for
which |ply # 1, and so [[,es |Plv = [[a14 |Plv = 1 by the product formula. It follows
that K* - E = K*-NmlIj.

Now let V' be an open subgroup of C g such that C g/ V is killed by p, and let U be the
inverse image of V' in Ix. Then U is open in [ and so there is a finite set of primes S such
that U D [],es 1 X [],¢s Uy. Moreover, Ix /U has exponent p, and so U D I%. Hence
U D E - K*, and because E - K*/K* is a norm group, so also mustbe U/K* =V. g

For simplicity, in the proof of the next lemma, we assume the Norm Limitation The-
orem, which is not proved until the next chapter. For a proof avoiding that theorem, see
p. 202 of Tate’s article in Cassels and Frohlich 1967, 1967.

LEMMA 9.4 Let U be an open subgroup of finite index in C k. If there exists a finite
extension K’/ K such that Nm}}/K(U) is a norm group, then so also is U .

PROOF. Write U’ for Nm}} /kx(U), andlet L be the abelian extension of K "withNm C ; =
U’. If M is the maximum abelian subextension of L /K, then we have

NmM/KCM = NmL/K Cr = NmK//K U cuU

and we can apply Lemma 9.1. O
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THEOREM 9.5 Every subgroup U of finite index in C g is a norm group.

PROOF. We prove this by induction on the index of U. If the index is 1, then there is
nothing to prove. Otherwise, there exists a prime p dividing (Cg : U). After (9.4) we
may assume that K contains a pth root of 1. Choose a subgroup U; of C g containing U
and of index p in Cg. After (9.3), there exists an abelian extension K’ of K such that
Nmg//x Cx» = Uy; moreover K is cyclic of degree p over K. Put U' = Nm;(}/K U.
The map

Nmg g :Cxr — Cg/U

has image Uy /U and kernel U’. Hence
(Cx :U)=(Ck:U)/p

and so, by induction, U’ is a norm group. Now we can apply (9.4) to deduce that U is a
norm group. a]

A Appendix: Kummer theory

Throughout this subsection, K is a field containing a primitive nth root of 1, {. In particular,
K either has characteristic O or characteristic p not dividing n. Write y, for the group of
nth roots of 1 in K. Then p, is a cyclic subgroup of K> of order n with generator ¢.

PROPOSITION A.1 Let L = K[«], where «" € K and no smaller power of « is in K.
Then L is a Galois extension of K with cyclic Galois group of order n. Conversely, if L is
cyclic extension of K of degree n, then L. = K|«] for some o witha" € K.

PROOF. See FT 5.26. o

PROPOSITION A.2 Two cyclic extensions K[a%] and K[b%] of K of degree n are equal if
and only ifa = b"c" for some r € Z relatively prime to n and some ¢ € K*, i.e., if and
only if a and b generate the same subgroup of K*/K*".

PrROOF. See FT 5.28. o

The last two results give us a complete classification of the cyclic extensions of K of
degree n when K contains a primitive nth root of 1. It is not difficult to extend this to a
classification of all abelian extensions of exponent 7.

THEOREM A.3 The map
L K*NL*"/K*"

defines a one-to-one correspondence between the finite abelian extensions of K of exponent
n contained in some fixed algebraic closure 2 of K and the finite subgroups B of K*/ K*".

The extension corresponding to B is K[B nl], the smallest subfield of §2 containing K and
an nth root of each element of B. If L <> B, then [L : K] = (B : K*").

PrROOF. See FT 5.29. o
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EXAMPLE A.4 (a) The quadratic extensions of R are in one-to-one correspondence with
the subgroups of RX/R*? = {#1}.

(b) The finite abelian extensions of (Q of exponent 2 are in one-to-one correspondence
with the finite subgroups of

Q*/Q*? ~ {+ 1} X Z/2Z X L)27, % - --
(copies of Z /27 indexed by the prime numbers).

After this review of algebra, we return to some number theory.

1 1
PROPOSITION A.5 Let K be a number field, and let L = Kla{,--- ,a;]. Then L is

unramified at a finite prime v of K if na; is a unit in K,, for all i.

PROOF. We need only consider a cyclic extension K [a%], which (see A.1) we can assume
to have degree n. Let o = an and f = X" —a. Then

disc f = £Nmy g f'(@) = £ Nmp, g ne" ! = £n"a" 1.

Thus if p, does not divide na, it does not divide disc f, and, a fortiori, it does not divide
disc(Or/Ok). (See ANT, Chapter 2.) o

REMARK A.6 Determining the ramification in K [a%] /K at prime p dividing n can be
quite complicated. The following summarizes what happens when n = p, a prime, and
K contains a primitive pthroot ¢ of 1. Let # = { — 1, and let a € K* be relatively prime
to p and not a pth power in K.

(a) A prime p|p splits completely in the extension K [a%]/ K if and only if X? = a
mod prp has a nonzero solution in Ok (a is then said to be hyperprimary at p).

(b) A prime p|p is unramified in the extension K[a%]/K if and only if X? = a
mod pm has a nonzero solution in Ok (a is then said to be primary at p).

(¢c) The extension K [a%] /K is unramified at all finite primes of K if and only if a is
primary and (a) = a? for some ideal a.

For hints of proofs of these statements, see Washington 1997, Exercise 9.3, and Cassels
and Frohlich 1967, Exercise 2.12, p. 353. In the case K = QJ{], see also Cassels 1986, pp
139-140, and Frohlich and Taylor 1991, I1I, 3.11.






Chapter VIII

Complements

In this Chapter, we add some complements to the theory of class fields, and we give some
applications. In particular, we extend the results proved in Serre 1970, Chapters I-1V, VI,
to arbitrary number fields.

1 When are local nth powers global nth powers?

Obviously, if an element a of a number field K is an nth power in K, then it is an nth power
in Ky for all primes v of K. In this section, we investigate whether there is a converse.

THEOREM 1.1 Let K be a number field containing a primitive nth root of 1. A nonzero
element of K is an nth power in K if it is an nth power in K, for all but possibly finitely
many primes v.

PROOF. Recall that, for a field k& containing a primitive nth root of 1, a polynomial X" —a
splits completely in k[X] if it has a root k. Let a be a nonzero element of K, and let 8 be
an nth root of a in some extension field. If a is an nth power in K, for almost all v, then
X" — a splits completely in K, [X] for almost all v, and so v splits completely in K[f].
Since this holds for almost all v, (VII, 4.6) shows that K[8] = K. 0

REMARK 1.2 If we use (VI, 3.4) rather than (VII, 4.6), we obtain the stronger result: under
the hypothesis of the theorem, a nonzero element of K is an nth power in K if it becomes
an nth power in K, for a set of primes v of density > 1/2.

One may hope that the theorem is true even when K doesn’t contain a primitive nth
root of 1, but the following exercise shows that it isn’t, even for K = Q and n = 8.

EXERCISE 1.3 Show that 16 is an 8th power in R and Q,, for all odd p, but (as the ancient
Greeks knew) not in Q. (Hint: Show that Q[¢g] = Q[i, +/2] is unramified at all odd p, and
deduce that, for p odd, Q, contains at least one of 1 4- 7, V2, 0r v/=2))

The field Q[¢g] is not cyclic over QQ, and so the exercise doesn’t contradict the following
theorem.

THEOREM 1.4 Let K be a number field, and let n be an integer such that K|[{,:] is cyclic
over K, where 2! is the power of 2 dividing n. A nonzero element of K is an nth power in
K if it is an nth power in K, for all but possibly finitely many primes v.

229
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PROOF. STEP 1. It suffices to prove the theorem with n a prime power. Suppose n = nin,
with n; and n, relatively prime, and assume that the theorem holds for n; and n,. Then
a nonzero element a of K that is an nth power in K, for almost all v is both an n;th and
an npth power in K, say, a = b"™', a = ¢"2. Now, there exist integers r and s such that
rny +snpy = 1, and so

a = arnlasnz — Crn1n2bsn1n2 c Kxn‘

STEP 2. The theorem is true if n is a power of a prime p and K[{,]/K is a cyclic
extension of p-power order. Let K' = K|[{,], and let a be a nonzero element of K that
becomes an nth power in K, for almost all v. According to Theorem 1.1, a becomes an nth
power in K’, say, a = ", and so

n—1
X"—a=]](X-pE)inK'[X].

j=0
Let
X" —a=]]fiX)

be the decomposition of X" — a into irreducible factors in K[X]. For each i, choose a root
Bi = Bl of £;(X). Then K[B;] C K’, and so K[B;] is an abelian extension of K —
in particular, it is Galois over K, and so is the splitting field of f;(X). Let v be a prime
of K such that a is an nth power in K,. By hypothesis, X” — a has a root in K,, and
hence at least one of the f;(X) has a root in K. For that particular i, v splits completely
in K[B;]. Thus we see that every v not in S splits completely in at least one of the fields
K[Bi], but different v may split in different fields, and so we can conclude nothing from
this. To see that all the v split in a single K[B;] we have to use the hypothesis that K’ is
cyclic of prime power order over K. This hypothesis implies that the intermediate fields are
linearly ordered:
K/:)"':)K?,DKz:)KlDK.

Choose i so that K[B;,] is the smallest of the K[f;]. Then every v ¢ S splits completely
in a field containing K[B;,], and hence in K[B;,]. Thus K[B;,] = K, and X" — g has at
least one root in K.

STEP 3. The theorem is true. After Step 1, we may assume n = p”, and after Step 2,
that p is odd. Suppose that a is an nth power in K, for almost all v. Because K[{,r] is
cyclic of p-power order over K[{,], Step 3 shows that a becomes an nth power in K[{,],
say, a = b™. On taking norms, we find that ¢ is an nth power in K>, where d = [K[¢p] :
K] < p. Butd is relatively prime to p, and so this implies that a is an nth power in K*
(we know that a? = 1in K*/K>P", and this implies that a = 1 in K*/K*?"). n

REMARK 1.5 (a) For a finite set S of primes of K and an integer n, let P(n, S) be the group
ofalla € K* suchthata € K" forall v ¢ S. On analysing the 2’ case further, one finds
that either P(n, S) = K" or there exists an a9 € K> such that P(n, S) = K*" UaoK*".
For example, for K = Q, P(8,5) = Q*® L 16Q*® (Artin and Tate 1961, p. 96; p. 75 in
the 2009 edition). Note that P(n, S)/K*" is the group making

0— P(n,S)/K" - K*/K*" - Ig/Ix - Cg/Ck — 0

exact.
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(b) The fact that the statement of the theorem doesn’t hold for all K, S,n can be re-
garded as a pathology of small number fields. For example, if v—1 € K, then K[¢y] is
cyclic over K.

(c) The key step in the proof is Step 2, and is a little subtle. This is where Whaples
went astray in his proof of Grunwald’s “theorem” — he let a7 denote a root of X" — a,and
forgot that the different roots may have quite different properties relative to K (e.g., their
minimal polynomials are the f; which may even have different degrees). Artin and Tate
explicitly warn against trying to shorten the above argument.

2 The Grunwald-Wang Theorem

Class field theory “solves” all questions about abelian extensions by translating them into
questions about open subgroups of finite index in the idele class group. Unfortunately,
questions about open subgroups of finite index in the idele class group can also be difficult.
In this section, we consider the following question.

QUESTION 2.1 Let K be an algebraic number field, and suppose that, for each prime v in
a finite set S, we are given a finite cyclic extension KV of K, of degree n,. Does there exist
a finite cyclic extension L /K of degree n = lem(ny) such that LY ~ KV? (This condition
means that there exists a prime w of L dividing v and a K -isomorphism L,, — K?.)

The next example shows that the answer is not always yes, but, nevertheless, we shall
see that it is usually yes.

EXAMPLE 2.2 Let Q? be the unramified extension of Q; of degree 8. It is easy to construct
extensions L of Q of degree 8 such that (2) remains prime in L, and hence such that L, =&
K for the unique w|2 — take L = Q[X]/(g(X)), where g(X) is any monic polynomial
of degree 8 in Z[X] that is irreducible modulo 2. However, I claim that it is impossible to
construct a cyclic such extension . More precisely:
Let L be a cyclic extension of QQ of degree 8; then it is not possible for (2) to
remain prime in L.

This follows from the three statements:
(i) 161is an 8th power in Q,, for all p # 2 (including p = o0), but not in Q5.
(ii) Let L/Q be a finite abelian extension; if a € QQ becomes a norm in Q,, for all but one
P, then it is a norm for all p.
(iii) 16 is not a norm from Q2.

Let L be a cyclic extension of Q of degree 8. As the degree of L, over Q, divides 8, (i)
shows that 16 becomes a norm in Q, for all p # 2. According to (ii), this implies that 16
is a norm in Q,. Now (iii) shows that L? is not isomorphic to Q2.

For the proof of statement (i), see Exercise 1.3 (and its solution). For (ii), consider the
diagram:

Q% 7 Gal(L?/Q,)

| |

Q* y Ig —2— Gal(L/Q).
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Here ¢, is the local Artin map into the decomposition group at a prime dividing p and ¢ is
the global Artin map (we allow p = oo, in which case Q, = R). The diagram commutes
(this is how we defined the global Artin map). For every a € QX, there is the product

formula
[[ épr@=1

p=2,3,5,...,00

(VIL, Theorem 8.1). Now ¢,(a) = 1 if and only if a becomes a norm in Q,, and so the
product formula implies (ii). For (iii), we use that, because Q? is unramified over Q,, the
normalized ord on (Q; extends to the normalized ord on Q5. If 16 = Nm(«), then

4 = ord,(16) = ordz(Nm(e)) = 8ords (@),
which is impossible.

I now briefly explain the positive results (Artin and Tate 1961, Chapters 9 and 10). Let
S be a finite set of primes of K. The composite of the maps

HK;—HIK—)CK

veS

. . .. . def .
is injective, and it is continuous when we endow P = [1,es KX with the product topology.

When S contains more than one prime, the product topology doesn’t coincide with the
topology induced by Cg (ibid. p. 98). Nevertheless, a subgroup of finite index in P is open
for one topology if and only if it is open for the other, and an open subgroup of P of finite
index is the intersection of P with an open subgroup of finite index in Cg (ibid. p. 99).
Using the reciprocity laws, this implies the following.

THEOREM 2.3 For eachv € S, let Ny, be an open subgroup of finite index in K,\. Then
there exists an abelian extension L of K such that, for allv € S, LV is the extension of K,
corresponding (by local class field theory) to N .

A more careful analysis, proves the following (“character” means “continuous charac-
ter’”).

THEOREM 2.4 (GRUNWALD-WANG) Foreachv € S, let yy be a character of K. There
exists a character y of Cx whose restriction to K;\ is xy, allv € S. Let n, be the order of
xv andn = Iem(ny). Then it is possible to choose y to have order n, except possibly when
2'|n for some t with K[{5:] not cyclic over K.

