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ABSTRACT. In the first part of the paper, we present a survey of
the basic properties of connections on the r-th order frame bun-
dle of a manifold. Special attention is paid to the torsion and
torsion-free connections. In the second part, connections on the
r-th principal prolongation of a principal bundle are treated from
similar points of view. The case of the first principal prolongation
is discussed in detail.

In the present paper, connection means a principal connection on a
principal bundle unless otherwise specified.

Several properties of connections on the r-th order frame bundle
P"M of a manifold M appear in the framework of the general theory
of natural bundles and operators. This is described in the book by D.
Krupka and J. Janyska, [21], and in the monograph [18]. So the first
part of the present paper is devoted to a survey of some more specific
properties of connections on P" M that are mostly related with the idea
of torsion. In Section 1 we underline that the Lie algebroid version of a
connection on the principal bundle P"M (M, G ) is a linear r-th order
connection on T'M. So we have two different approaches to the concept
of torsion. Proposition 2 reads that both approaches are equivalent.

In Section 3 we clarify that the torsion-free connections on P"M are
in bijection with the reductions of P™*1M to the canonical injection of
Gl into GT!. This enables us to define the r-th exponential operator
transforming every torsion-free connection A on P'M into a torsion-
free connection on P"M. In particular, this implies that A determines
a general connection on every natural bundle over m-manifolds. In
Section 5, the Lie algebroid construction of the exponential operator
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is based on two interesting lemmas concerning the r-jet of the com-
mutator of vector fields on M. Then we deduce that the torsion-free
connections on P"M are in bijection with the splittings from the cotan-
gent bundle T*M into the bundle of (1,7 4 1)-covelocities on M.

In Section 7 we discuss a connection on P"M from the viewpoint
of the theory of higher order G-structures and we characterize its in-
tegrability in this sense. In Section 8 we present a recent result by
W. Mikulski, [27], who determined all natural operators transforming
a torsion-free connection on P'M into a connection on P"M. Sec-
tion 9 is devoted to the basic properties of semiholonomic 2-jets, that
represent a useful tool for several problems of the present paper.

The principal prolongation WP of an arbitrary principal bundle
P(M, Q) is defined in Section 10 in a formally slightly different way to
[18]. We hope this could be useful in applications. Then we summarize
the basic properties of connections on W"P and their torsions. In
Section 11 we clarify that every connection ® on WP is canonically
identified with the triple (I', A, D) of a connection I" on P, a connection

2
A on P*M and a section D of L°P® Q) T*M, where L°P is the adjoint
bundle of P. In Section 12 we present the list of all gauge-natural
operators transforming every pair (I', A) of a connection I" on P and a
torsion-free connection A on P'M into a connection on W1P. Finally
we outline how the semiholonomic 2-jets can be used in the theory
of connections on W!P. In particular, we introduce the conjugate
connection ® to every connection ® on W!P by using the canonical
involution of semiholonomic 2-jets.

All manifolds and maps are assumed to be infinitely differentable.

Unless otherwise specified, we use the terminology and notations from
the book [18].

1. The algebroid form of connections on P"M. First we re-
call that the Lie algebroid LP — M of an arbitrary principal bundle
P(M,G) is defined by LP = TP/G. So the elements of LP are the
right invariant families of tangent vectors along the individual fibers of
P, every section 0: M — LP is identified with a right invariant vec-
tor field @: P — TP and the bracket [71, 73] of right invariant vector
fields on P induces the bracket [oy, 03] of LP. The canonical projec-
tion ¢: LP — T'M is called the anchor map. Clearly, a connection I'
on P can be interpreted as a linear morphism v: T'M — L P satisfying
qo~y =1idrp, [26].

We write P"M for the r-th order frame bundle of an m-dimensional
manifold M. This is a principal bundle over M with structure group
Gr. = inv JJ(R™ R™)y. Every local diffetomorphism f: M; — M,
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induces a principal bundle morphism P"f: P"M; — P"Ms, so that P"
is a bundle functor on the category M f,, of m-dimensional manifolds
and their local diffeomorphisms, [18]. For every vector field X: M —
T M, its flow prolongation

., 0

P"(FIY)

is a right invariant vector field on P"M. This follows directly from
the fact that the values of P" are in the category PB,,(G},) of prin-
cipal G] -bundles over m-manifolds and their local principal bundle
isomorphisms. Since P" is an r-th order bundle functor, the restriction

P"X | PrM depends on j2X only, x € M.
Proposition 1. The rule

(2) Iy (G2 X) = P'X | PpM
identifies J"T M with LP"M .

Proof. We have to prove that I}, is a diffeomorphism. But P"M =
reg 17 M is an open subset of the bundle 7], M of all (m,r)-velocities
on M and P"X is the restriction of the flow prolongation 77 X to
this subset. Hence the bijectivity of I}, follows from the existence of
an exchange isomorphism sy : T, TM — TT) M such that 7, X =
sy o T M, [16], [18]. O

A linear r-th order connection on T'M is a linear morphism T'M —
J"'T'M that splits the target jet projection. According to Proposition 1,
every connection I': P"M — J'P"M is identified with a linear splitting
v: TM — J'TM. We say that v is the algebroid form of T.

2. Two approaches to the torsion on P"M. The canonical (R™ X
g )-valued 1-form ¢, on P"M is defined as follows. We have R™ x
gt =T,  P"7'R™ wheree, ; = ji 'idgm. Everyu = ji f, f: R™ —

M, induces P 1f: Pr~'R™ — P"='M. The tangent map @ := T, _,

p=tf. T, P'R™ - T, P 7'M, u._y = 7"_,(u), depends on u
only. Then one defines

pr(A) =aH(Tm_(4), AeT,P'M.

