
1. Bilineárńı a kvadratické formy I

1.1. Motivace
Budeme se zabývat zobrazeńımi g : Rn → R tvaru

g(x1, x2, . . . , xn) =
n∑

i,j=1

aijxixj.

Ta se nazývaj́ı kvadratické formy. K tomu budeme potřebovat bilineárńı formy f :
Rn × Rn → R

f(x,y) =
n∑

i,j=1

aijxiyj.

1.2. Bilineárńı formy

Definice. Necht’ U ,V,Z jsou vektorové prostory nad K. Zobrazeńı ϕ : U ×V → Z se
nazývá bilineárńı, jestliže pro každé pevné u ∈ U je zobrazeńı

ϕ(u,−) : V → Z lineárńı,

pro každé pevné v ∈ V je zobrazeńı

ϕ(−,v) : U → Z lineárńı.

Totéž jinak:

ϕ(u, av1 + bv2) = aϕ(u,v1) + bϕ(u,v2)

ϕ(au1 + bu2,v) = aϕ(u1,v) + bϕ(u1,v)

Př́ıklad. U = V = R3, Z = Mat3×3(R)

ϕ






x1

x2

x3


 ,




y1

y2

y3




 =




x1

x2

x3


 (y1, y2, y3) =




x1y1 x1y2 x1y3

x2y1 x2y2 x2y3

x3y1 x3y2 x3y3




je bilineárńı zobrazeńı
ϕ(x,y) = x.yT

ϕ(x + x̄,y) = (x + x̄)yT = xyT + x̄yT = ϕ(x,y) + ϕ(x̄,y)

My se budeme zabývat bilineárńımi formami, kde U = V a Z = K.

Definice. Bilineárńı zobrazeńı f : U × U → K se nazývá bilineárńı forma na U .

Př́ıklad. U = R2

f

((
x1

x2

)
,

(
y1

y2

))
= 2x1y1 + x1y2 + 3x2y1 + 2x2y2

je bilineárńı forma na R2.

f

((
x1

x2

)
+

(
x̄1

x̄2

)
,

(
y1

y2

))
= f

((
x1 + x̄1

x2 + x̄2

)
,

(
y1

y2

))
=

= 2(x1 + x̄1)y1 + (x1 + x̄1)y2 + 3(x2 + x̄2)y1 + 2(x2 + x̄2)y2 =

= 2x1y1 + 2x̄1y1 + x1y2 + x̄1y2 + 3x2y1 + 3x̄2y1 + 2x2y2 + 2x̄2y2 =
1
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= 2x1y1 + x1y2 + 3x2y1 + 2x2y2 + 2x̄1y1 + x̄1y2 + 3x̄2y1 + 2x̄2y2 =

= f

((
x1

x2

)
,

(
y1

y2

))
+ f

((
x̄1

x̄2

)
,

(
y1

y2

))

f lze vyjádřit také t́ımto zp̊usobem:

f(x,y) = 2x1y1+x1y2+3x2y1+2x2y2 = (2x1+3x2, x1+2x2)

(
y1

y2

)
= (x1, x2)

(
2 1
3 2

)(
y1

y2

)

Př́ıklad. Bilineárńı forma na Rn

f(x,y) = xTAy = (x1, x2, . . . , xn)




a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
an1 an2 · · · ann







y1

y2

y3


 =

n∑
i,j=1

xiaijyj =

=
n∑

i,j=1

aijxiyj

Důkaz bilinearity
f(ax + bx̄,y) = (ax + bx̄)TAy = (axT + bx̄T )Ay = axTAy + bx̄TAy = af(x,y) +
bf(x̄,y)

Př́ıklad. Bilineárńı forma na R2[x]

f(a2x
2 + a1x + a0, b2x

2 + b1x+ b0) = a2.b1

je bilineárńı forma na R2[x].

Př́ıklad. Na R2[x]

f(a2x
2 + a1x+ a0, b2x

2 + b1x + b0) = a2.b1 + a1

NENÍ BILINEÁRNÍ FORMA!

f(a2x
2 + a1x + a0, b2x

2 + b1x+ b0) = a2.b1.b0

NENÍ BILINEÁRNÍ FORMA!