PROOF. See Artin and Tate 1961, Chaper X, Theorem 5. Alternatively, it is possible to
prove a more precise version of the theorem by comparing the Poitou-Tate theorem for S
and for the set of all primes — see a future version of the notes. O

Example 2.2 shows that the second statement may fail without the condition on n.

COROLLARY 2.5 Foreachv € S, letn, be a positive integer. If v is an infinite prime, then
ny must be a possible order for an extension of K,,. Then there exists a cyclic extension L
of K of degree n = Icm(ny) such that the local degree is n,, forallv € S.



2. The Grunwald-Wang Theorem 233

PROOF. For an infinite prime v € §, choose a character y, on K, of order n, in the
only way possible; for a finite prime v € § not dividing 2, choose y, to be the canonical
character of order 7, that is 1 on U,; for v € S dividing 2, choose x, of order n, to
avoid the exceptional case in the theorem. See ibid. p. 105, Theorem 5 (this shouldn’t be
confused with the theorem' of the same number on p. 103). O

Application. Let D be a central division algebra of degree d 2 over an algebraic number
field K, and let i, be the image of the class of D ® g K, in Br(K,) under the invariant map
invy : Br(Ky) - Q/Z. Leti, = my/n, mod Z, where m, and n, are relatively prime
integers and n, > 0.

Because Br(K,) — Q/Z is injective (even an isomorphism if v is finite), the order of
the class of D @ g K, in Br(Ky) is n,. Up to isomorphism, there is exactly one division
algebra D;, over K, with invariant i, = m,/n,, and its degree is n%. Thus, D Qg Ky ~
M a (Dy,). In particular, ny|d, and so n|d.

nliBecause Br(K) — @, Br(Ky) (sum over all v) is injective, the order of the class of
D in Br(K) is n = lem(ny).

According to the corollary, there exists a cyclic extension L of K of degree n whose
local degrees are n, for each v for which i, ¢ Z. Hence L splits D. From IV 3.6, we see
that there is a central simple algebra B over K such that

(@ BDL;
(b) B is similar to D, so that B =~ M, (D) for some r; and
() [B:K]=I[L:KJ

From the last two statements, we see that r?d? = n?. Since n|d, it follows that in fact
r = 1and n = d. We have shown:

THEOREM 2.6 For every division algebra over a number field K, the order of D in Br(K)
is v/[D : K], and D contains a cyclic extension of K as a maximal subfield (and hence is
split by it).

From the theorem and the Noether-Skolem Theorem, it is possible to deduce that D is
a cyclic algebra in the sense defined by Dickson on 1906, namely, that D is generated as a
K -algebra by the elements of L and a single element 8, with the relations

Bp-a=0ca-B, acl, and,Bd=y,

where o generates Gal(L/K) and y € K*.
These are very famous results?, with many applications, for example in the theory of
abelian varieties. (See my notes AV, Theorem 16.8.)

I'Serge Lang took the notes. In the 2009 edition it is correctly numbered Theorem 6.

2“The high points of the structure theory of algebras of the 1930’s were undoubtedly the theorem that every
finite dimensional central division algebra over a number field is cyclic, and the classification of these algebras
by a set of numerical invariants. The latter result amounts to the determination of the structure of the Brauer
group for a number field. Besides the general theory of central simple algebras we have indicated, the proofs
of these fundamental results required the structure theory of central simple algebras over p-adic fields due to
Hasse, Hasse’s norm theorem (“the Hasse principle”), and the Griinwald existence theorem for certain cyclic
extensions.... The first proof of the cyclic structure of central division algebras over number fields was given
by Brauer, Hasse, and Noether (1931).” Nathan Jacobson, Obituary for A.A. Albert, Bull. AMS, 80 (1974),
p.1081.
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NOTES In 1933, Grunwald proved Theorem 2.4 without the condition on 7, and in 1942 Whaples
gave a second proof. In 1948, Wang found the counterexample provided by (1.3, 2.2), and corrected
the statement. In the fifteen years following 1933, Grunwald’s “Theorem” was quite widely used,
for example, to prove that every division algebra over a number field is cyclic. See Roquette 2005,
5.3.

In fact, as Brian Conrad pointed out to me, effectively, a counterexample to Grunwald’s theorem
was published in 1934, 14 years before Wang, but (apparently) no one, including the author, noticed.
Specifically, let a and n be integers; for a prime p not dividing an, a is an nth power in Q, if and
only if it is an nth power mod p. Trost (1934)° proved by elementary means the following theorem:

if a is an nth power for almost all primes and 8 doesn’t divide n, then a is an nth
power; when 8 does divide 7, then a is either an nth power or it is 21/2 times an nth
power (and both occur).

For example, when n = 8, it is possible that 24g is an 8th power (and hence that @ is not an 8th
power). This happens with a = 16. In other words, Trost already knew the statement (i) of Example
2.2 that leads by standard arguments to the counterexample to Grunwald’s theorem.

Incidentally, Olga Taussky reviewed Grunwald’s paper. Chevalley reviewed Whaples’s paper for
Mathematical Reviews, and even read it carefully enough to note that “some typographical errors
are to be guarded against in reading the proof of the fundamental lemma”, but not carefully enough
to note that the main result was false.

3 The local-global principle for norms and quadratic forms

The local-global (or Hasse) principle asks whether a statement is true over a number field
K whenever it is true over each of the completions of K. In this section, we give two cases
where class field theory allows us to prove that the principle holds.

Norms

THEOREM 3.1 (HASSE NORM THEOREM) Let L /K be a cyclic extension of number fields,
and leta € K*. Then the image of a in K, is a norm from LV for all but finitely many v,
and if it is a norm for all v, then it is a norm in K .

PROOF. According to Theorem VII, 5.1, H!'(G,C 1) = 0. Because of the periodicity of
the cohomology of cyclic groups, this implies that H 1(G, C 1) = 0. Therefore, from the
cohomology sequence of

l1->L*=1,—->Cr—0

we find that
HY(G, L) — HX(G,1p)

is injective. But (see VII 2.5), this is the map

K*/Nm(L*) — @U KX/ Nm(L").

REMARK 3.2 The proof fails for noncyclic extension, and, in fact, the statement is not true
for noncyclic extensions. For example, 52 is a local norm from Q[+/13, /17] at all primes
but is not a global norm (see Cassels and Frohlich 1967, Exercise 5.3, p. 360). Given a
noncyclic abelian group G, the following paper studies the density of the extensions with

3E. Trost, Zur Theorie der Potenzreste, Nieuw Arch. Wisk. 18 (1934), 58-61.
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group G for which the Hasse norm theorem holds: Frei, C.; Loughran, D.; Newton, R.:
The Hasse norm principle for Abelian extensions. Amer. J. Math. 140 (2018), no. 6,
1639-1685.

Quadratic Forms

Recall that a quadratic form on a vector space V over a field k is a map Q:V — k such
that

(a) Q(av) =a*Q(v);
(b) B(v,w) o O+ w)— Q(v)— Q(w) is a bilinear form on V.

The quadratic form Q is said to be nondegenerate if its associated bilinear form B is
nondegenerate.* Let ¢ € k. A nondegenerate quadratic form Q is said to represent c if
there exists a nonzero v € V such that Q(v) = c.

LEMMA 3.3 If a nondegenerate quadratic form Q represents 0, then it represents all ¢ € k.

PROOF. Note that, fort € k,
Q(tv +w) =120 () + tB(v,w) + Q(w).

If vg is a nonzero vector such that Q(vg) = 0, then, because B is nondegenerate, there
exists a vector wq such that B(vg, wo) # 0. As ¢ runs through all values of k, so also does
Q(tvo + wo) = 1B(vo, wo) + Q(wo). a]

When k has characteristic # 2, there exists a basis {e1, ..., e, } for V such that B(e;,e;) =
0 fori # j. Then

n
Q(Zx,-ej) = Zaixiz, n =dimV.

i=1

Henceforth, we shall write the quadratic form as
qg(X1,....Xy) = ale2 + ... —|—anX,%,
and keep in mind that an invertible change of variables will change none of our statements.

LEMMA 3.4 A nondegenerate quadratic form q(X1, ..., X,) represents a if and only if
r € g —aY? represents 0.

PROOF. Ifg(xy,...,xn) = a,thenr(xy,...,x,, 1) = 0. Conversely, suppose r (X1, ..., X5, y) =
0. If y = 0, then ¢ represents 0 and hence represents every element in k. If y # 0, then
gL ) = q(x1,. . x0) /P = a. :

THEOREM 3.5 Let g be a nondegenerate quadratic form in n variables with coefficients in
a number field K.

(a) Ifn = 3, then q represents 0 in K,, for all but finitely many v.
(b) The form g represents 0 in K if it represents 0 in K, for all v.

Before beginning the proof, we note a consequence.

“When k has characteristic # 2, it is customary to set B(v, w) = % Qv+ w)— QW) — Q(w)).
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COROLLARY 3.6 Let ¢ € K. A nondegenerate quadratic form q with coefficients in K
represents ¢ in K if and only if it represents ¢ in K, for all v.

PROOF. Letr = g — cY 2. Then r represents 0 if and only if g represents c. O
We begin the proof with a purely algebraic result.

PROPOSITION 3.7 Letk be a field of characteristic # 2.
(a) The formg = X 2 does not represent 0.
(b) The formq = X? — aY? represents 0 if and only if a is a square.

(c) The formq = X? —aY? —bZ? represents 0 if and only if b is a norm from the field
k[Val.

(d) The formq = X2 — bY? — ¢Z? + acT? represents 0 in k if and only if ¢, as an
element of k[~/ab), is a norm from k[/a, /b).

PROOF. (a) This is obvious.
(b) According to Lemma 3.4, X2 — aY ? represents 0 if and only if X2 represents a.
(c) According to 3.4, X? —aY? — b Z? represents 0 if and only if X2 —aY ? represents
b, i.e., if and only if b is a norm from k[+/a].
(d) Clearly,

Nm (x + vby)
q(x,y,2,t) =0 < ¢ = KLV k .
Nmk[ﬁ]/k(z + \/al)

Because the inverse of a norm is also a norm, this shows that ¢ represents zero if and only
if ¢ is the product of norm from k[+/a] and a norm from k[+/]. Thus (d) follows from the
next lemma. o

LEMMA 3.8 Letk be a field of characteristic # 2. An element ¢ € k™ is the product of a
norm from k[+/a] and a norm from k[~/b] if and only if, as an element of k[+/ab), it is a
norm from L = k[/a, /b].

PROOF. We leave the degenerate cases, in which one of a, b, or ab is a square in k to the
reader. Thus, we may suppose that Gal(k[/a, v/b]/k) = {1,0, 1,01}, where each of o,
7, and o7 is of order 2, and fix respectively /a, Vb, and v/ab. The first condition asserts,
(%) There exist x, y € k[+/a, v/b] such that ox = x, ty = y,and xy - ot(xy) = .
and the second asserts,
(%%) There exists z € k[+/a, +/b] such that z - o7(z) = c.
Clearly, (x) = (*%). For the converse, note that

z-0z :Nmk[ﬁ,ﬂ]/k[ﬁ]z € k[Va].

Moreover,
Nmy jayi(z-0z) =z-0z-12-012 €k,

Asz -0tz = ¢ € k, this implies that 6z - 7z € k, and so
oz-tz=o0(0z-1z)=2z-07Z = C.

Therefore,
Nmk[ﬁ]/k(Z 'UZ) = C2.
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Now Hilbert’s theorem 90 (II 1.23), applied to z -0z /¢ € k[+/a], shows that there exists an
x € k[\/a]* suchthat tx/x = z-0z/c. Let y = otz/x. Then

ty=o0z/tx =c/z-x=z-0t1Z/z-X =Y
(use: definition of y; definition of x; definition of z; definition of y) and
xy-ot(xy) =o0tz-0t(0tz) =012-2 = ¢
(use: definition of y; (o7)? = 1; definition of z) as required. o

PROOF (OF THEOREM 3.53) If ¢ = q1(X1, ..., Xm) + ¢2(Xm=+1, .., Xn) and ¢ repre-
sents zero, then so also does g. Therefore, it suffices to prove (3.5a) for a quadratic form in 3
variables. After multiplying g by a nonzero scalar, we may suppose ¢ = X?> —aY? —bhZ?,
and for such a quadratic form, the statement follows from (3.7) and Theorem 3.1. O

PROOF (OF THEOREM 3.5b) We prove this by induction on the number 7 of variables.

When n = 1, there is nothing to prove, because the hypothesis is never fulfilled.

When n = 2, then, after multiplying ¢ by nonzero scalar, we may suppose that g =
X? — aY?, and for such a quadratic form, the statement follows from (3.7) and Theorem
1.1.

When n = 3, 4 the statement follows in a similar fashion from (3.7¢,d) and Theorem
1.1.

Before proving the general case, we make some elementary observations.

(a) A nondegenerate quadratic form ¢ (X1,..., Xm) — ¢2(Xm+1, ..., Xn) represents O
in a field k if and only if there is a ¢ € k such that both ¢; and ¢, represent c.

(b) If ¢ represents ¢ in k%, then ¢ represents every element in the coset ¢ - k*2,

(c) The subgroup Kffz of K¢ is open. When v is real or complex, this is obvious. When
v is nonarchimedean, Newton’s Lemma (ANT, 7.32) shows that 1 can be refined to a
root of X2 — a for any a with |1 —al, < |2|2.
On combining (b) and (c), we see that a quadratic form g with coefficients in K, repre-
sents the elements in a nonempty open subset of K.
Assume now that n > 5 and that Theorem 3.1b has been proved for n — 1. Let

q(X1,....Xn) =aX? +bX? —r(Xs,....Xpn), n—2>3.

From (a) of the theorem, we know that, except for v in a certain finite set .S, R represents 0
in Ky. Let v € S. Because g represents 0 in Ky, there exists an element ¢, € K, that is
represented by both a X 12 + bX 22 and r, i.e., there exist x; (v) € K, such that

ax1(v)? + bx,(v)? = ¢y = r(x3(v), ..., xp(V)).

Now apply the weak approximation theorem (ANT, 7.20), to find elements x, x, € K that
are close to x1(v), x2(v) in K, for all v € S. Then

¥ axi + bx3
will be close to ¢, for each v € S; in particular, we may suppose that ¢/c,, € K2 for all
ves.

Consider the quadratic form cY? — r. It represents 0 in K, for v ¢ S because r
represents zero in K, and it represents 0 in K, for v € S because r represents ¢ in K. By
induction, cY? — r represents zero in K. It follows that g represents 0 in K because each
ofaX 12 + bX 22 and r represents ¢ in K. o
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PROPOSITION 3.9 A nondegenerate quadratic form q in 4 variables over a finite extension
K of Q, represents every nonzero element of K*.

