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Abstract. In the first part of the paper, we present a survey of
the basic properties of connections on the r-th order frame bun-
dle of a manifold. Special attention is paid to the torsion and
torsion-free connections. In the second part, connections on the
r-th principal prolongation of a principal bundle are treated from
similar points of view. The case of the first principal prolongation
is discussed in detail.

In the present paper, connection means a principal connection on a
principal bundle unless otherwise specified.

Several properties of connections on the r-th order frame bundle
P rM of a manifold M appear in the framework of the general theory
of natural bundles and operators. This is described in the book by D.
Krupka and J. Janyška, [21], and in the monograph [18]. So the first
part of the present paper is devoted to a survey of some more specific
properties of connections on P rM that are mostly related with the idea
of torsion. In Section 1 we underline that the Lie algebroid version of a
connection on the principal bundle P rM(M,Gr

m) is a linear r-th order
connection on TM . So we have two different approaches to the concept
of torsion. Proposition 2 reads that both approaches are equivalent.

In Section 3 we clarify that the torsion-free connections on P rM are
in bijection with the reductions of P r+1M to the canonical injection of
G1

m into Gr+1
m . This enables us to define the r-th exponential operator

transforming every torsion-free connection Λ on P 1M into a torsion-
free connection on P rM . In particular, this implies that Λ determines
a general connection on every natural bundle over m-manifolds. In
Section 5, the Lie algebroid construction of the exponential operator
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is based on two interesting lemmas concerning the r-jet of the com-
mutator of vector fields on M . Then we deduce that the torsion-free
connections on P rM are in bijection with the splittings from the cotan-
gent bundle T ∗M into the bundle of (1, r + 1)-covelocities on M .

In Section 7 we discuss a connection on P rM from the viewpoint
of the theory of higher order G-structures and we characterize its in-
tegrability in this sense. In Section 8 we present a recent result by
W. Mikulski, [27], who determined all natural operators transforming
a torsion-free connection on P 1M into a connection on P rM . Sec-
tion 9 is devoted to the basic properties of semiholonomic 2-jets, that
represent a useful tool for several problems of the present paper.

The principal prolongation W rP of an arbitrary principal bundle
P (M,G) is defined in Section 10 in a formally slightly different way to
[18]. We hope this could be useful in applications. Then we summarize
the basic properties of connections on W rP and their torsions. In
Section 11 we clarify that every connection Φ on W 1P is canonically
identified with the triple (Γ,Λ, D) of a connection Γ on P , a connection

Λ on P 1M and a section D of L0P ⊗
2⊗
T ∗M , where L0P is the adjoint

bundle of P . In Section 12 we present the list of all gauge-natural
operators transforming every pair (Γ,Λ) of a connection Γ on P and a
torsion-free connection Λ on P 1M into a connection on W 1P . Finally
we outline how the semiholonomic 2-jets can be used in the theory
of connections on W 1P . In particular, we introduce the conjugate
connection Φ̃ to every connection Φ on W 1P by using the canonical
involution of semiholonomic 2-jets.

All manifolds and maps are assumed to be infinitely differentable.
Unless otherwise specified, we use the terminology and notations from
the book [18].

1. The algebroid form of connections on P rM . First we re-
call that the Lie algebroid LP → M of an arbitrary principal bundle
P (M,G) is defined by LP = TP/G. So the elements of LP are the
right invariant families of tangent vectors along the individual fibers of
P , every section σ : M → LP is identified with a right invariant vec-
tor field σ : P → TP and the bracket [σ1, σ2] of right invariant vector
fields on P induces the bracket [[σ1, σ2]] of LP . The canonical projec-
tion q : LP → TM is called the anchor map. Clearly, a connection Γ
on P can be interpreted as a linear morphism γ : TM → LP satisfying
q ◦ γ = id TM , [26].

We write P rM for the r-th order frame bundle of an m-dimensional
manifold M . This is a principal bundle over M with structure group
Gr

m = inv Jr
0 (Rm,Rm)0. Every local diffeomorphism f : M1 → M2
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induces a principal bundle morphism P rf : P rM1 → P rM2, so that P r

is a bundle functor on the category Mfm of m-dimensional manifolds
and their local diffeomorphisms, [18]. For every vector field X : M →
TM , its flow prolongation

(1) PrX :=
∂

∂t

∣∣
0
P r(FlXt )

is a right invariant vector field on P rM . This follows directly from
the fact that the values of P r are in the category PBm(Gr

m) of prin-
cipal Gr

m-bundles over m-manifolds and their local principal bundle
isomorphisms. Since P r is an r-th order bundle functor, the restriction
PrX | P r

xM depends on jr
xX only, x ∈M .

Proposition 1. The rule

(2) Ir
M(jr

xX) = PrX | P r
xM

identifies JrTM with LP rM .

Proof. We have to prove that Ir
M is a diffeomorphism. But P rM =

reg T r
mM is an open subset of the bundle T r

mM of all (m, r)-velocities
on M and PrX is the restriction of the flow prolongation T r

mX to
this subset. Hence the bijectivity of Ir

M follows from the existence of
an exchange isomorphism κM : T r

mTM → TT r
mM such that T r

mX =
κM ◦ T r

mM , [16], [18].

A linear r-th order connection on TM is a linear morphism TM →
JrTM that splits the target jet projection. According to Proposition 1,
every connection Γ: P rM → J1P rM is identified with a linear splitting
γ : TM → JrTM . We say that γ is the algebroid form of Γ.

2. Two approaches to the torsion on P rM . The canonical (Rm×
gr−1

m )-valued 1-form ϕr on P rM is defined as follows. We have Rm ×
gr−1

m = Ter−1P
r−1Rm, where er−1 = jr−1

0 id Rm . Every u = jr
0f , f : Rm →

M , induces P r−1f : P r−1Rm → P r−1M . The tangent map ũ := Ter−1

P r−1f : Ter−1P
r−1Rm → Tur−1P

r−1M , ur−1 = πr
r−1(u), depends on u

only. Then one defines

ϕr(A) = ũ−1
(
Tπr

r−1(A)
)
, A ∈ TuP

rM .

P. C. Yuen introduced the torsion of a connection Γ on P rM as the
exterior covariant differential DΓϕr of ϕr, [33]. Since DΓϕr is a hori-
zontal 2-form on P rM , it can be interpreted as a map P rM → (Rm ×
gr−1

m )⊗Λ2T ∗M . Taking into account the identification ũ1 : Rm → TxM ,
u1 = πr

1(u), we construct

(3) DΓϕr : P rM → (Rm × gr−1
m )⊗ Λ2Rm∗ .
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On the other hand, the (r − 1)-jet at x ∈ M of the bracket [ξ, η] of
two vector fields ξ, η on M depends on the r-jets jr

xξ and jr
xη. This

defines a map

[ , ]r−1 : JrTM ×M JrTM → Jr−1TM .

