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Abstract

In this thesis, we solve three problems. The first one (in Chapter 2) deals with
positive solutions of symmetric three-term 2n-order difference equation

ki + OktnVYktn + QksnYryon =0, k € Z.

We associate this equation with an operator given in the natural way by infinite
symmetric matrix and using this matrix and the technique of diagonal minors
(Section 2.2) we show that this equation possesses a positive solution for k € 7Z
if and only if the infinite symmetric matrix associated with this equation is non-
negative definite.

In Chapters 3 and 4, we study the Sturm-Liouville equation of the 2n-order

zn:(—A)” (T][:]Ayyk—u) =0, kezZ, (%)

v=0

and associated matrix operator given by an infinite symmetric banded matrix (see
Section 3.3). Using the relationship of equation () to the so-called linear Hamil-
tonian systems and the concept of the recessive system of solutions, in Chapter
3 we describe the domain of the Friedrichs extension of the matrix operator as-
sociated to (x) and in Chapter 4 we introduce the p-critical operators (Definition
4.1) and we show that arbitrarily small (in a certain sense) negative perturbation
of a non-negative critical operator leads to an operator which is no longer non-
negative.

2010 Mathematics Subject Classification: 39A10; 39A21; 39A70; 47B25; 47B36;
47B39.
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Chapter 1

Introduction

1.1 Organization of the thesis

This thesis consists of three papers. Each of them includes its own original in-
troduction, where the necessary background is mentioned, but there is one very
important theorem, that is used in Chapters 3 and 4, which is usually taken for
granted in spite of the fact, that it is (in general discrete case) quite new result
given by M. Bohner [5] in 1996. This theorem is Reid Roundabout Theorem. We
will recall this theorem in Section 1.2 in this short introductory chapter.

The aim of the Chapter 2, which is basically the paper [21], was to prove that
the symmetric three-term 2n-order difference equation

ki + OktnYitn + QpinYiion =0, k € Z (1.1)

possesses a positive solution for £ € Z if and only if the infinite symmetric ma-
trix associated in the natural way with this equation is non-negative definite. We
have proved this by introducing the diagonal minors (Section 2.2). Behind this
technique stands a simple idea, that equation (1.1) may be rewritten, in a certain
sense, as n equations of second order
~1i] ~i] [l ~lil -
ay Yy, +bk+1yk+1 + 44102 =0, k€Z, 1=1,...,n

While the equation from Chapter 2 is associated with the symmetric banded
matrix, which is “almost empty” in the sense that there are only three nonzero
diagonals, in Chapters 3 and 4 we deal with the general 2n-order Sturm-Liouville
difference equation

n

> (=a)y (rL”]A”ykfy) —0, keZ, (1.2)

v=0
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which is also associated with a symmetric banded matrix. This connection have
been explicitly described by W. Kratz [25] in 2001 and is recalled in Section 3.3.
It is clear, that the approach from Chapter 2 is not suitable anymore. Therefore
we convert (1.2) into the linear Hamiltonian difference system

Azy, = Arpir + Brug,  Auy = Crapyr — Aluy, (1.3)

as it is further described, and using the concept of the recessive system of solu-
tions, in Chapter 3 (paper [13]), we describe the domain of the Friedrichs exten-
sion of the matrix operator associated to (1.2). In the last chapter (paper [14])
we use the relationship of equation (1.2) and system (1.3) and the concept of
the recessive system of solutions to introduce the p-critical operators (Definition
4.1) and we show that arbitrarily small (in a certain sense) negative perturbation
of a non-negative critical operator leads to an operator which is no longer non-
negative. Then, in Section 4.4, we find an explicit condition for criticality of the
one-term difference equation

(=A?(reA%y) =0, 7, >0, k€ Z.

Note that the notation [-, -], (+,-) is used for discrete intervals, e.g., [a,b) =
{a,a+1,....,b—2,b—1},a,b € Z.

1.2 Sturm-Liouville equations, Hamiltonian systems,
and Reid Roundabout Theorem

The aim of this section is to recall some facts about equivalency of 2n-order
Sturm-Liouville difference equations

S (-ay (ra%yn) =0, o £ 0wk, (1.4)

v=0

and linear Hamiltonian difference systems
Ay = Apxpy1 + Brug,  Auy = CrpZpyr — AZuk, (1.5)

where Ay, By, and C}, are n X n matrices, By, and C, are symmetric, and [ — Ay
is invertible (where [ stands for the identity matrix of the proper dimension). The
aim of this section is to formulate the Reid Roundabout Theorem for the lin-
ear Hamiltonian difference system equivalent to equation (1.4). Full background,
more general statements, and all proofs can be found in [4, 5, 24].
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Now consider equation (1.4). Using the substitution

Yk—1 S (At (T;&V]Al’yk—»
W] Ayk—2 .

ugcy] _ ,

—AT A ) T A

Anfl B n n
Yk—n Tl[c ]A Yk—n

we can rewrite equation (1.4) to linear Hamiltonian system (1.5) with the n X n
matrices Ay, By, and C, given by the formulas

1 ifj=i+1l,i=1,...,n—1,

0 elsewhere,

1 o
Bk:dlag {0,...,0,@}, Ck: dlag {TILO]"..7T][§ 1}}
k

Ak =A:= (aij);tjzb aij = {
(1.6)

Therefore we have

- 1 if 7 >4
A= (I —A) = (ay,)r._y, @y = -
( 2 ()51 ! {O elsewhere.
Then we say that the solution (z, u) of (1.5) is generated by the solution y of (1.4).
Let us consider the matrix linear Hamiltonian system

AXy = A, X1 + BrUy, AU, = Cp X — AL UL, (1.7)

where the matrices Ay, By, and C}, are given by (1.6). We say that the solution
(X,U) of (1.7) is generated by the solutions y!'l, ... y[" if and only if its columns
are generated by y!!, .. ., y["l, respectively. On the other hand, if we have the solu-
tion (X, U) of (1.7), the elements from the first line of the matrix X are exactly the
solutions y!!, ... y[™ of (1.4). Now, we can define the oscillatory properties of
(1.4) via the corresponding properties of the associated Hamiltonian system (1.5)
with matrices Ay, By, and C}, given by (1.6). E.g., equation (1.4) is disconjugate
if and only if the associated system (1.5) is disconjugate, the system of solutions
yl ...y is said to be recessive if and only if it generates the recessive solution
X of (1.7), etc. So, we define the following properties just for linear Hamiltonian
systems.
Let (X, U) and (X, U) be two solutions of (1.7). Then

XU, - Ul X, =W (1.8)
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holds with a constant matrix W. (This is an analog of the continuous Wronskian
identity.) We say that the solution (X, U) of (1.7) is a conjoined basis if

X
XU, =UF X, and rank(U) = n.

Two conjoined bases (X,U), (X,U) of (1.7) are called normalized conjoined
bases of (1.7) if W = I in (1.8).

System (1.7) is said to be disconjugate in an interval [I,m], [,m € N, if the
solution (7;) given by the initial condition X; = 0, U; = I satisfies

Ker X;11 C Ker X and X, X[, (I — Ay) "By >0

for k = 1[,...,m — 1. Here Ker, . and > stand for the kernel, Moore-Penrose
generalized inverse, and non-negative definiteness of a matrix indicated, respec-
tively. System (1.7) is said to be non-oscillatory if there exists [ € N such that it

is disconjugate on [/, m] for every m € N, otherwise it is called oscillatory.

We call a conjoined basis ()5 ) of (1.7) the recessive solution at oo if the ma-

trices X . are nonsingular, XkX ' +1(I Ap)"1By > 0, both for large k, and for
any other conjoined basis ( U) for which the (constant) matrix X7U — UTX is

nonsingular, we have
lim X, 1Xk =0.

k—o0

The solution (X, U) is usually called dominant at co. The recessive solution at co
is determined uniquely up to a right multiple by a nonsingular constant matrix and
exists whenever (1.7) is non-oscillatory and eventually controllable, see p. 25.
We say that a pair (z,u) is admissible for system (1.5) if and only if the first
equation in (1.5) holds.
Now we introduce the energy functional of equation (1.4)

ZZ% Yr—)

k v=0

For admissible (z, u) we have

ZZ A"Y—)

k v=0

D

= Z (211 Crtiyr + uf, Brug | =: F(z, ).
k
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Similarly as in the continuous case, using the substitution @), = U, X, Lin
(1.7) we obtain the Riccati matrix difference equation

Qri1 = Cr + (I = A)Qr(I + BrQi) ™ (I — Ay). (1.9)
Now we are ready to formulate the Reid Roundabout Theorem.

Theorem 1.1 (Reid Roundabout Theorem, [5]). Let n < N, N € N. Then the
following statements are equivalent.

