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1. from (1) Segal E 2-Segal .

2. higher Segal spaces
via cyclic Polytopes

3. a
"manifold calculus

"
on D

4. higher Segal spaces
via higher excision



Classical Segal spaces /objects
(Segal

'

74
, Dwyer -Kan - Smith

'

89
,
Hirsch.wits - Simpson

'58
,

'Retk
'

01
,
. :]

Notation : D= category of finite , non - empty
linearly ordered sets

(full snbcat of Cat )

every object is uniquely isom.to some In ] =/0<1 < . - - an}

key-observah.im : simplicial sets DP→ Set

can encode categories/monoids

,
set]e- Cat : N nerve

NC := Honest, c) c- a fully faithful

Essential image = {Segal simplicial sets}
✗ : SM→ Set ¥ if for each n > 2

✗In] ✗
go.it ¥
, ,

✗ 114 ✗
-

i ' ✗ X{n- yn}
XM ✗

his

bijection induced by In ]→ { i - ^
,
i }



• Can recover C by
Inra

{ objects / = Xo] c- farrows/ = ✗{on}
target

induced by 107 {0,1}

composition ^

✗ fit
.

) ✗f , ) → ✗6>-4

r
: Hon } "×✗m , xso.im → Kii ,

XH

associativity
b

✗1¥.tt ✗ fÉ±¥¥t→HÉ¥)
3

F-f- ✗ H÷¥Ha
**

→y¥^→bz ✗ (B)
Lab)c

✗↳* E) E-✗É¥¥#t\b*
.galba

✗1¥;) HE:#a) → ✗ I:*)
⑤c) a

4

alba)



~> pass to homotopy theory :

replace set by some a- category /model category C

e.
g
e -- Grpds/ Spaces/ Spectra/a-cats/ . . .

Let ✗ :D"→ e be a simplicial objet
we can evaluate ✗ on

any simplical complex/set

by night (homotopy ) Kan extension
or A- e

.

.

?

I

⑨risetj
-

- I

e. g. ✗ ftp://#I:=xiEEI*xY-H-IXlH
✗ ( K ) = ✗ ( whin Di ) :

-

- Hollin Xlbi)
→ K Disk

✗ : AP→e is Segal if th > 2 :

Xcn, = ✗ 151 ⇒ ✗(•°-ñ-• - - - -
i:L :)

is an equiv
.

Ii

H÷¥i,- Em
:*



A Segal objects ✗ : IP - E encodes

a category object in e which is associative

up to coherent homologies .

Reth : { complete ) Segal for→ Spaces } = • - cats

Ex=ple : A an additive category ,
e. g.

it = projcr)

→ Segal object
A. → A.④Az → An

,
Az ④ A ]

r t YG)→ { Az → Az 'eA3
T

A
]

.

.

.

AP→ Grpd An

by permitting↳ ; the Ai

FTP =Fiu*

(→ can group complete to get k(R) )



2- Segal objects
(Dycherhoff- Kapranov, Galvez - Carrillo - Kook- Tonks ]

sometimes composition/addition/multiplication
is not uniquely defined but multicolored

e. g. extension of modules in R - mod __ A

A ,B c- it → E-- A - B for each

extension /s.es A → E

t ☐do
→ B

• still associative in the following sense :

given A
, B , C c- it

{
A - E- F

{
A→ F

d ☐ d d 1=1do→ B B f } o - B → G }d.→ c
d ☐do→ c

thin
6 :=Fg¥B=- ¥§-

3rd iso

A - E → F JE
E := FIBdenotes.→¥Éfpushout -1 ÷ Ker (F → c)

pullback I ☐do
→ c



Can capture this data in the

Wald hansen 5
.

- construction :

- → Aon ⇐ 1

In] 1-,

→ An → A.,

☐ d ☐ d ☐

u → An → An]

I ☐ d .

° → A.,
,

,

"

|[ '

' Anais
IL ☐ i

☐
- > An- n

,
n

hip→ Grpd / Spaces / stacks / Cats

which satisfies 2-segalcondih-ons-ie.si
n B- 2 B

✗1¥ it;) i÷¥¥ ✗ 1¥.¥¥:c)move

'A ,B,c , rye =/
"

A.BR/E--AB^ 6-- BC

F- EC
"

✗ f. y F-- AG
"

3

"
A
,
B
,
C Rall
their possible composites

"



given a
2- Segal object ✗ : AP- e

and a suitable "linearization "/cohomology procedure
H : e → Vector -Mod/ . . .

can consider convolution algebra

HLX
,,
) ☒ Hum) → H( ✗as)

"cohomology classes
" Http)

"X"
g) (e) :-. f f- (a) ' glb )

{a. b=e}
fiber of ✗A]

→Xfi
over e

n :
✗
HI
,.fm
← ✗

as
→ ✗

at ]( Hl - - ) HI
.
. ) HI . -1

back forward

For ✗ = 5. (A) these are called Hall algebras



G-pwsoEEst.ms :

thmlw .] { 2- Segal spaces} ÷÷→§bred , non
-smm .