1.3. Matice bilineárńı formy v bázi α
Necht’ α = (u1, . . . ,un) je báze prostoru U . Matice bilineárńı formy f : U × U → K

je matice A s

Aij = f(ui,uj).

Př́ıklad. Najděte matici bilineárńı formy f : R3×R3 → R, f(x,y) = 2x1y1 + 3x2y3−
2x1y2 ve standardńı bázi ε = (e1, e2, e3).

A =




2 −2 0
0 0 3
0 0 0




Vyjádřeńı bilineárńı formy v souřadnićıch. Necht’ f : U ×U → K má v bázi α matici

A = (f(ui,uj)). Potom pro u =
n∑
i=1

xiui, v =
n∑
j=1

= yjuj dostáváme
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f(u,v) = f(
n∑
i=1

xiui,
n∑
j=1

yjuj) =
n∑
j=1

f(
n∑
i=1

xiui,uj)yj =
n∑
j=1

n∑
i=1

xif(ui,uj)yj = (x1, . . . , xn)

(f(ui,uj))
n
i,j=1




y1
...
yn


 = xTAy

1.4. Matice bilineárńı formy při změně báze

Báze α = (u1, . . . ,un) určuje souřadnice x,y : u =
n∑
i=1

xiui,v =
n∑
j=1

yjuj. Báze

β = (v1, . . . ,vn) určuje souřadnice x̄, ȳ : u =
n∑
i=1

x̄iui,v =
n∑
j=1

ȳjuj. Plat́ı

f(u,v) = xTAy v bázi α

f(u,v) = x̄TBȳ v bázi β

Necht’ P = (id)αβ je matice přechodu od β k α. Potom

x = (u)α = P(u)β = Px̄

y = (v)α = P(v)β = Pȳ

Plat́ı

x̄TBȳ = f(u,v) = xTAyT = (Px̄)TA(Py) = x̄TPTAPȳ

Tedy

x̄TBȳ = x̄T (PTAP)ȳ

Zvolme x̄T = (0, . . . , 0, 1︸︷︷︸
i-té mı́sto

, 0, . . . , 0), ȳT = (0, . . . , 0, 1︸︷︷︸
j-té mı́sto

, 0, . . . , 0). Potom

x̄TBȳ = Bij člen v i-tém řádku a j-tém sloupci
x̄T (PTAP)ȳ = (PTAP)ij člen v i-tém řádku a j-tém sloupci

Tedy

B = PTAP.
Tuto úvahu budeme použ́ıvat často, takže ještě jednou:

(∀x̄, ȳ) x̄TBȳ = x̄TCȳ implikuje B = C.
Závěr. Matice B bilineárńı formy v bázi β je

B = (id)Tα,βA(id)α,β

kde A je matice bilineárńı formy v bázi α.

Definice. Matice A, B se nazývaj́ı konguentńı, jestliže existuje regulárńı matice P
taková, že

B = PTAP.
Domáćı úloha. Dokažte, že relace kongruence je ekvivalence.
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Připomenout. Matice A, B jsou podobné, jestliže

B = P−1AP.
Podobnost se uplatňuje při transformaci matic lineárńıch zobrazeńı ϕ : U → U .

(ϕ)β,β = (id)−1
α,β(ϕ)α,α(id)α,β.

1.5. Symetrické a antisymetrické bilineárńı formy
Bilineárńı forma je symetrická, právě když

f(u,v) = f(v,u).

Matice symetrické bilineárńı formy je symetrická, nebot’

Aij = f(ui,uj) = f(uj,ui) = Aji.

Antisymetrická matice Aij = −Aji
Jsme-li nad R nebo C, pak

Aii = −Aii → 2Aii = 0 → Aii = 0



0 −1 −2
1 0 3
2 −3 0


 je antisymetrická matice.

Bilineárńı forma je antisymetrická, právě když

f(u,v) = −f(v,u).

Matice antisymetrické bilineárńı formy je antisymetrická

Aij = f(ui,uj) = −f(uj,ui) = −Aji.
Věta. Každá bilineárńı forma je součten symetrické a antisymetrické bilineárńı formy.

1.6. Algoritmus
Ke každé symetrické matici A nalezneme regulárńı matici P tak, že matice D =

PTAP je diagonálńı.
Před d̊ukazem: Elementárńı matice je matice, která realizuje řádkovou nebo sloupcovou
elementárńı operaci:

(1) Výměna 1. a 2. řádku u matice A



0 1
1 0

1
. . .

