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Fisher R.A. (1937) The wave of advance of adventagous genes. Ann. Eugenics 7, 355–369
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∂u

∂t
=

∂2u

∂x2
+ u(1− u), x ∈ R, t > 0

Travelling wave solution:

Ut(x) := u(t, x) = u
(

t1, x− c(t− t1)
)

for all t, x > 0 and for some t1 > 0, c > 0.
The wave propagates with a constant velocity c.

lim
t→∞

Ut(0) = 1, lim
x→∞

Ut(x) = 0 for all t > 0.
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Fisher equation

Travelling waves – 3 / 13

∂u

∂t
=
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Problems:

■ possible wave speed c

■ stability of the travelling wave solution

■ shape of the wavefront



Fisher equation

Travelling waves – 3 / 13

Kolmogoroff A., Petrovsky I., Piscounoff N. (1937) Étude de l’équation de la diffusion avec
croissance de la quantité de matière et son application à un problème biologique. Moscow

Univ. Bull. Math. 1, 1–25

∂u

∂t
=

∂2u

∂x2
+ u(1− u), x ∈ R, t > 0

u(0, x) = ϕ(x), x ∈ R

Problems:

■ possible wave speed c: c ≥ cmin = 2

■ stability of the travelling wave solution:

suppϕ compact ⇒ (∃t1) lim
t→∞

sup {|Ut(x)− u(t, x)| : x > 0} = 0

■ shape of the wavefront



Fisher equation

Travelling waves – 3 / 13

Canosa J. (1973) On a nonlinear diffusion equation describing population growth. IBM J.

Res.&Dev. 17, 307–313

∂u

∂t
=

∂2u

∂x2
+ u(1− u), x ∈ R, t > 0

u(0, x) = ϕ(x), x ∈ R

Problems:

■ possible wave speed c: c ≥ cmin = 2

■ stability of the travelling wave solution:

suppϕ compact ⇒ (∃t1) lim
t→∞

sup {|Ut(x)− u(t, x)| : x > 0} = 0

■ shape of the wavefront: asymptotic solution
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Reaction-diffusion equation:
∂u

∂t
=

∂

∂x
D
∂u

∂x
+ f(u)

Interpretation:

u = u(t, x) . . . population density on location x at time t, i.e. population

size on interval (a, b) at time t equals
b
∫

a

u(t, x)dx

D . . . diffusivity, rate of individual dispersal

f . . . density dependent intensity of “demographic events”, i.e.
intensity of “the new individuals production” (birth) and of
“the old ones removal” (death)

Individuals constituting the modelled population can appear, die and move at
any time.
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∂t
=

∂

∂x
D
∂u

∂x
+ f(u)

Modification of assumptions:

■ The life cycle of the modelled population consists of two phases
– the demographic and the dispersal ones – separated in time.

■ Demographic events occur at time instants t = t1, t2, t3, . . . and
individuals move at the remaining time
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Reaction-diffusion equation:
∂u

∂t
=

∂

∂x
D
∂u

∂x
+ f(u)

Modification of assumptions:

■ The life cycle of the modelled population consists of two phases
– the demographic and the dispersal ones – separated in time.

■ Demographic events occur at time instants t = t1, t2, t3, . . . and
individuals move at the remaining time

∂u

∂t
=

∂

∂x
D
∂u

∂x
, x ∈ R, t ∈ (ti, ti+1), i = 1, 2, 3, . . .

lim
t→ti+

u(t, x) = f
(

u(ti, x)
)

, x ∈ R.
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(
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∞
∫

−∞

1
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√
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(

u(ti, y)
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dy
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−∞

1

2
√
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∂u
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=

∂

∂x
D
∂u

∂x
, x ∈ R, t ∈ (ti, ti+1), i = 1, 2, 3, . . .

lim
t→ti+

u(t, x) = f
(

u(ti, x)
)

, x ∈ R.