P. C. Yuen introduced the torsion of a connection I' on P"M as the
exterior covariant differential Dre, of ¢,, [33]. Since Drg, is a hori-
zontal 2-form on P"M, it can be interpreted as a map P"M — (R™ x
g" ) ®@A?T*M. Taking into account the identification @, : R™ — T, M,
uy = mj(u), we construct

(3) Dro.: PPM — (R™ x g' ') @ A*R™ .
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On the other hand, the (r — 1)-jet at x € M of the bracket [¢,n] of
two vector fields £, 7 on M depends on the r-jets j7¢& and jin. This
defines a map

[ ]re1: JTTM X0 JTM — J'TM .
Let v: TM — J"T'M be the algebroid form of I'. According to A.
Zajtz, [28], the torsion of v is a map 7y: TM Xy TM — J 7 'TM
defined by

(4) (A, B) = [v(A),7(B)], ,, A BeT.M.
Clearly, 7 can be interpreted as a section of J"'T'M ® A?T*M. This

is a fiber bundle associated to P"M with standard fiber (R™ x g’ 1) ®
A?R™*. So the frame form of 77 is a map

: P'M — (R™ x g7t @ A’R™ .
In [14], we deduced
Proposition 2. We have Dry, = %ﬁ

Let I" and A be two connections on P" M over the same connection on
P™=1M. Consider their algebroid forms ~y,d: TM — J"T'M. Since the
kernel of 77_,: J'TM — J7'TM is TM @ S™T*M, [18], the difference
of v and ¢ is a section

(5) y—0 M —->TMxS"T"M QT*M .
Proposition 3. If both v and 6 are torsion-free, then the values of
v —6 lie in TM @ STTYT* M.

Proof. If 2 are some local coordinates on M, X' = dx' are the induced
coordinates on TM and X, are the jet coordinates on J"T'M, then the
equations of v or ¢ are

X, =T (x)X? or X, =AL(x)X, 1<|a| <7,
where « is a multi-index of range m. The difference v — ¢ can be
interpreted as a map TM X TM — TM @ S™YT*M of the form

(F%jk - Aiﬁjk)fjnk ) Bl =r—1.
The only r-th order terms in j"~![¢, n] are

) arnz ) arfz
(6) &’ / Bl=r—1.

dridgr 7 027 0px
If 7 is torsion-free, then (6) yields 'y, = T',;. If d is also torsion-free,
(5) is symmetric in the last two subscripts. O

From the proof one sees directly that v — § is an arbitrary section of
TM @ S™T*M.
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3. Torsion-free connections on P"M as reductions of P™"'M.
Every a € G}, is a matrix, which defines a linear map [(a): R™ — R™.
This induces a group homomorphism

lr_li G71n — G;.L, lr_l(a) = jgl(a) .

S. Kobayashi proved, [8], that the torsion-free connections on P*M are
in bijection with the reductions of P?M to the subgroup l;(Gl) C G2,.
We deduce an analogous result for arbitrary order r. This is based on
the following injection i%,: P""'M — J'P"M. Every u = jy™'f €
Pt M determines a local section v of P"M — M

(7) U(y) =Jo(fotry),

where y lies in a neighbourhood of f(0) € M and ty-1(,: R™ — R™
is the translation z — z + f~'(y). Then we set ', (u) = j}(o)z/). If 2°,

...y, are the standard coordinates on P'R™, a%,, ... 2% .
are the induced coordinates on J'P"R™ and L5 e

coordinates on P"T'R™, then (7) implies directly the following coordi-
nate form of ¢"

z
are the additional

i i Al — 4t 7
(8) Tjp = Tyulp, ..., T = Tjy el s

7
s jl---j’ﬁk:

where 32; is the inverse matrix to x;

Every X € J'P"M over X € P"M is identified with an m-plane in
the tangent space Tx P" M, which will be denoted by the same symbol
X. Hence we can consider the restriction dy, | X of the exterior
differential of ¢, to X. Denote by X; € J'P"'M the underlying

element of X. The following lemma from [14] is close to a result by
Yuen, [33].

Lemma 1. Let X € J'P"™M satisfy X1 = iy, (8X). Then X €
i (P™YM) if and only if dp, | X = 0.

For r = 1 we have no X; and the claim dy; | X = 0 if and only if
X € i3,(P*M) was used in [8].

For every torsion-free connection I' on P"M we define a map p(I'):
P'M — Pr'M by the following induction. Consider a connection
I': PPM — J'P"M such that the underlying connection I'y: P™~1M
— JYP™"1M is torsion-free, so that T'; determines a map p(T'y): P'M
— P"M be the induction hypothesis.

Proposition 4. T is torsion-free, if and only if the values of T o pu(T'y)
lie in a4, (P M),

Then we define u(T") = (i%,) o Tou(ly): PM — P™1M.
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Proof. By Lemma 1, we have dy, | X = 0 for all X € I'(u(I')(P'M)).
But ¢, is a pseudotensorial form, [18], so that dy, | A = 0 holds for
every A € I'(P"M). This is equivalent to Drep, = 0. O

For every principal bundle P(M, G), we have an induced right action
of G on J'P, (jis(y),g) — ji(s(y)g), where s is a local section of P
on a neighbourhood of x € M and g € G. This action will be denoted

by (X, g) — Xo(g).

Lemma 2. For everyv € P"Y'M and a € G}, we have

m?’

iy (vl (a)) =iy (v)o(l—1(a)) .