Let γ : TM → JrTM be the algebroid form of Γ. According to A.
Zajtz, [28], the torsion of γ is a map τγ : TM ×M TM → Jr−1TM
defined by

(4) τγ(A,B) =
[
γ(A), γ(B)

]
r−1

, A,B ∈ TxM .

Clearly, τγ can be interpreted as a section of Jr−1TM ⊗Λ2T ∗M . This
is a fiber bundle associated to P rM with standard fiber (Rm× gr−1

m )⊗
Λ2Rm∗. So the frame form of τγ is a map

τγ : P rM → (Rm × gr−1
m )⊗ Λ2Rm∗ .

In [14], we deduced

Proposition 2. We have DΓϕr = 1
2
τγ.

Let Γ and ∆ be two connections on P rM over the same connection on
P r−1M . Consider their algebroid forms γ, δ : TM → JrTM . Since the
kernel of πr

r−1 : JrTM → Jr−1TM is TM⊗SrT ∗M , [18], the difference
of γ and δ is a section

(5) γ − δ : M → TM ⊗ SrT ∗M ⊗ T ∗M .

Proposition 3. If both γ and δ are torsion-free, then the values of
γ − δ lie in TM ⊗ Sr+1T ∗M .

Proof. If xi are some local coordinates on M , X i = dxi are the induced
coordinates on TM and X i

α are the jet coordinates on JrTM , then the
equations of γ or δ are

X i
α = Γi

αj(x)X
j or X i

α = ∆i
αj(x)X

j , 1 ≤ |α| ≤ r ,

where α is a multi-index of range m. The difference γ − δ can be
interpreted as a map TM ×M TM → TM ⊗ Sr−1T ∗M of the form(

Γi
βjk −∆i

βjk

)
ξjηk , |β| = r − 1 .

The only r-th order terms in jr−1[ξ, η] are

(6) ξj ∂rηi

∂xj∂βx
− ηj ∂rξi

∂xj∂βx
, |β| = r − 1 .

If γ is torsion-free, then (6) yields Γi
βjk = Γi

βkj. If δ is also torsion-free,
(5) is symmetric in the last two subscripts.

From the proof one sees directly that γ− δ is an arbitrary section of
TM ⊗ Sr+1T ∗M .
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3. Torsion-free connections on P rM as reductions of P r+1M .
Every a ∈ G1

m is a matrix, which defines a linear map l(a) : Rm → Rm.
This induces a group homomorphism

lr−1 : G1
m → Gr

m , lr−1(a) = jr
0l(a) .

S. Kobayashi proved, [8], that the torsion-free connections on P 1M are
in bijection with the reductions of P 2M to the subgroup l1(G

1
m) ⊂ G2

m.
We deduce an analogous result for arbitrary order r. This is based on
the following injection irM : P r+1M ↪→ J1P rM . Every u = jr+1

0 f ∈
P r+1M determines a local section ψ of P rM →M

(7) ψ(y) = jr
0

(
f ◦ tf−1(y)

)
,

where y lies in a neighbourhood of f(0) ∈ M and tf−1(y) : Rm → Rm

is the translation x 7→ x + f−1(y). Then we set irM(u) = j1
f(0)ψ. If xi,

xi
j, . . . , x

i
ji...jr

are the standard coordinates on P rRm, xi
j,k, . . . , x

i
j1...jr,k

are the induced coordinates on J1P rRm and xi
j1...jr+1

are the additional

coordinates on P r+1Rm, then (7) implies directly the following coordi-
nate form of ir

(8) xi
j,k = xi

jlx̃
l
k, . . . , x

i
j1...jr,k = xi

j1...jrlx̃
l
k ,

where x̃i
j is the inverse matrix to xi

j.

Every X ∈ J1P rM over βX ∈ P rM is identified with an m-plane in
the tangent space TβXP

rM , which will be denoted by the same symbol
X. Hence we can consider the restriction dϕr | X of the exterior
differential of ϕr to X. Denote by X1 ∈ J1P r−1M the underlying
element of X. The following lemma from [14] is close to a result by
Yuen, [33].

Lemma 1. Let X ∈ J1P rM satisfy X1 = ir−1
M (βX). Then X ∈

irM(P r+1M) if and only if dϕr | X = 0.

For r = 1 we have no X1 and the claim dϕ1 | X = 0 if and only if
X ∈ i1M(P 2M) was used in [8].

For every torsion-free connection Γ on P rM we define a map µ(Γ) :
P 1M → P r+1M by the following induction. Consider a connection
Γ: P rM → J1P rM such that the underlying connection Γ1 : P r−1M
→ J1P r−1M is torsion-free, so that Γ1 determines a map µ(Γ1) : P 1M
→ P rM be the induction hypothesis.

Proposition 4. Γ is torsion-free, if and only if the values of Γ ◦µ(Γ1)
lie in irM(P r+1M).

Then we define µ(Γ) = (irM)−1 ◦ Γ ◦ µ(Γ1) : P 1M → P r+1M .
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Proof. By Lemma 1, we have dϕr | X = 0 for all X ∈ Γ
(
µ(Γ1)(P

1M)
)
.

But ϕr is a pseudotensorial form, [18], so that dϕr | A = 0 holds for
every A ∈ Γ(P rM). This is equivalent to DΓϕr = 0.

For every principal bundle P (M,G), we have an induced right action
of G on J1P ,

(
j1
xs(y), g

)
7→ j1

x

(
s(y)g

)
, where s is a local section of P

on a neighbourhood of x ∈M and g ∈ G. This action will be denoted
by (X, g) 7→ X%(g).

Lemma 2. For every v ∈ P r+1M and a ∈ G1
m, we have

irM
(
vlr(a)

)
= irM(v)%

(
lr−1(a)

)
.

Proof. If v = jr+1
0 f , then irM(v)%

(
lr−1(a)

)
= j1

x

[
jr
0

(
f ◦ tf−1(y) ◦ l(a)

)]
.

On the other hand, irM
(
vlr(a)

)
= j1

x

[
jr
0

(
f ◦ l(a) ◦ tl(a)−1(f−1(y))

)]
. But

tz ◦ l(a) = l(a) ◦ tl(a)−1(z), z ∈ Rm, is a well known relation from the
affine geometry.

By Lemma 2, µ(Γ)(P 1M) is a reduction of P r+1M to the subgroup
lr(G

1
m) ⊂ Gr+1

m . Indeed, using induction we obtain

µ(Γ)(ua) = (irM)−1
[
Γ
(
µ(Γ1)(u)

)
%
(
lr−1(a)

)]
= µ(Γ)(u)lr(a) .

On the other hand, every reduction Q ⊂ P r+1M to the subgroup
lr(G

1
m) induces a map (denoted by the same symbol) Q : P 1M →

P r+1M as follows. For every v ∈ Q we construct u = πr+1
1 (v) and

we set Q(u) = v. Any other v̄ in the same fiber of Q → M is of the
form v̄ = vlr(a), a ∈ G1

m. This implies πr+1
1 (v̄) = ua, so that our

definition is correct.