(i) System (1.5) is disconjugate in [0, N].

(ii) F(xz,u) > 0 for every admissible (z,u) on [0, N| with zo = 0 = x4, and
xp Z0on [1, N —1].

(iii) There exists a conjoined basis (X, U) of (1.7) such that X, is invertible for
k€ [0, N + 1] and

Xi X, ABL >0, kelo,N].

(iv) There exists a (symmetric) solution () of the Riccati matrix difference equa-
tion (1.9) such that (I + B..Qy) "By > 0 forall k € [0, N].



Chapter 2

On positivity of the three term
2n-order difference operators

2.1 Introduction

Let ar, < 0,0 > 0,k € Z, be real-valued sequences and consider the symmetric
2n-order recurrence relation

(TY)ktn = AkYk + OkinYrktn + GtnYrton-

We use a standard notation

EQ(Z) = {y = {Yr }rez, Z kaIQ < OO} .

keZ

We associate with the difference equation
Ty =0 (2.1)
the operator T : (*(Z) — (*(Z) with the domain
D(T) = 63(Z) = {y = {yx}rez € (*(Z), only finitely many y, # 0}

given by the formula 7 f = 7f, f € (3(Z), and we show that (2.1) has a positive
solution yy, k € Z, if and only if the operator 7 is non-negative, i.e.,

(Ty,y) >0 Vye(Z),

where (-, -) denotes the usual inner product in ¢?(Z). The statements presented in
this chapter extend some results given in [19], where the case n = 1 is considered.

12
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2.2 Preliminaries

Let T' be the infinite symmetric matrix associated in the natural way with the
operator 7 and let us denote for u < v, u, v € Z, the truncations of 7" by

bu 0 v 0 a# v 0
0 b1 O 0 :
: 0 0 ay_n,
by =1 0 o : 0 |-
a, 0 0 bun O
0 0 - 0 0
0 ay_p O 0 b

and their determinants by
dy, = det (tw/)-

For r,s € Z,r = s (mod n), we introduce the diagonal minors D, s, which
are determinants of the submatrix of ¢, , consisting of rows and columns which
contain diagonal elements b,., b, 1, by10ns - -, bs_p, bs.

The following statement gives us the relationship between determinant d,, ,
and its minors D, ;.

Lemma 2.1. Ir holds that

I
—

n

n—1
H DIH—Z',Si = duvl’ = DquyV—“
=0 ;

I
o

where, fori =0,...,n —1,
si=max{r €Z:x=p+1i (modn), z <v},
ri=min{x €Z:x=v—1i (modn), x> pu}.

Proof. Without any change of the determinant, the matrix ¢,,,, can be transformed
into the block diagonal matrix ¢, ,, with blocks D,,;,, or D, ,_;, 1 =0,...,n —
1. O]

Corollary 2.1. It holds that

DT,V d _ d . Dp,s
pr—1 — Ypv —
Dr,u—n

D du—i—l,m
pn+n,s

wherer :=min{z € Z:x =v (modn), v > p}land s :=max{r € Z:x=p
(mod n), x < v}
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Corollary 2.2. It holds that

2
Dyso = bp Dynysy — a, Dyivan,so,

2
DT()J/ = bl/ D’ro,u—n —a, , D?"()7V—2n'

Proof. Computing d,, , by expanding it along its first row we obtain

n—1
2
Ay = bpdyt1p — a, H Dytissi | Dytan,so-

Next, using Lemma 2.1, we have

n—1 n—1 n—1

2
H Dyyis; = by H Dyvisi | Dytn,so — ay H Dyvis | Dyton,sos
=0 =1 =1

which is the first equality. The second equality can be proved similarly. [

Lemma 2.2. Let v > p + n and suppose that t,, > 0 (i.e., the matrix t, , is
non-negative definite), then d,,,—, > 0,...,d,,—1 > 0.

Proof. We prove this statement for d,, ,_,,. The rest can be proved similarly.
The assumption ¢,,, > 0 implies

(i) d,r > 0,Vk € [p, ],
(i) Dyyis,; >0, Vhi € [0,v — u — 7], where

Sgi =max{r €Z:x=p+i (modn), r <v—k}

Denote
¢ :=min{z € [p,v] ;2 =v (mod n), d,, = 0}.
Because d,,, = b, > 0, ..., dyyin-1 = H;:Ol byt > 0, we have £ > p+ n.

Now, suppose by contradiction that d,, ,—,, = 0, which implies that { < v —n, and
compute

n—1
2
du,é—i—n = bﬂ—i—n du,f—l—n—l — Qy H Dn,ﬂ—&—l—i Dro,é—na
=1

DTQ,ZJrn = bZJrn Dro,é - a? Dm,ffn-

du,(—l
ijfn
and using Lemma 2.1 we have 0 < d, o, = K D,,¢_,, where K > 0, which
implies that D, ,_, > 0. Altogether, we obtained that D, .y, < 0, which con-
tradicts our assumption ¢, ,, > 0. [

Using Corollary 2.1 wehave 0 = d,, o = D, ¢

which implies that D,,, , = 0



CHAPTER 2. THREE TERM OPERATORS 15

The following statement can be proved easily using Lemma 2.2 (see [19, p.
74-75)).

Lemma 2.3. The operator T is non-negative definite if and only if d,,,, > 0, for
all p,v € Z,p < v.

Now, we present two auxiliary statements, which give us the possibility to
construct a solution of the difference equation (2.1).

Lemma 2.4. Let T > 0, and r, s be the same as in Corollary 2.1. Then

(i)
1 Dutns _ b,
b D, a_,
(ii)
1 DT‘ v—n bV+7’L
— < ’
bu T,V al% 7

(iii) The sequence

is increasing for i € N.

(iv) The sequence

is increasing for i € N.

Proof. We prove parts (i) and (iii). Parts (i1) and (iv) can be proved similarly. To
prove the first part, we expand d,, , along its first row and using Lemma 2.1 we
obtain

Dyyso = by Dypn,so — ai Dyiton,so-

Because ai D,tons, > 0, the left inequality in (i) holds. Now, we expand the
determinant d,,_,, ,, and we obtain

_ 2
0<Dynso="bu—nDps — a,—n D s

which proves the right inequality in (i).
The part (iii) we prove by induction. Directly one can verify that

Du+n,u+n D;H—n,/ﬁ-?n
< .
Du,u+n Du,u+2n
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Now, we multiply equalities

2
D;L,S = b:u DAH‘”:S - a,LL 'D,U'+2nas7

2
Du,s—i—n = bu D;H—n,s—‘rn - CLM D,u+2n73+n

by Duin,s and Du+i,s+n’ respectively, and subtract them. We obtain

Du,s . Du,s—i—n o CL2 <Du+2n,s+n D;H—Zn,s)
- )

D;H—n,s D,u-i—n,s-l—n Du+n,s+n D;H—n,s

which proves the statement. 0

Lemma 2.5. Let f, g be solutions of Ty = 0. If f; = gj, ..., fj4n—1 = Jjtn—1,
J] € Z, then

ka(i)gkm e fko—i—”‘l(i)gko-i-”—l forsome ko > j+n (ko <j—n) (22)

implies

fk:(i)gk Vkzj+n (k<j—n)

Proof. We follow the idea introduced in [19, 30]. Let f and g be solutions of the
linear system

Yj+n v
Yj+n+1 0
tjtnko—1 : = 1.1
yk‘ofl w
where
—ajY; —Aky—nYkg
V= : , W= :
—Qjtn—1Yj+n—1 —Akg—1Yko+n—1

Then fk(i)gk for k € [j + n, ko + n — 1]. Now, the existence of a K > ko + n
such that f; < g contradicts (2.2). [

If we suppose that 7 > 0, we can (due to Lemma 2.4, j € [0, n— 1]) introduce
the limits

, . p+n,s;+in 8 . ri—in,v—m
C_[fj] = hm D—], CE/J} = .hrn 5—
t—0o0 W85 +in i—oo rj—in,v
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and a positive map u : Z X Z — R defined by

u(p, k) ==

4 .
H ( Qp— 1n J[f (Z—l)n,k‘—u—fn]) s k > n+n,

=1
17 ke[,u—n—l—l,u—l—n—l],
/-1

[T (—akim CEm ) k<=,

where ¢ = ‘ L’“_T“J ,and | - | denotes the floor function (greatest integer less than
or equal to the number indicated) of a real number. Now, let us recall the definition
of a minimal solution of (2.1).

Definition 2.1. We say that a solution u of (2.1) is minimal on [y + n,00) if
any linearly independent solution v of (2.1) with v, = u, ..., Vyin_1 = Upyn—1
satisfies vy > uy, for k > p + n. The minimal solution on (—oo,  — n] is defined
analogously.