Proof. If v = ji™ f, then i, (v)o(L—1(a)) = jL[j5(f o ty-14) o l(a))].
On the other hand, i}, (vi.(a)) = jL[j5(f o l(a) o tyw)-1(s-1(y)))]- But
t.ol(a) = l(a) o tygy-1(2), 2 € R™, is a well known relation from the
affine geometry. m

By Lemma 2, u(T")(P'M) is a reduction of P*™' M to the subgroup
I.(GL) C Gr+l. Indeed, using induction we obtain

() (ua) = (i)~ [T (w(T1)(w)) e(lr-1(a))] = p(T)(u)l,(a).

On the other hand, every reduction @ C P™"'M to the subgroup
[.(Gl) induces a map (denoted by the same symbol) Q: P'M —
Pr+IM as follows. For every v € @ we construct u = 777 (v) and
we set Q(u) = v. Any other ¢ in the same fiber of Q — M is of the
form v = vl.(a), a € G.. This implies ;' (v) = wua, so that our
definition is correct.

Proposition 5. Proposition 4 establishes a bijection between torsion-
free connections on P"M and reductions of P M to I,(G).

Proof. First we deduce that u(T'): P'M — P™'M is a reduction to
I.(Gl). For every u € P'M and a € G, we have

() (ua) = (iy) " [T (w(T1)(wa))] = (i)~ [T (@) (w)li—1(a))]

= (i5) ™ [0 (T2 () (lr-1(a))] = (i5) ™" [(350) (u(D) () s (@)
by definition, by the induction hypothesis, by right-invariance of I and
by Lemma 2. Conversely, if Q: P'M — P™ M is a reduction to
I[.(GL), then Q; = 7" 0 Q: P'M — P"M is a reduction to [, (Gl ).
We define I': Qi(P'M) — J'P™M by I'(Q:1(v)) = ,(Q(u)). By
Lemma 2, it holds I'(Qi(ua)) = i4,(Q(ua)) = i}, (Qu)l(a)) =
i (Qw)o(lr-1(a)) =T (Q1(u))o(l-—1(a)). Hence I'is a right-invariant
map, which is canonically extended into a connection on P"M. O
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4. The r-th order exponential prolongation. The following con-
struction represents an interesting application of Proposition 5. Con-
sider a torsion-free connection A on P'M. For every x € M, A de-
termines the exponential map exp?: U, — M, where U, C T, M is a
neighbourhood of the origin. Then we define a map E,.(A): P'M —
PrTIM by

(9) E.(A)(u) = jg " (expyou),  u€ PpM,
where u is interpreted as a map R™ — T, M.
Proposition 6. E.(A)(P"M) is a reduction of P M to 1.(GL).

Proof. For all uw € P'M and a € G}, we have E,(A)(ua) = ji*' (exp2
ouol(a)) = E.(A)(uw)l,(a). O

By Proposition 5, F,.(A) is a torsion-free connection on P" M, that is
called the r-th exponential prolongation of A. The rule A — E,.(A) is
said to be the r-th order exponential operator on the bundle Q,P'M
of torsion-free connections on P'M.

W. Mikulski invented another construction of the exponential pro-
longation, [27]. Every X € T,M is extended into a vector field X on
T, M by means of translations. The exponential map exp’ transforms
X locally into a vector field (exp?),(X) on M. Then we can construct

(10) & (A)(X) = i ((exp). (X)) € JTM.

In Section 5 we deduce that €,(A) is the algebroid form of E,.(A).

This result enables us to describe another geometrically interesting
construction of E,.(A). The flow prolongation Pr((exp‘xx)*()z ) is a
vector field on P"M. By Section 1, the lifting map P"M X, TM —
TP™M of E.(A) is

E(A)(u, X) = P"((expy)«(X)) (w),  u€P/M.

Further, consider an r-th order natural bundle F' over m-manifolds,
[18]. So F'M is a fiber bundle associated to P"M with standard fiber
FyR™. Every principal connection I' on P"M induces a general con-
nection I'r on P"M. We shall use the construction of I'r by means
of lifting vector fields. In general, every right-invariant vector field Z
on P"M induces a vector field Zr on FM as follows. If Z(u) = dcd(to),
c:R— P"M, u=c(0), then

ZF({u,a}) = %!O{c(t),a}, a € FR™.

Since Z is right-invariant, this definition is correct. Then the I'p-lift of
a vector field X on M is prescribed by I'p(X) = (I'X)p.
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Clearly, the flow prolongation FX of a vector field X on M with
respect to F satisfies FX = (P"X)p. Thus we have deduced

Proposition 7. For every r-th order natural bundle F, the rule
E.(A)p(v, X) = F((exp)) (X)) (v), veFM XeT,M

transforms every torsion-free connection A on PM into general con-
nection E.(A)g on FM.

5. The exponential prolongation in the algebroid form. Con-
sider an arbitrary linear splitting v: TM — J"T'M. For a linear frame
uw € PM, u= (Ay,...,An), A; € T,M, we take vector fields X;
satisfying j7X; = v(A;), i =1,...,m. Then

(FLY o o FI) (x)
is a local map R™ — M and we define
(11) o()(u) = ot (FLY o o Flji) (z) € PrH'M .
One verifies easily that o(y)(u) depends on u and 7 only.

Proposition 8. If y is torsion-free, then o(y)(P'*M) is a reduction of
PN to 1,(GL).

Proof is based, in a very instructive way, on the definition (4) of 7.
We shall use the following two lemmas from [15].

Consider two vector fields X and Y on M. Then (FIX o FIY)(z)
is a local map R* — M, so that ji§' (FI;* o FIY)(z) € (T; 7' M) is a
(2,7 + 1)-velocity on M.

Lemma 3. If 7 '[X,Y] =0, then
(12) Jont (FIY o FIY ) (x) = o5 (FIY o FIY) ().