Proposition 5. Proposition 4 establishes a bijection between torsion-
free connections on P rM and reductions of P r+1M to lr(G

1
m).

Proof. First we deduce that µ(Γ) : P 1M → P r+1M is a reduction to
lr(G

1
m). For every u ∈ P 1M and a ∈ G1

m we have

µ(Γ)(ua) = (irM)−1
[
Γ
(
µ(Γ1)(ua)

)]
= (irM)−1

[
Γ
(
µ(Γ1)(u)lr−1(a)

)]
= (irM)−1

[
Γ
(
µ(Γ1)(u)

)
%
(
lr−1(a)

)]
= (irM)−1

[
(irM)

(
µ(Γ)(u)

)
lr(a)

)]
by definition, by the induction hypothesis, by right-invariance of Γ and
by Lemma 2. Conversely, if Q : P 1M → P r+1M is a reduction to
lr(G

1
m), then Q1 = πr+1

r ◦Q : P 1M → P rM is a reduction to lr−1(G
1
m).

We define Γ: Q1(P
1M) → J1P rM by Γ

(
Q1(u)

)
= irM

(
Q(u)

)
. By

Lemma 2, it holds Γ
(
Q1(ua)

)
= irM

(
Q(ua)

)
= irM

(
Q(u)lr(a)

)
=

irM
(
Q(u)

)
%
(
lr−1(a)

)
= Γ

(
Q1(u)

)
%
(
lr−1(a)

)
. Hence Γ is a right-invariant

map, which is canonically extended into a connection on P rM .
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4. The r-th order exponential prolongation. The following con-
struction represents an interesting application of Proposition 5. Con-
sider a torsion-free connection Λ on P 1M . For every x ∈ M , Λ de-
termines the exponential map expΛ

x : Ux → M , where Ux ⊂ TxM is a
neighbourhood of the origin. Then we define a map Er(Λ) : P 1M →
P r+1M by

(9) Er(Λ)(u) = jr+1
0 (expΛ

x ◦u) , u ∈ P 1
xM ,

where u is interpreted as a map Rm → TxM .

Proposition 6. Er(Λ)(P rM) is a reduction of P r+1M to lr(G
1
m).

Proof. For all u ∈ P 1M and a ∈ G1
m, we have Er(Λ)(ua) = jr+1

0

(
expΛ

x

◦u ◦ l(a)
)

= Er(Λ)(u)lr(a).

By Proposition 5, Er(Λ) is a torsion-free connection on P rM , that is
called the r-th exponential prolongation of Λ. The rule Λ 7→ Er(Λ) is
said to be the r-th order exponential operator on the bundle QτP

1M
of torsion-free connections on P 1M .

W. Mikulski invented another construction of the exponential pro-
longation, [27]. Every X ∈ TxM is extended into a vector field X̃ on
TxM by means of translations. The exponential map expΛ

x transforms
X̃ locally into a vector field (expΛ

x )∗(X̃) on M . Then we can construct

(10) εr(Λ)(X) = jr
0

(
(expΛ

x )∗(X̃)
)
∈ Jr

xTM .

In Section 5 we deduce that εr(Λ) is the algebroid form of Er(Λ).
This result enables us to describe another geometrically interesting

construction of Er(Λ). The flow prolongation Pr
(
(expΛ

x )∗(X̃)
)

is a
vector field on P rM . By Section 1, the lifting map P rM ×M TM →
TP rM of Er(Λ) is

Er(Λ)(u,X) = Pr
(
(expΛ

x )∗(X̃)
)
(u) , u ∈ P r

xM .

Further, consider an r-th order natural bundle F over m-manifolds,
[18]. So FM is a fiber bundle associated to P rM with standard fiber
F0Rm. Every principal connection Γ on P rM induces a general con-
nection ΓF on P rM . We shall use the construction of ΓF by means
of lifting vector fields. In general, every right-invariant vector field Z

on P rM induces a vector field ZF on FM as follows. If Z(u) = dc(0)
dt

,
c : R → P rM , u = c(0), then

ZF

(
{u, a}

)
=

d

dt

∣∣
0

{
c(t), a

}
, a ∈ F0Rm .

Since Z is right-invariant, this definition is correct. Then the ΓF -lift of
a vector field X on M is prescribed by ΓF (X) = (ΓX)F .



8 IVAN KOLÁŘ

Clearly, the flow prolongation FX of a vector field X on M with
respect to F satisfies FX = (PrX)F . Thus we have deduced

Proposition 7. For every r-th order natural bundle F , the rule

Er(Λ)F (v,X) = F
(
(expΛ

x )∗(X̃)
)
(v) , v ∈ FxM, X ∈ TxM

transforms every torsion-free connection Λ on P 1M into general con-
nection Er(Λ)F on FM .

5. The exponential prolongation in the algebroid form. Con-
sider an arbitrary linear splitting γ : TM → JrTM . For a linear frame
u ∈ P 1

xM , u = (A1, . . . , Am), Ai ∈ TxM , we take vector fields Xi

satisfying jr
xXi = γ(Ai), i = 1, . . . ,m. Then(

FlX1

t1 ◦ · · · ◦ FlXm
tm

)
(x)

is a local map Rm →M and we define

(11) σ(γ)(u) = jr+1
0

(
FlX1

t1 ◦ · · · ◦ FlXm
tm

)
(x) ∈ P r+1

x M .

One verifies easily that σ(γ)(u) depends on u and γ only.

Proposition 8. If γ is torsion-free, then σ(γ)(P 1M) is a reduction of
P r+1M to lr(G

1
m).

Proof is based, in a very instructive way, on the definition (4) of τγ.
We shall use the following two lemmas from [15].

Consider two vector fields X and Y on M . Then
(
FlXt ◦ FlYτ

)
(x)

is a local map R2 → M , so that jr+1
0,0

(
FlXt ◦ FlYτ

)
(x) ∈ (T r+1

2 M) is a
(2, r + 1)-velocity on M .

Lemma 3. If jr−1
x [X, Y ] = 0, then

(12) jr+1
0,0

(
FlXt ◦ FlYτ

)
(x) = jr+1

0,0

(
FlYτ ◦ FlXt

)
(x) .

Further,
(
FlXt ◦ FlYt

)
(x) is a local map R →M , so that jr+1

0

(
FlXt ◦

FlYt
)
(x) ∈ (T r+1

1 M)x is a (1, r + 1)-velocity on M .

Lemma 4. If jr−1
x [X, Y ] = 0, then

(13) jr+1
0

(
FlXt ◦ FlYt

)
(x) = jr+1

0

(
FlX+Y

t

)
(x) .

We shall also apply the well known formula

(14) FlXct = FlcXt , c ∈ R .