Solution (for D = const):

u(t, x) =

∞
∫
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1

2
√

πD(t− ti)
exp

(

− (x− y)2

4D(t− ti)

)

f
(

u(ti, y)
)

dy

lim
t→ti+1−

u(t, x) =

∞
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1

2
√

πD(ti+1 − ti)
exp

(

− (x− y)2

4D(ti+1 − ti)

)

f
(

u(ti, y)
)

dy

In particular, for ti = i ∈ N:

lim
t→(i+1)−

u(t, x) =

∞
∫

−∞

1

2
√
πD

exp

(

− (x− y)2

4D

)

f
(

u(i, y)
)

dy
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u(t+ 1, x) =

∞
∫

−∞

1

2
√
πD

exp

(

− (x− y)2

4D

)

f
(

u(t, y)
)

dy, t = 0, 1, 2, . . .
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u(t+ 1, x) =

∞
∫

−∞

1

2
√
πD

exp

(

− (x− y)2

4D

)

f
(

u(t, y)
)

dy, t = 0, 1, 2, . . .

k(s) :=
1

2
√
πD

exp

(

− s2

4D

)

probability density function of normally distributed random variable:
“distance of individual relocation in the direction sgn(x) during a
unit time interval”.
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u(t+ 1, x) =

∞
∫

−∞

1

2
√
πD

exp

(

− (x− y)2

4D

)

f
(

u(t, y)
)

dy, t = 0, 1, 2, . . .

k(s) :=
1

2
√
πD

exp

(

− s2

4D

)

probability density function of normally distributed random variable:
“distance of individual relocation in the direction sgn(x) during a
unit time interval”.

u(t+ 1, x) =

∞
∫

−∞

k(x− y)f
(

u(t, y)
)

dy, t = 0, 1, 2, . . .

u(t+ 1, · ) = k ∗ f
(

u(t, · )
)

, t = 0, 1, 2, . . .
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Kot M., Schaffer W.M. (1986) Discrete-time growth-dispersal models. Math.Biosci. 80,
109–136

u(t+ 1, x) =

∞
∫

−∞

k(x− y)f
(

u(t, y)
)

dy, t = 0, 1, 2, . . .
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u(t+ 1, x) =

∞
∫

−∞

k(x− y)f
(

u(t, y)
)

dy, t = 0, 1, 2, 3, . . .
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u(t+ 1, x) =

∞
∫

−∞

k(x− y)f
(

u(t, y)
)

dy, t = 0, 1, 2, 3, . . .

k . . . integrable function, k ≥ 0

∞
∫

−∞

k(s)ds ≤ 1,

∞
∫

−∞

sk(s)ds ≥ 0, (∃µ0) (∀µ)



|µ| ≤ µ0 ⇒
∞
∫

−∞

eµsk(s)ds < ∞





f . . . continuous function, f ≥ 0
f(0) = 0
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u(t+ 1, x) =

∞
∫

−∞

k(x− y)f
(

u(t, y)
)

dy, t = 0, 1, 2, 3, . . .

Travelling wave solution:

u(t, x) = u(0, x− ct)
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u(t+ 1, x) =

∞
∫

−∞

k(x− y)f
(

u(t, y)
)

dy, t = 0, 1, 2, 3, . . .

Travelling wave solution:

u(t, x) = u(0, x− ct) =: Ut(x)

Ut+1 =

∞
∫

−∞

k(x− y)f
(

Ut(y)
)

dy
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u(t+ 1, x) =

∞
∫

−∞

k(x− y)f
(

u(t, y)
)

dy, t = 0, 1, 2, 3, . . .

Travelling wave solution:

u(t, x) = u(0, x− ct) =: Ut(x)

Ut+1 =

∞
∫

−∞

k(x− y)f
(

Ut(y)
)

dy

Ut+1(x) = u
(

0, x− c(t+ 1)
)

= u
(

0, (x− c)− ct
)

= Ut(x− c)
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Ut+1(x) =

∞
∫

−∞

k(x− y)f
(

Ut(y)
)

dy
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Ut+1(x) =

∞
∫

−∞

k(x− y)f
(

Ut(y)
)

dy

Additional assumption: f ′(0)
∞
∫

−∞

k(s)ds > 1.
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Ut+1(x) =

∞
∫

−∞

k(x− y)f
(

Ut(y)
)

dy

Additional assumption: f ′(0)
∞
∫

−∞

k(s)ds > 1.