Further, (FI¥ o FIY)(x) is a local map R — M, so that ji™ (FI¥ o
FIY')(z) € (TT™'M), is a (1,r + 1)-velocity on M.

Lemma 4. If 577X, Y] =0, then
(13) Jo N (FI o FIY ) (w) = jo ™ (FI ) (x) -

We shall also apply the well known formula

(14) FIZ =FI*,  ccR.
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Take a = (a}) € G}, and consider ua = (alA;). Since 7 is torsion-free,
by (13) (14) and (12) we obtain gradually

( _ j6+1( a1X1+ A+al" Xm 6.0 Fl;inX1+---+aﬁXm)
= GNP oo IS oo PIR S oo FISES™)
= JS+1 (Fleltl "0 FZX my1 © 0O Fli{lltm "o Fléi’ﬂm)
— jg“(szltl+ argm OO sz;i1+_._+a%tm) .

This proves Proposition 8.

To clarify the relation of o(7) to the reduction p(I") from Section 3,
we need the following form of the injection i%,: P""'M — J'P"M.
We have P"M C 17 M. Clearly, j0f € T) M, f: R™ — M, can be
expressed in the form

(15) gof=(Tr e, e, =gyidpm .
Write B; = 2| jiri € T., T;,R™, where 7/ : R™ — R™ is the translation

=1t =t +t.. . " =1t If we consider jit' € PTHIM,
then

(16) (TT5)(E;)
is an m-tuple of tangent vectors at jji¢p € P"M. The linear span of
these vectors defines i, (ji™'¢) € J'P"M.

Proposition 9. If v is torsion-free and I' is the corresponding connec-
tion on P"M, then o(y) = p(l).

Proof. We proceed by introduction. If v; and I'; are the underlying
connections in the order r — 1, then o(y;) = u(I'1) by the induction
hypothesis. Consider u = (A, ..., A,,) € P!M and write

v = o(m)(w) = u(T1)(w).

By (16), i, (jgt' (FIy o+ - -0 Fl™ ) (z)) is the linear span of the vectors
(17) TT, (FIY o o FINM)(E),  i=1,...,m

Using the basic properties of flows, Lemma 3 and (15), we deduce that
(17) is equal to

%‘OT;L(FZ;Q - oFlf_(Hl -oFlffnm)(er)
0

1r 77 X1 T Xm
= S lo(FIFFY o FIF™ o0 FIGEY™) (e,)
=T X (T (FlY o0 FIX™)(e,)) = T Xi(v) .
By (2) and by the induction hypothesis, this m-tuple spans p(I')(v). O
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From the proof of Proposition 8 we obtain easily that the construc-
tion (10) of &,(A) by W. Mikulski is the algebroid form of the expo-
nential prolongation E,(A) introduced in Section 4.

6. Splittings T*M — T™"*M. The space T"™*M = J™+(M,R), of
all (1,7 + 1)-covelocities on M is a vector bundle, [18]. By a splitting
s: T*M — T"M we mean a linear morphism satisfying 771 o s =
id p«ps. We remark that such splittings play an interesting role in the
construction of Poincaré-Cartan morphisms in the higher order varia-

tional calculus, [11].

Proposition 10. There is a canonical bijection between reductions
Q C P M to subgroup 1.(GL) and splittings s: T*M — T M.

Proof. Every b € T M determines a linear map A(b): T, M — R. Let
v=jitf € Q,, so that u = 77 (v) € P!M can be interpreted as a
map u: R"™ — T, M. Then we set

(18) s(b) = i [A(b)ouo fH] € TIH*M.

Since @ is a reduction to [.(G}L), (18) does not depend on the choice
of v € @, The fact that s is a splitting follows directly from (18).
Conversely, let s: T*M — T"* M be a splitting. A frame u € P} M is
a basis (e1,...,en) of T,M. Consider the dual basis u* = (e!,..., e™)
of T:M. Then s(e'),...s(e™) are the components of an (r + 1)-jet

s(u*) € JITH (M, R)o. Write Q(u) = (s(u*))_l € P'T1M for the inverse

jet. If we take ua = (ale;), then (ua)* = (ale?), where @ is the inverse
matrix to a}. Hence s((ua)*) = a}s(e’) = I,(a™") o s(u*), which implies
Q(ua) = Q(u)l.(a). Finally, one verifies easily that the maps @ — s
and s — () are inverse each other. O

Taking into account Proposition 5, we obtain a canonical bijec-
tion between torsion-free connections on P"M and splittings T"M —
TN

We remark that Proposition 10 yields another proof of Proposition 3.

7. The viewpoint of higher order G-structures. A connection on
P"M can be viewed as a kind of higher order G-structure on M. We
recall that a k-th order G-structure on M is said to be integrable, if
it is locally isomorphic to the product R™ x G, where G C G¥ is the
structure group. We are going to apply this approach to the algebroid
form v: TM — J'TM. (We remark that this kind of integrability
plays an important role in our theory of the flow prolongation of some
tangent valued forms, [1].)
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On R™, there is a distinguished connection C,: TR™ — J"TR™
defined by
Co(X)=jrX, X eT,R™,
where X is the constant vector field on R™ constructed from X by
means of translations.

Definition 1. We say that v: TM — J"T'M is integrable, if for every
x € M there exists a neighbourhood U and a diffeomorphism f: U —
R™ satisfying C,. o T'f = J"T'fo (v | U).

Clearly, every integrable connection 7 is torsion-free. According to
a classical result, a connection A on P*M is integrable, iff it is both
torsion-free and curvature-free. Then every exponential prolongation
er(A) is also integrable.

