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CLAR!SSIM! VIRI

IQANNI BERNOVLLI

IN
LECTIONIB VS MATHEMATICIS

DE

 METHODO INTEGRALIVM
MONIT VM, ' )

d annotaffe fufficiat, fi dixerimus, quod ab inte-
gralium inventione illuftriora queeque Mathefeos

v Problemata & Theoremata dependeant, tum ea,
que jam inventa funt, tum quae adhuc inveniri de.
fiderantur; qualia font quadraturee fpatiorum, re- .
ctificationes curvarum , cubificationes folidorum,

~methodus tangcntmm inverfa, vel inuentiones na-
turz curvarum ex proprietatibus tangentium datis
&c. non minus quam ed, que ad mechanica fpe-
&ant, ut funt: modus inveniendi centri gravitatis,

. percuflionis, ofcillationis &e.  Habentur quoque
per inventionem integralium evolutiones curvarum,
modusque ‘earum naturas determinandi , & evolu~
tionis ope ipfas curvas redificandi. Sed , ut tam
facile eft cujuscunque quantitatis. propofitee reperire
differentiale, ita e coatrario tam difficile eft affi-
gnare integrale cujuscunque differentialis, adeo ut
interdum nequidem certo-afferere poffimus, an quan.
titatis propofitze integrale poffit fumi, nec ne.:

A2 MO~
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MONITVM AVTHORIS.

R omanz cloquennae parens Tullius L. 2, de Ora-
tore narrat : C. Lucilium bhominem dolftum, &5
perurbanum diccre folitum : ea, que Seriberet , nea

que ab indoliffimis., neque & doitiffimis legi velle

quod alteri nibil intelligerent | alteri plus fortaffe,

quam ipfe de fe.

Equidem cum Lucilio facio.~ Hancce lucus
bratlunculam meam, lapfis proxime autumnalibug
feriis natam, neque pervolvat velim in Mathefeos

clementis minus verfatus, atque me magiftro difcere :

potuerit; neque is, qui tyronis mei conditione di-

fcendojam fuperata, forte dochiflimusfibi videasur,

Hzee enim una'e {crinio in lucem plagulas iftas

protraxit ratio: ut veftro compendio carifiimi di- -
fcipuli confulerem; quibus arduum effet explican--

tem me affequi feribendo, & precepta auribus duns
taxat havrire minus proficuum: nam f gnius irvi-
zant animos demifa per aurem, quam que [unt ocus
lis fubjeds fidelibus,

" 'Non tamen conftitui perfedtam differentialis;
& integralis calculi imaginem contemplandam vo-

" bis proponere ; iftam in notiflimis Auétorum argu-

mentum hoc copiofe tra&antium libris queerite. A
me rudia- folum lineamenta funt duda, quorum ta-
men ipforum pulchritudine ad altius enitendum in-
eitari facile poffitis, & merito debeatis, =~

o . Pulchri~,
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Pulchritudo heec me meditantem , fcribcnté'm-‘

que mexphcablh affecit voluptate, avide legentes
haud minori afficiet®

Vix occurret, quod negotium fua obfcuritate
vel tardioribus faceflat; fi occurrerit, me prom-
ptum, paratumque experiemini, ad difficultatem

omnem tollcndam, iterque planum , atque expedi-

tum in honeﬁzﬁ"lmo dlvmse Mathefeos ftudio. vobis
fternendum. :

Pluribus non agerem : nifi excufanda hic loci
fe offerret divi Auguftini fententia : ifa ille L. de
ordine: Mathematicas difciplinas midlti Sanci igno-
rant qwdem, & qui_etiam feiunt eas, Jantti non
Junt,  Ergo fanditatis' focietatem excludentes con-

~ tinuo abjlclafnus' at nifi magnopere fallor,; morum’

integritatem, & religionem adjuvant ille potius,
quam impediant.  Certe modeftiam .& tacifurnita:
tem alunt; fentiendi libertatem , & quidquid libue:
vit, pro vero jactandi confidentiam cohibent; a
rebus fenfus blande demulcentibus avocant; veri.
tatibus divinis reverentiam exhibere fectatores fyos
docent oftendunt nempe multa, etfi intra limites
naturee conftituta, humano tamen intellectui efle
impervia.

Divus Auguftinus eas methematicas difcipli: ~

nas 1ntc11ex1t, de quarum cultoribus in corpore
~ Juris
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Turis eivilis L. 2. Cod. titulus fubinde prodiit: De
maleficis & matbematzm, ubi artem mathematicam
damnabilem effe’ &5 interdiGam omnino pronuntiat
Iuftinianus, -

13

Futili ¢jusmodi arte imbutum vivis depingit
coloribus lIoannes Barclaius iz Argenide L, 2. Qui-
dam ex Affyria bofpes [pecie querende in diverfis
gentibus fapientie ervabat revera, ut fuam jaBaret.
Is tunc in Sicilia erat , & in Mathematicorum celo -.
verfatus , vendebit fuw artis ludibria ; fi quis ex |
Jyderibus quee nafenti affuerant , volebat de fortu- |
na, que viventi, gue morituro debebatur, vaniffima
credulitate cognofcere, Equidem miroradmodum : tam
nobile nomen. impoftoribus dari aliquando potuiffe

- Talem vos: artcm hoc hbcllo non doceblmml, '

perta , demdc Clarifl, choulhorum & Eulzri, atio-

rumque primi fubfellii inter  mathematicos Viro:.