)}a- operands

essential image =
"
invertible

"
a- openads

thmlstern ] {2-Segal AP→e } Alglspanle))



Higher Segal objects
(Dycherhoff - Kopranov , Poguntke ]

How do Segal & 2- Segal objects fit into a hierarchy?

Let
µ

: IR→ Rd

t→ It
,
t
'

,
. . . ,td ) moment map

definecydicpolstopes-i.cl
Cn ]
,
d) := convex hull of µ({ 0,1, . . . ,n} ) E Rd

• 4

Example : • D= 2

µ
cc" ]

,
"

oooo
••
,

••Z

[ (Cn)
,
2) = 4+1) - gon in the plane



• Ckd]
,
d) ± Dd

f.
""

disjoint interiors
Facts : Boundary

oc([n3,d+1 ) = LIN
,
d) Fulci

,
d)

where Acn ]
, d) and L( In]

,
d) g

r

upper boundary lower boundary

are d- dim 'l simplicial completes .

Moreover IRD" → Rd (×, , . . -, ✗den)↳(×, , .
-

,
✗d)

induces triangulations

Ulli
, d) Édcn ], d)

É Luis
,
d)



Ulli
,
11={8-8} ••4

LIFT ,H= CCU ],z )÷::
"" "

{ :-# - . .
-1 }

• • • • • 21141,1 )
0 A 2 3 4÷÷L

2-2

%

(1133/3)=-53
Pachner
move

0 3

to

z
L(l33,2 )

0
^



Def : A simplicial object ✗ : AP - e

is called :

•

lewerd-S_egalif-VnsdX@Kn7.d)→ SH)
is an equivalence

• uppeidegal if ltn > d

HMM ,d1- D" )
is an equivalence

• dl if
it is upper dbwes d- Segal

⇒ (DK,P ; using combinatorics of Ramban )
✗ : soo→ e is d- Segal Wn > d)

⇐) for all triangulations Tof can] , d),
✗( J- D

"'

) is an equivalence
'



Example • X lower 1- Segal
⇐ ✗ Is" ) ✗ I:-[ -

- -

÷:) kn

⇐ - X is Segal
• X is 2- Segal :

✗HH t.tt/-=sHF#-1
,

more generally :

✗ t I KIM

#ianplntin of ? 4th-gon
• first 3- Segal condition

÷÷÷i¥(
2-3 - Palmer move



Manin example off 2k - Segal object (Poguntkei :

higher Waldhansen construction 5 !#
'

(A)

SHYAM - KIM

trop ( Gale 's evenness criterion )

ft d--2k -1 be odd
.

The maximal simplices of Llcn ]
,
d)

correspond to subsets of the form

I = { ij -1 , ij } Cfn ]
union

is disjoint , i. e. ij < ij+n -1

/Example : maximal simplices of 21143,3 ) :|( h # 2) 0123£ = [4]
01 23

01 34 / maximal( n z 3g simplices )
( there is a similar criterion for other cases )



Today focus on

lower 4k - 1) Segal d 2k - Segal

^ flower1-jsegal-fmdasto.o.dz
2- Segal

3 lower 3- Segal
' ☐ a- sesd
5 lower 5- Segal
6

, |←↳lower 7- Segal i

i.

I }
"
excision

"

"

excision
"

on simple category D
on cyclic cat A-



Interlude : manifold calculus

Fett. - air
of (smooth) mfds & embeddings

A functor X : Man
" - e is

excise if for M= UNU , open cover

M

✗ µ
'

Yu
. )

is Chtpy) pullback , i. e.

%!
✗(m) ± ✗M¥u*u.F ""

ri
←



Kif , for instance e = DIR)

→ yields familiar e. e. s for 4*41-1 )

Example : fix NE Man
• 1mm C-

,
N) is erosive

( being immersion is local)
• Embl -

,
N) is not era's've

( being embedding is global )

Mainidea ( Goodwillie -Weiss) interpolate

Fun /Marie
,
e) > . . .