PROOF. If g represents 0, then it represents every element of K. We assume the contrary.
After multiplying ¢ by a nonzero element of K, we may suppose that

qg=X?>-bY?>—cZ?+acT?.

Because g does not represent 0 in K, neither b nor a is a square.

If K[/a] # K[~/b], then (by local class field theory, Theorem L.1.1), Nm(K[/a]¥)
and Nm(K[v/b]*) are distinct subgroups of index 2 in K *2, and therefore K = Nm(K[/a]*)-
Nm(K [«/E]X). Since the inverse of a norm is also a norm, this means that we can write ¢
as

x2 —by?
c=———"+,
z2 —at?
some x,y,z,t € K. On multiplying out, we find that g represents 0, contradicting our
assumption. Therefore K[/a] = K[+v/b], anda = b x (square) (see VII A.1). The square
may be absorbed into the 72, and so we may write

q=X>—bY?>—cZ? +bcT?.
Consider the quaternion algebra H (b, ¢) (see IV.5.7). For
a=x+yi+zj +tk

we define
a=x—yi—zj—tk

so that
Nm(x) Yoaq =x2— by? —cz? + bet?.

The map & — Nm(«) : H(b,c)* — K> is a homomorphism, which we must show to be
surjective.
For every o € H(b, ¢),
Pa(X)E X —a)(X —@) = X2 — (@ + @)X + Nm(x) € K[X].
Therefore, Py (X) is the characteristic polynomial of ¢ in the extension K[«]/K. In partic-
ular,

Nm(a) = Nmgia)/k ().

Now (see IV.4.4), H(b, ¢) contains copies of every quadratic extension of K, for example,
the unramified quadratic extension of K and a totally ramified quadratic extension of K.
Therefore Nm(H (b, ¢)™) contains the norm groups of these two distinct quadratic exten-
sions, and so (as above) equals K*. o

COROLLARY 3.10 Every nondegenerate quadratic form q in > 5 variables over a finite
extension of Q,, represents 0.

PROOF. We can write ¢ = r(X1,...,X4) —aX52 +¢'(Xs, ...), where r is a nondegenerate
quadratic form in 4 variables and a # 0. Then r represents a and so ¢ represents 0. O
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COROLLARY 3.11 A nondegenerate quadratic form q in > 5 variables over a number field
K represents 0 if and only if it represents 0 in every real completion of K.

PROOF. Combine (3.10) with (3.5). o

REMARK 3.12 The proof of Proposition 3.9 works also for K = R down to the last step:
the only quadratic extension of R is C, and so

Nm(H(b, ¢)*) = Nm(C*) = Rso.

It shows therefore, that a nondegenerate form in 4 variables over R that does not represent
zero represents all strictly positive real numbers.

4 The Fundamental Exact Sequence and the Fundamental
Class
For a Galois extension L /K, we write
Br(L/K) = H*(Gal(L/K), L™),
and for a Galois extension L /K of number fields, we write
H?(L/K) = H*(Gal(L/K),C1p).

Because H!(G,L*) =0 (seeII, 1.22) and H'(G,C 1) = 0 (see VII 5.1), for every tower
of Galois extensions £ D L D K, we get exact sequences

0 — Br(L/K) — Br(E/K) — Br(E/L)

e 0> H*(L/K) — H*(E/K) — H*(E/L).
On passing to the direct limit over larger fields £ C K®, we obtain exact sequences
0 — Br(L/K) — Br(K) — Br(L)
and
0— H*(L/K) - H*(K*/K) — H*(K"/L).

Thus, we can regard Br(L/K) as the subgroup of Br(K) of elements split by L, and simi-
larly for H2(L/K).

Let L/ K be a Galois extension of number fields of finite degree n, and consider the
diagram:

H?(L/K)

7

0 — Br(L/K) — @, Br(L?/Ky)

Q/Z
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The top row is part of the cohomology sequence of
0> L—=1I; ->CL—0.

The zero at left comes from the fact that H!(G,C ) = 0. The top row is exact, but the
map P, Br(LV/Ky) — H?(L/K) will not in general be surjective—we denote its image
by H?(L/K)'.

Recall (II1, 2.1), that for each prime v, we have a homomorphism

invy : Br(Ky) — Q/Z.

If v is nonarchimedean, it is an isomorphism of Br(K,) onto Q/Z, and if v is real, it is an
isomorphism of Br(K3) onto %Z/Z. Moreover, if L,/ Ky has degree ny, then invy, (8) =
ny - invy(B), and so inv, defines an isomorphism

1
invy : Br(Ly/Ky) > —Z/7Z.
ny

The southeast arrow in the diagram is
X @v Br(L"/Ky) > Q/Z, (By) = Y invy(By).

The image of invy, is the cyclic subgroup of order 7, in the cyclic group %Z /7, and there-
fore the image of X' is the cyclic subgroup %Z /7., where ng = lem(ny).

According to Theorem VII 5.1, the order of H2(L/K) divides n. According to Theo-
rem VII 8.1, the bottom row of the diagram is a complex, and so the maps in the diagram
induce a surjective homomorphism

H*(L/K) — LZ/Z.
no

The lcm ng of the local degrees always divides n, but need not equal it (see Example 4.5
below). Suppose, however, that the extension L /K has the property that n = ng. Then:

(a) Themap H?>(L/K) — %Z/Z is an isomorphism. (Itis surjective, and (H%(L/K)’ :
) < (H*(L/K):1) <n)
(b) H*>(L/K) = H?(L/K), and each has order 7.

(c) The bottom row is an exact sequence
v r 1
0— Br(L/K) > @yBr(LY/Ky) — —-Z/Z — 0
n

(because it is isomorphic to the top row).
LEMMA 4.1 If L/K is cyclic, then n = ny.

PROOF. Let S O S be a set of primes of K including all those that ramify in L. For
v ¢S, (py, L/K) is an element of Gal(L/K) of order n, (= f;), and so the image of the

Artin map /5 — Gal(L/K) has order ng o Iem(ny). According to the reciprocity law
(VII, 4.8), the Artin map is onto, which implies that n9 = n. [Using complex analysis, one
can show more, namely, that for all v in a set of density ¢(n)/n, LV/K, is cyclic of order
n: let m be the modulus of L/K, and let a be an ideal in 75 such that (a, L/K) generates
Gal(L/K); then the set of prime ideals p = a in Cy, has density 1/n.] o
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Let Q¢ be the infinite cyclic cyclotomic extension of QQ defined in (I A.5d) (see also
(VII, 7.3)), and let £2 = Q¢ - K. For every n, £2 contains a unique cyclic extension of §2,,
of degree n. The preceding lemma and remarks show that

0~ Br(2./K) — @D, Br(@Y/Ky) 2 1770

is exact. On passing to the direct limit (actually, directed union) over all n, we obtain an
exact sequence

0 — Br(22/K) — @v Br(2V/Ky) - Q/Z — 0.
THEOREM 4.2 For every number field K, the sequence
0 Br(K) — D Br(Ky) 2,.Q/Z -0
is exact.

PROOF. According to Proposition VII 7.2, Br(£2/K) = Br(K). Moreover, Br(£2?/K,) =
Br(Ky) because, in the nonarchimedean case, [§2} : Ky] — oo asn — oo (see VI 7.3). o

The sequence in the theorem is called the fundamental exact sequence of global class
field theory.

COROLLARY 4.3 For every finite extension L /K, the sequence
p)
0— Br(L/K) - @ Br(L"/Ky) = ;=Z/Z — 0. no = lem(ny),
v 0
is exact.

PROOF. Apply the snake lemma to the diagram obtained by mapping the fundamental exact
sequence for K to that for L. O

EXAMPLE 4.4 (a) For a finite cyclic extension of number fields /K, the fundamental
exact sequence becomes identified with

0 —> KX/Nm(L*) —» EDU Ky /Nm(L") - 17/7. -0, n=I[L:K].

(b) Let D be a division algebra over a number field K, and let i, = inv,(D Qg Ky).
Then: i, = 0 for all but finitely many v; i, = 0 if v is complex; i, € %Z/Z if v is real; and
> iy = 0 mod Z. The family (i,) determines the isomorphism class of D, and any family
(iy) satisfying the conditions is the family of invariants of the division algebra. Clearly, the
order of the class of D in Br(K) is the least common denominator 7 of the i,,. One can also
prove that [D : K] = n?. For example, to give a quaternion algebra over Q is the same as
to give a set of primes of (Q having an even finite number of elements.

EXAMPLE 4.5 Let L = Q[+/13, v/17]. Clearly n = 4, but I claim that n,, = 1 or 2 for all
v. Because both 13 and 17 are congruent to 1 modulo 4, 2 is unramified in L. Therefore,
for w|p, p # 13,17, Ly, is an unramfied extension of Q. In particular, its Galois group
is cyclic. Since it is a subgroup of Gal(L/Q), it is killed by 2, and therefore has order 1 or
2. On the other hand, (12) = 1 (obviously) and (12) = (1) = 1. Hence, 17 is a square
modulo 13, and Hensel’s lemma implies that it is a square in Q3. Similarly, 13 is a square

in @17.
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The fundamental class

It follows from the above discussion that there is an isomorphism
invg : H*(2/K) — Q/Z
uniquely characterized by having the property that the composite

invg

@v Br(K,) > H*(2/K) —> Q/Z

is (By) > Y invy (By).

LEMMA 4.6 For every finite extension L /K of number fields andy € H?*(2/K), invy (y) =
ninvg(y),n = [L : K].

PROOF. Use that the sum of the local degrees is the global degree. O

Therefore, for every L/K finite and Galois, we obtain an isomorphism
. 5 1
anL/K:H (L/K)—);Z/Z

On passing to the direct limit over all L C K?!, we obtain an isomorphism
invg : H*(K*/K) — Q/Z.

THEOREM 4.7 For every finite Galois extension L/K of number fields, H*(L/K) is
cyclic of ordern = [L : K] having a canonical generatoruy, .

PROOF. Take uy /g to be the element such thatinvy, /g (4 /gx) = % mod Z. 0

The generator uy, g of H 2(L/K) is called the fundamental class. One shows as in the
local case (see IlI, 2.7) that for every tower £ O L D K of finite Galois extensions,

Res(ug/x) = ug,r
Inf(uL/K) = [E : L]“E/K-

Therefore, one may apply Tate’s theorem (II, 3.11) to obtain an isomorphism
Gal(L/K)* — Cg/Nm(Cp).

That this is inverse to the global Artin map ¢,k defined in the last chapter follows from the
fact that the global fundamental classes are compatible with the local fundamental classes.

The norm limitation theorem

THEOREM 4.8 Let E be a finite extension of K (not necessarily Galois), and let M be the
maximal subextension of E such that M/ K is an abelian Galois extension. Then

Nmg,xk Cg = Nmpy g Cp.
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PROOF. Let L be a Galois extension of K containing E, and let G = Gal(L/K) and
H = Gal(L/E). Consider the commutative diagram

H7?(H,Z) —— H2(H.C}p)

lCor lCor

H7%(G,Z) —— H2(G.Cy)

in which the horizontal arrows are cup-product with the fundamental classes. This can be
identified with the commutative diagram:

H®» = CE/NHIL/E CL

| [

G® = Ckg/Nmp gk CrL.

Hence the cokernel of H2P — G2 is isomorphic to C ¢/ Nmg /k (C E). But the cokernel
is equal to Gal(M/K), which is isomorphic to C g/ Nmps g (C pr). Since Nm(C p7) D
Nm(C g), the two groups must be equal. o

S Higher Reciprocity Laws

Recall that, an odd prime p and integer a not divisible by p, the Legendre symbol (or
quadratic residue symbol)

a\ def 1 if a is a square modulo p
p) | —1 otherwise.

The group F; is cyclic of order p — 1 with —1 as its unique element of order 2. Therefore,

r—l . . . .
foru € IF;, u 2 is 1 or —1 according as u is a square or not, and so (%) is the unique

(ﬁ) = ap;1 mod p.
p

The quadratic reciprocity law says that, for odd primes p and ¢,

(2)(2)-c0
q p

The supplement to the quadratic reciprocity law says that

()= ()=
p p

For o a Gaussian integer (i.e., element of Z[i]) and 7 an odd Gaussian prime (i.e., prime
element of Z[i] not dividing 2), Gauss defined (%) (quartic residue symbol) to be the
unique 4th root of 1 such that

square root of 1 such that

(07 Nr—1
(—) =q 4 mod 7
T

and proved a quartic reciprocity law for these symbols. Later Eisenstein proved a cubic
reciprocity law. Emil Artin remarked that his theorem (V 3.5) implied all possible such
reciprocity laws, and therefore can be considered as a “reciprocity law for fields not con-
taining an nth root of 1”. In the remainder of this section, we explain this remark.
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The power residue symbol

Let K be a number field containing a primitive nth root of 1. For every finite set a, b, .. . of
elements of K, we define S(a, b, .. .) to be the set of prime ideals of K such that ord,(n) #
0, or ordy(a) # 0, or ordy(b) # 0,... . In particular, S itself consists only of the divisors of
n.

Recall that the discriminant of X" — 1 is divisible only by the primes dividing n. There-
fore X" — 1 has n distinct roots in IF?,I for any p { n, and the map

(¢ mod p: pun(K) = un(Ok/p)

is bijective for any prime ideal p { n. For such a prime p, let ¢ = Np o (Ok : p). Then IF;<
is cyclic of order ¢ — 1, and so n|g — 1 and an;l € up C ]F,’I‘.
Fora € K* and p ¢ S(a), define (%) to be the unique nth root of 1 such that

a Np—1
—)=a » modp.
(5) :

5.1 Foreverya,b € K* andp ¢ S(a,b),

.
T].. l. f ] 1ﬁ..

5.2 Fora € K* andp ¢ S(a), the following are equivalent:

@ (%) =1

(b) a becomes an nth power in Ok /p;

(¢) a becomes an nth power in K.

The equivalence of (a) and (b) follows from the exactness of

a—1
X=X n
1—>IF;<”—>IE‘;<—>M"—>1, q = Np.
If X" — a has a solution modulo p, then Hensel’s lemma (ANT, 7.33) shows that it has a
solution in K. Conversely, if a = a", o € K,, then ordy(a) = %ord,J (a) = 0, and so
« € Ok,. The map Ox — Ok, /p is surjective, and so there is an a9 € Ok mapping to «
modulo p.

We extend the mapping p +— (%) to 15@ by linearity: thus, for b = [] p;i e 15@),

©-T1(%)"

We abbreviate ((Z—)) to (%).
For an abelian extension L/K in which the primes in S’ do not ramify, Yz /x : [ S
Gal(L/K) denotes the Artin map (see Chapter V).
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5.3 Foreverya € KX andb € I5@,

I/’K[a%]/K(b)(“%) = (%) ar.