Thus, the torsion of ~ is the first obstruction to its integrability.
Consider the underlying connections v, = 7,0, k =1,...,r. Clearly,
if v is torsion-free or integrable, then each vy is so. Assume that ~ is
torsion-free. Then the curvature of +; is the second obstruction to the
integrability of v. If this curvature vanishes, each connection ex(7;) is
integrable. The difference

V2 —52(71)

is a tensor field of type TM ® S3T*M that is the third obstruction to
the integrability of 7. Assume by induction that the first up to (k+1)-
st obstruction to the integrability of « vanish. Then ~; = £x(y1) and
the tensor field of type TM ® S*2T*M

Ve+1 — €k+1(%)

is the next obstruction to the integrability of ~. If all these r + 1
obstructions vanish, then v = £,.(7y;) is integrable. Thus, we have
proved

Proposition 11. v is integrable if and only if all the following condi-
tions are satisfied

a) vy is torsion-free,

b) 1 is curvature-free,

c¢) all the gradually defined tensor fields vy — ex(v1), k = 2,...,7,
vanish.

8. Natural operators C*Q,.P'M — C>*QP"M. We write QP
for the connection bundle of an arbitrary principal bundle P(M,G),
[18]. The connections on P form the space C*QP of all sections of
QP — M. Further, we write (. P"M for the bundle of all torsion-free
connections on P"M, [14]. So the r-th exponential operator on M is
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a natural operator C*°Q,.P'M — C*Q,.P"M. Using E,, W. Mikulski
solved a rather sophisticated problem of finding all natural operators
C>*Q,P'M — C*QP"M and C*Q,.P'M — C*Q,P"M, [27].

Every torsion-free connection A on P'M defines a vector bundle
isomorphism

(19) Ya: JTM — @ TM @ S*T*M
k=0
as follows. Write
I: JTR™ — P ToR™ @ SFTyR™

k=0

for the standard identification. Let ¢ be a A-normal coordinate system
on M with center x and B € J;T'M. We define

T

(20)  ¥a(B) =P (T @ S" Ty o) (I (S Te(B))) .

k=0

Since the identification I is G} -equivariant, (20) is a correct definition.

Proposition 12. Let D: C*°Q,P*M — C*QP"M be a natural oper-
ator. Then there exist uniquely determined natural operators

A C®Q.P'M — C=(TM @ S*T*M @ T*M) ,
k=0,...,7r, such that Ay =0, A; =0 and
D(A) = E.(A) + (0,0, Ay(A), ..., A.(N))
in the sense of the identification (19).

Proof. The difference D(A) — E,.(A) is decomposed into r + 1 natural
operators by (19). The natural operators Ay and A; vanish according
to 25.3 and Lemma 33.4 in [18]. O

Now Proposition 3 yields directly

Proposition 13. Let D: C®°Q,P'M — C®Q,P"M be a natural op-
erator. Then there exist uniquely determined natural operators

A C®Q,P'M — C™(TM @ S*'T*M),
k=0,...,r, such that Ap =0, A; =0 and
D(A) = E,(A) + (0,0, A5(A), ..., A(A)) .
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The natural operators A,,..., A, in Proposition 12 or Proposition
13 can be prescribed arbitrarily.

According to Lemma 33.4 of [18], all natural operators C*Q,P'M —
C=(TM ® QT M ) are R-linearly generated by

— the curvature tensor and its covariant derivatives,

— constructing tensor products (including tensor products with in-
variant tensors) and contractions.
In the case of some prescribed symmetries in the covariant part we add
the corresponding symmetrizations of the operators in question.

Example 1. Write R}, = —R’;, for the curvature tensor of A. If we
look for all natural operators D: C*Q,.P'M — C*Q.P>M, we have
to determine all natural operators C*Q,P'M — C*(TM @ S*T*M).
By the above mentioned procedure, all these operators are the constant
multiples of (%PR};”m. Hence all D’s form the one-parameter family

D(A) = Ex(A) + ¢(00} Riyy,) . cE€R.

Example 2. J. Janyska and the author determined all natural oper-
ators C*Q,P'M — C*QP?M by using a direct approach, [7], [12].
The list of them is rather long. Using Proposition 12, we can interpret
that list in a very clear geometric way.

9. Semiholonomic 2-jets. Some aspects of our problems are properly
related with the theory of semiholonomic 2-jets. First we describe the
general ideas, [3], [23].

Consider a fibered manifold p: ¥ — M. Its second nonholonomic
prolongation J2Y is defined by the iteration

JY = JHJY - M).

If 2, 4P are some fiber coordinates on Y, the induced coordinates on
JYY are y? = O;y”(x) and the coordinates further induced on J?Y are

Yo; = Oy (x) and yj; = 0y (x).

There are two canonical projections J2Y — J'Y namely the target jet
projection 3 : J2Y — J'Y and the jet prolongation J'3: J2Y — JY
of the target jet projection 8: J'Y — Y. The second semiholonomic
prolongation J2Y is the set of all A € J?Y satisfying

Bi(A) = (J'B)(A).

In coordinates, this condition means

(21) Yo = U5 .
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The injection J2Y < J2Y is defined by
Jzs = Jx(i's) -
So the subset J2Y C J2Y is characterized by
(22) vi =yo and oy =y

Hence J2Y C J?Y. According to the general theory, both 3;: J2Y —
JY and J'3: J2Y — J'Y are affine bundles.