Lemma 2.6. Let T > 0. Then u(u, k), i € Z being fixed, is the minimal positive
solution of Ty = 0 on [ + n, 00) and (—oo, 1 — n).

Proof. We introduce

ugw] =
1, € [ p+n—1]
(=k—n) (~5-20) -+~ (412 DD(— |
(—@r—n) (—@r-20) -+ (—ak—en) ﬁ, € [s0, Sn—1]
0 € [$p_1+ 1,8,.1 + n),

wherei:k—u—én,fzuk—;ﬁﬂ.

[1.v]

The sequence u;, " satisfies 7y = 0 on [ + n, s,,—1] and it holds that

lim UL#’V] =u(p,v), k> u,

Sp—1—>00

so we can see that 7u = 0 on [u + 1, 00).
Let v be a positive solution of 7y = 0 on [p + n,00) such that v, = 1, ...,
Up4n—1 = 1, which is linearly independent of (s, -). Because vy, ,4+1 > 0, ...,

Vs, _y4n > 0, we have v;, > u[“ snl on [$p_1+1,8,_1+n]. Thus, by Lemma 2. 5
v > ug"s" 1 for all k > p + n. Hence, vy > u(p, k) for all k > p. Assume, by
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contradiction, that there exists ko > p + n such that vy, = u(u, ko). Then, again
by Lemma 2.5, vy, = u(pu, k) for all & > u, which is a contradiction.

One can show analogously that « is the minimal positive solution of 7y = 0
on (—oo, it — n| using

ugf’y] =
(
1’ ke[ﬂ_n+1>ﬂ]7
Dr-,k—n
(—ar) (=@rtn) -+ (—Ahse-1)n) m, kelro+1,u—n],
(—ak) (_a/k+n) e (—ak+(ﬁfl)n) Drj,kj(_l—l)n’ ke [Tnfl, To],
\07 kj € [Tn_l - 1,Tn_1 — ’I’L],
where j = i — k — (n, £ = |[2=£]|. O

2.3 Positive solutions of 7y = 0

If 7 > 0, as a consequence of the previous section, the minimal positive solutions
of the equation 7y = 0 on [n, c0) and (—oo, n] are

ut = u(O, k?), k € N,
P lu(k—d,49)7Y, k=i (modn),—keN,iel0,n—1],

uT = U(O, k)a —k € N0>
P Nulk+i,—i)t, k=i (modn)keN,iel0,n—1].

respectively.
Lemma 2.7. Let T > 0. Then u; ,u;, are positive solutions of 7y = 0 on Z.

Proof. We show that v is a positive solution of 7y = 0 on Z, the statement for
u,, can be proved similarly.

The sequence u™ is a positive solution of 7y = 0 on [n, 00). It follows from
the definition of u(yu, k) that for

Vi L€ Z, Vm e [k (], m=k (modn)

it holds that
u(k, ) = u(k,m)u(m,?).

Let m € (—oo,n — 1] be arbitrary and M € —N such that M/ < m — n be fixed.
Then for some i € [0,n — 1] we have M = m — i (mod n) and

w(M,i) = u(M,m — i) u(m — i,1).
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Hence, by the definition of ™, we obtain

o 1 u(M,m —1)

= u(m —id,i)" = AN

u(M, 1)
which implies that u™ is a solution of 7y = 0 on [M + 4, 1]. O
Theorem 2.1. 7 > 0 if and only if there exists a positive solution of Ty = 0.

Proof. The necessity follows from Lemma 2.7. To prove sufficiency we show at
first positivity of all determinants D, ¢, p < & < v, £ = 1 (mod n). Assume
that there exists a positive solution u of 7y = 0. Then u solves the system

v

u, 0

" Upt1 . .

v . - : )
Uy 0
W
where
—Ay—nUy—n —Qy—n+1Up41
V= s W =
_aufluufl —QyUy4n

By Cramer’s rule we obtain
Uy dy, =

n—1
— AUy Dy soH(—otUorn) (=) (—apuin) - - (_GSO—n)} <H D””’Si) ’
i=1

where o € {v —n+1,...,v}, 0 = p (mod n). Hence

Dysotty = —aunUynDyynsy + (_au)(_au+n) o (= sg—n) (— 00 ) Ugyn-

If so = p+nthen D1y 50 = Dygnpsn = bygr, > 0 which implies that D, 1, >
0. Hence all determinants D,, ¢ are positive. Similarly we can show positivity of
the determinants D¢, p+1 <& <v, §E=p+1 (modn), i=1,...,n—1,

which gives positivity of the determinants d,, ,,, ¢ < v and the statement follows
from Lemma 2.3. O

In an analogous way as above we can generalize a number of statements
of [19]. For example, the following result, which characterizes the minimal solu-
tions of (2.1), can be proved in the same way as in [19] (see also [31]).
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Theorem 2.2. If T > 0, then for all u € Z
+oo

Z (—aiufufirn)*l = 0.
i=p
We end up this chapter illustrating the previous theory by an example. For sim-
plicity we use an equation with constant coefficients, which enables us to demon-
strate both implications in Theorem 2.1.
Example. Let us consider the equation

Yhta — 2Wp2 +yr =0, k€ Z. (2.3)

By Theorem 2.1, the equation (2.3) possesses a positive solution on Z if and only
if the operator 7 given by the matrix

(2.4)

is non-negative definite.

(i) By a direct computation we obtain the solutions 1, (—1)* &, (—1)*k of the
equation (2.3). Hence, the matrix operator 7 is non-negative definite, be-
cause the equation (2.3) has the positive solution y; = 1.

(i1)) We show that the matrix (2.4) is non-negative definite. According Lemma
2.3 it suffices to show that all minors of the matrix (2.4) are positive, i.e.,
dy, > 0,p,v € Z. This we can show by induction using Lemma 2.1 and
Corollary 2.1. We obtain two identical tridiagonal blocks

Now, it suffices to show that all main minors D;, ¢ € N, of these blocks are
positive. (The index ¢ stands for the dimension of the minor D;.) We have
Dy =2,Dy =3,D3 =4,.... We suppose that D, = k + 1 and calculate
Dy.1. Expanding along its last row we obtain

Dpy1=2Dy — Dy =2(k+1)—k=k+2.

So, the matrix operator 7 is non-negative definite. Therefore the equation
(2.3) has a positive solution. This solution we can obtain using the formulas
for u;" and/or for u; . Here, we obtain that u;} = u; = 1.



Chapter 3

Friedrichs extension of operators
defined by symmetric banded
matrices

3.1 Introduction

We consider the infinite symmetric banded matrix with the bandwidth 2n + 1

T=(ty), tuww=t,,c€R, prveNe{0}, t,, =0 for|lu—rv|>n.
(3.1)
If wesett,, = 0 (and y, = 0) for 4 < 0, v < 0, we associate with 7" the operator
T : ? — (* defined for y = {yx} 32, € ¢* such that Ty € ¢* by

k+n

(To= > tejy;, keN 3.2)

j=k—n

We are motivated by the papers [8] and [26], where the authors investigated
the Friedrichs extension of operators defined by infinite Jacobi matrices and by
singular 2n-order differential expressions, respectively. It was shown there that
the domain of the Friedrichs extension of these operators can be characterized by
the so-called recessive and principal solutions of certain associated difference and
differential equations.

Here we associate with (3.2) a 2n-order Sturm-Liouville difference equation
and using the concept of the recessive system of solutions of this Sturm-Liouville
equation we characterize the domain of the Friedrichs extension of 7. The crucial
role in our treatment is played by the results of [25], where the relationship be-
tween banded matrices, 2n-order Sturm-Liouville difference operators, and linear
Hamiltonian difference systems is established.

21
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This chapter is organized as follows. In the next section we recall elements
of the theory of symmetric operators in Hilbert spaces and their self-adjoint ex-
tensions. In Section 3 we discuss the relationship between banded symmetric
matrices, Sturm-Liouville difference operators, and linear Hamiltonian difference
systems. We also present elements of the spectral theory of symmetric difference
operators in this section. The main result of this chapter is given in Section 3.4.

3.2 Friedrichs extension of a symmetric operator

First let us briefly recall the concept of the Friedrichs extension of a symmetric
operator. Let H be a Hilbert space with the inner product (-,-) and let 7 be
a densely defined symmetric operator in H with the domain D(7"). Suppose also
that 7 is bounded below, i.e., there exists a real constant y such that

(Tw,z) > y{x,z), x&D(T).