From Galois theory, we know that there is an nth root £(b) of 1 such that ¥ (b) (a%) =

£(b) -an and that the map b — {(b) is a homomorphism. Therefore, it suffices to prove the
equality with b = p, a prime ideal. By definition,

v(p)(x) = x™  mod p.

From 1 1
v(p)an) =Ep)-an

we find that
Np

() ar =ar mod p,
from which it follows that ¢ (p) = (%).

5.4 Leta € Ok, and let b be an integral ideal in [5@ . Ifa’ € Og,a’ = a mod b, then

b e 15W@) gnd ,
a a
$)-=(%)

For every prime ideal p dividing b, @’ = a mod p, and so (%) = (%/).

The Artin Reciprocity Law allows us to prove a similar, but weaker, result for (£)
regarded as a function of b.

5.5 Leta € K*. There exists a modulus m with support in S(a) such that (%) depends
only on the class of b in the ray class group Cy,.

According to Proposition VII A.5, S(a) contains all primes ramifying in K [a i ]. There-
fore, Artin’s Reciprocity Law (V 3.5) shows that there exists a modulus m with support in
S(a) such that ¥ (b) depends only on the class of b in the ray class group Cy,.

NOTES Copied from mo299588. The power residue symbol is a unitary Hecke character of K, with
trivial infinity type, with finite order, and with conductor dividing a power of m. This fact follows
from class field theory, from example, from VIII, 5.5, of these notes. (Explanation to be added.)

The Hilbert symbol

Let K, be a local field containing a primitive nth root of 1. The Hilbert symbol is a pairing
a,b(a,b)y : Ky /K" x K /K" — pin,

where W, is the group of nth roots of 1 in K;. Probably the most natural way of defining
this is as the cup-product map

H'(G. ptn) x H'(G. tn) > H*(G. ptn ® ptn). G = Gal(K™/K),
followed by the isomorphism

HZ(G,/Ln X [Ln) = HZ(G,/Ln) Q@ Un — Un
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defined by the invariant map inv,. However, in the spirit of the 1920s and 1930s, I’ll define
it in terms of central simple algebras.

Recall (IV.5) that for any a,b € K, we define A(a, b;{) to be the K,-algebra with
generators elements i, j and relations

i"=a, j"=b, ij=LCji.

It is a central simple algebra of degree n over K. In the case thatn = 2, A(a, b; —1) is the
quaternion algebra H (a, b). We define

(a.b), = ¢mino (4@

where [A(a, b; ¢)] is the class of A(a, b; ¢) in Br(K,). Because A(a, b; ¢) is split by a field
of degree n (in fact, by any maximal subfield, for example, Q[i]), its invariant is an element
of %Z/Z, and hence 7 - invy ([A(a, b; ¢)]) is an element of Z/nZ. Clearly the isomorphism
class of A(a, b; ¢) depends only on a and b as elements of K,/ K", and so we do have a
pairing

KK % KK = .

However, it is not obvious from this perspective that the pairing is bilinear.

EXAMPLE 5.6 Consider the case K, = Qp, p an odd prime, and n = 2. Then (a,b), =
+1, and

(a,b)p =1 < H(a,b) ~ M>(Ky);
& X?—aY?—bZ%+ abT? represents 0 in K,:
&= b is anorm from K[a];
< X?—aY?—bZ? represents 0 in K.

To prove the equivalences use (respectively) that: a quaternion algebra has invariant % if
and only if it is a division algebra; Exercise IV.5.7; Proposition 3.7d; Proposition 3.7c. The
last condition shows that our definition of the Hilbert symbol agrees with that, for example,
in Serre 1970, II1

5.7 Foranya,b,
A(b.a:0) ~ Ala.bi {7 ~ Aa,bi0) .

Therefore

(b.a)y = (a.b),".

By definition A(b, a; ) is the Ky-algebra with generators i’, j" and relations i"”* = b,
j™ =a,andi’j’ = ¢i’j’. The map i’ +— j, j' + i is an isomorphism A(b,a;¢) —
A(a,b;¢™1). Themapi + i, j + j is an isomorphism A(a, b; ) P — A(a,b; V).

)ordv (b)

5.8 Leta,b € K*. Foranyv ¢ S(a), (a,b), = (p"_v

For simplicity, we assume that A(a, b;{) is a division algebra. Recall (IV.4) that, to
compute the invariant of a central division algebra D over a local field K, we

(a) choose a maximal unramified field L C D;
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(b) find an element B € D such that « — BafB~! is the Frobenius automorphism of L
(such an « exists by the Noether-Skolem Theorem);

(c) setinvy([D]) = ordy(B).
We apply this with L = K,[i] = K, [a%]. Note that, because v ¢ S(a), this extension
is unramified. Let (p%) = {7, sothat (p, L/K,)(i) = ¢"i. Since jij ' = ¢7li, we see
that we can take 8 = j~". Then " = b~", and so ordy(B) = —1 ordy(b). Hence

) ordy (b)
(@, b)y def ¢ invy (A(a,b;?)) _ é-r~ordv(b) _ (pa ) '
v

REMARK 5.9 In fact,

@p), = PO

1
an

for all a, b, v. See 111, 4.5.

5.10 Fora,b € K*,

[[@.by =1

In the course of proving the Reciprocity Law, we showed that, for every 8 € Br(K),
> invy(B) = 0. In particular, ) invy(A(a, b; ¢)) = 0, and this implies the formula.
Fora,b € K*, define

B 1™ (%)
= v =@ )

b vis@) (b)>la

where (b)5@ is the ideal in /5@ generated by b. The symbol (%) is multiplicative in b,

but ("T‘Z/) =(%) (%) will not always hold unless S(b) N S(a,a’) = S.

THEOREM 5.11 (POWER RECIPROCITY LAW) Let a and b be elements of K* such that
S(a) N S(b) = S (for example, a and b could be relatively prime). Then

) oo

veS

Moreover, if S(c) = S, then

(2) = [T ®.c).t1¢e. byt

vesS

PROOF. Let S'(a) = S(a) ~ S and S'(b) = S(b) . S. Our assumption is that S’(a) and
S’(b) are disjoint. Then

=T ()= 11 @n

veS’(b) Pv veS’(b)

b b ordy (a)
(&)= 11 G = I e

veS/(a) veS’(a)

and
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Therefore

CIONE.

veS’/(a)US’(b)
Forv ¢ S U S’(a) U S’'(b), (a,b)y = 0 (by 5.8 for example), and so the product formula

shows that
[[ (@bwx]]@b)y,=1
veS/(a)US’(b) veS
This completes the proof of the first equality, and the second is obvious. O

To obtain a completely explicit formula, it remains to compute the Hilbert symbol for
the v € S. For the infinite primes, this is easy: if v is complex, then (a, b), = 1 always,
and if v is real, then

(a,b)y =1 < X2 —aY?—bZ?represents 0 <= a > 0orb > 0.

For K = Qandn = 2,

1 v— 2_ 2_
W27, 02y = (=1)"F T s

where u and v are 2-adic units, and the exponent is to be interpreted modulo 2. For an
elementary proof of this, see Serre 1970, III, 1.2. On applying this formula successively
to the pairs (p,g) with p and ¢ odd primes, (2, p) with p an odd prime, and to (—1, p)
with p an odd prime, one obtains the classical quadratic reciprocity law (including the
supplements).

For p an odd prime and K = Q[¢] with ¢ a primitive pth root of 1, one can make
the Hilbert symbol (a, b), completely explicit. Recall that p is totally ramified in K and
(p) = (w)P~!, where 7 = 1 — {. Let K, denote the completion of K at (), and let U;
denote the group of units in K congruent to 1 mod 7. We have a filtration

Ok, DU1DU2 DD Upy1 D---.

If u € Up41, then u is a pth power in K (see VII A.6a). From this, one can deduce that
Kx/K 7 is freely generated (as an I p-vector space) by the elements

o l—n% ..., 1—xP.
Letn; =1—nt,i>1(eg,n =0).
PROPOSITION 5.12 The Hilbert pairing
a,b (a,b)y: Ky x KX — up

is the unique skew-symmetric pairing satisfying
@ 1,17 = i Ni+ it )z (it j, )7 foralli, j > 1;
1 if 1<i<p-1
© )e=1lonU; xUjifi +j>p+1.

For hints, see Cassels and Frohlich 1967, p. 354.
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EXAMPLE 5.13 (Cubic reciprocity law; Eisenstein). Let p = 3, so that K = Q[¢], ¢ =

—1-12—\/5’ and 7 = —{+/3. Then Og = Z[{], and every nonzero element of Og can be

written in the form {’z/a with @ = £1 mod 30k. In this case, the reciprocity law

- (7-(2)

if a and b are relatively prime and congruent to =1 mod 3Ok, and

§) - o

& =

ifa = (1 + 3(m + ni)).
Note that, if ¢ € Z, thena = &1 mod 30k is automatic.

Application

Fix an odd prime p and a primitive pth root ¢ of 1. If x, y, z are integers such that x? +
yP = zP, then

p—1

[[Gx+¢y) =22

i=0
We may suppose that x, y, z have no common factor. If p { xyz, then the elements x + 'y
of Z[¢] are relatively prime (ANT, 6.9). Therefore, each generates an ideal that is a pth
power, and the same is true of

x + Ly 7
o= =1

— , m=1-=¢
X+y X+y

Hence’ (g) = 1 for all B € Z[{] relatively prime to «.

THEOREM 5.14 Let x, y, z be relative prime positive integers such that p { xyz and x? +
yP = zP. For every prime q dividing xyz, g?~! =1 mod p2.

PROOF. In this case, the Power Reciprocity Law becomes

(é) (g)_l — gTr@[z]/Q(n)’
)\ B

where n = ?"‘n;l. We apply this equation with 8 = g?~!. Without loss of generality,

we may assume that ¢ |y, sothat = 1 mod ¢ and (%) = 1. Moreover,

gP~1 -1 a—1
Tr(n) = » Tr( ),

b4
but |
Tra =Tr— y __ Y (p—1),
b4 x+y xX+y
g?7'-1

which is not divisible by p. Therefore is divisible by p. O

p

SThis fixes a confusing misprint in the last version; see sx667386.
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COROLLARY 5.15 (WIEFERICH’S CONDITION) If X?P 4+ Y? = ZP admits a solution

x,y,z with x,y,z positive integers none of which is divisible by p, then 2P~1 = 1
mod p2.
PROOF. If x? + y? = zP, then at least one of x, y, or z must be even. o

A similar argument (with a different 8) proves Mirimanoff’s condition: 377! # 1
mod p2.

The only primes < 3 x 10° satisfying Wieferich’s condition are 1093 and 3511, and
they fail Mirimanoff’s condition. Thus this proves the first case of Fermat’s last theorem
for p < 3 x10°.

EXERCISE 5.16 Let p € Z be a prime congruent to 1 modulo 3 (so that [F,, contains the
cube roots of 1). Show that 2 is a cube modulo p if and only if p is of the form x? + 27y?2,
X,y €.

NOTES Theorem 5.14 was proved by Furtwingler (see Hasse 1970, 11, 22); see also Koch 1992, 11,
6.3, and Herbrand 1936, p. 47. Class field theory also allows one to simplify the proof of Kummer’s
second criterion when the second case of Fermat’s theorem holds (J. Herbrand, Sur les classes des
corps circulaires, J. Math. Pures Appl., IX. Sér. 11, 417-441.

6 The Classification of Quadratic Forms over a Number Field

Earlier we showed that a nondegenerate quadratic form over a number field represents 0 in
the field if and only if it represents zero in every completion of the field. In this section, we
completely classify the quadratic forms over a number field. Specifically, we shall:

(a) Show that two quadratic forms over a number field K are equivalent if and only if
they are equivalent over every completion of K.

(b) Give a complete list of invariants for the quadratic forms over a local field.

(c) Determine which families of local invariants arise from a global quadratic form.

Generalities on quadratic forms

In this subsection, k is an arbitrary field of characteristic # 2. Let (V, Q) be a quadratic
space over k with corresponding bilinear form B,

Bw) = 5 (0 + 1) ~ QW) ~ O(w)).

and let Uy and U; be subspaces of V. If every element of V' can be written uniquely in the
form v = uy + up with u; € Uy and up € Us, then we write V = Uy @ U,. If, addition,
B(uyi,uz) = 0 for all u; € Uy and up € U,, then we write V = U; L U,. For every
subspace U of V',

U+ = {veV|Bu,v)=0forallu € U}.

If Q|U is nondegenerate, then V = U L U+,

Let (V, Q) and (V’, Q') be quadratic spaces over k. A morphism s : (V,Q) —
(V’, Q') is a linear map s : V — V' of k-vector spaces such that Q’(s(v)) = Q(v)
for all v € V. A morphism is an isomorphism if it admits an inverse that is also morphism.
An isomorphism (V, Q) — (V/, Q') will also be called an isometry.
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PROPOSITION 6.1 Let (V, Q) be a quadratic space. If Q represents a € k>, then there
exists ane € V with Q(e) = a and a subspace U of V such thatV =U 1L k -e.

PROOF. Because Q represents a, there does exist an e € V such that Q(e) = a, and we
can take U to be the orthogonal complement of k - e. O

Let (V, Q) be a quadratic space. For every y € V with Q(y) # 0, we define the
symmetry with respect to y (or with respect to the line k - y) to be the map

Note that 7y, is a morphism (V, Q) — (V, Q) and that 7,07, = id, and so 7, is an isometry.
It reverses every vector in the line k - y, and leaves every vector in the hyperplane (k - y)*
fixed. It is therefore reflection in the hyperplane (k - y)=.

PROPOSITION 6.2 Let U and W be isometric subspaces of a quadratic space (V, Q) and
assume that Q |U is nondegenerate. Then U L and W+ are isometric.

PROOF. We prove this by induction on the dimension of U. Suppose first that U and W
are lines, say U = ku and W = kw. Then Q(u) # 0, Q(w) # 0, and we may suppose
that Q(u) = Q(w). From

Qu+w)+ Qu—w) =20) +20w) = 4Q(u)

we see that at least one of Q (u+w) or Q (u—w) is nonzero, and, after replacing w with —w
if necessary, we may suppose that it is the latter. Therefore the symmetry t,,—,, is defined:
2B(x,u —w)
Ty—wX =X — ——(u —w).

Ou —w)

Then 1, (1) = w, because
O(u—w) = Q(u) + Q(w) — 2B(u, w) = 20 ) — 2B(u, w) = 2B(u, u — w),

and so 7,y maps U L isometrically onto w+t.

Thus, we may suppose that dim U > 2, and so admits a nontrivial decomposition
U = U; L U,. Because W =~ U, there is a decomposition W = Wy L W, with Uy ~ W
and U, ~ W,. Note that Q|U; will be nondegenerate, and that Uit = U, L U=, The
induction hypothesis implies that U, | U is isometric to W, L W, and the choice of
an isometry defines a decomposition Up L Ut =X LY withX ~WyandY ~ Wi,
But then X & U, and the induction hypothesis shows that ¥ ~ U~L. Hence Wt ~ U~ .