For two manifolds M and N, the space J2(M,N) or J*(M,N) of
nonholonomic or semiholonomic 2-jets of M into N is the second non-
holonomic or semiholonomic prolongation of the product fibered man-
ifold M x N — M, respectively. C. Ehresmann introduced the com-
position of nonholonomic jets, [3]. Consider another manifold @) and
A € J2(M,N),, B € J2(N,Q).. So A= jlo and B = jly, where
0: M — J(M,N) and ¢: N — J*(N,Q) are sections of the source
jet projection a. Hence ay)(Bp(u)) = Bo(u), u € M, so that the
composition of 1-jets (B¢ (u)) and ¢(u) is defined. Then we set

(23) Bo A= j[(Bp(u)) o p(u)] € JH(M,Q)..

Let z* be some local coordinates on @), z¢

p
coordinates on J*(N, Q) and wy, w;, wf; be the induced coordinates

a a 3
, Z0ps Zpg De the induced

on J2(M,Q). Evaluating (23), we obtain the coordinate formula for
the composition of nonholonomic 2-jets

(24) Wi =zZy, wh = 20 W = ZpgUi Yo T 2 Yy -
Clearly, the composition of two semiholonomic or holonomic 2-jets is
semiholonomic or holonomic as well. }

Ajet A€ J2(M,N), is called regular, if there exists B € J2(N, M),
such that Bo A = j2id y;. By (24), A is regular iff both 3;(A) and
(J'3)(A) are regular. In coordinates this means that both y? and yf,
are regular matrices. If dim M = dim N, then B o A = j2id 5, implies
AoB = js id . In this case, regular is equivalent to invertible.

Every o(u) defines a linear map T,M — TN, n? = y?(u)¢’. This
yields a local map T"M — TN, whose tangent map at each point of
T, M is determined by jlyp. So the nonholonomic 2-jet A = jlo(u) €
J2(M, N), can be interpreted as a map (TTM), — (TTN), of the
form

(25) W =yfet dy? = ybdat,  dnf = yfjfidxj + yPde’ .

Consider the canonical involution ¢ of the iterated tangent functor,
e (&, dat, dgY) = (da', &, dEY), and A € J2(M,N), in the form (25)
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with yh, = y?. Then the map ¢y o Aoy is of the form

(26) P =yle, dyf =yidat, dpP = yhEida? +ylde
This map corresponds to another semiholonomic 2-jet

(27) 2(A) € (M, N)y, syl uhy) = (W u5) -

Definition 2. The map s is called the canonical involution of semi-
holonomic 2-jets.

Since J2(M, N) — JY(M, N) is an affine bundle, A and s(A) deter-

mine a tensor
(28) A(A) = A — »(A) € T,(N) @ N*T'M

called the difference tensor of semiholonomic 2-jet A. (J. Pradines uses
the name “dissymétrie”, [30].) Clearly, A is holonomic, iff A(A) = 0.

Example 3. We present the first remarkable application of this con-
cept. Consider a general connection I': Y — J'Y on an arbitrary
fibered manifold Y — M, [18]. If I' is viewed as a morphism over
M, we can construct J'I': J'Y — J2Y. Clearly, the values of the
composition IV = J'T' o T lie in J?Y. The difference tensor

Aol”: Y = VY Q N°T*M
coincides with the curvature of I'.

The second order semiholonomic frame bundle P2M of M is defined
by P2M = reg J3(R™, M). This is a principal bundle P2M (M, G?),
where G2, = inv JZ(R™,R™), is the second order semiholonomic jet
group in dimension m. The inclusion G2, C G2, defines an injection
(denoted by the same symbol) I;: G} — G?. One verifies easily that
(8) with 7 = 1 defines an identification i},: J'P'M ~ P?M. Con-
sider a principal connection I': P'M — J'P'M with the coordinate
expression

(29) al =Tl
Using (8), we verify directly the following result by P. Libermann, [23].

Proposition 14. The rule T' — i}, o T defines a bijection between
the connections on P'M and the reductions of P2M to the subgroup
L(GL) C G2.

It is remarkable that the canonical involution s yields a simple con-
struction of the connection I' conjugate to I'. Indeed, we have

(30) iyyol' =50 (ijol),

i.e. » transforms the reduction determined by I' into the reduction

determined by I'.
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Example 4. Another interesting application of the concept of differ-
ence tensor is in the theory of G-structures. We recall that a (first or-
der) G-structure on M is a reduction P of P*M to a subgroup G C G} .
Then J'P C J'P'M =~ P?M and A suggests a very conceptual way to
the construction of the structure function of P, [19], [23]. In particular,
this approach clarifies, in an instructive way, the difference between the
prolongability and the flatness of P, [19].

Finally we remark that the theory of the covariant differentation
with respect to connections on P?M is systematically developed in [6].

10. W"P as a generalization of P"M. Consider a principal bun-
dle 7: P — M with structure group G, dim M = m. Its r-th order
principal prolongation W"P is the bundle of all r-jets J0,e) of local
principal bundle isomorphisms

(31) 0:R"xG— P, 0€R™, e=theunitof G.

This is a principal bundle over M with structure group W, G :=
Wi (R™ x G), whose action on W"P is given by the jet composition,
2], [18].

Given A = j5f € T P, we write
TA=ji(mrof)eT, M.
Further, we introduce
reg, ThP={AeT P, mAcregT, M}.
Clearly, the local PB-isomorphism (31) is determined by its restriction
¢ | R™ x {e}: R™ — P. Hence
(32) W'P =reg, T P.
Let P(M,G) be another principal G-bundle, m = dim M. For every

local principal bundle isomorphism f: P — P, T f: P — Tr P re-
stricts and corestricts into a map reg . 1 P — reg 1" P. This defines

Wrf: WrP — WrP.

If A€reg, T P, then mA € T" M is invertible, so that Ao (7rA)~?
satisfies m(A o (rA)™!) = jridy, = = 7(f(0)). This implies A o
(rA)~' € J"P. Hence
(33) W"P =P"M xp J'P.