Linearization of the equation ( f(U) ≈ f(0) + f ′(0)U = f ′(0)U ):

Ut+1(x) =
∞
∫

−∞

k(x− y)f ′(0)Ut(y)dy
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Ut+1(x) =

∞
∫

−∞

k(x− y)f
(

Ut(y)
)

dy

Additional assumption: f ′(0)
∞
∫

−∞

k(s)ds > 1.

Linearization of the equation ( f(U) ≈ f(0) + f ′(0)U = f ′(0)U ):

Ut+1(x) =
∞
∫

−∞

k(x− y)f ′(0)Ut(y)dy

We can try to find a solution in the form Ut(x) = Ae−µx, where A, µ > 0:
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Ut+1(x) =

∞
∫

−∞

k(x− y)f
(

Ut(y)
)

dy

Additional assumption: f ′(0)
∞
∫

−∞

k(s)ds > 1.

Linearization of the equation ( f(U) ≈ f(0) + f ′(0)U = f ′(0)U ):

Ut+1(x) =
∞
∫

−∞

k(x− y)f ′(0)Ut(y)dy

We can try to find a solution in the form Ut(x) = Ae−µx, where A, µ > 0:

Ae−µ(x−c) = Af ′(0)
∞
∫

−∞

k(x− y)e−µydy
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Ut+1(x) =

∞
∫

−∞

k(x− y)f
(

Ut(y)
)

dy

Additional assumption: f ′(0)
∞
∫

−∞

k(s)ds > 1.

Linearization of the equation ( f(U) ≈ f(0) + f ′(0)U = f ′(0)U ):

Ut+1(x) =
∞
∫

−∞

k(x− y)f ′(0)Ut(y)dy

We can try to find a solution in the form Ut(x) = Ae−µx, where A, µ > 0:

eµc = f ′(0)
∞
∫

−∞

k(x− y)e−µ(y−x)dy



Wave speed

Travelling waves – 7 / 13

Ut+1(x) =

∞
∫

−∞

k(x− y)f
(

Ut(y)
)

dy

Additional assumption: f ′(0)
∞
∫

−∞

k(s)ds > 1.

Linearization of the equation ( f(U) ≈ f(0) + f ′(0)U = f ′(0)U ):

Ut+1(x) =
∞
∫

−∞

k(x− y)f ′(0)Ut(y)dy

We can try to find a solution in the form Ut(x) = Ae−µx, where A, µ > 0:

eµc = f ′(0)
∞
∫

−∞

k(x− y)e−µ(y−x)dy

Denote F (µ) = f ′(0)
∞
∫

−∞

k(x− y)eµ(x−y)dy = f ′(0)
∞
∫

−∞

k(s)eµsds
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eµc = F (µ) = f ′(0)

∞
∫

−∞

k(s)eµsds
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eµc = F (µ) = f ′(0)

∞
∫

−∞

k(s)eµsds

F (0) = f ′(0)
∞
∫

−∞

k(s)ds > 1
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eµc = F (µ) = f ′(0)

∞
∫

−∞

k(s)eµsds

F (0) = f ′(0)
∞
∫

−∞

k(s)ds > 1

F ′(µ) = f ′(0)
∞
∫

−∞

sk(s)eµsds = f ′(0)
∞
∫

0

s (k(s)eµs − k(−s)e−µs) ds ≥

≥ f ′(0)
∞
∫

0

s (k(s)− k(−s)) ds = f ′(0)
∞
∫

0

sk(s)ds ≥ 0
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eµc = F (µ) = f ′(0)

∞
∫

−∞
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F (0) = f ′(0)
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∫

−∞

k(s)ds > 1
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∞
∫

−∞

sk(s)eµsds = f ′(0)
∞
∫

0

s (k(s)eµs − k(−s)e−µs) ds ≥

≥ f ′(0)
∞
∫

0

s (k(s)− k(−s)) ds = f ′(0)
∞
∫

0

sk(s)ds ≥ 0

F ′′(µ) = f ′(0)
∞
∫

−∞

s2k(s)eµsds ≥ 0
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eµc = F (µ) = f ′(0)