On choosing a basis e; for a quadratic space (V, ), we obtain a quadratic form
q(Xl,...,Xn)IZainin, aisz(ei,ej).

Conversely, a quadratic form ¢ defines a quadratic space (k”, ).

Two quadratic forms ¢ and ¢’ are said to be equivalent, ¢ ~ ¢, if they define isomor-
phic quadratic spaces, i.e., if one can be obtained from the other by an invertible change of
variables. If ¢ and ¢’ are quadratic forms in distinct sets of variables, then we denote ¢ + ¢’
by g L ¢'sthen (k"*".q L ¢') = (k™.q) L (k".q").

From Proposition 6.2 we find that:
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Letg =r L sand ¢’ = r’ L s’ be two quadratic forms, and assume that r is
nondegenerate. If ¢ ~ ¢’ and r ~ r/, then s ~ s'.

From Proposition 6.1 we find that

A nondegenerate quadratic form ¢ in n variables represents a if and only if
g ~r L aZ? where r is a quadratic form in n — 1 variables.

The rank of a quadratic space (V, Q) is defined to be the rank of the matrix (B(e;, e;))
for some basis e; of V. The rank of a quadratic form ¢ is the rank of the corresponding
quadratic space. When ¢ is written in diagonal form, ¢ = a1 X 12 + ++- + ar X2, then the
rank of ¢ is the number of nonzero coefficients a;, i.e., the number of variables actually
occurring in g.

The local-global principle

THEOREM 6.3 (HASSE-MINKOWSKI) Letq and q’ be quadratic forms over a number field
K. If ¢ and q' become equivalent over K, for all primes v, then q and ¢’ are equivalent
over K.

PROOF. We may suppose that ¢ and ¢’ are nondegenerate. We use induction on the com-
mon rank n of ¢ and ¢’. If n = 0, both forms are zero, and there is nothing to prove.
Otherwise, there exists an ¢ € KX represented by g. Then ¢(X1,..., X,) — aZ? repre-
sents 0 in K, and hence in K, for all v. On applying Theorem 3.5, to ¢’ —a Z?, we find that
q' represents a in K. Therefore, ¢ ~ g1 L aZ? and ¢’ ~ q; L aZ 2 for some quadratic
forms ¢; and g, of rank n — 1. Now (6.2) shows that g1 ~ ¢g» over K, for all v, and so (by
induction) they are equivalent over K. This implies that ¢ and ¢’ are equivalent over K. g

REMARK 6.4 Let (V, Q) be a quadratic space over a field k, and let O be its group of
isometries. Theorem 6.3 says that

HY(K.0) - [[H'(K,.0)
v
is injective.

The classification of quadratic forms over a local field

The archimedean case. Any quadratic form over C (as for any algebraically closed field of
characteristic # 2) is equivalent to a unique quadratic form

XT+-+ X7

Thus two quadratic forms over C are equivalent if and only if they have the same rank ».
According to Sylvester’s theorem, a quadratic form ¢ over R is equivalent to a unique
quadratic form
2 2 2 2
Xt + Xo =X = = X

The number ¢ of —1’s is the index of negativity. Thus, two quadratic forms over R are
equivalent if and only if they have the same rank n and the same index of negativity .

The nonarchimedean case. Let K be a local field. Recall that the Hilbert symbol (-, -)
can defined for a, b € K* by

1 <= X?2—-aY?—-bZ?represents 0 <= aY? + bZ? represents 1
1 otherwise.

@by=]
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LEMMA 6.5 The Hilbert symbol has the following properties:

(a) it is bi-multiplicative and (ac?,bd?) = (a,b) foralla,b,c,d € K*;

(b) for any nonsquare a € K, there exists ab € K> such that (a,b) = —1;

© (b,a) = (a,b)™" = (a,b);

(@ (a,—a)=({1,a) =1.
PROOF. Obviously, (a, b) does not change when a or b is multiplied by a square. Also, (¢)
is obvious.

Note that (a,b) = 1 if and only if b is a norm from K[\/a]. From local class field
theory, we know that if a is not a square in K, then Nm(K[+/a]*) is a subgroup of index
2in K*, and therefore b + (a,b) is an isomorphism K>/ Nm(K[+/a]*) — {£1}. This
completes the proof of (a) and (b). Finally, aX? —aY? = a(X? —Y?), and X? — Y?
represents @~ because it represents 0. u]

Ifq~a1X12+---+anX,%witha1,...,aner,thenweset
n(q) =n
dig) =ar--a,  (inK}/K)?)
S@)= [] @.ap)= [] @.d) (Gn{£1},

1<i<j<n 1<i<n

where di = ay...a;. Thus n(q) is the rank of ¢ and d(g) is the discriminant of g. Both
depend only on the equivalence class of g. We shall prove that the same is true of S(g). It
is called the Hasse invariant of q.

REMARK 6.6 Serre 1970, defines

e(g) = 1_[ (aj,aj) = H(ai,di—l)-

1<i<j<n
Note that
n n
S(q) = e(q) [ [(ai.ai) = e(g) [ [(~1. ai)(—ai. ai) = e(g)(—1. d(q)).
Thus the knowledge of (d(g), S(q)) is equivalent to the knowledge of (d(g), £(g)).
PROPOSITION 6.7 The element S(q) depends only on the equivalence class of q.

PROOF. It suffices to prove that e(g) depends only on the equivalence class of g. When ¢
has rank 1, there is nothing to prove: e(q) = 1 (empty product) for all g.

Next suppose that g ~ aX2+bY?2 ~ a’ X2 +b'Y 2. Because they are equivalent, either
both aX? + bY? and a’X? + b'Y? represent 1 or neither represents 1, and so (a,b) =
(a',b).

Next suppose that n > 2 and that

q NaIXIZ + "‘+aiXi2 +ai+1X,'2_|_1 4. Na/lez 4o +az,'Xi2 +az/'+1Xi2+1 4.
witha; = a/j except possibly for j =i,i 4+ 1. We then have to prove that

(ai.di—1)(aiv1.di) = (a;.di_y)(ajq. d])).
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But

(ai,di-1)(ai+1.d;) = (ai,di—1)(@i+1,di-1)(@i+1,a;) = (@iaj+1,di-1)(ai, aj+1)

! !

and a;a; 1 differs from aja; | by a square, and so it remains to show that (a;, aj+1) =

(al’.,al/-H). According to Proposition 6.2, a,-Xl.2 + ai+1Xi2+1 ~ al/-Xl-2 + a§+1Xi2+1, and
we already shown that this implies (a;,a;+1) = (a;,a;, ).
The following elementary lemma now completes the proof. o

LEMMA 6.8 Let B and B’ be orthogonal bases for a nondegenerate quadratic space (V, Q).
Then there exists a chain of orthogonal bases By, B>, ..., By, such that By = B and By, =
B’, and each B; is obtained from B;_; by altering at most two adjacent elements.

PROOF. See O’Meara 1963, Lemma 58.1. o

PROPOSITION 6.9 Let g be a nondegenerate quadratic form in n variables over a nonar-
chimedean local field K, and let a € K*. Then g represents a if and only if

(@) n=1anda =d(q) (in K*/K*?);

(b) n=2and (a,—d)(—1,d) = S(q) (equivalently, (a,—d) = &(q));

(¢) n = 3 and either a # —d(q) (modulo squares) ora = —d(q) (modulo squares) and
(=1,-1) = S(9):

(d n=>4

PROOF. (a) Clearly d X ? represents a if and only if a = d (in K*/K*?).
(b) Letq = bX? + cY?2. Clearly bX? + cY ? represents a if and only if abX? + acY?
represents 1, i.e., if and only if (ab,ac) = 1. But

(ab.ac) = (a.a)(a.b)(a.c)(b,c) = (a.—1)(a.d(q))(b.c) = (a.—d(q)) - £(q)

and so the condition is that
e(q) = (a,—d(q)).

(c)Letg = a1 X 12 +aX 22 +aszX 32 Then g represents a if and only if there exists an
e € K* for which the equations

ale2 + a2X22 =e= a3X32 —aXf
have solutions. According to (b), this will be so if and only if
(e,—ayaz) = (a1,az), (e,aza) = (az,—a). (%)

Consider two linear forms f, g : V — F, on an F,-vector space V of dimension > 2.
The simultaneous linear equations f(x) = &1, g(x) = &2 will have a solution unless they
are inconsistent, i.e., unless f = 0ande; = —1;org = 0and ey = —1;0or f = g and
&1 = —&3.

When we apply this observation to the linear forms (-, —aas), (-,aza) : K*/K*? —
{#1}, we find that there will exist an e satisfying (%) unless —a1a» = aza (in K*/K*?)
and (a1, az) = —(as, a). The first equality says that a = —d(g) (mod squares), and (when
a = —d(q)) the second says that (—1,—1) = S(g).

(d) In this case, ¢(X1,...,Xn) —aZ 2 has rank > 5, and therefore represents 0 (see
3.10). a]



6. The Classification of Quadratic Forms over a Number Field 255

THEOREM 6.10 Two quadratic forms over a nonarchimedean local field are equivalent if
and only if they have the same rank, the same discriminant, and the same Hasse invariant.

PROOF. We showed in Proposition 6.7 that equivalent forms have the same invariants. For
the converse, we use induction on the common rank n of the two forms ¢ and ¢’. Two
quadratic forms of rank 1 are obviously equivalent if they have the same discriminant, and
so we may suppose n > 1. From Proposition 6.9, we see that g and ¢’ represent the same
elements in K*. In particular, there is an ¢ € K,' that is represented by both ¢ and ¢’.
Thus,

qg~q +aZ% ¢ ~q)+aZ?

with g1 and ¢ quadratic forms of rank n — 1. Now

d(g) = a-d(q1), S(q) = (a,d(q1))-S(q1)

and similarly for ¢’ and ¢/ . Therefore, ¢; and ¢ have the same invariants, and the induction
hypothesis shows that g1 ~ ¢. =

PROPOSITION 6.11 Letq be a quadratic form of rank n over a nonarchimedean local field
K.

(a) Ifn =1, then S(q) = (—1,4d).

(b) Ifn = 2, then d(q) = —1 (mod squares) implies S(q) = (—1,—1).
Apart from these constraints, every triplen > 1,d € K*/K*2,s = £1, occurs as the set

of invariants of a quadratic form over K.

PROOF. CASEn = 1. Thenq = dX?,and S(q) = (d.d) = (-1.d).
CASEn = 2. Forqg = aX? 4+ bY?, S(q) = (a,a)(b,d), and so

d=—-1= S(q) = (=1,a)(=1,b) = (=1,d) = (=1,-1).

Conversely, the form X2 — Y2 hasd = —l and S = (-1, —1).
Now suppose d # —1 and s are given. We seek ana € K* suchthatg = a X2 +adY?
has S(g) = s. But

S(q) = (a,a)(ad,d) = (a,—1)(a,d)(d,d) = (a,—d)(d,d).

Because —d # 1 (in K*/K*?), we can choose a so that (a, —d) = s - (d,d).
CASE n = 3. Choose an a € K* such that a # —d in K*/K*?. Because of the
condition on a, there exists a quadratic form ¢; of rank 2 such that

d =d(qi)a, s=S(q1)a.d).

Take ¢ = q1 + aZ>.
CASE n > 4. There exists a quadratic form with the shape

ql(Xl,Xz,Xg,) +XZ+...+X3

having the required invariants. O
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GENERALITIES. We define the Hasse invariant for a quadratic form g over R or C by
the same formula as in the nonarchimedean case. For C, S(¢) = 1 always, and for R,
S(q) = (=1)!¢*+1/2 where ¢ is the index of negativity (because (—1,—1) = —1). Note
that in the second case, d(g) = (—1)’ (in RX/R*?), and that d(g) and S(g) determine ¢
when r < 3 but not for r > 3.

We say that a system (n,d,s,...),n € N,d € KX/K*?, s € {£1},... is realizable
there exists a quadratic form ¢ having n(q) = n,d(q) =d, S(qg) = s, ....

(a) For a nonarchimedean local field K, (n,d,s) is realizable provided s = 1 when
n=1ands = (—1,—1) whenn =2andd = —1.

(b) For R, (n,d,s,t) is realizable provided 0 < t < r,d = (=1)!, s = (—1)!¢+D/2,

Classification of quadratic forms over global fields

THEOREM 6.12 Let n € N, and suppose that for each prime v of the number field K
there is given a nondegenerate quadratic form q(v) of rank n over K,. Then there exists a
quadratic form qg over K such that (qo)y ~ ¢y for every v if and only if

(a) there exists adg € K™ such that dy = d(qy) mod K for all v;
(b) S(g(v)) =1 foralmostallv and [], S(q(v)) = L.

The conditions are obviously necessary. In view of Proposition 6.11 and the following
remarks, we can restate the theorem as follows. Suppose given:

o ann>landady € K*/K*?;
o for each prime v, finite or real, an s, € {£1};
¢ for each real prime v, an integer .

Then, there exists a quadratic form g over K of rank n, discriminant dy, Hasse invariant
Sy(g) = sy for all v, and index of negativity f,,(q) = ¢, for all real v if and only if
(a) sy = 1 for all but finitely many v and ]_[U sy = 1;
(b) ifn = 1, then s, = (—1,d)y; if n = 2, then either d # —1 in Kff/K:fz or
Sy = (_1,_1)11;
(c) forallreal v,0 <1, < n, d, = (—1)" (modulo squares), and s, = (—1)»+1/2,
Inthe case n = 1, gy, = d(qv)Xz, and we can take g9 = do X2, where d is the
element of K> whose existence is guaranteed (a).

The key case is n = 2, and for that we need the following lemma, whose proof requires
class field theory.

LEMMA 6.13 Let T be finite set of real or finite primes of K, and letb € K*. If T has an
even number of elements and b does not become a square in K\ for any v € T, then there
exists ana € K> such that

—1 forveT
1 otherwise.

(a’b)v =

PROOF. (Following Tate, 1976, 5.2). Let L be the composite of all abelian extensions of
K of exponent 2, and let G = Gal(L/K). By class field theory,

G~Cg/2Ck ~1/K* -T2
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The cohomology sequence of

is an exact sequence

2
X X=X

K* —— K* N L*? — Hom conis(G, t2) — 0.
Every element of K™ becomes a square in L, and so we have an isomorphism
I<X/I(X2 — Hom cons(I/ K™ - ]12, H2).