Clearly, W” f is identified with P"f x; J"f, where f: M — M is the
base map of f. In particular, the structure group

(34) W (R™ x G) = WiG =G, x T".G
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is the group semidirect product with the group composition

(91,C1)(g2, C2) = (91 0 g2, (C10g2) 002) )

where o denotes the induced group composition in 77, G, [18]. The first
product projection W"P — P"M is a principal bundle morphism with
the associated group homomorphism W) G — G7. determined by (34).

WTP is a fundamental structure for the gauge theories of mathe-
matical physics, [5]. In differential geometry, the main role of W”"P
is based on the fact that for every associated bundle P[S], where S
is a left G-space, the r-th jet prolongation J"(P[S]) is a fiber bun-
dle associated to W”P, [18]. Further, we have a canonical injection
P'M — W'P™M, jif j(loﬂr_l)P“lf, f:R™ — M. So W'P
can play the role of a suitable recurrence model for several geometric
problems, [18]. In particular, the reductions of the principal bundle
WP are called generalized G-structures, [10]. Several properties of
higher order G-structures are well reflected in the framework of this
more general theory.

If G = {e} is the one-element group, then M X {e} is identified with
M and W' (M x {e}) = P"M. Hence many properties of W"P can
be viewed as a generalization of the case of P"M. In particular, we
have the canonical one-form o,.: TP"M — R™ x g’~' on P"M. On
WTP, we introduce analogously a canonical one-form 6,.: TW"P —
R™ x w)'G = Top,_nW ' (R™ x G), E,_; = the unit of W/ 'G,
o/ 'G = Lie (W 'G). Consider u = jitp € WP and write u; =
77 (u) € WP, where 7"_, is the jet projection. The tangent map

i="Top (W : R"xw/'G— T, WP
is a linear isomorphism depending on w only. For every Z € T, W"P,
we define
0.(2)=u""! (Tﬂr,l(Z)) .
Clearly, the following diagram commutes

O

TW"™P R™ x mfn‘lG
¥r m l r—1
TP™M R™ x g,

Analogously to Section 2, we introduced in [9]

Definition 3. The torsion of a connection ® on W"P is the covariant
exterior differential Dg0,.

The Lie algebroid LW™P of WP coincides with the r-th jet prolon-
gation J"(LP — M), [17], [22]. Let ¢: TM — J"LP be the algebroid
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form of ®. Analogously to the case of J"T'M, we have the truncated
bracket
[,1r-1: J'LP xp J'LP — J'LP.

The torsion 7¢ of ¢ can be introduced as a morphism
T0: TM X3y TM — J7'LP
defined by
(To)(Z1, Z2) = [¢(Z1), p(Z2)]r -1, (Z1,22) € TM xp TM .

In [17] it is deduced that Dg6, and T¢ are naturally equivalent.

The r-jets j;g, g € G, of the constant maps g: R" — G, z — g,
define an injection v) : G — 1, G. Clearly, the direct group product
l,—1(GL) x v (G) is a subgroup of W/ G. The following assertion, that
is an analogy of Proposition 5, is proved in [17].

Proposition 15. The torsion-free connections on W' P are in bijection
with the reductions of WP to the subgroup l.(GL) x v/ Y G) C
Wr+1G'

11. Connections on W!P. We are going to discuss the connections
on W!P in more details. By (33),

(35) W'P = P'M x, J'P.

Write py: WP — P'M and py: WP — J'P for the product projec-
tions. Since p;: WP — PLM and the target jet projection 5: WP —
P are principal bundle morphisms, every connection

(36) O: WP — JY(W'P) = J'P'M xy; J*P

induces a pair of connections p;,® on P'M and 3,® on P.

Conversely, consider two connections I': P — J'P and A: P'M —
JYPIM. Define

(37) W'P > R(T) = {(u,I'(v)); (u,v) € P'M xy P} .

Using the action p of G on P from Section 3, one finds easily that R(I")
is a reduction of WP to the subgroup G} x vl (G) C WLG. Since
(37) identifies R(T") with P*M xj; P, the product connection A x T’
on P*M x,, P is identified with a connection on R(T') and the latter
connection is uniquely extended into a connection p(I', A) on W!P.
Clearly, B.p(I', A) = I" and p1.p(I', A) = A.

Write L° P for the adjoint bundle of P. (Our notation is motivated by
the fact that L°P is the subset of the Lie algebroid LP of all elements A
satisfying q(A) = 0.) The projections 3 and p; give rise to projections
LWP@T*M — L°P®T*M and L0W1P®T*M2—> LOPIM@T*M.

The common kernel of these projections is L°P @ Q T*M, [12].
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Proposition 16. Connections on WP are in bijection with triples
(T, A, D), where I' € C*(QP), A € C*(QP'M) and D € C*(L°P ®
2

R T*M).

Proof. For ® € C®°(QW'P) we set I' = 3,®, A = p;,® and D =
D — p(B:®, p1.®P). O

The factor T*M ® T*M gives rise to an exchange map ex: L'P ®

®T*M — L'P ® ®T*M Thus, if we replace A by the classical
conjugate connection A and D by ex o D, we obtain a connection P
said to be conjugate to ®. In Section 13 we present a more geometric
construction of ® by using the canonical involution of semiholonomic
2-jets.

There is another construction transforming the pair (I', A) into a
connection on W1P. It is based on the general idea of flow prolongation
of connections, [18]. Consider I' in the lifting form

I'nPxyTM —TP.