Friedrichs [17] showed that there exists a self-adjoint extension 7 of 7T, later
named Friedrichs extension of T, which preserves the lower bound of 7. The
domain D(Tr) of this extension can be characterized as follows. The sesquilinear
form

G(ﬂ?,y) = <T£C,y>—(’)/—€)<3?,y>, €>07

defines an inner product on H, denote by (-, )+ this inner product, and by H7 the
completion of D(T) in this product. Then the domain of 7 is

D(Tr) = Hr n'D(T"),

where 7 is the adjoint operator of 7. It can be shown (see, e.g., [23, p. 352]) that
for any = € D(Tr) there exists a sequence x,, € D(T ) such that

G(r —xp,x —x,) >0 asn — oo,

where G denotes the closure of G. Another characterization of D(Tr) comes from
Freudenthal [16]:

D(Tr) ={x € D(T) : 3z, € D(T) such that z, — x in H

33
and G(x; — wg,x; — x) — 0as j, k — oo}. (3-3)

The construction of the sequence x,, in our particular case, when 7 is the
operator defined by the infinite matrix in (3.1), is based on the so-called Reid’s
construction of the recessive solution of linear Hamiltonian difference systems
(see, e.g., [1, 2]) and on the resulting concept of the recessive system of solutions
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of even-order Sturm-Liouville equations introduced in [11]. The concept of the
recessive solution of difference equations is the discrete version of the concept of
the principal solution of differential equations and systems.

To explain the role of these concepts in the theory of Friedrichs extensions of
differential and difference operators, let us start with the regular Sturm-Liouville
differential operator

L(y) = =[r@)y] + p(t)y, (3.4)
where t € (a,b),—0c0 < a < b < oo, r ' pe L(a,b). Itis well known that
the domain of the Friedrichs extension Ly of the minimal operator defined by L
is given by the Dirichlet boundary condition

D(Lr) = {y € L%(a,b) : L(y) € L*(a,b),y(a) =0=y(D)}. (3.5

If the operator L is singular at one or both endpoints a, b, it was discovered by
Rellich [33] that functions in D(Lp) behave near a and b like the principal solu-
tion of a certain non-oscillatory differential equation associated with (3.4). This
fact is a natural extension of (3.5) since the principal solution (at a singular point)
of a second order differential equation is a solution which is less, near this singu-
lar point (in a certain sense), than any other solution of this equation. We refer
to the paper [27], where the concept of the principal solution has been introduced
and to books [20, 32] for properties of the principal solution of (3.4) and for the
extension of this concept to linear Hamiltonian systems. Note also that the results
of Rellich had been later extended in various directions, let us mention here at
least the papers [22, 26, 29].

Concerning the Friedrichs extension of difference operators, the discrete coun-
terpart of the concept of the principal solution is the so-called recessive solution.
This concept for the second order Sturm-Liouville difference equation

A(rpAzy) + prpxier = 0, Axy = Tpy1 — 2, (3.6)

appears explicitly for the first time in [18], even if it is implicitly contained in
a series of earlier papers. The fact that this solution of (3.6) plays the same role
in the theory of second order difference operators and Jacobi matrices as the prin-
cipal solution for differential operators has been established in [3, 8, 19]. In this
chapter, we extend some results of these papers to matrix operators defined by
(3.2).

3.3 Sturm-Liouville difference operators and sym-
metric banded matrices

We start this section with the relationship between banded symmetric matrices and
Sturm-Liouville difference operators as established in [25]. Consider the 2n-order
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Sturm-Liouville difference operator

n

Liy)s =Y (~A) [r,[fwyk_u] . keNy=Nu{o}, r"+£0, 37

u=0

where Ay = yr1 — yr and A%y = A(A"1y,). Expanding the forward differ-
ences in (3.7), with the convention that ¢, , = 0 for ;1, v < 0, we get the recurrence
relation (3.2) with ¢; ; given by the formulas

tegrs = (=1)7 iz": (5) (V ﬁ) it

p=j v=j

— (3.8)
_ j K H (1]
s = G S (0) ()
p=j v=0
for k € Ngand j € {0,...,n}. Consequently, one can associate the difference

operator [, with the matrix operator 7, defined via an infinite matrix 7', by the
formula

(Ty)k = L(y)x, k€N, (3.9)

where L is related to 7 by (3.2) and (3.8). Conversely, having a symmetric banded
matrix 7' = (t,,,) with the bandwidth 2n + 1, one can associate with this matrix

the Sturm-Liouville operator (3.7) with 7[#, 1 = 0, ..., n, given by the formula
n s—
(4] S sfp+l—1\(/s—=1—-1
= (—1)" o krs Z et htas |
Tktp ( );[(M) ke k+ +121:l< 11 sl Fe—l 1+

where £ € Ny, 0 < p < n.
Sturm-Liouville difference equations are closely related to linear Hamiltonian
difference systems (see, e.g., [5]). Let y be a solution of the equation

L(y)k = O, k e NQ, (310)
and let
Yr—1 S (L)L AR L Ay )
Ayy—9 :
Tk = : o Uk = n n— ’
. _A(Tl[c ]Anyk—n) + TIE; ! An_lyk—n—H
An_lyk—n T][gn]Anyk—n

(3.11)
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where we extend y = {y;}7%, by y_1 = --- = y_, = 0. Then (¥) solves the
linear Hamiltonian difference system
Azy, = Az + Brug,  Aug = Cragyr — Al ug, (3.12)
with
: 1 - 0 n—1]
By = diag 0""’0’W , C’k:dlag{rk,...,rk }, (3.13)
Tk
and

(3.14)

A 1 ifj=t+1,i=1,...,n—1,
/ 0 elsewhere.

Next we recall Reid’s construction of the recessive solution of (3.12) as it is in-
troduced in [1] for three terms matrix recurrence relations. This construction nat-
urally extends to (3.12) (see, e.g., [12]) and the important role is played there by
the following concepts introduced in [5]. A 2n X n matrix solution (g) of (3.12)
is said to be a conjoined basis if XU is symmetric and rank (;;) = n. System
(3.12) is said to be disconjugate in a discrete interval [I, m], [, m € N, if the 2n xn
matrix solution ()U() given by the initial condition X; = 0, U; = [ satisfies

Ker X1 C Ker X and X, X[, (I —A)7'B,>0 (3.15)

for k = [,...,m. Here Ker, T, and > stand for the kernel, Moore-Penrose gen-
eralized inverse, and non-negative definiteness of a matrix indicated, respectively.
System (3.12) is said to be non-oscillatory if there exists N € N such that this
system is disconjugate on [V, 00) and it is said to be oscillatory in the opposite
case. System (3.12) is said to be eventually controllable if there exist N, x € N
such that for any m > N the trivial solution (ﬁ) = (8) is the only solution for
which z,,, = ;41 =+ = ;1 = 0. Note that Hamiltonian system (3.12) cor-
responding to Sturm-Liouville equation (3.10) is controllable with the constant
Kk = n, see [5, Remark 9].

A conjoined basis (g) of (3.12) is said to be the recessive solution if X § are
nonsingular, X, X . jl(I — A)7'By > 0, both for large k, and for any other con-
joined basis (;;) for which the (constant) matrix X”U — U7X is nonsingular
(such a solution is usually called dominant) we have

lim X 1X, =0. (3.16)
k—o0

The recessive solution is determined uniquely up to a right multiple by a nonsin-

gular n x n matrix. The equivalent characterization of the recessive solution (g)
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of eventually controllable Hamiltonian difference systems (3.12) is

. -1
: o1 -1p ¥T-1
kh_}r(rio ( E X7 (I = A BiX; ) = 0.

Note that the existence of a conjoined basis (5) such that its first component
X is nonsingular and the second condition in (3.15) holds for large k£ implies that
the first component of any other conjoined basis has the same property, see [7].

The recessive solution ()U() of (3.12) can be constructed as follows. Let [, m €
N, [ > m, be such that (3.12) is disconjugate on [m, co), and consider the solution
(X4)) of (3.12) given by the condition X1 = I, X! = 0, where I is the identity
matrix. Such a solution exists because of disconjugacy of (3.12) on [m, (] and for

every k € [m, ] we have
o,
im =~ ]
l—00 Uk[:” Uy

If (3.12) is rewritten Sturm-Liouville equation (3.7), i.e., the entries in the first row
of the matrix X are solutions §'l, ..., " of (3.10), we call these solutions the
recessive system of solutions of (3.7). Nonoscillation and disconjugacy of (3.10) is
defined via nonoscillation and disconjugacy of the associated linear Hamiltonian
difference system, hence recessive system of solutions of (3.10) exists whenever
this equation is non-oscillatory.