>{polynomialof degree Ek}> . -
.

> {exa 's've }
"

I → polynomial
Pek PE , of deg C- 1

"

pdyn . approximation
"

/ adjoint
const✗1¢)

→ tower
11

✗→ - - -
- Paix → -

-
- → Peil → Peox

which in good cases yields information about

✗ : AP - e
.



Deff : A function X : Manor→ e is

polynomial of degree Ek if :
whenever M = U

, v. - -
u Uk open cover

with U ; v4;
-

- M V-i±j
(⇐ MIU. , . .

.

,
MUK closed & pw . disjoint)

have

✗ (M ) fig ,
.fi?i=Ui )



i cover M

*.

many mfds,

each of which

mu ,
land theirs )
can be^#

{ interplay
complicated

i
" good K

- overs
"

a large number÷:of mfds ,- - , ☒ each of which

is very simple



Def : • A K - cover of a mfd is
M = Ulli U

;
EM open

i c-I

s.tk U S C M
,
1st c- K finite at

F ie I : Sc Ui

µ { U ?
" } :c. , is cover of M

""

)
• A K - cover is good if additionally

for each I. • I fink
A Ui is (differ -61
i c- Io

d-sj union of Ek many disks .

This :( Boavidan - Weiss]

A function X : Man"→ e is

polynomial of degree E- K if and only if
for each god K - cover { U;] of M

iiEI

✗ (m) → him ✗( Nui )
Ioc I

IEI
,

finite

( "satisfies descent/is a sheaf urt good k- covers
")



Lenya (basic diff . geometry )
Every manifold has a good K- covering

pfshe-t.ba :

for each 5- { pi , - . ,pk}cM , D= k choose

very small convex (geodesiullywrt a chosen metric)

pw . disjoint balls Us
,
→ p. ,

- . . Ufitpk
us M -

- { Us IS as above}
good k - cover of M .



Back to the simple category

lnformetanabgy A c- Man

we think of an object fifes
as a

"

manifold
" ( not in any real

mathematical sense )
which has : •

"points
"

pi
-

- fi -1, i } ,
i --1
,
. . ,n

•
"
open sets

" ± subsets I c- In ]

• where " pie I
"

if { i - n , i } c- I

•
"
open

sets" may contain a "paint ",
e. g.
I -to } c- Cn]

I
,
I 's In ]

• we say
that "

open sets
"

I, I
'
c- G]

"
cover

"
He

"

manifold
"

G] if
for each

"

point
"

p we have "pe I
"

or

"

p
c- I

' "

Note it does not suffice to ask GT=IuI
'

Cass nonfat subsets)



e. g. 9113-4 1¥
39 = IT

. p -1333¢ I
4- I

'

pituri of In] as a

"

manifold
"

=•¥•ñ÷•¥•-É•••
I 1
the
"

open set
"

11,2 , }}) the "
open set

"

{ 6,7}# = points ¢
the "

open set
"

{43 Contains no point)

this analogy A → Man leads to

a true theorems &

Def : A collection of subsets I. , . . .

,
Ike Ch]

is called compatible if for each i=1, - - in
there is at most one jc.lk] sth

{ i - n
,
i } 4- Ij

¥ each pair Ij , Iji (jtj ) form(an "
open cover

"

of the "manifold
"

fit)



Them (Wv ) Fix KZA .
Let X : JP→ e. TFAE :

• ✗ is polynomial of degree Ek , i. e

✗pig
⇒ lim XIN Ii )

1*11×3 icy

for each compatible Io , - - , In c- A ]
• ✗ is lower 2k -1 Segal .

recall construction of god K - covers :

I given K "points
"

p,
-

- fi
,

- ^
,
i }
,
- . . ,pk=fi,-1, ik)

need
"

very small open balls around pig
"

→ just take Up;
= { i
;
-1
, ij}

→ get canonical
"

good K - cover
"

of GT

{ ÷U{ ij -1 , ij } ① 0 < in
- iz - 1 size . . .

}j=n . .
.

< ik Eh

µ.

are exactly the national simplices of
• Llln] , 2k - 1)



EY : k

compatible
"

K - covers
" "good K - covers

"

n

÷ ⇐ i.ii.
1 2 0

n 01€ 0123
←

,

0^123 ^ :3
.

