
GRAY TENSOR Products & tax functors

OF µ, 2) - CATEGORIES
INTRO ( 2- CATS)
2- Cat = fat ) - Cat : categories enriched over

(Cat , x , er)
f

x y d : f →g in C. (x, y)
g

z - functors : f : l→ D consist of assignments
on o

, 1,2 Cells satisfying all
the relevant coherence constraints on

the nose
.

Enriched category theory provides a notion of
2- natural transformation

,
where d : f-⇒ t consists of :



2x
F x - GX ht t

, YE lo
tf fj Fg a-f by tf f,g : El

,

f- y → by tf O : f →g E Cz
dy

Furthermore
,
we have a natural isomorphism of

the form :

ALT 2 - Cat ( C xD , e) E z - Cat ( e. Exits,)q
• 2 - functors
• (strict, 2) nat - transf .
• modifications

We can relate the notion of 2 - hat transf . by

Using the 2 - dimensional data available
.

Fa Gx Fa Gx

Ff Jdt IT Lae µ f or Ff Jdt Lae f

Fy-GT ft-GT
d y

d y



In 87 , can we replace x by another monoidal structure

that results in an analogous iso fu (D , E) be ?
The answer is Yes

,
the correct substitute is

the Kaylae) Gray tensor product f D .

Classically
,
this is constructed by means ofgenerators

and retentions , or exploiting density of cubes in

2- Cat ( Street ) . A salient feature is that :

[ i ) x [ i ) [ 1) ④ ID
→

Et te!
✓→



( Op) LAX FUNCTORS

e D
l 7k '- FEED

ffi.es//l--gfff:F-→Ft)
f

N F f
'→fer

g d Ft

play Fg
with :HFHH?F④f④ but f- ( At's )lax

risks

-

H

f-Htt, FH)

and f- (let → tea

Substituting
~

-
" with in ft ) we get

the normalized version .



Observe that vertically invertible 2 - cells are

preserved : Is Ff

gY t-→ →

HEN

Finally
, afp) lax 2- functors need not preserve

isomorphic t - cells/ equivalences .
- - r

SCALED SIMPLICIAL Stoots

Sets = simplicial sets t scaling = subset of
thin 2- simplices

-

tie
Them [ Lurie] There is a model structure for

(a) - categories on Sets' , whose fitment objects
we refute as no - bicategories , and whose cot 's are mono's

.



f.y - cats = fill - f - Cat) = C C- Cat.

Cat fig ) t Spaces than
II

let 's define Map ( elite ) , 4 , re))
Gd .

plea
ii

Map ( ( e, lol , ⑨ te ))
where Lc = { 2 E Te : d

, o ,
or d

1,2
is

invertible in et

JET
G.
,
.lemma

.

let feral →
'

t ) be a licategerial
equivalence .

then ¢ , Le) → YD , La ) is again
a licategerial equivalence .



In particular
,
it induces an equivalence of the

fern
Mapopea, ' 4 → Mapped " E )

Not TRUE FOR ORDINARY VERSION !

why is it a good notion ? f ↳ Forty
f-¥Y/rfg)

let's define :

Map ( Koil, Z ) t Mattapan #Hit )
2
a PB subspace spanned by
XY nil glee s

.
t
.

i) Vee lytta Heeley Hwan
are ordinary maps of a- hints



ii ) ht f : x → x

'

in X

V- g : y → y
'

int
the 2- simplex

* Hit

⇐X t si
di '

in key is mapped b- a thin
one in Z

.

reason

:* , em - Et



Sef .

him f. re) , f. rye Set 's
. ,

define

XQY = ( Xx Y, { (din ) : LEE
,
BE Ty , d . . deep

ink or Po , deg in Y))
7hm

. Iset 's' est's test's
mummy
with invertibleis a Quillen bifuncta .

f
We have feet, Lew) - (kite )
inclusions ¥

XQY

that induce a restriction functor :

Map (X htt Es Nappa. fit)



Thru
.

The map er identifies the domain with

Mattapan ( X it) c Nappa, XYZ) .


