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The logic of accessible categories

A k-coherent (positive existential) formula is a formula of the form:

\/Elx/\gbu

i<k Jj<aj

where each o < k and each ¢;; is an atomic formula.
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The logic of accessible categories

A k-coherent (positive existential) formula is a formula of the form:

\/Elx/\gbu

i<k Jj<aj

where each «; < k and each ¢j; is an atomic formula.A k-coherent (basic)
sequent is a formal expression:

Px ¥

whose intended meaning is the sentence Vx(¢ — ).
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The logic of accessible categories

Definition

A k-coherent (positive existential) formula is a formula of the form:
VA ¢y
i<k Jj<ai

where each «; < k and each ¢j; is an atomic formula.A k-coherent (basic)
sequent is a formal expression:

Px ¥

whose intended meaning is the sentence Vx(¢ — ).

FACT (Rosicky 1981): Every accessible category is equivalent to the
category of models of a theory axiomatized by basic sequents.
(Alternatively, we will see that it arises as the category of x-points of a
K-topos).

Christian Espindola (Brno, MUNI) Topos-theoretic completeness theorems May 7th, 2020 2/27



The logic of accessible categories

Christian Espindola (Brno, MUNI) Topos-theoretic completeness theorems May 7th, 2020 3/27



The logic of accessible categories

The asymmetry in the indexing cardinality of a k-coherent formula intends
to make it possible to develop a formal deductive system for which a
completeness theorem can be proven (Espindola 2017).
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to make it possible to develop a formal deductive system for which a
completeness theorem can be proven (Espindola 2017). The use of the
sequent style axiomatization will allow for a smooth categorical semantics.
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The logic of accessible categories

The asymmetry in the indexing cardinality of a k-coherent formula intends
to make it possible to develop a formal deductive system for which a
completeness theorem can be proven (Espindola 2017). The use of the
sequent style axiomatization will allow for a smooth categorical semantics.

Definition

The system of axioms and rules for k-coherent logic consists of

@ ldentity axiom:

¢Fx ¢
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The logic of accessible categories

@ Substitution rule:

=¥
¢[s/x] -y P[s/x]

where y is a string of variables including all variables occurring in the
string of terms s.
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The logic of accessible categories

@ Substitution rule:

=¥
¢[s/x] -y P[s/x]

where y is a string of variables including all variables occurring in the
string of terms s.

o Cut rule:

Phx Y
¢ x b
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The logic of accessible categories

o Equality axioms:

Thox=x
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The logic of accessible categories

o Equality axioms:

Thox=x

(x=y)AoF; dly/x]

where x, y are contexts of the same length and type and z is any
context containing x, y and the free variables of ¢.
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The logic of accessible categories

@ Conjunction axioms and rules:
/\ bi Fx ¢j
i<y
{¢ I_x wi}i<'y
¢ |_x /\ d)i
i<y
for each cardinal v < .
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The logic of accessible categories

@ Disjunction axioms and rules:

¢j Fx \/ bi

i<y

{0i x 0}icy
\ ¢ikx 6

i<y

for each cardinal ~.
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The logic of accessible categories

o Existential rule:

¢ Fxy ¥
o Fx ¥

where no variable in y is free in ).
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The logic of accessible categories

@ Small distributivity axiom

oA N bibx \ oA

i<y i<y

for each cardinal ~.
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The logic of accessible categories

@ Small distributivity axiom

oA N bibx \ oA

i<y i<y
for each cardinal ~.

@ Frobenius axiom:

¢ A3y x Jy(é A o)

where no variable in y is in the context x.
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The logic of accessible categories

@ Transfinite transitivity:

of by, V'  Ixgdy B<nk ferf
gevPtl glg=f

of Ty N\ b1, B<k, limit B,f €+°
a<f

@0 Fyy \/ E|f6’<5fxf|za+1 /\ ¢f|5+1

feB B<df
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The logic of accessible categories