For every vector field X on M, we first construct its I'-lift '’X: P — TP
and then the flow prolongation WH(I'X): WP — TW?!P. This defines
a map

WIT: WP x J'TM — TW'P.
If we add A in its algebroid form TM — J'T'M, we obtain the lifting
map

WHD,A): WP xy TM — TW'P

of a principal connection on W'P. In [20] we deduced ~ﬁ*)/\/l(f‘, A) =T,
prWHT, A) = A. So the difference p(T', A) — WY(T', A) is a section of
2

L°P @ @ T*M. We recall that the curvature C(T') of T is a section of
L°P @ A*T*M. In [20], we proved

Proposition 17. We have p(I', A) — W'(I',A) = C(I).

12. Gauge-natural operators on connections. Analogously to
Section 8 one can pose the question of finding all geometric operators
transforming a pair (I, A) of a connection I" on P and a connection A on
P'M into a connection on W!P. The precise meaning of “geometric”
is “gauge-natural” in the sense of [2]. Roughly speaking, when passing
from the classical natural operators to the gauge-natural ones, we meet
the higher order principal prolongations W" P in the former role of the
higher order frame bundles P"M, see [18] for a complete theory.
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In [20] we deduced the following list of all gauge-natural operators
A: C®(QP) x C*(Q,P'M) — C>*(QW'P). (The assumption A is
torsion-free is of technical character. If we replace Q,P'M by QP'M,
the list will be much longer with many further terms of less geometric

interest.) First of all one proves that the underlying connections of
AT, A) are B,A(I',A) = T and p,A(I,A) = A. So the difference
2

A(T,A) — p(T, A) is a section of L°P @ @ T*M.

We already know that the curvature C'(I') is a section of that bun-
dle. Let Z C Lin(g, g) be the subspace of all linear maps commuting
with the adjoint action of G. Since every z € Z is an equivariant
map between the standard fibers, it induces a vector bundle morphism
zp: L°P — LOP. Hence one can construct the modified curvature op-
erator C'(I')(z) = (2p®id )oC(I"). On the other hand, by Example 28.7
of [18] all natural operators C*°(Q,P'M) — C°(T*M @ T*M) are lin-
early generated by the contractions Ry(A) = (R};;) and Ry(A) = (R})
of the curvature tensor (Rf;;) of A. Let S C g be the subspace of all
vectors invariant with respect to the adjoint action. Since every B € S
is an invariant element of the standard fiber, it determines a section
Bp of L°P. Our result from [20] reads

Proposition 18. All gauge-natural operators C=(QP) x C*=(Q,P'M)
— C®(QW'P) are of the form

p(I,A) + C(D)(2) + Bip @ Ri(A) + Bap ® Ra(A)
forall z € Z and all By, By € S.

We underline that there exist many interesting open problems con-
cerning the gauge-natural operators related with connections on W"P.

13. Connections on W'P as reductions of W?2P. Finally we out-
line how the semiholonomic 2-jets can be used in the theory of connec-
tions on W' P. In general, the bundle of nonholonomic (n, 2)-velocities
on a manifold M is defined by

T2M = J2(R™, M).
We shall frequently use a natural identification
(38) T2M ~ THT'M).

Write ¢,: R® — R”" for the translation x +— x 4+ u. If ¢: R* —
JYR™ M) is a section, then u +— (u) o jit, is a map R* — TIM.
Passing to 1-jets defines (38). One verifies easily that (38) identifies
reg T2M with reg T (reg T M).
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The second order nonholonomic frame bundle of M is defined by
P2M = inv J2(R™, M).
This is a principal bundle over M with structure group
G2 = inv J2(R™,R™),,

the right action of which on P2M is determined by the composition of
nonholonomic 2-jets. On the other hand,

WYP'M) = P'M x5 J'P'M .
Using (32) and (38), we obtain
(39) P2M = WY P'M).

In particular, G2, = G x TLGL .
Further we introduce the second nonholonomic prolongation of P(M, G)
by the iteration

(40) W2P = WY W'pP).

This is a principal bundle over M with structure group W,%G =
WL (WLG). We have

WYWIP) = P'M xy J'P*M x5 J?P = P>M x ), J*P
and
WLWLG) =GL x TLGL x TATLG ~ G2 x T2 G,

where the group semidirect product has an analogous meaning to (34).
In the semiholonomic case, we have

(41) W2P > W?P := P>M x,; J*P.

The structure group of W2P is W2G = G2, x T2G.

Consider a connection ®: W'P — JYW'P) = J'P'M x,; J?P.
Using the identification J'P'M ~ P2M from Section 9 and the in-
clusion J2P C J2P, we obtain an inclusion W2P C J'W'P. Let
' and A be the underlying connections of ®. In Section 11 we con-
structed the reduction R(T') C W'P to the subgroup Gl x v} (G).
One verifies easily that ®(R(I")) C W?2P is a reduction to the subgroup
L(GL) x 12(G) € G%, x T2G C G2, x T2G. The following assertion
generalizes the result by P. Libermann mentioned in Section 9.

Proposition 19. The connections on WP are in bijection with the
reductions of W2P to the subgroup I1(GL) x v2(G) C G2, x T2G.
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Proof. Let Q be a reduction of W2P to I;(GL) x v2(G). Hence its
projection @ into WP is a reduction to the subgroup G} x v} (G).
Then ) can be interpreted as a map (denoted by the same symbol)
Q: Qi — J'W'P. This map is equivariant, so that () can be uniquely
extended into a connection on W1P. 0

Now we can construct the connection ® conjugate to ® by using the
canonical involution sr of semiholonomic 2-jets. Using Proposition 3 of
[20], one proves that if red(®) C W?2P is the reduction corresponding
to @, then

(42) s ored(®) = red(d)

is the reduction corresponding to ®
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