9

Take a = (ai
j) ∈ G1

m and consider ua = (aj
iAj). Since γ is torsion-free,

by (13), (14) and (12) we obtain gradually

σ(γ)(ua) = jr+1
0

(
Fl

a1
1X1+···+am

1 Xm

t1 ◦ · · · ◦ Fla
1
mX1+···+am

mXm

tm

)
= jr+1

0

(
Fl

a1
1X1

t1 ◦ · · · ◦ Fla
m
1 Xm

t1 ◦ · · · ◦ Fla
1
mX1

tm ◦ · · · ◦ Fla
m
mXm

tm

)
= jr+1

0

(
FlX1

a1
1t1
◦ · · · ◦ FlXm

am
1 t1 ◦ · · · ◦ Fl

X1

a1
mtm ◦ · · · ◦ Fl

Xm
am

mtm

)
= jr+1

0

(
FlX1

a1
1t1+···+a1

mtm
◦ · · · ◦ FlXm

am
1 t1+···+am

mtm

)
.

This proves Proposition 8.
To clarify the relation of σ(γ) to the reduction µ(Γ) from Section 3,

we need the following form of the injection irM : P r+1M → J1P rM .
We have P rM ⊂ T r

mM . Clearly, jr
0f ∈ T r

mM , f : Rm → M , can be
expressed in the form

(15) jr
0f = (T r

mf)(er) , er = jr
0 id Rm .

Write Ei = ∂
∂t

∣∣
0
jr
0τ

i
t ∈ TerT

r
mRm, where τ i

t : Rm → Rm is the translation

t̄1 = t1, . . . , t̄i = ti + t, . . . , t̄m = tm. If we consider jr+1
0 ψ ∈ P r+1M ,

then

(16) (TT r
mψ)(Ei)

is an m-tuple of tangent vectors at jr
0ψ ∈ P rM . The linear span of

these vectors defines irM
(
jr+1
0 ψ

)
∈ J1P rM .

Proposition 9. If γ is torsion-free and Γ is the corresponding connec-
tion on P rM , then σ(γ) = µ(Γ).

Proof. We proceed by introduction. If γ1 and Γ1 are the underlying
connections in the order r − 1, then σ(γ1) = µ(Γ1) by the induction
hypothesis. Consider u = (A1, . . . , Am) ∈ P 1

xM and write

v = σ(γ1)(u) = µ(Γ1)(u) .

By (16), irM
(
jr+1
0

(
FlX1

t1 ◦· · ·◦Fl
Xm
tm

)
(x)

)
is the linear span of the vectors

(17) TT r
m

(
FlX1

t1 ◦ · · · ◦ FlXm
tm

)
(Ei) , i = 1, . . . ,m .

Using the basic properties of flows, Lemma 3 and (15), we deduce that
(17) is equal to

∂

∂t

∣∣
0
T r

m

(
FlX1

t1 ◦ · · · ◦ FlXi

t+ti
◦ · · · ◦ FlXm

tm

)
(er)

=
∂

∂t

∣∣
0

(
Fl

T r
mXi

t ◦ FlT
r

mX1

t1 ◦ · · · ◦ FlT
r

mXm

tm

)
(er)

= T r
mXi

(
T r

m(FlX1

t1 ◦ · · · ◦ FlXm
tm )(er)

)
= T r

mXi(v) .

By (2) and by the induction hypothesis, thism-tuple spans µ(Γ)(v).
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From the proof of Proposition 8 we obtain easily that the construc-
tion (10) of εr(Λ) by W. Mikulski is the algebroid form of the expo-
nential prolongation Er(Λ) introduced in Section 4.

6. Splittings T ∗M → T r+1∗M . The space T r+1∗M = Jr+1(M,R)0 of
all (1, r + 1)-covelocities on M is a vector bundle, [18]. By a splitting
s : T ∗M → T r+1∗M we mean a linear morphism satisfying πr+1

1 ◦ s =
id T ∗M . We remark that such splittings play an interesting role in the
construction of Poincaré-Cartan morphisms in the higher order varia-
tional calculus, [11].

Proposition 10. There is a canonical bijection between reductions
Q ⊂ P r+1M to subgroup lr(G

1
m) and splittings s : T ∗M → T r+1∗M .

Proof. Every b ∈ T ∗
xM determines a linear map λ(b) : TxM → R. Let

v = jr+1
0 f ∈ Qx, so that u = πr+1

1 (v) ∈ P 1
xM can be interpreted as a

map u : Rm → TxM . Then we set

(18) s(b) = jr+1
x

[
λ(b) ◦ u ◦ f−1

]
∈ T r+1∗

x M .

Since Q is a reduction to lr(G
1
m), (18) does not depend on the choice

of v ∈ Qx, The fact that s is a splitting follows directly from (18).
Conversely, let s : T ∗M → T r+1∗M be a splitting. A frame u ∈ P 1

xM is
a basis (e1, . . . , em) of TxM . Consider the dual basis u∗ = (e1, . . . , em)
of T ∗

xM . Then s(e1), . . . s(em) are the components of an (r + 1)-jet

s(u∗) ∈ Jr+1
x (M,R)0. Write Q(u) =

(
s(u∗)

)−1 ∈ P r+1
x M for the inverse

jet. If we take ua = (aj
iej), then (ua)∗ = (ãi

je
j), where ãi

j is the inverse

matrix to ai
j. Hence s

(
(ua)∗

)
= ãi

js(e
j) = lr(a

−1)◦s(u∗), which implies
Q(ua) = Q(u)lr(a). Finally, one verifies easily that the maps Q 7→ s
and s 7→ Q are inverse each other.

Taking into account Proposition 5, we obtain a canonical bijec-
tion between torsion-free connections on P rM and splittings T ∗M →
T r+1∗M .

We remark that Proposition 10 yields another proof of Proposition 3.

7. The viewpoint of higher order G-structures. A connection on
P rM can be viewed as a kind of higher order G-structure on M . We
recall that a k-th order G-structure on M is said to be integrable, if
it is locally isomorphic to the product Rm × G, where G ⊂ Gk

m is the
structure group. We are going to apply this approach to the algebroid
form γ : TM → JrTM . (We remark that this kind of integrability
plays an important role in our theory of the flow prolongation of some
tangent valued forms, [1].)
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On Rm, there is a distinguished connection Cr : TRm → JrTRm

defined by

Cr(X) = jr
xX̃ , X ∈ TxRm ,

where X̃ is the constant vector field on Rm constructed from X by
means of translations.

Definition 1. We say that γ : TM → JrTM is integrable, if for every
x ∈ M there exists a neighbourhood U and a diffeomorphism f : U →
Rm satisfying Cr ◦ Tf = JrTf ◦ (γ | U).

Clearly, every integrable connection γ is torsion-free. According to
a classical result, a connection Λ on P 1M is integrable, iff it is both
torsion-free and curvature-free. Then every exponential prolongation
εk(Λ) is also integrable.