@ Transfinite transitivity:

of by, V'  Ixgdy B<nk ferf
g675+17g|5:f
of Ty N\ b1, B<k, limit B,f €+°
a<f

@0 Fyy \/ 3f6’<5fxflza+1 /\ ¢f|5+1

feB B<df

for each cardinal v, where y¢ is the canonical context of ¢¢, provided
that, for every f € 4%, FV(¢f) = FV(¢¢),) Uxs and

Xflgy N FV(¢f|B) = () for any 3 < 7, as well as

FV(¢f) = Ua<p FV(9¢),) for limit 5. Here B C y=" consists of the

minimal elements of a given bar over the tree v<", and the dr are the

eVve O Nne O DONAIN
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Categorical semantics

The logic above can be interpreted not just in structures in Set but in fact
in any category with sufficiently similar properties.
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Categorical semantics

The logic above can be interpreted not just in structures in Set but in fact
in any category with sufficiently similar properties.

Definition

A k-coherent category is a regular category with x-small limits, x*-small
stable unions of subobjects, and satisfying the property that transfinite
composites of jointly epic families of arrows is jointly epic.
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Categorical semantics

The logic above can be interpreted not just in structures in Set but in fact
in any category with sufficiently similar properties.

Definition

A k-coherent category is a regular category with x-small limits, x*-small
stable unions of subobjects, and satisfying the property that transfinite
composites of jointly epic families of arrows is jointly epic.

The following are k-coherent categories: Set,presheaf categories Set€,
Sh(C,7) where C has x-small limits and 7 satisfies the transfinite
transitivity property,
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Categorical semantics

The logic above can be interpreted not just in structures in Set but in fact
in any category with sufficiently similar properties.

Definition

A k-coherent category is a regular category with x-small limits, x*-small
stable unions of subobjects, and satisfying the property that transfinite
composites of jointly epic families of arrows is jointly epic.

The following are k-coherent categories: Set,presheaf categories Set€,
Sh(C,7) where C has x-small limits and 7 satisfies the transfinite
transitivity property, the syntactic category of any theory in x-coherent
logic.
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Categorical semantics

A structure on a k-coherent category is a collection of objects A;
(representing the sorts),
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Categorical semantics

A structure on a k-coherent category is a collection of objects A;
(representing the sorts), morphisms f; : [;-,A; — B (representing
function symbols) and monomorphisms R — [1;-,A; (representing relation
symbols).
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Categorical semantics

A structure on a k-coherent category is a collection of objects A;
(representing the sorts), morphisms f; : [;-,A; — B (representing
function symbols) and monomorphisms R — [1;-,A; (representing relation
symbols).

Terms are interpreted as arrows, and composition of terms as arrow
composition:
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Categorical semantics

A structure on a k-coherent category is a collection of objects A;
(representing the sorts), morphisms f; : [;-,A; — B (representing
function symbols) and monomorphisms R — [1;-,A; (representing relation
symbols).

Terms are interpreted as arrows, and composition of terms as arrow
composition:

ni<aAi (g0(x0,x15-+-),81(X0,X15--)5--) F(yo.y1s...)

f(go(x0,x1,---),81(%0,X15---)5-+-))
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Categorical semantics

Formulas ¢(xo, x1, ...) are interpreted as subobjects [[¢]] = M;j<4A; of the
corresponding product of sorts:
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Categorical semantics

Formulas ¢(xo, x1, ...) are interpreted as subobjects [[¢]] = M;j<4A; of the
corresponding product of sorts:
Atomic formulas:

[[R(to, t1,-.-)]] R
Nj<sB; o) Mi<aAi
(501517"')
[s =t]] ——— M;<3B; Mi<aAi
(to,tl,...)
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Categorical semantics

The connectives \/ and A are interpreted as join and meet in the subobject
lattices.
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Categorical semantics

The connectives \/ and A are interpreted as join and meet in the subobject
lattices.

Existential quantification is interpreted through image factorization:

[[¢(X>Y)]] — I_|i<aA,‘ x B

[[EIqu(x, }/)]] — I_|i<ozAi
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tactic categories

The syntactic category corresponding to a k-coherent theory can be
constructed as follows:
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Syntactic categories

The syntactic category corresponding to a k-coherent theory can be
constructed as follows:

@ Objects are a-equivalence classes of x-coherent formulas in context
[x, ¢], where x contains (but is not necessarily equal to) the free
variables of ¢.
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Syntactic categories

The syntactic category corresponding to a k-coherent theory can be
constructed as follows:

@ Objects are a-equivalence classes of x-coherent formulas in context
[x, ¢], where x contains (but is not necessarily equal to) the free
variables of ¢.