Next we recall the result (see [25, Lemma 2]) which relates the quadratic form
associated with the matrix 7', the quadratic functional associated with (3.7), and
the quadratic functional associated with (3.12). Lety = {yx} € ¢* and suppose
that there exists NV € N such that y, = 0 for £ > N. If we extend y by y_; =
-+ =1y, = 0, we have the identity

where .
Fly) =3 (A yea)?,
k=0 p=0
and .
Qx,u) = Z[u{Bkuk + 2} 1 Cpgr1]
k=0

with x, v in Q related to y by (3.11) and the matrices A, B, C' are given by (3.13),
(3.14). According to [5], the quadratic functional Q is positive for all (z,u) satis-

fying
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AZL’k = Amk—i—l + Bkuk (318)

with g = 0, z;, = 0 for large k, x # 0, if and only if system (3.12) is disconjugate
on [0, c0). Moreover, for such (x, u) we have

Qz,u) = foﬂ [—Auk + Cppi1 — ATuk]. (3.19)

k=0

Recall that a pair (z, u) satisfying (3.18) is said to be admissible for Q.

We finish this section with some results of the general theory operators de-
fined by even order (formally) symmetric difference expressions or by symmetric
banded matrices. The maximal operator associated with the infinite matrix 7' is
defined by

(Tmax¥)k = (Ty)e, k€ Ny

on the domain
D :=D(Tow) = {y € *: Ty € (*}.

The minimal operator 7, is the closure of the so-called preminimal operator
which is the restriction of 7, to the domain

Dy := {y = {yx} € D, only finitely many y, # O}.

Denote the so-called deficiency indices by

¢ = dim (Ker Tpax T i1). (3.20)

We also denote by L.x and L, the corresponding Sturm-Liouville difference
operators related to 7. and Ty by (3.9). If we suppose that 7 is bounded
below (and since we suppose that the entries ¢, ,, of 1" are real), we have q :=
¢+ = q_. Moreover, ¢ € {0,...,n}. This is due to the fact that we extended
y = {u}2, € (? to negative integers as y, = 0, so we implicitly suppose the
boundary conditions y_; = 0 = Ay_, = --- = A" !y_, . This corresponds to
the situation when a 2n-order symmetric differential operator is considered on an
interval (a,b) with the boundary conditions y(a) = 0 = ¢/(a) = --- = y"Y(a)
at the regular left endpoint.

Let yl, 42 € ¢ and let (21" ulY) and (212, u?) be the associated (via (3.11))
sequences of 2n-dimensional vectors. We define

NG [2]
2, = g j(xk ) J = ( : ]) -
Yk (ug}) UE] ; I 0



CHAPTER 3. FRIEDRICHS EXTENSION 28

Using the fact that

AN [2]

Ly Ly 1 2 2 2
A( m> j< m) = (21 )7 [AuL] —CkxuﬁATup]

Up Up

— @) [Aul?) — Cualt, + AT
= 2 Ly -y LyP),

we obtain Green’s formula (see also [2])

N

LM = L] = B v
k=0

In particular, if y, z € D, there exists the limit [y, 2] = limg_,o[y, 2]k, and, since
T = Tmin» the domain of 7Ty, is given by
D(Toin) ={y €D : [y,2]ec =0,Vz € D}.

Similarly as for even order symmetric differential operators, self-adjoint ex-
tensions of the minimal operator L, are defined by boundary conditions at co.
More precisely, if the operator 7y, is not self-adjoint, i.e., ¢ > 1, let y[l], el y[q]
€ D be such that

[y[l]7yb]]oo :07 Z’] = 17"'?Q7
and that y[', ... 49 are linearly independent modulo D(7p) (ie., no nontrivial
combination of 4!, . .. 419 belongs to D(Tpin)). Then a self-adjoint extension of
Lmin (and hence also of T;,) is defined as the restriction of 7.« to the domain

D= {yeD: [y,ym}oo:O,jzl,...,q}.

3.4 Friedrichs extension of symmetric matrix oper-
ators

Throughout this section we suppose that there exists € > 0 such that the minimal
operator associated with the matrix 7" given in (3.1) satisfies

(T'y,y) > ey, y), for0Zy € D(Tuin) (3.21)

This means, in view of the previous section, that the associated Sturm-Liouville
operator (3.7) and linear Hamiltonian difference system (3.12) are disconjugate
on [0, 00). We also suppose that

tpan #0 fork € N.
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This assumption (which is the typical assumption for tridiagonal matrices which
are the special case n = 1) means that 7" given by (3.1) is a “real” 2n + 1 diagonal
matrix, i.e., the bandwidth is really 2n + 1 in each row of 7". This assumption is
equivalent to the assumption T,L"] # 01n (3.7).

Note that assumption (3.21) essentially means no loss of generality. Friedrichs
extension can be constructed for operators bounded below only, i.e., for 7" satis-
fying (instead of (3.21)) the assumption (T'y,y) > (y, y) for some v € R. How-
ever, under this assumption we can apply our construction to the operator defined
by T'— (v — €)1, I being the infinite identity matrix, ¢ > 0, and the results remain
unchanged.

The next statement is the main result of this chapter. It reduces to [8, Theorerm
4] for tridiagonal matrices 7" in (3.1) and it is a discrete counterpart of the main
result of [26].

Theorem 3.1. Let y!!!, ... yI™ be the recessive system of solutions of the equa-
tion L(y) = 0, where L is associated with T by (3.9). Then the domain of the
Friedrichs extension Tr of Tin IS

D(Tr) = {y € D(Toa) * 9,970 = 0,5 =1,...,0}. (3.22)

Proof. The main part of the proof consists in proving that the sequences yll,
j = 1,...,n, in the recessive system of solutions are in D(7z). Let (7) be
the recessive solution of Hamiltonian system (3.12) whose columns are formed
by 2n-dimensional vectors (ﬁﬁ), j=1,...,n,related to y!, ... ¢ by (3.11).
Without loss of generality we may suppose that the matrix X formed by the vec-
tors z1U, ..., &l is nonsingular because of (3.21). Indeed, (3.21) implies dis-
conjugacy in [0, c0) of Hamiltonian system (3.12) associated with the equation
L(y) = 0, which means that XO is nonsingular by [7]. Further, let

k—1 k—1
Xk:Xk Bj, ﬁk:ﬁkZBj—f-Xg_l,
§=0 §=0
where . . 3
Bj =X K(I—-A)"'B;X]

is the so-called associated dominant solution of (3.12). The fact that ()U() is really
a solution of (3.12) is proved, e.g., in [2, p.107]. Further, for a fixed m € N, we
denote

x"=x, - X X' X,,, U"=0,-0X'X,.

Then according to (3.16)
lim () =" ’“) 3.23
m—00 (Ulgm}) (Uk ( )
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for every k € N. Also, ()[j), ()(j) are conjoined bases of (3.12) for which XU}, —

U r X, = I holds, which means that the matrix ()g )[Ai) is symplectic, i.e.,

X X\ (X X
(U U) 7(0 U)Z‘T
This implies the identity
X X X x\
(U ﬁ)j (ﬁ U) =J
which, in terms of the matrices X ,U ,X ,U , reads as
U XTI -UXF =1, X XI'=XXF, UUI=00F. (3.24)

Denote, for j € {1,...,m},

[7,m] Xl[cm}eﬁ k <m, [j,m] U;Lm]ej, k < m,
0, k > m, 0, k> m,
where e; = (0,...,0,1,0...,0)7, number 1 being the j-th entry, is the standard
canonical basis in R". Then by (3.23) the first entry of 7", denote it by y™ :=

e{x}cj’m], satisfies (for every k € N)

: Lsm] _ []
A g™ =

where 3l = {y,[gﬂ} have been defined at the beginning of this proof. Then

Axgj’m] = Aa:gﬁ] + Bku,[j’m}, ie., (xb’m]) is admissible for Q and for [ > m

u[],m]

we obtain from (3.19) (with the matrices B, C' given by (3.13))

Q(zbml — gl qyliml o i

o

j,m j,l j,m j,l
[(xgg—f—l} - ngJr]l)TCk(xgﬂ] - $E+]1)

k=0

)~ B — )]
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3

= Stefty [-au s i — A ]
0

i

-1

_ <~’UE+”I]) [ Au [Jl]+Cx[Jl ATy, [Jl]i|
0
71 . .

- S [+ ot - 4]
-0

3

>

—~

ol
—_

S T [~aul 4 ki — AT
k=0
2l

According to the definition of (uf“]) , only the last summand in the previous expres-
sion is nonzero, denote it by (*).kFor this expression we have (taking into account
that Auk]m] + O xkjﬁ] ATu,[g’m} =0fork=0,...,m—2)

m—1

() = YOG [~ A 4 Cualiy - ATul
k=0
(X[l ) (I — AT)U —1€5-
Hamiltonian system (3.12) can be written in the recurrence form
Thy1 = Al’k + lekuk, Upy1 = CkAxk + (CkABk + I — AT)uk,

where A = (I — A)~!, whose matrix is symplectic as can be verified by a direct
computation, see also [5] or [6], and hence

A AB, ' (BATC,+1-A —BAT
ChA CyABy+1—AT) ~ —ATCy, AT )

This means that (3.12) can be written as the the so-called reversed symplectic
system (in the matrix form)

Xy = (ByATCw + 1 — A)Xjpq — BrATUpsy, Uy = —ATCuXpi1 + ATU .