Thus, the torsion of γ is the first obstruction to its integrability.
Consider the underlying connections γk = πr

k ◦ γ, k = 1, . . . , r. Clearly,
if γ is torsion-free or integrable, then each γk is so. Assume that γ is
torsion-free. Then the curvature of γ1 is the second obstruction to the
integrability of γ. If this curvature vanishes, each connection εk(γ1) is
integrable. The difference

γ2 − ε2(γ1)

is a tensor field of type TM ⊗ S3T ∗M that is the third obstruction to
the integrability of γ. Assume by induction that the first up to (k+1)-
st obstruction to the integrability of γ vanish. Then γk = εk(γ1) and
the tensor field of type TM ⊗ Sk+2T ∗M

γk+1 − εk+1(γ1)

is the next obstruction to the integrability of γ. If all these r + 1
obstructions vanish, then γ = εr(γ1) is integrable. Thus, we have
proved

Proposition 11. γ is integrable if and only if all the following condi-
tions are satisfied

a) γ is torsion-free,
b) γ1 is curvature-free,
c) all the gradually defined tensor fields γk − εk(γ1), k = 2, . . . , r,

vanish.

8. Natural operators C∞QτP
1M → C∞QP rM . We write QP

for the connection bundle of an arbitrary principal bundle P (M,G),
[18]. The connections on P form the space C∞QP of all sections of
QP →M . Further, we write QτP

rM for the bundle of all torsion-free
connections on P rM , [14]. So the r-th exponential operator on M is
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a natural operator C∞QτP
1M → C∞QτP

rM . Using Er, W. Mikulski
solved a rather sophisticated problem of finding all natural operators
C∞QτP

1M → C∞QP rM and C∞QτP
1M → C∞QτP

rM , [27].

Every torsion-free connection Λ on P 1M defines a vector bundle
isomorphism

(19) ψΛ : JrTM →
r⊕

k=0

TM ⊗ SkT ∗M

as follows. Write

I : Jr
0TRm →

r⊕
k=0

T0Rm ⊗ SkT ∗
0 Rm

for the standard identification. Let ϕ be a Λ-normal coordinate system
on M with center x and B ∈ Jr

xTM . We define

(20) ψΛ(B) =
r⊕

k=0

(T0ϕ
−1 ⊗ SkT ∗−1

0 ϕ−1)
(
I
(
JrTϕ(B)

))
.

Since the identification I is G1
m-equivariant, (20) is a correct definition.

Proposition 12. Let D : C∞QτP
1M → C∞QP rM be a natural oper-

ator. Then there exist uniquely determined natural operators

Ak : C∞QτP
1M → C∞(TM ⊗ SkT ∗M ⊗ T ∗M) ,

k = 0, . . . , r, such that A0 = 0, A1 = 0 and

D(Λ) = Er(Λ) +
(
0, 0, A2(Λ), . . . , Ar(Λ)

)
in the sense of the identification (19).

Proof. The difference D(Λ) − Er(Λ) is decomposed into r + 1 natural
operators by (19). The natural operators A0 and A1 vanish according
to 25.3 and Lemma 33.4 in [18].

Now Proposition 3 yields directly

Proposition 13. Let D : C∞QτP
1M → C∞QτP

rM be a natural op-
erator. Then there exist uniquely determined natural operators

Ak : C∞QτP
1M → C∞(

TM ⊗ Sk+1T ∗M
)
,

k = 0, . . . , r, such that A0 = 0, A1 = 0 and

D(Λ) = Er(Λ) +
(
0, 0, A2(Λ), . . . , Ar(Λ)

)
.
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The natural operators A2, . . . , Ar in Proposition 12 or Proposition
13 can be prescribed arbitrarily.

According to Lemma 33.4 of [18], all natural operators C∞QτP
1M →

C∞(
TM ⊗

⊗k T ∗M
)

are R-linearly generated by
– the curvature tensor and its covariant derivatives,
– constructing tensor products (including tensor products with in-

variant tensors) and contractions.
In the case of some prescribed symmetries in the covariant part we add
the corresponding symmetrizations of the operators in question.

Example 1. Write Ri
jkl = −Ri

jlk for the curvature tensor of Λ. If we

look for all natural operators D : C∞QτP
1M → C∞QτP

2M , we have
to determine all natural operators C∞QτP

1M → C∞(TM ⊗ S3T ∗M).
By the above mentioned procedure, all these operators are the constant
multiples of δm

(j Ri
kl)m. Hence all D’s form the one-parameter family

D(Λ) = E2(Λ) + c(δm
(jR

i
kl)m) , c ∈ R .

Example 2. J. Janyška and the author determined all natural oper-
ators C∞QτP

1M → C∞QP 2M by using a direct approach, [7], [12].
The list of them is rather long. Using Proposition 12, we can interpret
that list in a very clear geometric way.

9. Semiholonomic 2-jets. Some aspects of our problems are properly
related with the theory of semiholonomic 2-jets. First we describe the
general ideas, [3], [23].

Consider a fibered manifold p : Y → M . Its second nonholonomic
prolongation J̃2Y is defined by the iteration

J̃2Y = J1(J1Y →M) .

If xi, yp are some fiber coordinates on Y , the induced coordinates on
J1Y are yp

r = ∂iy
p(x) and the coordinates further induced on J̃2Y are

yp
0i = ∂iy

p(x) and yp
ij = ∂jy

p
i (x) .

There are two canonical projections J̃2Y → J1Y , namely the target jet
projection β1 : J̃2Y → J1Y and the jet prolongation J1β : J̃2Y → J1Y
of the target jet projection β : J1Y → Y . The second semiholonomic
prolongation J̄2Y is the set of all A ∈ J̃2Y satisfying

β1(A) = (J1β)(A) .

In coordinates, this condition means

(21) yp
0i = yp

i .
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The injection J2Y ↪→ J̃2Y is defined by

j2
xs 7→ j1

x(j
1s) .

So the subset J2Y ⊂ J̃2Y is characterized by

(22) yp
i = yp

0i and yp
ij = yp

ji .

Hence J2Y ⊂ J̄2Y . According to the general theory, both β1 : J̃2Y →
J1Y and J1β : J̃2Y → J1Y are affine bundles.

For two manifolds M and N , the space J̃2(M,N) or J̄2(M,N) of
nonholonomic or semiholonomic 2-jets of M into N is the second non-
holonomic or semiholonomic prolongation of the product fibered man-
ifold M × N → M , respectively. C. Ehresmann introduced the com-
position of nonholonomic jets, [3]. Consider another manifold Q and
A ∈ J̃2

x(M,N)y, B ∈ J̃2
y (N,Q)z. So A = j1

xϕ and B = j1
yψ, where

ϕ : M → J1(M,N) and ψ : N → J1(N,Q) are sections of the source
jet projection α. Hence αψ

(
βϕ(u)

)
= βϕ(u), u ∈ M , so that the

composition of 1-jets ψ
(
βϕ(u)

)
and ϕ(u) is defined. Then we set

(23) B ◦ A = j1
x

[
ψ

(
βϕ(u)

)
◦ ϕ(u)

]
∈ J̃2

x(M,Q)z .