@ Morphisms [x, ¢] — [y, 1] are equivalence classes [xy, 6] of provably
functional formulas.
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Syntactic categories

The syntactic category corresponding to a k-coherent theory can be
constructed as follows:

@ Objects are a-equivalence classes of x-coherent formulas in context

[x, ¢], where x contains (but is not necessarily equal to) the free
variables of ¢.

@ Morphisms [x, ¢] — [y, 1] are equivalence classes [xy, 6] of provably
functional formulas.
There is a canonical structure in which [x, T] is the interpretation of the
sort corresponding to the variable x, while relations R — [M;-,A; and
functions f; : [;<oA; — B are interpreted respectively as
[xox1..., R(x0, X1, ...)] and [xox1...y, f(x0, X1,...) = ¥].
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Syntactic categories

The syntactic category Ct of a k-coherent theory T is a k-coherent
category and its canonical structure is the initial model My of T.
Moreover, models of T in any other k-coherent category D are precisely
the images of My through k-coherent functors F : Ct — D.

May 7th, 2020 16 /27
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Syntactic categories

The syntactic category Ct of a k-coherent theory T is a k-coherent
category and its canonical structure is the initial model My of T.
Moreover, models of T in any other k-coherent category D are precisely
the images of My through k-coherent functors F : Ct — D.

Theorem

The k-classifying topos of T is the topos of sheaves Sh(Cr, T) with the
topology given by jointly epic families of arrows.

Cr ——F— Sh(Cr,7)

et

f* (preserves k-small limits)
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r~classifying toposes

The sequent ¢ Fx ¢ is said to hold in a k-coherent category if we have
[[#]] < [[¥]] as subobjects of MycxAx.
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r~classifying toposes

The sequent ¢ Fx ¢ is said to hold in a k-coherent category if we have

[[9]] < [[¥]] as subobjects of MyexAx.Clearly, if F: A— B is a k-coherent
functor and a sequent holds in A, it also holds in B.

Christian Espindola (Brno, MUNI)

Topos-theoretic completeness theorems

May 7th, 2020 17 /27



r~classifying toposes

The sequent ¢ Fx ¢ is said to hold in a k-coherent category if we have
[[9]] < [[¥]] as subobjects of MyexAx.Clearly, if F: A— B is a k-coherent
functor and a sequent holds in A, it also holds in B. Similarly for the
inverse image of a k-geometric morphism f* : £ — F between x-toposes.
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r~classifying toposes

The sequent ¢ Fx ¢ is said to hold in a k-coherent category if we have
[[9]] < [[¥]] as subobjects of MyexAx.Clearly, if F: A— B is a k-coherent
functor and a sequent holds in A, it also holds in B. Similarly for the
inverse image of a k-geometric morphism f* : £ — F between x-toposes.
OBSERVATION: The completeness theorem of k-coherent logic (validity
of a sequent in Set implies its provability) is the same as saying that the
syntactic category admits a jointly conservative family of x-coherent
functors F; : Ct — Set. By the universal property of the k-classifying
topos, this is in turn equivalent to saying that such topos has enough
K-points.
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r~classifying toposes

The sequent ¢ Fx ¢ is said to hold in a k-coherent category if we have
[[9]] < [[¥]] as subobjects of MyexAx.Clearly, if F: A— B is a k-coherent
functor and a sequent holds in A, it also holds in B. Similarly for the
inverse image of a k-geometric morphism f* : £ — F between x-toposes.
OBSERVATION: The completeness theorem of k-coherent logic (validity
of a sequent in Set implies its provability) is the same as saying that the
syntactic category admits a jointly conservative family of x-coherent
functors F; : Ct — Set. By the universal property of the k-classifying
topos, this is in turn equivalent to saying that such topos has enough
K-points.