This map sends @ € K* to the continuous homomorphism

(cy) — H(a,cv)v

(because of the relation between the Hilbert symbol and the local Artin map). Thus, finding
a is equivalent to finding a homomorphism f : I/I?> — u, such that

(a) f = 1 on principal ideles;
b) f(,...,1,iy(b),1,...,1) = {

where iy, is the inclusion K — K. For each v, let B, be the F>-subspace of K/ K:fz
generated by i, (b), and let B = [ B, C I/I2. Because i (b) is not a square for v € T,
there exists a linear form (automatically continuous) f; : B — u» satisfying condition
(b), and f; will extend to a continuous linear form on I/I? satisfying (a) if and only if f
takes the value 1 on every principal idéle in B. The value of f; on the principal idéle of
b is [[,er —1, which is 1 because of our assumption that 7' contains an even number of
elements. Let ¢ € K> be such that its idéle lies in B. Then, for every v, iy(c) = 1 or
iy(b) in KX/ K)2. Therefore, i (c) becomes a square in Ky [+/b] for all v, which (by 1.1)
implies that ¢ is a square in K[+v/b]. Hence ¢ = 1 or b in K*/K*2, and so f takes the
value 1 on its idele. o

-1 forveT
1 otherwise.

We now prove the case n = 2 of the theorem. We are given quadratic forms ¢(v) =
a(v)X? + a(v)d(v)Y? for all v, and we seek ¢ = aX? + adopY ? such that ¢ ~ g(v) over
K, for all v. Thus, we seek an a € K such that

def

Sv(q) = (a.a)v(ado. do)y = S(q(v))

for all v. Now

(a,a)y(ady,do)y = (a,—1)y(a.do)v(—1,do)y = (a,—do)v(—1.do)y.

We apply the lemma with 7" equal to the set of primes for which S(g(v))(—1,dp)y = —1
and with b = —dj. The set T is finite because of condition (b) of the theorem, and it has
an even number of elements because

[Ts@)(-1.do)y = [[S(q) - [J(~1.do)p =1x 1 = 1.

Moreover,

S(q)) - (=1.do)y = (a(v), —d(v))y
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and so —iy(dg) = —d(v) # 1in K/K;? when v € T. Thus the lemma gives us the
required element a.
We next prove the case n = 3. Foraform ¢ = ¢ +aZ?,a € KX,

n(qr) =n(q)—1, d(q1)=a-d(q), Sv(q1) = (a,d(q))v-Sv(q).

We seek an a for which the invariants (2, a-dy, (a, dy)y-Sy) are realizable for all v, i.e., such
thatiy(a)dy = —1 = (a,dy)y sy = 1. Let T = {v | sy, # 1}—by hypothesis, it is a finite
set. By the weak approximation theorem (ANT, 7.20), there exists an a € K™ such that,
forallv € T,iy(a)dy # —1. Now, forv € T, d(g1) # —1, and so (2, dy, $y) is realizable.
Forv ¢ T, (a,dy) - sy = (a,dy), and iy(a)dy = —1 implies (a,dy)y = (=dy, dy)y = 1.
Hence, for such an a, there exists a quadratic form ¢, of rank 2 such that ¢; 4+ a Z? has the
required invariants.

We prove the case n > 4 by induction. If #,, < n for all n, we can find a quadratic form
with shape g1(X) 4+ Z? with the correct local invariants. If no ¢, = 0, then we can find a
quadratic form with shape g1 (X) — Z? with the correct invariants. In the general case, we
use the weak approximation theorem (ANT, 7.20) to find an element a that is positive at the
real primes, where #,, < n and negative at the real primes, where 7, = 0. Then the induction
hypothesis allows us to find a g1 (X) such that g1 (X) + aZ? has the correct invariants.

Applications

PROPOSITION 6.14 (GAUSS) A positive integer n is a sum of three squares if and only if
it is not of the form 4%(8b — 1) witha, b € Z.

PROOF. Apply the above theory to the quadratic form X 12 + X 22 + X 32 — aZ?—see Serre
1970, Chap. IV. =

7 Density Theorems

Throughout this section, K is a number field.

THEOREM 7.1 For any modulus m of K and any nontrivial Dirichlet character y : Cy, —
C*,L(1,y) #0.

PROOF. As we noted at the end of Chapter VI, this follows from the proof of Theorem VI
4.9 once one has the Reciprocity Law. O

THEOREM 7.2 Let m be a modulus for K, and let H be a congruence subgroup for m:
I™ D H D i(Kny,1). Forany class t € I™/H, the set of prime ideals in ¢ has Dirichlet
density 1/(I™ : H).

PrROOF. Combine Theorem 7.1 with Theorem VI 4.8. o

COROLLARY 7.3 Let L /K be a finite abelian extension with Galois group G, and let o €
G. Then the set of prime ideals p in K that are unramified in L and for which (p, L/K) = ¢
has Dirichlet density [L—IK]

PROOF. The Reciprocity Law V.3.5 says that the Artin map defines an isomorphism I™/H —
Gal(L/K) for some modulus m and some H D i(Ky,1), and we can apply the theorem to
the inverse image of o in I™/H . O
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THEOREM 7.4 (CHEBOTAREV) Let L be a finite Galois extension of the number field K
with Galois group G, and let C be a subset of G stable under conjugation, i.e., such that

xeC, 7€G=rmxt leC.

Let
= {p | p unramified in L, (p, L/K) C C}.

Then T has Dirichlet density

number of elements in C

$(T) =

number of elements in G

PROOF. It suffices to prove this in the case that C is the conjugacy class of a single element
o,
C ={tot™'|1e€G

Let o have order f, and let M = L=~ Then L is a cyclic extension of M of degree f,
and therefore the Artin map gives an isomorphism

Cn/H —><0>.

for some modulus m of M and for H = M - Nmy,/pr Cr,,m. We use the notation

Blalp

for primes P of O, q of Oy, and p of Og. Letd = [L: K] = (G: 1), and let ¢ be the
order of C. We have to show that
T)=—.
(T) = -
In the proof, we ignore the (finitely many) prime ideals that are not prime to m.
Let

Tmo =14COum | (0. L/M) =0, f(a/p) =1}
The Chebotarev density theorem for abelian extensions (7.3 shows that the set of primes
satisfying the first condition in the definition of Tz, has density %, and it follows (see
4.5) that Tp,o itself has density .
Let
TLo ={BCOL|I(B.L/K)=0].
We shall show:
(a) the map P — q =P N Op defines a bijection T ¢ — Tp,03

(b) themap’P — p =PNOk :Trs — T sends exactly oF primes of T to each
prime of 7.
On combining these statements, we find that the map q — p = q N Ok defines a % 01
map Tpr, — T. For such a q, Nmys/ g g = p and so Ng = Np; hence

1 cf 1 cfl 1 c 1
— log —— = ~log —
ZNpS 2. Ng df 8 d %51

peT qu ,0

as required. It remains to prove (a) and (b).



260 Chapter VIII. Complements

Let € Tp o, and let ¢ = PN Op and p = P N Ok. Then the Galois group of
L/ K, is generated by o, but o fixes My, and so My = Kj,. Therefore f(q/p) = 1, which
shows that q € Ty, and so we have a map

f‘p'_) q =dyf s:Bm(f)M:TL,U g TM,U-

This is injective because £ (B/q) = f(q/p)~ ' f(B/p) = 1 x f, and so P is the only prime
of L lying over q. It is surjective because, for any prime ‘3 lying over q € Ty,

(B.L/K) = (B, L/K)/ P = (p,L/M) =0

(first condition for q to lie in Ts,5), and so *B € T, . This proves (a).
Fixapo € T, and letBo € T , lie over p. Then, for t € G,

(xPo, L/K) = t(Po, L/ K)t™"

and so
1(Po. L/K)t ! =0 < 1€ Cg(0)

(centralizer of o in G). Therefore the map t — By is a bijection

C6(0)/GBo) > {PB€TLos | BNOk =po}

The decomposition group G (o) equals (o), which has order f, and Cg (o) has order %
because there is a bijection

T 10t :G/Cg(0) — C.

Therefore (Cg(0) : G(Bo)) = %, and we have shown that, for each p € T, there are

exactly % primes B € Tr,  lying over p. This proves (b) and completes the proof of the
theorem. O

REMARK 7.5 For effective forms of the Chebotarev density theorem, see Lagarias and
Odlysko (Algebraic Number Fields, Ed. Frohlich, 1977). Let L be a finite Galois extension
of K, and let

e (x) = [{pl(p,L/K) =C, Np =<x}|.

Then

nc(x) = 2& + specific error term.

8 Function Fields; Geometric Class Field Theory

We should also include the class field theory of function fields (finite extensions of IF,(T")
for some p). For this, one can either mimic proofs in the number field case (see Artin and
Tate 1961) or (better) one can base the proofs on Tsen’s theorem (see Milne 2006, Appendix
to Chapter I).

Let K be a function field in one variable over a field k, i.e., a finite extension of k(7).
Geometric class field theory describes the “geometric” abelian extensions of K, i.e., the
abelian extensions “not coming from k”. For a list of references for geometric class field
theory, see mo73054.


https://mathoverflow.net/questions/73054/
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9 Cohomology of Number Fields

We should also include proofs of the theorems of Nakayama and Tate (e.g., J. Tate, The
cohomology groups of tori in finite Galois extensions of number fields, Nagoya Math. J.,
27, 1966, 709-719) and Poitou and Tate (e.g., Milne 2006, Chapter I).

10 More on L-series

Let y be a Dirichlet L-series. Then there exist constants A(y) > 0, a(x), b(x) € C, such

that
s —I— 1

¢@x)¢UAUfF(VmF( YPOLGs, x)

satisfies the functional equation

o6 0 =Wpel-s.p)  WHl=1

See Narkiewicz 1990.

Artin L-series

Let L be a finite Galois extension of K with Galois group G. Let V' be a finite dimensional
vector space over C and let
0:G — Autc(V)

be a homomorphism of G into the group of linear automorphisms of V. We refer to p as a
(finite-dimensional) representation of G over C. The trace of p is the map

o+ x(0) = Tr(p(0)).

(Recall that the trace of an m x m matrix (a;; ) is > ajj, and the trace of an endomorphism
is the trace of its matrix relative to any basis.) For o € G, let

dim V
Py(T) =det(1—p()T | V)= [[ A—aT)., a €C.
i=1
be the characteristic polynomial of p(0). Note that P5(7") depends only on the conjugacy
class of o, and so for any prime p of K unramified in L, we can define

Py(T) = Ps(T). o = (P.L/K) some Llp.

For such a p, let
1
Lp(s.p) = 5=
’ Py(Np~*)

and let

L(s.p) = [ [ Lp(s. p)-
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For example, if L/K is abelian, then the representation is diagonalizable®

PR Y1 DD Am,
where each y; is a homomorphism G — C*. When composed with the Artin map
Cn — G,

xi becomes a Dirichlet character, and so the Artin L-series becomes identified with a prod-
uct of Dirichlet L-series. This was the original reason Artin defined his map.
One can show that if (V, p) = Indg(VO, 00), then

L(s, p) = L(s, po).

To handle more general Artin L-series, Artin proved that every character of a finite group
G is a linear combination (over Q) of induced characters from cyclic subgroups. Hence

L(s,p) = 1_[( Dirichlet L -series)”, r; € Q.
Later Brauer proved a stronger theorem that allows one to show that
L(s,p) = l_[( Dirichlet L -series)’”, r; € Z.

Artin conjectured that, provided p does not contain the trivial representation, L(s, p) ex-
tends to a holomorphic function on the whole complex plane. The last formula implies that
this is true if the r; are all positive integers. Little progress was made in this conjecture
until Langlands succeeded in proving it in many cases, where V' has dimension 2 (see R.
Langlands, Base Change for GL(2), Princeton, 1980).

Hecke L-series

A Hecke (or Grossen) character is a continuous homomorphism from I into the unit circle
in C* such that ¥ (K™) = 1 and, for some finite set S, ¥ is 1 on a set {(ay) | a, = 1 for
v € S, a, =unit for all v}

EXAMPLE 10.1 Let D € Z, cube-free, and let { be primitive cube root of 1. If p = 2
mod 3, then p remains prime in Q[¢], and we set ¥ (p) = 1. If p = 1 mod 3, then
p = nw in Q[¢], and we choose 7 to be = 1 mod 3. Then 7 = %(a + 3b+/=3) and
4p = 4w = a® + 27h%. Now there exists a Hecke character such that ¥ (p) = 1 for all

odd p #1 mod 3 and ¥ (p) = JLE (%)
For such a character, we define
1
1 — ¢ (7my)Npys”
6By this we mean that, relative to suitable basis for V/,

ng 0 0
0 g -+ O

Lis,y) =[]

véS

p(g) = g€G.

00
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where 7, is an idele having a prime element in the v position and 1 elsewhere. The basic
analytic properties of Hecke L-series (meromorphic continuation, functional equation etc.)
are well understood (e.g., J. Tate, Fourier analysis in number fields and Hecke’s zeta func-
tion, thesis, 1950; reprinted in Cassels and Frohlich 1967; or Ramakrishnan and Valenza
1999).

Weil groups and Artin-Hecke L -series

For this topic, see Tate 1979

A theorem of Gauss

Having begun the course with theorem first proved by Gauss, namely, the quadratic reci-
procity law, it seems appropriate to end it with another theorem of his.

Consider the elliptic curve E : X3 + Y3 4+ Z3 = 0. Let N, p be the number of points
on E with coordinates in IF,. Gauss showed:

(@) if p#1 mod 3,then Ny, = p + 1;
(b) if p =1 mod 3, then N, = A, where A is the unique integer = 1 mod 3 for
which 4p = A% 4+ 27B2.
See Silverman and Tate 1992, IV.2.
Gauss’s theorem implies that the Weil conjecture holds for E /I, namely, that

INp —p =11 <2/p.

It also implies the Taniyama conjecture for £ /Q, because it shows that the L-series L(s, E)
equals L(s — % ), where ¥ is the Hecke character in the above example associated with
D =—1.

He wrote to me that algebraic number theory was the most beautiful topic he had ever
come across and that the sole consolation in his misery was his lecturing on class field
theory.... This was indeed the kind of mathematics he had admired most: the main results
are of great scope, of great aesthetic beauty, but the proofs are technically extremely hard.

A. Borel, in: Current Trends in Mathematics and Physics: A Tribute to Harish-Chandra,
Editor S.D. Adhikari, Narosa Publishing House, New Dehli, Madras, 1995, p. 213.






Appendix A

Exercises

These were the exercises the students were required to hand in.

A-1 (a) Let K be a finite Galois extension of Q. Show that Gal(K/Q) is generated by the
inertia groups of the prime ideals in Og. (Hint: show that the fixed field of the subgroup
generated by the inertia groups is unramified over QQ at all prime ideals of Z. The inertia
group of a prime ideal 3 is the subgroup of the decomposition group D(*J3) of elements
fixing the residue field. Its order is the ramification index of ‘13.)