1



A = PA (řádky násob́ıme zleva), P = PT .

Výměna 1. a 2. sloupce u matice A
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AP = A




0 1
1 0

1
. . .

1




(2) Vynásobeńı 1. řádku č́ıslem a 6= 0




a
1

1
. . .

1



A = PA, P = PT .

Vynásobeńı 1. sloupce č́ıslem a 6= 0

AP = A




a
1

1
. . .

1




(3) K 1. řádku přičteme a-násobek 2. řádku

P =




1 a 0 · · ·
0 1 0 · · ·
0 0 1 · · ·
...

...
...

. . .


, A 7−→ PA

K 1. sloupci přičteme a-násobek 2. sloupce

A 7−→ APT = A




1 0 0 · · ·
a 1 0 · · ·
0 0 1 · · ·
...

...
...

. . .




Závěr. Máme-li matici A a na tu provád́ıme stejné řádkové a sloupcové operace,
dostaneme matici

PTk . . .PT3 PT2 PT1 AP1P2P3 . . .Pk = PTAP,

kde P = P1P2 . . .Pk, PT = (P1P2 . . .Pk)T = PTk . . .PT2 PT1 .
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Algoritmus: Pro symetrickou matici A naṕı̌seme
(
A E
E

)
;

(
B PT
P

)

(provád́ıme stejné řádkové a sloupcové operace).
Potom

B = PTAP
Úpravy provád́ıme tak, aby B byla diagonálńı.

Př́ıklad. 


0 2 4 1 0 0
2 0 6 0 1 0
4 6 0 0 0 1
1 0 0
0 1 0
0 0 1



∼




2 2 10 1 1 0
2 0 6 0 1 0
4 6 0 0 0 1
1 0 0
0 1 0
0 0 1



∼

(2. řádek př́ıčteme k 1., aby v poloze a11 bylo nenulové č́ıslo) (totéž se sloupci)




4 2 10 1 1 0
2 0 6 0 1 0
10 6 0 0 0 1
1 0 0
1 1 0
0 0 1



∼




4 2 10 1 1 0
4 0 12 0 2 0
10 12 0 0 0 2
1 0 0
1 1 0
0 0 1



∼

(2. a 3. řádek vynásob́ıme dvěma)(totéž se sloupci)




4 4 20 1 1 0
4 0 24 0 2 0
20 24 0 0 0 2
1 0 0
1 2 0
0 0 2



∼




4 4 20 1 1 0
0 −4 4 −1 1 0
0 4 −100 −5 −5 2
1 0 0
1 2 0
0 0 2



∼

(od 2. řádku odečteme 1., od 3. řádku odečteme 5krát 1.)(totéž se sloupci)




4 0 0 1 1 0
0 −4 4 −1 1 0
0 4 −100 −5 −5 2
1 −1 −5
1 1 −5
0 0 2



∼




4 0 0 1 1 0
0 −4 4 −1 1 0
0 0 −96 −6 −4 2
1 −1 −5
1 1 −5
0 0 2



∼
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(k 3. řádku přičteme 2. řádek)(totéž se sloupci)




4 0 0 1 1 0
0 −4 0 −1 1 0
0 0 −96 −6 −4 2
1 −1 −6
1 1 −4
0 0 2




Plat́ı

B =




4 0 0
0 −4 0
0 0 −96


 =




1 1 0
−1 1 0
−6 4 2


A




1 −1 −6
1 1 −4
0 0 2


 ·

1.7. Diagonalizace bilineárńı formy

Věta. Necht’ f : U × U → K je symetrická bilineárńı forma. Potom existuje báze β
prostoru U tak, že matice f v bázi β je diagonálńı. Tedy v souřadnićıch báze β je

f(x̄, ȳ) = b11x̄1ȳ1 + b22x̄2ȳ2 + . . .+ bnnx̄nȳn.

D̊ukaz. Necht’ α = (u1, . . . ,un) je nějaká báze prostoru U . Necht’ matice f v bázi α je
A. Podle předchoźıho algoritmu najdeme matici P regulárńı tak, že

B = PTAP
je diagonálńı. Zvolme bázi β = (v1, . . . ,vn) tak, aby P byla matićı přechodu do β k α,
tj.