Let za be some local coordinates on Q, za
p , z

a
0p, z

a
pq be the induced

coordinates on J̃2(N,Q) and wa
i , w

a
0i, w

a
ij be the induced coordinates

on J̃2(M,Q). Evaluating (23), we obtain the coordinate formula for
the composition of nonholonomic 2-jets

(24) wa
i = za

py
p
i , wa

0i = za
0py

p
0i , wa

ij = za
pqy

p
i y

q
0j + za

py
p
ij .

Clearly, the composition of two semiholonomic or holonomic 2-jets is
semiholonomic or holonomic as well.

A jet A ∈ J̃2
x(M,N)y is called regular, if there exists B ∈ J̃2

y (N,M)x

such that B ◦ A = j2
x id M . By (24), A is regular iff both β1(A) and

(J1β)(A) are regular. In coordinates this means that both yp
i and yp

0i

are regular matrices. If dimM = dimN , then B ◦ A = j2
x id M implies

A ◦B = j2
y id N . In this case, regular is equivalent to invertible.

Every ϕ(u) defines a linear map TuM → TN , ηp = yp
i (u)ξ

i. This
yields a local map TM → TN , whose tangent map at each point of
TxM is determined by j1

xϕ. So the nonholonomic 2-jet A = j1
xϕ(u) ∈

J̃2
x(M,N)y can be interpreted as a map (TTM)x → (TTN)y of the

form

(25) ηp = yp
i ξ

i , dyp = yp
0idx

i , dηp = yp
ijξ

idxj + yp
i dξ

i .

Consider the canonical involution ι of the iterated tangent functor,
ιM(ξi, dxi, dξi) = (dxi, ξi, dξi), and A ∈ J̄2

x(M,N)y in the form (25)
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with yp
0i = yp

i . Then the map ιN ◦ A ◦ ιM is of the form

(26) ηp = yp
i ξ

i , dyp = yp
i dx

i , dηp = yp
jiξ

idxj + yp
i dξ

i .

This map corresponds to another semiholonomic 2-jet

(27) κ(A) ∈ J̄2
x(M,N)y , κ(yp

i , y
p
ij) = (yp

i , y
p
ji) .

Definition 2. The map κ is called the canonical involution of semi-
holonomic 2-jets.

Since J̄2(M,N) → J1(M,N) is an affine bundle, A and κ(A) deter-
mine a tensor

(28) ∆(A) = A− κ(A) ∈ Ty(N)⊗ Λ2T ∗
xM

called the difference tensor of semiholonomic 2-jet A. (J. Pradines uses
the name “dissymétrie”, [30].) Clearly, A is holonomic, iff ∆(A) = 0.

Example 3. We present the first remarkable application of this con-
cept. Consider a general connection Γ: Y → J1Y on an arbitrary
fibered manifold Y → M , [18]. If Γ is viewed as a morphism over
M , we can construct J1Γ: J1Y → J̃2Y . Clearly, the values of the
composition Γ′ = J1Γ ◦ Γ lie in J̄2Y . The difference tensor

∆ ◦ Γ′ : Y → V Y ⊗ Λ2T ∗M

coincides with the curvature of Γ.
The second order semiholonomic frame bundle P̄ 2M of M is defined

by P̄ 2M = reg J̄2
0 (Rm,M). This is a principal bundle P̄ 2M(M, Ḡ2

m),
where Ḡ2

m = inv J̄2
0 (Rm,Rm)0 is the second order semiholonomic jet

group in dimension m. The inclusion G2
m ⊂ Ḡ2

m defines an injection
(denoted by the same symbol) l1 : G1

m → Ḡ2
m. One verifies easily that

(8) with r = 1 defines an identification i1M : J1P 1M ≈ P̄ 2M . Con-
sider a principal connection Γ: P 1M → J1P 1M with the coordinate
expression

(29) xi
j,k = Γi

lkx
l
j .

Using (8), we verify directly the following result by P. Libermann, [23].

Proposition 14. The rule Γ 7→ i1M ◦ Γ defines a bijection between
the connections on P 1M and the reductions of P̄ 2M to the subgroup
l1(G

1
m) ⊂ Ḡ2

m.

It is remarkable that the canonical involution κ yields a simple con-
struction of the connection Γ̃ conjugate to Γ. Indeed, we have

(30) i1M ◦ Γ̃ = κ ◦ (i1M ◦ Γ) ,

i.e. κ transforms the reduction determined by Γ into the reduction
determined by Γ̃.
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Example 4. Another interesting application of the concept of differ-
ence tensor is in the theory of G-structures. We recall that a (first or-
der) G-structure on M is a reduction P of P 1M to a subgroup G ⊂ G1

m.
Then J1P ⊂ J1P 1M ≈ P̄ 2M and ∆ suggests a very conceptual way to
the construction of the structure function of P , [19], [23]. In particular,
this approach clarifies, in an instructive way, the difference between the
prolongability and the flatness of P , [19].

Finally we remark that the theory of the covariant differentation
with respect to connections on P 2M is systematically developed in [6].

10. W rP as a generalization of P rM . Consider a principal bun-
dle π : P → M with structure group G, dimM = m. Its r-th order
principal prolongation W rP is the bundle of all r-jets jr

(0,e)ϕ of local
principal bundle isomorphisms

(31) ϕ : Rm ×G→ P , 0 ∈ Rm, e = the unit of G.

This is a principal bundle over M with structure group W r
mG :=

W r
0 (Rm × G), whose action on W rP is given by the jet composition,

[2], [18].

Given A = jr
0f ∈ T r

mP , we write

πA = jr
0(π ◦ f) ∈ T r

mM .

Further, we introduce

reg π T
r
mP = {A ∈ T r

mP ; πA ∈ reg T r
mM} .

Clearly, the local PB-isomorphism (31) is determined by its restriction
ϕ | Rm × {e} : Rm → P . Hence

(32) W rP = reg π T
r
mP .

Let P̄ (M̄,G) be another principal G-bundle, m = dim M̄ . For every
local principal bundle isomorphism f : P → P̄ , T r

mf : T r
mP → T r

mP̄ re-
stricts and corestricts into a map reg π T

r
mP → reg π T

r
mP̄ . This defines

W rf : W rP → W rP̄ .
If A ∈ reg π T

r
mP , then πA ∈ T r

mM is invertible, so that A ◦ (πA)−1

satisfies π
(
A ◦ (πA)−1

)
= jr

x id M , x = π
(
f(0)

)
. This implies A ◦

(πA)−1 ∈ JrP . Hence

(33) W rP = P rM ×M JrP .