(Espindola 2017) Assume k<" = k. The k-classifying topos of a
k-coherent theory T with at most k many axioms (in canonical form) has
enough k-points
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Axiomatizing saturated models

Cr, ———— Seth=

K

! ")

Cr, —— Set[Tyi]pr

! )

C'H‘sai _— Sh(Klgp,TD)

8x
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Axiomatizing saturated models

Cr, ———— Seth=

| (N

Cp , ——— Set[Ty]ur

! )

CTsai _— Sh(Klgp,TD)

Here g, is the double negation subtopos, i.e., the subtopos corresponding
to the dense topology:

*********** > A,‘ Aj
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Axiomatizing saturated models

OBSERVATION: The amalgamation property on K, is the same as the
saying that a single morphism f : A; — A is a cover.
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Axiomatizing saturated models

OBSERVATION: The amalgamation property on K, is the same as the
saying that a single morphism f : A; — A is a cover.This is the atomic

topology (nonempty sieves cover).

If M is a saturated model of size kT, for every p: N — N’ in K, each

N — M extends to some p’ : N’ — M. This is the same as saying that

M : Set’r — Set maps p* : [N, =] — [N, —] to an epimorphism, since:

1

Ii_>eVNi([N7 *]) = I'_m>[N7 Ni] = [N7I|_m>NI] = [Nv M]
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Axiomatizing saturated models

OBSERVATION: The amalgamation property on K, is the same as the
saying that a single morphism f : A; — A is a cover.This is the atomic
topology (nonempty sieves cover).

If M is a saturated model of size kT, for every p: N — N’ in K, each
N — M extends to some p’ : N’ — M. This is the same as saying that
M : Set’r — Set maps p* : [N, =] — [N, —] to an epimorphism, since:

i ey (N, ) = [V, ] = [, iy ] = [, )
It follows that M factors through a : Set"~ — Sh(K°, 1p) and that
Sh(KZ2P,mp) is the kT -classifying topos of T

M=li _ele.
Cp, ——— Seths — =1, Set

C']Tsai _— Sh(K’gp, TD)
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Interpreting universal quantification

Although the inverse image of a k-geometric morphism f* : & — F
between r-toposes preserves the sequent ¢ - 1), the sentence Vx(¢ — 1)
corresponding to the sequent above should be interpreted as a subobject
S — 1 and this interpretation might not be preserved.

The interpretation of Vx(¢ — 1) should reflect the syntactic rule for
universal quantification:
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Interpreting universal quantification

Although the inverse image of a k-geometric morphism f* : & — F
between r-toposes preserves the sequent ¢ - 1), the sentence Vx(¢ — 1)
corresponding to the sequent above should be interpreted as a subobject
S — 1 and this interpretation might not be preserved.

The interpretation of Vx(¢ — 1) should reflect the syntactic rule for
universal quantification:

ONQbFxy
0y Vx(p — 1)

where no variable in x is free in 6.
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Interpreting universal quantification
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Interpreting universal quantification

The categorical interpretation of the rule above is exactly that of an
adjunction between subobject lattices:

[xy,e/\¢1 [y, 0]

[xy, ¥ A @]

—

[xy, 4] [y, T]
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Interpreting universal quantification

N

y, (6 - )
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Interpreting universal quantification

[xy,¢] ———— [y, T]

It follows that universal quantification can be interpreted as a right adjoint
to the pullback functor between subobject lattices.

Christian Espindola (Brno, MUNI) Topos-theoretic completeness theorems May 7th, 2020 22/27



Interpreting universal quantification

[xy,¢] ———— [y, T]

It follows that universal quantification can be interpreted as a right adjoint
to the pullback functor between subobject lattices.Hence, the
interpretation of the sentence Vx(¢ — 1)) is preserved by a functor F if the
functor preserves right adjoint to pullbacks: F(VrA) = Vg () F(A).

May 7th, 2020 22/27
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Kripke-Joyal semantics

(Infinitary Joyal) The evaluation functor:

ev : Set[T,+]+ — SetFort <r

preserves the interpretation of the sentence Vx(¢ — ).
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Kripke-Joyal semantics

(Infinitary Joyal) The evaluation functor:

ev : Set[T,+]+ — Setzrt,<x

preserves the interpretation of the sentence Vx(¢ — ).