(b) Let p1,..., p; be distinct odd prime numbers, and let p; = (—l)plTlpi (so only
pi ramifies in Q[/p¥]). Let K = Q[Vd], d = [1p.

Let C+ be the narrow-class group of K, and let L be the class field of C_% (so L is
unramified over K at all prime ideals of Og and Gal(L/K) is an elementary abelian 2-
group; moreover, L is the largest field for which these statements are true).

Show that L is Galois over Q and that the inertia group in Gal(L/Q) of every prime
ideal of Op is of order 1 or 2. Deduce that Gal(L/Q) is an elementary abelian 2-group,
and that L. = Q[\/?, cee, \/p—;k] Deduce that (Cy : Ci) = 2/~1 (cf. Example 0.7).

A-2 (a) Let d > 3 be a square-free integer with d = 3 mod 8. Show that there exists a
field L of degree 3 over Q with discriminant —d or —4d.

(b) Find the cubic extension L of Q with smallest [A7 k|-

(You may assume the main statements of class field theory.)

Hints: Let K = Q[+/—d]. For the case that 3 divides the class number of K, ponder
the example of the Hilbert class field of Q[+/—31] worked out in class. For the contrary
case, show that 20k is a prime ideal p and that 3 divides the order of the ray class group
Cy.

A-3 Do Exercise 3.15, p. 160, in the notes. Note that, in the statement of the Exercise, i is
used ambiguously for the (obvious) homomorphisms from Ky, 1 to / S and to 7SYSm),

A-4 Prove, or disprove, that every subgroup of finite index in the ideéle class group Cx =
Ix /K> of a number field K is open. (This is Exercise 5.11, p. 182, of the notes. You may
assume the similar statement for K7 — see I 1.7 of the notes.)

A-5 Let G be a group and A a group (not necessarily commutative) endowed with an
action of G, i.e., a homomorphism G — Aut(A4). As in the commutative case, a crossed
homomorphism ¢ : G — A is defined by the condition ¢(0t) = ¢(0) - op(r). Two

265
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such homomorphism ¢ and ¢’ are said to be equivalent if there exists an a € A such that
¢'(0) = a~ ' - ¢(0) - oa for all o € G, and the set of equivalence classes is denoted
HY(G, A) (it is a set with a distinguished element). A proof similar to that of Hilbert’s
Theorem 90 shows that (G, GL, (L)) = 0 when L/K is a finite Galois extension with
Galois group G.

Let K be a field of characteristic # 2. A quadratic space over K is a pair (V, @) con-
sisting of a finite-dimensional vector space V' over K and a nondegenerate quadratic form
® on V, ie., the map x — @(x, x) associated with a nondegenerate symmetric bilinear
form ¢ on V. Anisometry « : (V,®) — (V',®’) is an isomorphism of vector spaces
a : V — V' such that ®'(x(v)) = @ (v) forallv € V.

Exercise: Let L/K be a finite Galois extension of fields of characteristic # 2, and
let G = Gal(L/K). Fix a quadratic space (V, @) over K, and let O(®) be the group of
automorphisms of (V, @) ® x L — it has an obvious G-action. If (V’/, @’) is a quadratic
space over K and o : (V,®) ®x L — (V/,®’) ® L is an isomorphism of quadratic
spaces over L, show that o — a~! o o« is a crossed homomorphism ¢ : G — O(®)
whose equivalence class is independent of the choice of @. Deduce that H!(G, O(®))
classifies the set of isomorphism classes of quadratic spaces over K that become isomorphic
to (V, @) over L (i.e., there is a one-to-one correspondence between H (G, O(®)) and the
set). Deduce that H!(G, O(®)) # 0 when K = R and L = C (assuming dim V # 0).
(You may assume that H'(G, GL,(L)) = 0.)

A-6 Let H be a subgroup of finite index in the group G, and choose amap s : H\G — G
such that Hs(x) = x, i.e., a representative in G for each right coset of H in G — thus
G = Userg Hs().

(a) For g € G, show that s(x) - g - s(xg)~' € H.

For g € G, define

Vig)= [] s)-g-sGxe)™" mod H°,
x€eH\G

where H€ is the commutator subgroup of H. (Note that, because H/H¢ is commutative,
V(g) is independent of the choice of the ordering of H\G implicit in the product).

(b) Show that V(g) is independent of the choice of s, and that it is a homomorphism
G —> H/HC.

Hence, V induces a homomorphism Ver: G/ G¢ — H/H€¢ — the Verlagerung or trans-
fer map.

(¢) For any G-module M, show that the map m — N(m) = >, . H\G s(x)-m induces
a well-defined homomorphism Res: Ho(G, M) — Ho(H, M).

(d) Show that the diagram

G/G¢ —— Ig/12

[

H/H® Ig/1glg

| l

H/H¢ —— Iy /1%

commutes (the horizontal isomorphisms are those of Lemma II, 2.6; the upward map is
induced by inclusion).
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[Assuming that the maps Res : H,(G,M) — H,(H, M) exist, are compatible with
the boundary maps, and have the description in (c) for r = 0, this shows that they agree
with the Verlagerung on H;(G,Z). More precisely, the above diagram can be identified
with

Hi(G,Z) —2— Ho(G, Ig)

l/Res lRes

Hy(H,7) —— Ho(H, Ig)

of I

Hy(H,7) —%— Ho(H,Ig).

The boundary maps arise from the augmentation exact sequences for G and H. The top
and bottom boundary maps are isomorphisms. The middle boundary map is injective,
and becomes an isomorphism in the case that G is finite when Hy(H, Ig) is replaced by
Hz'(H, Ig).]

A-7 This exercise will show that cohomology doesn’t commute with inverse limits — in
fact, the map H'(G, 1<£n M,) — lim H'(G, M,) needn’t be injective.
Let G be a profinite group, and let

Tn—1.n

> My, > My > e > My

be a projective system of G-modules. Assume
(a) eachmap my—1,, : My — My,_1 is surjective;

(b) there is a commutative diagram

~
N
=
~
N
~

in which each vertical map is surjective.

For any ¢, € Z, Y p" ¢, will converge in Z p — choose a sequence ¢, n > 1, such
that Y~ p" !¢, converges to an element ¢ of Z p not in Z. For each n, choose elements
Xn,1,-..,Xnn such that

(@ forl <i <n-—1,7mn—1,n(Xn,i) = Xn—1,i;
(b) Xn,n € MnG and Vn(xn,n) = Cn.
Define

Xn =Xp,1 + -+ Xnn

¢on(0) = 0xp — xp, foro €G.

Thus, ¢, is a principal crossed homomorphism G — M,. Note that 7,_1 ,(¢n(0)) =

¢n—1(0) for all n, and so there is an element (o) in M & lim M,, whose image in each
M,y is ¢, (0). Clearly, 0 — ¢(0) is a crossed homomorphism G — M.

Show that ¢ is not a principal crossed homomorphism, i.e., show that there doesn’t
exist an element y = (y,) of M such that ¢, (0) = 0y, — V.

Hint: write y, = x, + z, and show that z is fixed by G but y(z1) = ¢ ¢ Z.

Can you construct a system (My, mp—1,5, Yn) satisfying the conditions?
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A-8 Do parts (a)—(d) of Exercise 5.7, p. 144, of the notes (or the whole exercise, if you are
feeling energetic). You may use the noncohomological results of Chapter IV, if necessary.

A-9 Let L, = Qp[{pn], where {pn is a primitive p”th root of 1. Show that p is a norm
from L,. Deduce that Lo = | Ly, is the subfield of Q* fixed by recg ,»(p) (union inside
some fixed algebraic closure of Q).

A-10 Let L/K be a finite cyclic extension of number fields of degree n. Show that, for
each d |n, the set of primes p of K such that e(§/p) = 1 and f(*/p) = d for one (hence
all) 3 lying over p has polar density ¢(d)/n. (Hint: Try induction on d.)

The energetic may find a similarly elementary proof of the Frobenius density theorem

(weaker, much earlier form, of the Chebotarev density theorem): Let L/K be a Galois
extension with Galois group G, and let o be an element of G of order n. Show that

{p | p unramified and (p, L/K) = o* for some k relatively prime to n}

has polar density co(n)/[L : K], where ¢ is the number of conjugates of (o) in G. Show
also, that c@(n) is the number of conjugates of ¢, and so this is consistent with the Cheb-
otarev density theorem. For hints, see Marcus 1977, pp. 207-208.

A-11 Show that 16 is an 8th power in R and Q,, for all odd p (but not in Q).

[Hint: Show that Q[¢g] = Q[i, +/2] is unramified for all odd p, and deduce that, for p
odd, Q, contains at least one of 1 + 7, V2, or \/—_2.]

Note: This violates Grunwald’s theorem, which was widely used for 15 years.
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Solutions to Exercises

Solution to Exercise A-1.

(a) Let p be a prime ideal in Ok, and let I(p) be its inertia group. Then M = KI®)
has the property that p N Oy, is unramified over p N Z (ANT, 8.11). Hence any field fixed
by all the inertia groups is unramified over QQ, and so equals Q (ANT, 4.9).

(b) The field L is Galois over Q because it is stable under any automorphism of its
Galois closure.

It’s clear the inertia groups have order 1 or 2, and so Gal(L /Q) is generated by elements
of order 2. This doesn’t imply it is abelian (every dihedral group is generated by two
elements of order 2), but there is an extension

0 — Gal(L/K) — Gal(L/Q) — Gal(K/Q) — 0,

Gal(L/K) ~ (Z/27)° some s, Gal(K/Q) ~ Z/27Z.

and the generators of the nontrivial inertia groups have image # 1 in Gal(K/Q) (otherwise
the argument in (a) would show that the ramification occurred in L /K rather than K/Q).
Let o0 and 7 generate inertia groups of order 2. Then ¢|K # 1 and t|K # 1, and so
ot|K = 1. Thus ot € Gal(L/K) and so has order 1 or 2. Hence ¢ and t commute, and
so Gal(L/Q) is generated by commuting elements of order 2, which implies that it is an
elementary abelian 2-group.

Only the primes p1, ..., p;y ramify in L, and corresponding to each there is only one
inertia group (there may be many prime ideals in L lying over a p;, but each has the same
inertia group because Gal(L/Q) is abelian). Hence Gal(L/Q) =~ (Z/27)° some s < t.
Since L contains Q[\/p_i", ...], which has degree 2! over Q, we see that L = Q[\/p_’l", oo
The rest is easy.

[Alternative proof that L = Q[\/? ,...]: Because Gal(L/Q) is an elementary abelian
2-group, L = Q[ /m1, \/m3,...] for some m; € Z (easy Kummer theory), but it’s easy to
see that Q[\/? ,...] is the largest field of this type whose composite with K is unramified
over K]

Solution to Exercise A-2.

Asd =3 mod 8, —d =1 mod 4, and so Ag,g = —d. I write “prime” to mean
“finite prime”.

If 3 divides the class number of K, then there exists an unramified extension L of
K of degree 3 (by class field theory). As in the case d = 31, L is Galois over (Q and
L = M - K with M of degree 3 over Q and non Galois over Q. By Galois theory, the
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unique quadratic extension of (Q contained in the Galois closure of M is Q[\/M], and
so Apr/g = —d x square (easy Kummer theory). If p doesn’t divide d, it doesn’t ramify
in L (norin M) and so p doesn’t divide Ay k. If p|d, then pOpr = p%pz, which implies
(theory of differents) that p divides Ay, g but not p?. Hence A M/ = —d.

Suppose 3 doesn’t divide the class number. Because —d = 5 mod 8, (2) stays prime
in Ok, say 20k = p, and 3 divides the order of the ray class group C, (the ray class group
contains (O /p)* = F} —see V 1.5; here we use that d > 3 to see that the only units in
K are +1). We apply the same argument as before with L an extension of K of degree 3
ramified only at p. Again L = M - K with M as before except that 2 totally ramifies in M,
and the argument shows that As/q = —4d.

From the table on p. 160 of the notes, we see that Ay = —23 is possible. From
the Minkowski bound, we see that |As/q| > 13 (complex primes) or [Ays/g| > 21 (no
complex prime). Stickelberger eliminates all but —15, —16, —19, —20, 21. If M has
discriminant d = —15, —19, 21, its Galois closure L = M - Q[«/E ] is unramified over
Q[v/d] (otherwise some prime of Q ramifies totally in L but not in M), but the class
numbers of Q[\/g ] are 2, 1, and 1 respectively. For d = —16,—20, the same argument
shows that only primes lying over 2 could ramify in L = M - Q[«/g ], but here the class
number is 1 or 2 and the relevant ray class numbers are not divisible by 3 (2 ramifies in
Q[v—1] and Q[v=5)).

Note:

(a) Instead of using differents, one can use the formula in 3.39(a) of ANT (but the proof
of that uses differents).

(b) It is not too hard to compute the above class numbers by hand, but the easy way is
to use PARI.

1

Solution to Exercise A-3.
In the notes (and this solution), i is used ambiguously for the (obvious) homomorphisms
from Ky 3 to [ S and to 7SYSM) These maps make the diagram

Kml

gl

7S IS(m) ISUS(m)

commute — here ZS is the free abelian group generated by S. The kernel-cokernel
exact sequence of the triangle gives

7S — 15 /i(Kn1) — I5YS™ /i(Ky 1) — 0,

and so
5™ /(8) i (K1) = I595™ /i (K 1).

Thus, the subgroups of 75YS™ containing i (Kw,1) are in natural one-to-one correspon-
dence H <> H' with the subgroups of 75 containing (S) - i (Km,1). For such a pair H,
H'’, let L be the class field of H'. We get isomorphisms

ISUS(m)/H N [S(m)/H/ — Gal(L/K)-

'If —d =1 mod 8, it would split.
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The second map is the Artin map, induced by p + (p, L/K). Certainly L/K is abelian,
and the primes in S split because they lie in H’ (and hence have (p, L/K) = 1). Moreover,
primes not in S(m) don’t ramify. Finally, the composite of the two maps is also the Artin
map, and so the primes not in § U S(m) that split are precisely those in H. This shows that
L/K is an S-class field of H. We have shown that it has Galois group 75YS™ /H and it
is unique because we know which primes split in it (except possibly for a finite number).

Conversely, any L satisfying (a) is the class field for some modulus m such that S(m) N
S = @ and some subgroup H' of I5(™ containing (S)-i (Km,1), from which it follows that
it is the S-class group of the subgroup H of I5YS™ corresponding to H'.

Solution to Exercise A-4.