☐

8¥
23

3

0^-21

o

on z

B
1 2 3

n=4 893¥ 812£
23 4 12

23

8,1232 34

1 2 }
G¥ size of opens = constant

#opens = constant
# opens increases

size of opens increases



What is the intrinsic meaning of compatible
collections Io

,
. . . ,
Ike In ] ?

k consider the square

In ]
T T
IF (A)

"

I
,

in

or
I.nIn

Lenny : Io , I, c- GT are compatible
⇐ ⇐ ) is a pnshout square

Note : IA ) is always a pullback square .

In D there are other pushcart squares, e. g

{ 0,0 ' } ← {0,41 }

G) y¥-
is also pullback

{ o} → { 0,1 }



{ 0,0 '} → { o }

(2) f-is not pullback1.
to } → { 0 }

If ✗ : AP- e is Segal
then ✗ In ) is pullback

O '

/ i¥¥ , e- skid . ) } - so -9^3]i- g[ "unitaliti "
of encoded category

but ✗(2) is not necessarily



By explicitly characterizing the squares in S

which one putout & pullback f- bicartesian
one sees that

X: AP- e is ( loves 1J Segal
⇒ ✗ sends bi cartesian squares

to pullbacks

✓
powerset poset of setsMo ally :

A ☒be C : Pls)→ b is called

stronglybicou-ter.am if every
2- dimensional face
C(Tnt) → CCT ' )

d L , IT
'
c- S

Clt ) - CCTVT ' )

of PCs ) is bicartesiar .

ftp.ialentlyC is right Kan extension of CIB
,
,, .IM

and left Kan extension of ape , CS )



5=98. . -rise }

SHH

É÷¥
"

fig iii.¥T'
Tse } as:* ]

9ps , CIP
>isl- n

observation for Io
,

. . .

, Ik E- In] ,
the Gabe

pay)±PTlk7 ) →
1h39 → J 1→yEi①

(with MY = In] ) intersection
is strongly bi :c artesian

Gabe

⇒ the collection Io
,
- . .

,
IKE G)

is compatible

( each { i - ri } belongs to all but]at most one Ij



Theoremilw . ) Fix k > 1 . Let ✗ :s•→e .

TF_AE : • ✗ is lower the-D-Segal
• ✗ is polynomial of degree e- K

(sends strongly bicartesian
intersection (k+D - cnbes to limits )

• ✗ sends all strongly biCartesian

1km1 - cubes to limit diagrams
1

I call such ✗ weahlyex-cis.ve .

compare to Goodwillie 's functor calculus ,
where ✗ is k - excise've

⇐ > ✗ sends strongly cesar ferias

11×-1^1- cubes to limit diagrams



What about 2k - Segal ?

A = category of cyclically ordered sets

<n> = ☐

→ ^

}
I
← .

.

!

morphisms

A (G) , Cms) { monotone degree 1- maps

$17m) → 15¥ py
e. g.
A/Ln>

,
(07 ) =/linear orders on Ln> I

☒ "
d. Pod%(→o

→ A = Ako>→ ^

In] ↳ (Cn) To> )
collapse all arrows

except in → o

Aut km ) = %+,



→ cyclic objects X : nor- e

= simplicial object with cyclic symmetries

% F- Xn Xi -
i

-

v v

ka ke %?
✓

Them / W ) Fix 1×71
.

Let ✗ : AP→e.

TFA_É : • X is 2k - Segal
• X is weakly k-excisivew.ir . t →

,

i. e. ✗ sends to limit diagrams in e
those 14+1 ) - cubes in that

are strongly b:cartesian

(in band remain so) in A .

Grotlary : A cyclic object Y : AP→ e

is 2k -Segal ( i.e . AP→M- e is )

⇐ Y is weakly K - eecisive
(strongly bicart . cubes to limit cubes )



IDK] : cyclic 2- Segal objects Y : AP - e

yield invariants if marked surfaces
- topological Fukaya categories



has products/copodncts
additive homotopy cat .

•¥i÷ini area is e

is add-ih.ve a - cat : µ weakly idenp . )complete

thm-IW.tl (x - categorical Dold - Kan correspondence )

-
a - cat of coherent

Fun / Do
,
e) ⇐ Chp (e) connective chain

complexes in eV v

{ lower 4K-M -Segal}

{ h
- truncated complexes}It

{2h - Segal ] ✗
•
← . - - ← ✗

⇐
← o← . .

.

• If target e is presentable & stable
(e.ge = Spectra)

can relate cfiuitavy)

{ 2k - Segal P'→ e }
-exciaie functors}Spaces,-→ e

in the sense of
Goodwillie