Clearly, W rf is identified with P rf ×f J
rf , where f : M → M̄ is the

base map of f . In particular, the structure group

(34) W r
0 (Rm ×G) =: W r

mG = Gr
m o T r

mG
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is the group semidirect product with the group composition

(g1, C1)(g2, C2) =
(
g1 ◦ g2, (C1 ◦ g2) •C2

)
,

where • denotes the induced group composition in T r
mG, [18]. The first

product projection W rP → P rM is a principal bundle morphism with
the associated group homomorphism W r

mG→ Gr
m determined by (34).

W rP is a fundamental structure for the gauge theories of mathe-
matical physics, [5]. In differential geometry, the main role of W rP
is based on the fact that for every associated bundle P [S], where S
is a left G-space, the r-th jet prolongation Jr

(
P [S]

)
is a fiber bun-

dle associated to W rP , [18]. Further, we have a canonical injection
P rM ↪→ W 1P r−1M , jr

0f 7→ j1
(0,er−1)P

r−1f , f : Rm → M . So W 1P
can play the role of a suitable recurrence model for several geometric
problems, [18]. In particular, the reductions of the principal bundle
W 1P are called generalized G-structures, [10]. Several properties of
higher order G-structures are well reflected in the framework of this
more general theory.

If G = {e} is the one-element group, then M ×{e} is identified with
M and W r(M × {e}) = P rM . Hence many properties of W rP can
be viewed as a generalization of the case of P rM . In particular, we
have the canonical one-form ϕr : TP rM → Rm × gr−1

m on P rM . On
W rP , we introduce analogously a canonical one-form θr : TW rP →
Rm × wr−1

m G = T(0,Er−1)W
r−1(Rm × G), Er−1 = the unit of W r−1

m G,
wr−1

m G = Lie (W r−1
m G). Consider u = j(0,e)ψ ∈ W rP and write u1 =

πr
r−1(u) ∈ W r−1P , where πr

r−1 is the jet projection. The tangent map

ũ = T(0,Er−1)W
r−1ψ : Rm ×wr−1

m G→ Tu1W
r−1P

is a linear isomorphism depending on u only. For every Z ∈ TuW
rP ,

we define
θr(Z) = ũ−1

(
Tπr−1(Z)

)
.

Clearly, the following diagram commutes

TW rP
θr //

��

Rm ×wr−1
m G

��

TP rM
ϕr // Rm × gr−1

m

Analogously to Section 2, we introduced in [9]

Definition 3. The torsion of a connection Φ on W rP is the covariant
exterior differential DΦθr.

The Lie algebroid LW rP of W rP coincides with the r-th jet prolon-
gation Jr(LP → M), [17], [22]. Let ϕ : TM → JrLP be the algebroid
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form of Φ. Analogously to the case of JrTM , we have the truncated
bracket

[[ , ]]r−1 : JrLP ×M JrLP → Jr−1LP .

The torsion τϕ of ϕ can be introduced as a morphism

τϕ : TM ×M TM → Jr−1LP

defined by

(τϕ)(Z1, Z2) = [[ϕ(Z1), ϕ(Z2)]]r−1 , (Z1, Z2) ∈ TM ×M TM .

In [17] it is deduced that DΦθr and τϕ are naturally equivalent.
The r-jets jr

0 ĝ, g ∈ G, of the constant maps ĝ : Rm → G, x 7→ g,
define an injection νr

m : G → T r
mG. Clearly, the direct group product

lr−1(G
1
m)×νr

m(G) is a subgroup of W r
mG. The following assertion, that

is an analogy of Proposition 5, is proved in [17].

Proposition 15. The torsion-free connections on W rP are in bijection
with the reductions of W r+1P to the subgroup lr(G

1
m) × νr+1

m (G) ⊂
W r+1

m G.

11. Connections on W 1P . We are going to discuss the connections
on W 1P in more details. By (33),

(35) W 1P = P 1M ×M J1P .

Write p1 : W 1P → P 1M and p2 : W 1P → J1P for the product projec-
tions. Since p1 : W 1P → P 1M and the target jet projection β : W 1P →
P are principal bundle morphisms, every connection

(36) Φ: W 1P → J1(W 1P ) = J1P 1M ×M J̃2P

induces a pair of connections p1∗Φ on P 1M and β∗Φ on P .

Conversely, consider two connections Γ: P → J1P and Λ: P 1M →
J1P 1M . Define

(37) W 1P ⊃ R(Γ) =
{(
u,Γ(v)

)
; (u, v) ∈ P 1M ×M P

}
.

Using the action % of G on P from Section 3, one finds easily that R(Γ)
is a reduction of W 1P to the subgroup G1

m × ν1
m(G) ⊂ W 1

mG. Since
(37) identifies R(Γ) with P 1M ×M P , the product connection Λ × Γ
on P 1M ×M P is identified with a connection on R(Γ) and the latter
connection is uniquely extended into a connection p(Γ,Λ) on W 1P .
Clearly, β∗p(Γ,Λ) = Γ and p1∗p(Γ,Λ) = Λ.

Write L0P for the adjoint bundle of P . (Our notation is motivated by
the fact that L0P is the subset of the Lie algebroid LP of all elements A
satisfying q(A) = 0.) The projections β and p1 give rise to projections
L0W 1P ⊗T ∗M → L0P ⊗T ∗M and L0W 1P ⊗T ∗M → L0P 1M ⊗T ∗M .

The common kernel of these projections is L0P ⊗
2⊗
T ∗M , [12].
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Proposition 16. Connections on W 1P are in bijection with triples
(Γ,Λ, D), where Γ ∈ C∞(QP ), Λ ∈ C∞(QP 1M) and D ∈ C∞(L0P ⊗
2⊗
T ∗M).

Proof. For Φ ∈ C∞(QW 1P ) we set Γ = β∗Φ, Λ = p1∗Φ and D =
Φ− p(β∗Φ, p1∗Φ).

The factor T ∗M ⊗ T ∗M gives rise to an exchange map ex: L0P ⊗
2⊗
T ∗M → L0P ⊗

2⊗
T ∗M . Thus, if we replace Λ by the classical

conjugate connection Λ̃ and D by ex ◦ D, we obtain a connection Φ̃
said to be conjugate to Φ. In Section 13 we present a more geometric
construction of Φ̃ by using the canonical involution of semiholonomic
2-jets.

There is another construction transforming the pair (Γ,Λ) into a
connection onW 1P . It is based on the general idea of flow prolongation
of connections, [18]. Consider Γ in the lifting form

Γ: P ×M TM → TP .

For every vector fieldX onM , we first construct its Γ-lift ΓX : P → TP
and then the flow prolongationW1(ΓX) : W 1P → TW 1P . This defines
a map

W1Γ: W 1P ×M J1TM → TW 1P .