(v1, . . . ,vn) = (u1, . . . ,un)P.
Potom matice bilineárńı formy f v bázi β je

PTAP = B =




b11

b22

. . .
bnn




diagonálńı matice. �
Př́ıklad. Necht’ U = R3 a f : R3 × R3 → R je bilineárńı forma

f(x,y) = 2x1y2 + 2x2y1 + 4x1y3 + 4x3y1 + 6x2y3 + 6x3y2.

Najděte bázi β = (v1,v2,v3), v ńıž má f diagonálńı matici. Matice f ve standardńı
bázi α = (e1, e2, e3) je

A =




0 2 4
2 0 6
4 6 0


 ·

Z předchoźıho př́ıkladu v́ıme, že

B =




4 0 0
0 −4 0
0 0 −96


 =




1 −1 −6
1 1 −4
0 0 2



T

A




1 −1 −6
1 1 −4
0 0 2


 ·
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Tedy hledaná báze je
(v1,v2,v3) = (e1, e2, e3)P

v1 =




1
1
0


 v2 =



−1
1
0


 v3 =



−6
−4
2




Přesvědčme se, že
f(v1,v2) = 2.1.1 + 2.1.1 + 4.1.0 + 4.0.1 + 6.1.0 + 6.0.1 = 4
f(v1,v2) = 2.1.1 + 2.1.(−1) + 4.1.0 + 4.0.(−1) + 6.1.0 + 6.0.1 = 2− 2 = 0
atd.

1.8. Kvadratické formy Necht’ U je vektorový prostor nad K. Zobrazeńı g : U → K
se nazývá kvadratická forma, jestliže existuje symetrická bilineárńı forma f : U ×U →
K tak, že

g(u) = f(u,u).

Př́ıklad. g : R3 → R, g(x) = x2
1 + x1x2 + x2

3 − 3x2x3 je kvadratická forma, nebot’

vznikla z bilineárńı formy

f(x,y) = x1y1 +
1

2
x1y2 +

1

2
x2y1 + x3y3 −

3

2
x2y3 −

3

2
x3y2.

Přesvědčme se a tom:
f(x,x) = x1x1 + 1

2
x1x2 + 1

2
x2x1 +x3x3− 3

2
x2x3− 3

2
x3x2 = x2

1 +x1x2 +x2
3−3x2x3 = g(x).

Věta. Necht’ K = R nebo C. Symetrická bilineárńı forma je pak určena kvadratickou
formou jednoznačně.

D̊ukaz. Necht’ g(u) = f(u,u), kde f je symetrická bilineárńı forma. Potom plat́ı

f(u,v) =
1

4
(f(u + v,u + v)− f(u− v,u− v)).

Poč́ıtejme pravou stranu:
f(u + v,u + v)− f(u− v,u− v) = f(u,u) + f(v,v) + f(u,v) + f(v,u)− (f(u,u) +
f(v,v)− f(u,v)− f(v,u)) = 4f(u,v) �

Matice kvadratické formy je matice př́ıslušné bilineárńı formy. Vyjádřeńı kvadratické
formy v souřadnićıch báze α je

g(u) = f(u,u) = (u)TαA(u)α = xTAx =

n∑

i,j=1

aijxixj (aij = aji).

Věta. Ke každé kvadratické fomrě g existuje báze β, v jej́ıchž souřadnićıch je

g(x̄) =

n∑

i=1

biix̄
2
1.

D̊ukaz. Vezmeme př́ıslušnou symetrickou bilineárńı formu f a pro tu najdeme vhodnou
bázi β tak, aby

f(x̄, ȳ) =

n∑

i=1

biix̄iȳi.

�
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Definice. Báze s výše uvedenou vlastnost́ı se nazývá polárńı báze kvadratické formy.

Př́ıklad. Najděte polárńı bázi ke kvadratické formě

g(x) = 4x1x2 + 8x1x3 + 12x2x3.

Matice př́ıslušné bilineárńı formy je A =




0 2 4
2 0 6
4 6 0


. Použijme předchoźı př́ıklad a

dostaneme, že polárńı báze je

v1 =




1
1
0


 v2 =



−1
1
0


 v3 =



−6
−4
2


 ·