Proof.
C(TK+)A+ % Set[TH+]>\+ it Set’CZn+,§A
gT Tg*
CTN*’ Y Set[Tn+]n+
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Kripke-Joyal semantics

In a sheaf topos, for a morphism ¢ : E — F, the right adjoint to the
pullback functor ¢! : Sub(F) — Sub(E) is the sheaf
Vg : Sub(E) — Sub(F) defined as:

y €V4(A)(C) «= forall f: D — C o (F(f)(y)) € A(D)
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Kripke-Joyal semantics

In a sheaf topos, for a morphism ¢ : E — F, the right adjoint to the
pullback functor ¢! : Sub(F) — Sub(E) is the sheaf
Vg : Sub(E) — Sub(F) defined as:

y €V4(A)(C) «= forall f: D — C o (F(f)(y)) € A(D)

In a presheaf topos like Set">rt.<7| the subobject above is easier to
compute thanks to the Kripke-Joyal semantics: M IF ¢(«) if and only if:

i [[[x, ¢11]

M [[[x, TII
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Kripke-Joyal semantics

It follows that ¢ = T if M I ¢(«) for every oo : M — [[[x, T]]]-
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Kripke-Joyal semantics

It follows that ¢ = T if M I ¢(«) for every oo : M — [[[x, T]]]-
Moreover, since the functor ev : Set[T.+].+ — Set™zr+.2x is given by
evaluation, we have [[[x, ¢]]] = evy for every k-coherent ¢, and thus, by

Yoneda, M I ¢(«v) if and only if M = ¢(«v).
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Kripke-Joyal semantics

It follows that ¢ = T if M I ¢(«) for every oo : M — [[[x, T]]]-
Moreover, since the functor ev : Set[T.+].+ — Set™zr+.2x is given by
evaluation, we have [[[x, ¢]]] = evy for every k-coherent ¢, and thus, by
Yoneda, M I ¢(«v) if and only if M = ¢(«v).
If ¢ is not k-coherent, the following properties are useful:

e MIF (¢ — ¢)(«) if and only if for every f : M — N,

NIFo(f(a)) = NIFY(f(a))
o MIF —¢(c) if and only if for every f : M — N, N ¥ ¢(f(c))
o M I Vx¢(x) if and only if for every f : M — N and a € N, M IF ¢(«v)
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Wrapping up
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Wrapping up

nget[T,#],ﬁ
Set[TR+]H+ Sﬂ+(’CZH+) S)\(]CZ)\)
£* o~
et o
Sh(K@, mp) —270), 5, (Sat (K) S\(Saty(K))
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Wrapping up

nget[T,#],ﬁ
Set[TR+]H+ Sﬂ+(’CZH+) S)\(]CZ)\)
£* o~
et o
Sh(K@, mp) —270), 5, (Sat (K) S\(Saty(K))

We conclude that My ¥ =Vx(¢ — v).
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Wrapping up

"
Setr, 41, +

Set[TR+]H+ SH+(ICZH+) S)\(]CZ)\)
£* o~
et op
Sh(KoP, 1p) —<70), g (Sat,-(K)) Sy(Saty(K))

We conclude that My ¥ =Vx(¢ — v).
Since ev : Set[T,.+ ]+ — Set">x+.<x preserves the sentence in question,
[[Vx(¢ — v)]] is not 0 in Set[T,+].+-
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Wrapping up

"
Setr, 41, +

Set[’]r,{Jr],{Jr _— 5H+(’CZH+) S)\(ICE)\)

F*

1

n*
Sh(KP mp)

Sh(KZSP, 1p) S.+(Sat.+(K)) Sx(Saty(K))

We conclude that My ¥ =Vx(¢ — v).

Since ev : Set[T+].+ — Set">r.<) preserves the sentence in question,
[[Vx(¢ — v)]] is not 0 in Set[T,+].+-

Since this latter is two-valued, [[Vx(¢ — 1)]] must be 1.
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Thank you!
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