Alas, it is not true that every subgroup of finite index in the idele class group is open,
even for a number field. Asin I 1.5, let V be a product of a countably infinite number of
copies of IF,, (or any other finite field), and let W C V consist of the elements of V" all but
a finite number of whose entries are zero (so W is a direct sum of copies of [F,). With the
product topology, V' is compact (and uncountable). The subspace W is countable, but dense
in V' — in fact, it maps onto any finite quotient of V. The quotient V/ W is a vector space
over IFj, and so has a basis B (this requires the axiom of choice — see Jacobson, Lectures
in Abstract Algebra, Vol II, Chap. IX; to say that B is a basis means that every finite subset
of B is linearly independent and every element of V/W is a finite linear combination of
elements in B). Let S be a nonempty finite subset of B, and let W’ be the inverse image in
V of the span of B . S. Then VD> W’ > W, and W' is a proper subgroup of finite index
in V whose closure is V. It can’t be open because otherwise it would be closed.

Recall (notes 5.9) that Cg >~ R x [[Zj (topological isomorphism). Each Z}, has
an open subgroup of index 2. On taking the product of the corresponding quotient maps,
we get a continuous homomorphism [ | » Z; — V, where V is a product of copies of F»
indexed by the prime numbers. Let W’ be a nonclosed (hence nonopen) subgroup of finite
index in V. Its inverse image in [ | Z; is again nonclosed and of finite index, as is its inverse
image in Cg.

A similar argument shows that Gal(Q* /Q) has nonopen subgroups of finite index —
consider its quotient group Gal(K /Q), where K = Q[+/2, /3, v/5,...] (FT 7.26).

Note that in every case we have used the axiom of choice to construct the nonopen sub-
group of finite index. Is it possible to avoid the axiom of choice and find explicit examples?

Solution to Exercise A-5.

For a map « between objects on which G acts on the left, oo L ooaoo! (this is
standard). Clearly, o (o 0 ) = o o f.

Let V be a vector space over K. If alinearmapo : V ® L — V ® L has matrix (a;;)
relative to some basis of V, then o« has basis (oa;;). Therefore, « is “defined over K,
i.e., of the form a9 ® 1, if and only if o = « for all 0 € G. A similar remark applies to
quadratic forms.

In O(®), - is defined to be o.

Now leta : (V,®) ® L — (V/,®") ® L be an isomorphism of quadratic spaces, as in
the exercise. Let ¢(0) = ! o 5. Then

1 1

9(0)-0p(t)=alooaoo(@ lota) =alooaooa " oot = ¢(o7).
Thus ¢ is a crossed homomorphism. Any other isomorphisma’ : (V,®)QL — (V',®")®

L differs from « by an automorphism of (V,®) ® L: &’ =« o 8, B € O(P). The crossed
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homomorphism defined by o is ¢’ with

¢'(0)=poa T oo(@op) =" op(0)oop,

which shows that ¢’ is equivalent to ¢.

Thus every (V/, @’) defines an element y(V', ®') € H'(G, O(®)), and it is straight-
forward to verify that if (V/, @") ~ (V”, ®”) then y(V’/, ®") = y(V", ®"). Conversely, if
y(V',®") = y(V”,®d"), then it is possible to choose the isomorphisms « : (V,®) @ L —
V', Y@ Land B : (V,®)® L — (V",®"”) ® L so that they give the same crossed
homomorphism — hence « ! coa = =L ooB forallo € G. Now Boa™! : (V/,®') —
(V”,®") is an isomorphism such that 0(B o a™!) = B o a™! for all o, and so is defined
over K.

It remains to show that every element of H!(G, O(®)) arises from a (V/, @’). Let ¢
be a crossed homomorphism G — O(®). Because H!(G,GL,) =0, ¢(0) = a ' oou
for some automorphism « of V' ® L. Let @’ be the quadratic form on V' ® L such that
@' o = @. I claim that @’ is defined over K: in fact,

od’ :a(@oa_l) =Pooal = q)O(p(a)_l ca l=pog ! =

The quadratic form @’ was chosen so that « is an isomorphism (V, ®) — (V, ®’), and it
follows that y(V, @’) is represented by ¢.

For the final statement, note that the quadratic space (R?, x? 4 y?2) is not isomorphic
to the quadratic space (R?,x? — y?) (the former takes only values > 0), but becomes
isomorphic to it over C.

Solution to Exercise A-6.
(a) By definition, x = H -s(x) and xg = H -s(xg). On multiplying the first equality by
g, wefind that xg = H-s(x)g. Hence H-s(x)g = H-s(xg),andso s(x)-g-s(xg)~' € H.
(b) Let (s”(x)) be a second family of right coset representatives, say, s'(x) = h(x)s(x).
Then

[[5@) -g-s'x)™ =) -s(x)-g-s(xg)™" - h(xg)™

—1
=[[s® g s []rx) (]_[ h(xg)) mod HE€.

As x runs through the right cosets of H in G, so also does xg, and so [[, h(x) =

[1x h(xg).
Forg,g’ € G,

[[s()-g¢ - s(xge)™ =][sx)-g-sxg)™" - [[s(xg) - &'~ s(xgg")™" mod H*

X X

=[[s@) - g-sGxg)™" - [[s(x) - & - s(xgh ™!

X

— we again used that, as x runs through the right cosets of H, so also does xg. Read mod
H¢, this equation becomes

V(gg) =V(g) - V(gh.



273

(c) Let (s"(x))x be asecond family of right coset representatives, say, s'(x) = h(x)s(x).
Form e M,

Zs’(x) -m = Zs(x) -m 4+ Z(h(x) —1)-s(x) - m= Zs(x) -m mod IgM.

X

Thus,
me Y s(x)om:M—>M/IgM (%)

is independent of the choice of s.
If (s(x))y is a family of right coset representatives, then so also is x — s(xg~1)g for
any fixed g € G, and so

Zs(x) -m = Zs(x)gm mod Ig M.

X X

Hence ), s(x)-(g—1)m =0 mod Iy M, which shows that the map (x) factors through
M/IgM.

It is obviously a homomorphism of abelian groups.

(d) As Serre (1962, p. 129) says: “Il n’y a plus maintenant qu’a calculer”.

Let g € G. Its image in I /I g Ig the short way is

> _s@)(g—1) mod Inlc.

X

and its image the long way is

> () -g-s(xg)™ =1) mod Ixlg

For each x, there exists an 1, € H such that

s(x)-g =hy-s(xg)

(see the first paragraph of the solution). Now,

D s)g—1D =) he-s(xg)— Y s(xg)
=Y (hx — Ds(xg)
= i(hx -1 mod Iglg
= i(s(x) cg-s(xg)” = 1),
Alternatively, note that?

D s)g -1 =) sxg)g—1).

X X

2Better (Darij Grinberg), note that

D s =) sg-) s =) sg-)  s(xg).

s g s = 1=s(0) - g +5(xg) = (5() - g - sxg) T = 1) (1 = s(xg)).

and that
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and that

s(x) - g-s(xg) TN =1 —s(xg)g +5(xg) = (5(x) - g - s(xg) ™ = D1 = s5(x2)),

which visibly lies in /g - I.

Solution to Exercise A-7.

Suppose there exists such a y = (y,). Following the hint, we write y, = x, + z.
Since 0y, — yn = 0Xp — Xp, 0Zy = Zzp for all o and n. By assumption, 7,—1,, maps
Yn onto y,—1 and, by calculation, it maps x, onto x,—1 + 7p—1,,(xn,n). Therefore, on
applying the 7’s successively to the equation defining y,, we find that (with an obvious
notation for the 7’s)

Yn—1 = Xp—1 + ﬂn—l,n(xn,n) + Tn—1,n (zn)
Yn—2 = Xp—2 + 7Tn—2,n(xn,n) + 7Tn—2,n—1(xn—1,n—1) + 7Tn—2,n(2n)

y1i=Xx1+ ﬂl,n(xn,n) R 7T1,2(x2,2) + 7Tl,n(zn)-
On comparing this with equation defining z;, we find that?
z1 = x1,1 + T12(x02.2) + -+ T (Xn,n) + 710 (20).

On applying y; to this, we find that

v1(z1) =c1+ pcr + -+ p”_lcn + y1(7w1,0(20)).

Now, y1(1,,(zn)) = p" 'y (zn), and so, on letting n — oo, we find that y1 (z1) = ¢ ¢ Z,
which is a contradiction.

We can construct a system (M, m,—1 5, Vn) satisfying the conditions as follows. Let G
be a profinite group having quotients G, — G,—1 with G, of order p” and G, — G,—1
onto (e.g., G = Zp and G, = Z/p"Z), and let M, = Z[G]. The map 7,1 5 is induced
by G, — Gu—1. As MnG = Z(ZaeGn o), we can define y, to be the map sending

Y segOtol.

Solution to Exercise A-8.

(a) Let A be a central simple algebra over F. If A is a matrix algebra, then A ~ H(1,1)
(see (c) below). Otherwise (Wedderburn) it is a division algebra, which we now assume.
Leti € A,i ¢ F. The FJ[i] is quadratic field extension of F. After completing the square,
we may suppose that i2 = a € F. According to Noether-Skolem, there exists j € A such
that jij~! = —i. Now j2 centralizes F|[i], and so j2 € F[i]. Because it commutes with
j,itliesin F,say j2 = b € F. It remains to check that 1,7, j, ij are linearly independent.
Suppose

c+di+ej+ fij =0, c,d,e, f €F.
On conjugating by i, we find that
c+di—ej— fij =0,

SO
c+di =0,

3Darij Grinberg suggests deleting x1,1 and ¢ from the next two equations.
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which implies thatc =0 =d.Now 0 =e¢j + fij = (e + fi)j,andsoe = 0 = f. This
proves that A ~ H(a, b).

(b) Let A = H(a,b). If w? —ax? —by? + abz? = 0 for some w, x, y,z € F,not all
zero, then o Ew+xi+ yj + zk is a nonzero zero-divisor, and A is not a division algebra.
Conversely, suppose that, for all nonzero o € A, a@ # 0. Because a@ € F ~ {0}, it has an
inverse, and so « is invertible, with inverse & (@) ~!.

(¢) Leta = ( (1) (1) ) and B = ( (1) _01 ) One checks directly that 7, a, 8, af =

0 -1
1 0
H(1,1). Alternatively, this follows from (b) (using Wedderburn’s theorem).

(d) The map i + xi, j — yj, defines an isomorphism of F-algebras H(a,b) —
H(ax?,by?). (DG suggests the map should be i > i/x, j — j/y.)

(e) Tensoring with L doesn’t change the multiplication table of a basis for H(a, b).

(f) Let A = H(a,b). Let I be a proper two-sided ideal in A. Because F N I = {0},
14+1,i+1,j+1,andij + I have the same multiplication table as the original elements,
and so A/ is a quaternion algebra &~ H(a, b). In particular, it has degree 4 over F, which
implies that [ is zero. Thus, A is simple. It is easy to see that F' is the centre of A.

(g) The quadratic form

is a basis for M»(F), «? = I, B2 = I, and af = —Ba. Therefore M,(F) ~

w? —ax?— (1 —a)y? +a(l —a)z?

has (z,t,¢,0) as a nontrivial zero, any nonzero ¢ in F. Thus, we can apply (b).
(h) The quadratic form
w? — x2 —by? + bz?

has (¢, 1, s, s) as a nontrivial zero, any s,¢ € F not both zero. The quadratic form

w? —ax? + ay2 —a?z?

has (at, s, s, t) as a nontrivial zero, any s,¢ € F not both zero. Thus, we can apply (b). (Of
course, it is more interesting to do both (g) and (h) directly, without assuming Wedderburn’s
theorem.)

(i) Themapl — 1,i — i, j — j, k — —k is anisomorphism H(a,b) — H(a, b)°P.

() If b is a square in F, then H(a,b) ~ M>(F) by (d) and (h), and a € Nm(F[v/D]).
Thus, assume that it isn’t. Let (w, x, y, z) be a nontrivial zero of w? — ax? — by? 4+ abz?.
If x2—hz2 = 0, then w2 — by2 = 0, and all of w, x, y, z are zero, which is a contradiction.
Therefore, x2> — bz? # 0, and
w? — by?
x2 —bz2’
which is a norm from F [\/5] (being a quotient of two norms). Conversely, ifa = w?—by?2,
then w? — al? — by? + ab0 = 0, and so (w, 1, y, 0) is a nontrivial zero of the quadratic
form.

(k) Use IV, Lemma 3.15, to prove that H(a,b) ®; H(a,c) ~ H(a,bc).

a =

Solution to Exercise A-9.
The p" cyclotomic polynomial is
X" —1
xpmh—q

n—1

d(X) = —xP"T ) L x P,
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Its roots are the primitive p”th roots of 1.
Let F(X) = &(X + 1). Then F(0) = &(1) = p and

n

FOX) = X +D?" -1 x?

= =1 = —1 - Xp IIlOd p.
X+ 0P =1 xo

Hence, F(X) is an Eisenstein polynomial, and so is irreducible over Q. Its splitting field
is L. Clearly L, = Qp[{ — 1] and F(X) is the minimal polynomial of { — 1. Therefore
Nmy, /0,6 —1) = (=14 F F(0) = p (provided p"~'(p — 1) is even, which it except
in the trivial case n = 1, p = 2).

The second statement is obvious.

Solution to Exercise A-10.

We have to show that, for each d|n, the set of primes p of K unramified in L and with
(p, L/ K) of order d has polar density ¢(d)/n. We use induction on d.

If d = 1, the set consists of the primes that split completely, which we know has density
1/n=¢(1)/n.

Let H be the subgroup of elements of order dividing d — it is a cyclic subgroup of
order d. An element o of G = Gal(L/K) has order dividing d if and only if o|LH = id.
Therefore, (p, L/K) has order dividing d <= (p, L/K)|L¥ = 1. But (p, L/K)|LH =
(p, LH /K), and so (p, L/ K) has order dividing d if and only if p splits in LH — the set of
such p has density d /n. By induction, those of order d’|d, d’ # d, have density ¢(d’)/n.
Thus, the set of p such that (p, L/ K) has order exactly d is

d pd) _d—3 ¢’
-y _ _

n n

d’|d,d'#d

But } ;14 ¢(d") = d (if { is a primitive d th root of 1, then {™ is a primitive d'th root of 1
for exactly one divisor d’ of d), which completes the proof.

Solution to Exercise A-11.

Note that {g = 1—%, and so Q[¢g] C Q[i, +/2]. Since they have the same degree, they
must be equal.

The discriminants of X2 — 1, X2 4 2, X2 — 2 are divisible only by 2.

Let p be an odd prime. At least one of —1,2, —2 is a square in [F, because, for example,
if —1 and 2 are not squares, their product will be (the squares have index 2 in IF;). Hence at
least one of the polynomials splits in F,[X], and also in Q,[X] by Hensel’s lemma. This
shows that at least one of —1,2, -2 is a square in Q,. Since 16 = (1 + 8 = (v2)% =
(v/—2)8, it follows that 16 is an eighth power in Q p-

It is also an eighth power in R.
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nondegenerate, 235
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