. L . fm]
Using the second equation in this reversed system with k = m — 1, () = (),

and taking into account that X = 0, we have
(X' —Anut, = (xihrolr
- . ~N\T -
= (K= XXX (O = 00X, 50
- (X;Xm - X;lf(l) X7 <U X7 UmXZ,;) XT-1
= XX - X 'X,,
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where we have used the identities (3.24).
Consequently, by (3.16),

Q(gliml — gl qyliml g l3lly = el [)A(l_lf(l - X;llf(m} e; =0
asm,l — oo, i.e., by (3.17),
(T (yyoml — ity glimml g ity 5 0,
By the same computation we find that (fori = 1,...,n)
Q&b — glml il — qlimly — (p(ylil — ylimly ol _ g limly s

as m — oo, which means, by (3.21), that yU"™ — ¢l in 2 as m — oco. Conse-
quently, in view of (3.3), yV! € D(TF),j =1,...,n.

Now, we prove that (3.22) really characterizes the domain of the Friedrichs
extension of 7.;,. Here we essentially follow the idea introduced in [26]. We

have
T

W=t () 7 (5 ) = F 1T~ TR, =
U U
since the recessive system of solutions of L(y) = 0 determines (via (3.11)) a con-
joined bases of (3.12). Hence, the domain given by the right-hand side of (3.22),
we denote it by 25, is the domain of a self-adjoint realization of 7.;,. Note
that boundary conditions in (3.22) need not to be linearly independent relative
D(Lmin), see Remark 1 (ii) below. Now, let y € D(Tr), then also (by self-
adjointness) y € D(T;). Since yll € D(Tr), we have [y, 9] =0, =1,... n,
ie, D(Tr) C D. This, together with the fact that D is a domain of a self-adjoint
extension of 7Tp.;, shows that D(Tr) = D. O

Concluding remarks.

(1) In the previous theorem we have proved that sequences which are in the do-
main of the Friedrichs extension of the operator 7 behave near oo like sequences
from the recessive system of solutions of the associated Sturm-Liouville operator
(3.7). Consider now again this Sturm-Liouville operator and let ()Lf) be a dominant
solution of (3.12) associated with (3.7), i.e., (3.16) holds. Theorem 3.1, coupled
with (3.16), suggests the conjecture that the domain D(7) can be also described
as follows

D(Tr) = {y ={u}i2o € Jim X, 'z, =0, x4 given by (3.11)}.
—00

This conjecture is a subject of the present investigation.
(i1) Observe that similarly to higher order symmetric differential expressions,
n boundary conditions hidden in (3.22) need not to be linearly independent, see
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[26]. The number of linearly independent conditions among them depends (again
similarly to differential expressions) on the number ¢ = ¢ defined in (3.20). In
particular, if ¢ = 0, i.e., the operator Ty, is self-adjoint and T = Ty, then
boundary conditions (3.22) are implied by the assumption 7y € ¢? involved in
the definition of D. A typical example of this situation is the operator L(y); =
A%y, where the recessive solution is § = 1, 1., 0 = [y, ¥]oo = limp_s00 Ayi
and this condition is implied by y € (2, A%y € (2, which define D in this case.



Chapter 4

Critical higher order
Sturm-Liouville difference operators

4.1 Introduction

In this chapter, we deal with the 2n-order Sturm-Liouville difference operators
and equations

n

L = (-a) (A ) =0, kez, @.1)

v=0
and the associated matrix operators

k+n

(Ty)e= > tujy;, ke 4.2)

j=k—n
defined by infinite symmetric banded matrices
T=(ty), tuw=tuu, wved, t,, =0 for|lu—rvl>n. 4.3)

This chapter is motivated by some results presented in [19], where pertur-
bations of second order Sturm-Liouville operators and of associated tridiagonal
matrices are investigated. The concept of a critical operator is introduced in [19]
and it is shown there that a “small negative perturbation” of a non-negative critical
operator leads to the so-called supercritical operator. We recall these concepts in
more details in the next section.

The results of this chapter are based again on the relationship of (4.1) to linear
Hamiltonian difference systems

A$k = A$k+1 -+ Bkuk, Auk = Ckmk+1 — ATuk. (44)

34
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We use the concept of the recessive solution of (4.4) to introduce the so-called
p-critical Sturm-Liouville operator and we investigate perturbations of such oper-
ators.

The chapter is organized as follows. In the next section we recall neces-
sary preliminaries, including the relationship between banded symmetric matri-
ces, Sturm-Liouville difference operators, and linear Hamiltonian difference sys-
tems. Section 3 is devoted to the study of perturbations of critical Sturm-Liouville
operators of the form (4.1). In the last section we study perturbations of one-term
even order difference operators.

4.2 Preliminaries

We start with the relationship between Sturm-Liouville operators (4.1) and matrix
operators (4.2) defined by banded symmetric matrices (4.3) as established, e.g., in
[25]. Expanding the forward differences in (4.1), we get the recurrence relation
(4.2) with ¢; ; given by the formulas

noop
j H H 4
s = VS (2) (1)

p=j v=j

n_ p—j
; It p
=S (D), )t

p=j v=0

4.5)

for k € Z and j € {0,...,n}. These formulas are essentially the same as (3.8).
We repeat them here for the reader’s convenience, similarly as some other for-
mulas in this section. Consequently, one can associate the difference operator L
given by (4.1) with the matrix operator 7, defined via an infinite matrix 7', by the
formula

(Ty)e = Ly, ke

The substitution

Yr-1 > (A (TI&V]AV?M—»

Ayk_
. 2 u¥ —

9 k.

A A ) A
A" g —n P ARy
(4.6)
converts (4.1) to linear Hamiltonian system (4.4) with the matrices A, B, C' given
by the formulas

1 ifj=i+1,:1=1...,n—1
A:aﬂuz{ 1 .] 7/+ 7Z Y 7n Y (4-7)

0 elsewhere,
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1 _
By = diag {0,...,0,W}, Cp = diag {7} @)
Tk

A 2n X n matrix solution ()U() of (4.4) is said to be a conjoined basis if XU
is symmetric and rank (;,) = n. Following [5], system (4.4) is said to be right
disconjugate in a discrete interval [I,m], [, m € Z, if the 2n X n matrix solution
(g) given by the initial condition X; = 0, U; = I satisfies

Ker Xy C Ker X and X, X[, (I —A)'By>0 (4.9)

fork =1,...,m—1. Here Ker, t,and > stand for the kernel, Moore-Penrose gen-
eralized inverse, and non-negative definiteness of a matrix indicated, respectively.
Similarly, (4.4) is said to be left disconjugate on [l, m] if the solution given by the
initial condition X,,, = 0, U,,, = —1 satisfies

Ker X, C Ker X1 and Xy X)Br(I — A1 >0, kell,m), (4.10)

see [6]. System (4.4) is disconjugate on Z if it is right disconjugate (which is the
same as left disconjugate, see, e.g., [6, Theorem 1]) on [[, m] for every I, m € Z,
[ < m. System (4.4) is said to be non-oscillatory at oo (non-oscillatory at —oo ) if
there exists [ € Z (m € Z) such that it is right disconjugate on [/, m| for every m >
[ (left disconjugate on [/, m| for every | < m). Nonoscillation and disconjugacy
of (4.1) is defined via nonoscillation and disconjugacy of the associated linear
Hamiltonian difference system. An equivalent approach to disconjugacy of (4.1),
based on the nonexistence of a pair of generalized zero points of multiplicity n of
a solution of (4.1) is presented in [5].

If (g) is a conjoined basis of (4.4) such that X are nonsingular for k €
{l,l+1,...,m}, then

k—1

X=X ) X4 - A7 BXT
j=l

~ k—1

Ue =Up Y X;4(I— A7 B X+ X[,
j=l

ke {l,l+1,...,m},is also a conjoined basis of (4.4), which together with (g)
generates the solutions space of (4.4), see [10].



