
2. Lineárńı formy

2.1 Označeńı

Necht’ U a V jsou vektorové prostory nad tělesem K s bázemi α = (u1,u2, . . . ,un)
v U a β = (v1,v2, . . . ,vk) ve V. Necht’ ϕ : U → V je lineárńı zobrazeńı. Ma-
tice lineárńıho zobrazeńı ϕ v baźıch α a β je matice tvaru k/n označovaná
(ϕ)β,α, která je definovaná vztahem

(ϕ(u1), ϕ(u2), . . . , ϕ(un)) = (v1,v2, . . . ,vk)(ϕ)β,α. (1)

Tento vztah ř́ıká, že j-tý sloupec matice (ϕ)β,α tvoř́ı souřadnice vektoru ϕ(uj)
v bázi β. Proto pro všechny vektory u ∈ U plat́ı

(ϕ(u))β = (ϕ)β,α(u)α. (2)

Necht’ W je daľśı vektorový prostor nad K s baźı γ = (w1,w2, . . . ,wp) a
ψ : V → W lineárńı zobrazeńı. Pro matice ϕ, ψ a ψ ◦ ϕ plat́ı

(ψ ◦ ϕ)γ,α = (ψ)γ,β.(ϕ)β,α. (3)

Nyńı uvažujme př́ıpad, kdy V = U a ϕ = id. Potom matice identického
zobrazeńı v baźıch α a β je matićı přechodu, nebot’ plat́ı

(u1, . . . ,un) = (v1, . . . ,vn)(id)β,α (4)

a
(u)β = (id)β,α(u)α. (5)

Necht’ ϕ : U → V a v U jsou dány dvě báze α a ᾱ, ve V jsou dány báze
β a β̄. Důsledkem formule (3) je

(ϕ)β̄,ᾱ = (id)β̄,β.(ϕ)β,α.(id)α,ᾱ
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2.2 Duálńı prostor

Lineárńı forma na prostoru U je lineárńı zobrazeńı U → K. Množina všech
lineárńıch forem na U tvoř́ı vektrorový prostor, který nazýváme duálńı vek-
torový prostor k prostoru U a znač́ıme U ∗.

Př́ıklady:

(1) U = R3, K = R

f(x1, x2, x3) = 3x1 − 2x2 + x3 = (3,−2, 1)
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Obecně f : R3 → R je tvaru

f(x1, x2, x3) = a1x1 + a2x2 + a3x3 = (a1, a2, a3)
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Chápeme-li tedy R3 jako prostor sloupcových vektor̊u, je (R3)∗ vekto-
rový prostor řádkových vektor̊u.

(2) Analogicky v Rn a v Cn.

(3) U = C[0, 1], F (g) = g( 1
2
) je lineárńı forma

(4) U = C1[0, 1], F (g) = g′(1
4
) je lineárńı forma

(5) U = C[0, 1], F (g) =
1∫
0

g(t)dt je lineárńı forma

(6) U = R2[x], K = R
f(ax2 + bx + c) = 3b− c je lineárńı forma

(7) U = Matn×n(C), K = C, stopa matice
f(A) =

∑n
i=1 Ai,i = trA je lineárńı forma

(8) U = R3,K = R, f(x1, x2, x3) = x1−2x2+3 a g(x1, x2, x3) = x2
1+2x2+x3

nejsou lineárńı formy

Matice lineárńı formy f : U → R v bázi α = (u1,u2, . . . ,un) prostoru U je

(f)(1)α = (f(u1), f(u2), . . . , f(un)).

Pro všechna u ∈ U plat́ı

f(u) = (f(u1), f(u2), . . . , f(un)).(u)α.
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Př́ıklad:
U = R2[x], f(ax2 + bx+ c) = p′(1). Matice f v bázi α = (1, x, x2) je (0, 1, 2).
Plat́ı

(ax2 + bx + c)′x=2 = (0, 1, 2)




c
b
a


 = 2a+ b.

2.3 Duálńı báze
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