∞
∫

−∞

k(s)eµsds

F (0) = f ′(0)
∞
∫

−∞

k(s)ds > 1

F ′(µ) = f ′(0)
∞
∫

−∞

sk(s)eµsds = f ′(0)
∞
∫

0

s (k(s)eµs − k(−s)e−µs) ds ≥

≥ f ′(0)
∞
∫

0

s (k(s)− k(−s)) ds = f ′(0)
∞
∫

0

sk(s)ds ≥ 0

F ′′(µ) = f ′(0)
∞
∫

−∞

s2k(s)eµsds ≥ 0

µ

f ′(0)
1

F (µ)

-
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eµc = F (µ) = f ′(0)

∞
∫

−∞

k(s)eµsds

F (0) = f ′(0)
∞
∫

−∞

k(s)ds > 1

F ′(µ) = f ′(0)
∞
∫

−∞

sk(s)eµsds = f ′(0)
∞
∫

0

s (k(s)eµs − k(−s)e−µs) ds ≥

≥ f ′(0)
∞
∫

0

s (k(s)− k(−s)) ds = f ′(0)
∞
∫

0

sk(s)ds ≥ 0

F ′′(µ) = f ′(0)
∞
∫

−∞

s2k(s)eµsds ≥ 0

µ

f ′(0)
1

F (µ)

eµc, c > cmin

eµc, c < cmin

eµcmin
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The minimal wave speed c = cmin is the solution of the system of equations

eµc = f ′(0)

∞
∫

−∞

k(s)eµsds, ceµc = f ′(0)

∞
∫

−∞

sk(s)eµsds
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The minimal wave speed c = cmin is the solution of the system of equations

eµc = f ′(0)

∞
∫

−∞

k(s)eµsds, ceµc = f ′(0)

∞
∫

−∞

sk(s)eµsds

Hence, µ solves the equation

exp















µ

∞
∫

−∞

sk(s)eµsds

∞
∫

−∞

k(s)eµsds















= f ′(0)

∞
∫

−∞

k(s)eµsds

and

cmin =

∞
∫

−∞

sk(s)eµsds

∞
∫

−∞

k(s)eµsds
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Kot M. (1992) Discrete-time travelling waves: Ecological examples. J.Math.Biol. 30, 413–
436

The minimal wave speed c = cmin is the solution of the system of equations

eµc = f ′(0)

∞
∫

−∞

k(s)eµsds, ceµc = f ′(0)

∞
∫

−∞

sk(s)eµsds

Equivalently

cmin = min
µ>0







1

µ
ln



f ′(0)

∞
∫

−∞

k(s)eµsds
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u(t+ 1, x) =
∞
∫

−∞

k(x− y)f
(

u(t, y)
)

dy, t = 0, 1, 2, . . . , x ∈ R
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u(t+ 1, x) =
∞
∫

−∞

k(x− y)f
(

u(t, y)
)

dy, t = 0, 1, 2, . . . , x ∈ R

Theorem 1. Let f ∈ C2[0,∞) and there exist K > 0, ̺ ∈ (0, 1) such that

f(0) = 0, f(K) = K, 0 ≤ f ′(u) ≤ f ′(0) for u ∈ [0,K],

f ′(u) < 1 for u ∈ [K − ̺,K].

Let c = cmin, µ be numbers defined in the previous slide. Then there exists a solution
Ut(x) = u(t, x) of the equation such that

lim
x→−∞

Ut(x) = K, lim
x→∞

Ut(x)e
µx = ̺, Ut+1(x) = Ut(x− ct).
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u(t+ 1, x) =
∞
∫

−∞

k(x− y)f
(

u(t, y)
)

dy, t = 0, 1, 2, . . . , x ∈ R

u(0, x) = ϕ(x), x ∈ R
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u(t+ 1, x) =
∞
∫

−∞

k(x− y)f
(

u(t, y)
)

dy, t = 0, 1, 2, . . . , x ∈ R

u(0, x) = ϕ(x), x ∈ R

Theorem 2. Let the assumptions of Theorem 1 hold. Let the function ϕ satisfy

ϕ(x) ≥ 0 for x ∈ R, lim
|x|→∞
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Posṕı̌sil Z. (2013?) Shape of a travelling wave in a time-discrete reaction diffusion equation.

Adv.Dyn.Syst.Appl, to appear
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