CHAPTER 4. CRITICAL STURM-LIOUVILLE OPERATORS 37

Nonnegativity of the difference operator L given by (4.1) and of the associated
matrix operator (4.2) is defined as follows. Denote by

*(2) = {?/ = {nthez, Y lukl* < OO} :

keZ
2(7) ::{y = {yrYrez € (*(Z), only finitely many y;, # 0}

and by (-, -) the usual scalar product in ¢*(Z). Then by summation by parts we
have
(L(y),) Z Zm Ygeen)?, Wy € (3(Z)
k=—oc0 v=0

and according to [25, Lemma 2]

(Ty.) = Fly) = Y | Cualll, + @ Bed?| . vy € (2,

kEZ

where the matrices B and C' are given by (4.8) and %!, u[¥ are related to y by
(4.6). Now we say that the operator L is non-negative and we write L > 0 if
F(y) > 0forevery y € €3(Z)

A conjoined basis ( ) of (4.4) is said to be the recessive solution at oo if X &
are nonsingular, X kX . +1(I A)™'By, > 0, both for large k, and for any other
conjoined basis (), for which the (constant) matrix X7U — UT X is nonsingular
(such a solution is usually called dominant at o), we have

lim XX, =0. (4.11)
k—o0
The recessive solution at oo is determined uniquely up to a right multiple by
a nonsingular n X n matrix and exists whenever (4.4) is non-oscillatory at co.

The equivalent characterization of the recessive solution ( ) at oo of Hamiltonian
difference systems (4.4) is

& -1
. -1 T-1
kh_}rr;() (Z B; X ) =0 for some large M, 4.12)
see [2]. The recessive solution at —oo is defined analogously, limy ., in (4.11)
and (4.12) is replaced by lim;_, ., and the summation limit (4.12) is ZJ M
According to [5], F(y) > 0 for every 0 # y € (%(Z) if and only if (4.1) is
disconjugate on Z and disconjugacy of (4.1) on Z is equivalent (by [7]) to the fact
that the recessive solution at co (at —oo) of the associated Hamiltonian system
(4.4) has no left (right) focal point in Z, i.e., (4.9) (resp. (4.10)) holds for £ € Z .
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If we denote by Nj[j], abll, j = 1,...,n, the column vectors, which form the
recessive solution (3) of (4.4) with A, B, C given by (4.7) and (4.8), and by
the first entry of ZU!, then we call V! the recessive system of solutions of (4.1) at
oo. The recessive system of solutions of (4.1) at —oo is defined analogously.

We finish this section by recalling some results of [19], which deal with the
second order Sturm-Liouville difference equation

T(y) = —A(akAyk,l) +cryr =0, ax >0, (4.13)
and the corresponding three-term symmetric recurrence relation

T(y) = —@r1Yrt1 + by — axyp—1 =0, by = apy1 + ap + cx.

Suppose that the equation (4.13) is disconjugate on Z, i.e., 7 > 0. Operator 7
is said to be critical if the recessive solutions at oo and —oo are linearly depen-
dent, in the opposite case 7 is said to be subcritical. If T % 0, i.e., (4.13) is not
disconjugate, 7 is said to be supercritical.

Proposition 4.1 ([19]). The following statements are equivalent.
(i) The operator T is critical on Z.

(ii) Forany e > 0 and m € Z, the operator 7, which we get from T by replacing
am by a,, + €, is supercritical on Z, i.e., T % 0.

(iii) Forany e > 0 and m € Z, the operator 7, which we get from T by replacing
by by by, — €, is supercritical on Z, i.e., T % 0.

4.3 Critical and supercritical operators

Suppose that (4.1) is disconjugate on Z and let 9l and §[*, i = 1,...,n, be the
recessive systems of solutions of L(y) = 0 at —oo and oo, respectively. Introduce
the linear space

H = Lin{g", ... 9"} n Lin {5V, ... g} (4.14)
In this section, |/| stands for a number of elements of a set .J.

Definition 4.1. Let (4.1) be disconjugate on Z and let dimH = p € {1,...,n}.
Then we say that the operator L (or equation (4.1)) is p-critical on Z. If dim H =
0, we say that L is subcritical on Z. If (4.1) is not disconjugate on Z, i.e., L. # 0,
we say that L is supercritical on 7Z.
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The following statement and the construction in its proof will be useful in the
proof of the main result of this section, Theorem 4.1.

Lemma 4.1. Suppose that (4.1) is p-critical for some p € {1,...,n}. Then for
every 0 > ( there exists a sequence yy, € (%(Z) such that

Z ZT[V] yk I/ 2

k=—o00 v=0

MIO')

Proof. Denote by (X ~,U~) and (X, U™) the recessive solutions of (4.4) (with
A, B, C given by (4.7), (4.8)) at —oco and oo, respectively. Further, let h be
a solution of (4.1), which is contained both in recessive systems of solutions of
this equation at oo and —oo, and let (z!"), ul"l) be the associated solution of (4.4).
Let K, L, M, N be arbitrary integers such that N — M > n,M — L > n, and
L — K > nand let (zU/], 4/} and (219!, u!9)) be the solutions of (4.4) (see [10])
given by the formulas

Jj=
k L—1 -1 X
_ _ -1 [k
ULf] =Uy ( B; ) < B; ) (X.) I[L]
j=K j=K

=k Jj=M
N-1 N-1 -1
uf}:U:( B;)( B:> ()l
j=k j=M
N-1 -1
o0 (L)
=M

where
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and denote by f and g the solutions of (4.1), which generate (z], ul/l) and
(2191, ul9), respectively, i.e., f and g are the first entries of z/ and z!9!, respec-
tively. Using the convention that ZK '=0= Z%il we have

:U[,J;] =0, JE[Lf] = x[Lh], JEE\Z] = x%, ng,’} =0.

Let us introduce the sequence

0, k€ (—oo, K — 1],
Ir, ke[K,L—1],
Yk = § hp, ke |L, M-—1], 4.15)
Ik, ke[M,N —1],
0, k € [N, o0).

Now, we compute

ZZT ykz/

k=—o00 v=0

L-1 M-1
AT f AT f KT h h|T h
Z [ B uk] + xLJ]rlo xkll} + Z [Ul[g] Bk“k] +Q7H10kxl[el1}
k=K k=
N-1
+ [ [Q]TB u[g] + xk—i—lc xgcg-]i-1:| .

=

=M

Using summation by parts we obtain (see [11, Lemma 3.1])

M N
Fly) = fo]T [f] + th]TUL;h} + ngg]T Lg]
K L M
x[Lh]T <U[Lf] [h}> o [h]T (uy\}] . u%‘ﬁ) .
Because

and
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we have

Flg) = a7 (x7)T (i B;) ()l

=K
N-1 -1
+al (X)) (Z Bj) (X))~ 2l
j=M

The definition of B~, BT implies that (compare (4.12))

1

I— -1
(Z B;) — 0, for K — —o0,

j=K
N-1 -1
(Z Bj) — 0, for N — oo.
=M
Hence F(y) < & for K sufficiently small and N sufficiently large. O

The main result of this section read as follows.

Theorem 4.1. Let the operator L be p-critical on Z, and let m € 7 and € > (0 be
arbitrary. Further, let J C {0,...,n—1} with|J| = n—p+1 and let us consider
the sequences

m (1]

(4] Tm[“] — g, for € J,
Al —
Tm otherwise,

'f’[:] :7”][:], fork;ﬁm, (N:O,,TL)

Then the operator
L(y) = Y (-0 (72
v=0
is supercritical on 7, i.e., for the associated quadratic form we have F Z# 0.
Proof. Let () and ()éi) be the recessive solutions at —co and oo of (4.4) asso-

ciated to the equation L(y) = 0.
Let us introduce the linear space

- [n]— 1]+ [n]+
~ ' x x . x L
H := Lin { (u[l]) g oo ey (u[n]) } N Lin { (u[1]+) PRI (u[n]+) } )
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where (ﬁﬁ:), (ﬁﬁi), j =1,...,n, are the columns of ()(j:) and (gi), respec-
tively. According to the relationship between (4.1) and (4.4) the dimension of this
space is the same as dimension of the space from Definition 4.1, i.e., dim ‘H = p,

and let 211 = (iﬂ), i=1,...,p, be abasis of H.
At first, we show that 2-part of any base vector 2!/l is nonzero at any index
keZie., '
A1 £0, kez, ie{l,....p})

By contradiction, let xLﬂ = 0 for some j € {1,...,p} and some k € Z.

Because there exist nonzero constant vectors ¢, ¢t € R” such that

) = c ) = ct
()= (o) ()= ()

we have 2Vl = X*c*, which implies that the matrices X ,;t are both singular.
This contradicts the disconjugacy of equation (4.1) (see [7, Theorem 1]). This
also means that ng], j =1,...,p, are linearly independent, because none of their
nontrivial linear combinations can be a zero vector.

We have obtained that

rank (:pg}, . ,x,[f]) =p foranyk € Z.

Let us denote

P = ($7[711]+1> X vxgirl)a P e R,
where m is the integer in which rli are changed to rll — ¢ i € J, and consider
the square matrix P € RP*P that consists of the linearly independent lines of the
matrix P.