If we add Λ in its algebroid form TM → J1TM , we obtain the lifting
map

W1(Γ,Λ): W 1P ×M TM → TW 1P

of a principal connection on W 1P . In [20] we deduced β∗W1(Γ,Λ) = Γ,
p1∗W1(Γ,Λ) = Λ̃. So the difference p(Γ,Λ) −W1(Γ, Λ̃) is a section of

L0P ⊗
2⊗
T ∗M . We recall that the curvature C(Γ) of Γ is a section of

L0P ⊗ Λ2T ∗M . In [20], we proved

Proposition 17. We have p(Γ,Λ)−W1(Γ, Λ̃) = C(Γ).

12. Gauge-natural operators on connections. Analogously to
Section 8 one can pose the question of finding all geometric operators
transforming a pair (Γ,Λ) of a connection Γ on P and a connection Λ on
P 1M into a connection on W 1P . The precise meaning of “geometric”
is “gauge-natural” in the sense of [2]. Roughly speaking, when passing
from the classical natural operators to the gauge-natural ones, we meet
the higher order principal prolongations W rP in the former role of the
higher order frame bundles P rM , see [18] for a complete theory.
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In [20] we deduced the following list of all gauge-natural operators
A : C∞(QP ) × C∞(QτP

1M) → C∞(QW 1P ). (The assumption Λ is
torsion-free is of technical character. If we replace QτP

1M by QP 1M ,
the list will be much longer with many further terms of less geometric
interest.) First of all one proves that the underlying connections of
A(Γ,Λ) are β∗A(Γ,Λ) = Γ and p1∗A(Γ,Λ) = Λ. So the difference

A(Γ,Λ)− p(Γ,Λ) is a section of L0P ⊗
2⊗
T ∗M .

We already know that the curvature C(Γ) is a section of that bun-
dle. Let Z ⊂ Lin(g, g) be the subspace of all linear maps commuting
with the adjoint action of G. Since every z ∈ Z is an equivariant
map between the standard fibers, it induces a vector bundle morphism
zP : L0P → L0P . Hence one can construct the modified curvature op-
erator C(Γ)(z) = (zP⊗id )◦C(Γ). On the other hand, by Example 28.7
of [18] all natural operators C∞(QτP

1M) → C∞(T ∗M⊗T ∗M) are lin-
early generated by the contractions R1(Λ) = (Rk

kij) and R2(Λ) = (Rk
ikj)

of the curvature tensor (Ri
jkl) of Λ. Let S ⊂ g be the subspace of all

vectors invariant with respect to the adjoint action. Since every B ∈ S
is an invariant element of the standard fiber, it determines a section
BP of L0P . Our result from [20] reads

Proposition 18. All gauge-natural operators C∞(QP )×C∞(QτP
1M)

→ C∞(QW 1P ) are of the form

p(Γ,Λ) + C(Γ)(z) +B1P ⊗R1(Λ) +B2P ⊗R2(Λ)

for all z ∈ Z and all B1, B2 ∈ S.

We underline that there exist many interesting open problems con-
cerning the gauge-natural operators related with connections on W rP .

13. Connections on W 1P as reductions of W̄ 2P . Finally we out-
line how the semiholonomic 2-jets can be used in the theory of connec-
tions on W 1P . In general, the bundle of nonholonomic (n, 2)-velocities
on a manifold M is defined by

T̃ 2
nM = J̃2

0 (Rn,M) .

We shall frequently use a natural identification

(38) T̃ 2
nM ≈ T 1

n(T 1
nM) .

Write tu : Rn → Rn for the translation x 7→ x + u. If ψ : Rn →
J1(Rn,M) is a section, then u 7→ ψ(u) ◦ j1

0tu is a map Rn → T 1
nM .

Passing to 1-jets defines (38). One verifies easily that (38) identifies
reg T̃ 2

nM with reg T 1
n(reg T 1

nM).



21

The second order nonholonomic frame bundle of M is defined by

P̃ 2M = inv J̃2
0 (Rm,M) .

This is a principal bundle over M with structure group

G̃2
m = inv J̃2

0 (Rm,Rm)0 ,

the right action of which on P̃ 2M is determined by the composition of
nonholonomic 2-jets. On the other hand,

W 1(P 1M) = P 1M ×M J1P 1M .

Using (32) and (38), we obtain

(39) P̃ 2M = W 1(P 1M) .

In particular, G̃2
m = G1

m o T 1
mG

1
m.

Further we introduce the second nonholonomic prolongation of P (M,G)
by the iteration

(40) W̃ 2P = W 1(W 1P ) .

This is a principal bundle over M with structure group W̃ 2
mG :=

W 1
m(W 1

mG). We have

W 1(W 1P ) = P 1M ×M J1P 1M ×M J̃2P = P̃ 2M ×M J̃2P

and

W 1
m(W 1

mG) = G1
m × T 1

mG
1
m × T 1

mT
1
mG ≈ G̃2

m o T̃ 2
mG ,

where the group semidirect product has an analogous meaning to (34).
In the semiholonomic case, we have

(41) W̃ 2P ⊃ W̄ 2P := P̄ 2M ×M J̄2P .

The structure group of W̄ 2P is W̄ 2
mG = Ḡ2

m o T̄ 2
mG.

Consider a connection Φ: W 1P → J1(W 1P ) = J1P 1M ×M J̃2P .
Using the identification J1P 1M ≈ P̄ 2M from Section 9 and the in-
clusion J̄2P ⊂ J̃2P , we obtain an inclusion W̄ 2P ⊂ J1W 1P . Let
Γ and Λ be the underlying connections of Φ. In Section 11 we con-
structed the reduction R(Γ) ⊂ W 1P to the subgroup G1

m × ν1
m(G).

One verifies easily that Φ
(
R(Γ)

)
⊂ W̄ 2P is a reduction to the subgroup

l1(G
1
m) × ν2

m(G) ⊂ G2
m o T 2

mG ⊂ Ḡ2
m o T̄ 2

mG. The following assertion
generalizes the result by P. Libermann mentioned in Section 9.

Proposition 19. The connections on W 1P are in bijection with the
reductions of W̄ 2P to the subgroup l1(G

1
m)× ν2

m(G) ⊂ Ḡ2
m o T̄ 2

mG.
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Proof. Let Q be a reduction of W̄ 2P to l1(G
1
m) × ν2

m(G). Hence its
projection Q1 into W 1P is a reduction to the subgroup G1

m × ν1
m(G).

Then Q can be interpreted as a map (denoted by the same symbol)
Q : Q1 → J1W 1P . This map is equivariant, so that Q can be uniquely
extended into a connection on W 1P .

Now we can construct the connection Φ̃ conjugate to Φ by using the
canonical involution κ of semiholonomic 2-jets. Using Proposition 3 of
[20], one proves that if red(Φ) ⊂ W̄ 2P is the reduction corresponding
to Φ, then

(42) κ ◦ red(Φ) = red(Φ̃)

is the reduction corresponding to Φ̃.
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[16] I. Kolář, Weil Bundles as Generalized Jet Spaces, In: Handbook of Global
Analysis, Elsevier (2007), 625–665.
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Institut of Mathematics and Statistics
Faculty of Science, Masaryk University
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