Hence, the system

has a unique solution d € R?, d # 0.
Now, let us introduce the solution 2" = (ﬁ:]]) of (4.4) given by

p
RO
j=1

and let h be the solution of (4.1) which generates 2 e,

hi—1

Ahy_y

2 = (4.16)

An_lhk,n
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Because Ul are linearly independent and d # 0, we have 0 # z["l ¢ R”.
The construction of z["l implies that at least p entries of an]H are nonzero, i.e.,
(x,[ﬂrl)iﬂ = Alh,,_; = 1 (atleast) fori € J,J C {0,...,n— 1} with |.J| =

Now, let y = {yx }rez be the sequence given by (4.15) with h from (4.16). We
have

W= 3 [ |- el o)

k=—o00 Lv=0 k=—00

where ék = diag {r,[co], . T,E:" 1]} and z[¥ and ul¥! are given by formulas (4.6).
Denote 5’k =C) — C’k. Then C’k = 0 for k£ # m and 5% is the diagonal matrix

with the diagonal entries (Cy,)it+1,i41 = €, ¢ € J, and (Cp,)iq1i41 = 0,7 & J.
Hence

]?(y) = i [uky}TBkuLy] + ka(C C’k)xkﬂ}
ki=—o00
= Z [ y]TB Uky] +xkyJ]rT10 xgcyﬂ] - i [mgcyflckxkﬂ} -
k=—o00 k=—o00
and
i Gl | = e Y (AP 2 e Y (A ) =elJN ] =6 > 0
k=—o00 icJ ieJnJ

since |.J| =n —p+ 1and|J| = p, ie., JN.J # 0. Using Lemma 4.1 and the
construction from its proof we obtain that

|

S [T Bl + ] <

k=—o00

if K and N in (4.15) are sufficiently close to —oo and oo, respectively.
Together we have

i.e., L is supercritical. ]

The following statement is a direct consequence of Theorem 4.1.
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Corollary 4.1. Let the operator L be p-critical on Z, p € {1,...,n}, and let
m € Zand e > 0 be arbitrary. Further, let J C {0,...,n—1} with |J| = n—p+1
and consider the sequence

m (1]

(4] 7’7[5] + €, for n € ,7,
Flul —
rm, otherwise,

f’[i‘“] :7”][:], fork;ém, (,u:077n>

Then

n

L(y) = ()" (7 A7)

v=0

is at most g-critical for some q € {0,... p—1}.

Proof. Suppose that Lis g-critical with ¢ > p. We get L from L by changing G4

to 7%/ — &. Theorem 4.1 then implies that L is supercritical, a contradiction.  []

Remark 4.1. In Theorem 4.1 we have formulated the statement in terms of per-
turbations of coefficients 7" in L. Using formulas (4.5), this statement can be
reformulated in terms of perturbation of the entries ¢; ; of 7', similarly as it is done
in Proposition 4.1 in case n = 1.

4.4 One term operators

In this section, we deal with perturbations of the one-term difference operator
(equation)
l(y) .= (=A)"(reA"y,) =0, 1, >0, k € Z. 4.17)

Since this equation can be solved explicitly, we can find an explicit condition for
its criticality. To avoid technical difficulties, in the main part of this section we
deal with the case n = 2, but at the end of the section we suggest how the results
can be extended to general n.

Equation (4.17) has solutions y!l = 1,... y" = k=D = k(k —1)--- (k —
n+ 1) which satisfy A"y = 0, such solutions we will call polynomial. In addition
to polynomial solutions, (4.17) is also solved by sequences for which A"y, =
kU=Yr-1 j = 1,...,n, such solutions we will call nonpolynomial. A similar
analysis as in the continuous case (see [15]) shows that only polynomial solutions
can be simultaneously contained both in the recessive systems of solutions at co
and —oo.

We start with a statement which describes the structure of the solution space
of (4.17).
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Lemma 4.2 ([11, Sec. 2]). Equation (4.17) is disconjugate on 7 and possesses
a system of solutions yV!, gV, j = 1,.. .. n, such that

gl <<yl < gl <o < o] (4.18)

as k — oo, where f < g as k — oo for a pair of sequences f,q means that
limy, o0 (f2/gx) = 0. If (4.18) holds, the solutions yV! form the recessive system of
solutions at 0o, while U form the dominant system, j = 1, ..., n. The analogous
statement holds for the ordered system of solutions as k — —oo.

To compute nonpolynomial solutions, we need the following formula (which
can be verified by a direct computation or by induction). Let z; be any sequence
and

S
—

(k—j— 1)(n_1)2j7

e = (n—1)!

.
Il
o

then A"y, = 2. Moreover, the generalized power function
(k=) =k =j)k—j = 1) (k=j—n+1)

has the “binomial” expansion

n

Z(—w‘(?) KD (40— 1)@, (4.19)

1=0

(k=5)®

In the remaining part of this chapter we denote by V* and V™ the solutions
subspaces of (4.17) generated by the recessive system of solutions at co and —oo,
respectively.

Theorem 4.2. Let n = 2.
(i) If

0o 0
domt=o0= >, (4.20)
k=0

k=—o00

then (4.17) is 2-critical on Z and V* NV~ = Lin {1, k}.
(ii) If at least one of the infinite series in (4.20) is convergent, but

d Kt =oo= > Kl (4.21)
k=0

then (4.17) is 1-critical on Z. and V* NV~ = Lin {1}.
(iii) If at least one of the infinite series in (4.21) is convergent, (4.17) is subcritical
onZ, ie, VNV~ =0.
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Proof. In the proof we will use Lemma 4.2 (with n = 2) to show that a given
solution y of (4.17) is contained in the recessive system of solutions. To show
this, it is sufficient to find linearly independent solutions y*!, y[? such that y < yl7,
1=1,2(fork = ocoork — —00).

@) Let
k—1 k-1

ul =3 k= -0ty =Y k-5 - 1)
j=0 j=0

Then by the L’Hospital rule for: = 1, 2

i k-1
lim Z& = lim E 5Tt = oo,
k—o0 k—o0 J

e,y =k < y,[f], i =1,2. Since g = 1 < y, = k, we have V* = Lin {1, k}.
For k£ < 0 we set

0
5D SR Sy
j=k—1 j=k—1

and similarly as above we show that V~ = Lin {1, k}.

(ii) Suppose that (4.21) holds and, e.g., Y. ;' < oo (the case > <
oo can be treated analogically). We show that y, = k & V' by constructmg
a nonpolynomial solution y for which 7, < k as kK — co. Such a solution is

Je=(k=1)) r = (k—j— 1" (4.22)

We have limy oo (§r/k) = limy o0 Af = limg o0 302,750 = 0,0, G < K.
On the other hand, if (4.21) holds, there are two linearly independent solutions
greater than y = 1. One of them is obviously y; = k and the second one is

k—1

=(k-1) Z]r = (k—j— 1)), (4.23)

7=0

if > jrj_l < oo or the solution (4.22) if > jrj_ = oo. Consider, e.g., the case
of solution (4.23). We have Ay, = Z‘J’ik jr-_l and using summation by parts

Y = ZAyJ—JAyJ ZJAQ?J]

:ijT]-_1+Zj2rj~_l—>oo as k — 0o,

=k =0
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e,y >y =1
(iii) Suppose, e.g., that > j 27"]-_1 < oo (the complementary case is again analog-
ical). Then both solutions

k—1 00 00

g =D (k== = (k=1 D g
j=0 j=0 j=0
k—1 00 00

i =y (k=g =gyt = (k=1 ey Y
7=0 7=0 7=0

satisfy y,[ﬂ — 0as k — oo, 1.e., ym < y = 1. To show this, consider, e.g., the

solution y!!l, we have

i | =|—(k = 1) Z _1+ZJ7“]_ < (k Z +Z]7“

Jj=k j=k
§erj_1—|—2jrj_1—>0 as k — oo.
=k =k
Hence VT NV~ = 0. O

Remark 4.2. The previous result may be used, e.g., for improving the main result
of [9], where a conjugacy of the second order Sturm-Liouville difference equation
via a phase theory is studied. Combining these two concepts, some interesting new
results may be obtained.

Finally, we briefly mention the case of general n € N. The continuous case,
i.e., the equation (r(¢)y™)™ = 0 is treated in detail in [15] and computations
given there show that the situation is technically rather complicated in the general
case. Nevertheless, computations for n = 2 together with the continuous case
and formula (4.19) suggest the following conjecture, which we hope to prove in
a subsequent paper.

Conjecture 4.1. Let m € {0,...,n — 1} and suppose that
Zj2(nml,r—1_oo Zj2(nm1
j=—o00

Then Lin{1,...,k™} C Vy+ny-.
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