"tum ftudio eft _promota,

* Czeterum infontem Geomctrlam etiam veteribus
SS. PP: fuiffe probatam, docet ipfe maximus Eccle-
fize Doctor Hieronymus, feribens : praeceptorem fuum

' Didymum tametfi cecum, pucros Geometrize elc-

mentis 1mbu1ﬁ’c

Hzc in defenfionem Mathefeos, & aliquam

| przefcntls opufcuh commendatlonem fcnptahabctc. '

ELE- :
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ELEMENTA
CALCVLI DI‘EE'ERENTIAL;S.
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b @llia‘ differentialia funt fpecies infinite parva- *

rum quantitatum ; ideo primum de his, &

. infinito agemus. ‘ ‘
’ 2. Quantitas infinite parva eft illa, que W

tra quoscunque limites jmminuta_concipitur, feu
cujus parvitas nullo certo continetur limite, Nam
quz inter limites determinatos eft, vocatur finita.

Dicitur etiam infinitefima , omni offignabili minor.

Cum enim quantitas mathematica continug:

fit in infinitum divifibilis; habentur. in ea’ partes,’
quavis data, vel que dari & defignari poffit mino-.

ves; hoc eft quam minimz, feu infinitefime.

3.  Hzc vero in infinitum " divifibilitas ita
demonttratur; fit a¢ perpendicularis ad 4 m inde-Fig. x.
finitam. 7 R

Certum

o0
y .
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Certum eft centris 7, ¢, g, b &, , infinitis
fucceffive defcribi pofle” arcus per 4 transeuntes, qui
inter fe non habebunt punctum aliud commune,
quam 4. Confequenter reftam a0 femper in no-
vis puncis fecabunt. i .igitur concipiantur hi
arcus infinite multi, in infinite multas partes feca-
buiit rectam 40; que inter hes arcus comprehen-
fx partes erunt hoc ipfo infinitefime,

Et quivis angulus abx, vel 243z qui fita

latere minimo, in qualia infinita concipi poteft di- -

vifa peripheria, coutxguo 1pﬁ p\m&o contactus, eft
sufinitefima, :

Siquidem peripheria ‘non eﬂEt curva conti-
nua, fed intérrupta, fi duo ejus elementaria late-

ra angulum comprehenderent quantitate finita a

duobus re&is differentem,

4. Quantitas infinits. eft, qua ultra quosvis
hmxtes aucta cogitatur; feu omni affignabili ma-
‘jor. Exprimimus autem quantitatem infinitam ﬁ
guo: oo,

Exemplum quantitatis infinitz habemm in
Trigonometria, Nam quia finus totus, feu finus

Pig. 2. anguli recti ¢ eft radius @ac; et tangens illius eft
reta md ad cd pelpendxculatis tam diu prolon-
gata, vsque dum cum ac¢ conctirrat. Quia vero
ac, & dm {unt parallelz; patet ‘eas etiam in in-
finitum prolongatas, non concurcere, Qualetangens
anguli re&i eft infinita = 00+ .

5.- Vt tyrones germanam mﬁmu notionem’
animo ‘effosment, - - Comcipiant rationend minoris in-

Fig. 3. equalitatis L O, ad LR femper continmari, - Devenie-
tur tandem: ad. quantitatem omni data majovem.  Sed
‘quantitas omms data ngor eft mﬁmta 5 ergo ad snfimi-
tam dwemetur. , :

.,- : - DeMonsT.
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Demonst. Sit LO : LR=LR : LQ,

Erit invertendo LR : LO =L Q : LR Di- 4

videndo LR — LO : LO —-LQ—LR

LR Hocet RO : LO=RQ : LR A-

ternando RO : RQ = L 0 : R - Atqui

LR >LO0; ergoct1amRQ>R0 , Quare
{i hxc ratio L0, ad L R {emper continuetur , ad

primam L 0 perpetuo adjungentur partes O R,
R Q QI &c. continuo crefcentes 5 atque ideo
venietuy ad - quantxtatcm quavm data majorem.

6. Notio genuxna mﬁmte parva quantltatu

+ hinc eft repetenda nimirum: fratio quacunque majoris

inequalitatis AB ad CB femper continuetur ; ad quan- le 3

titatem devensetur quam.f data minovem o hoc eft infinite
pmmm. B . A
DEMONST. - Sit data L 0 quantumvis par-
va., Fiatut BC: BA= L0 : LR, ~ Poterit

ratio L O : L R toties continuari, ut aliquis ter-

minus habeatur ; puta Z Z major quam 4 B (per
przcedentem.) . Quoties vero cestinuata jam eft

yatio L O : L R; per totidem terminos C B, £ B,

FB continuetur ratio AB C D erit F B mi-
- wor, quam QL.

. Namex hvpotheﬁ IL QL RL, OL,,
funt proportionales ipfis AB CB, EB, FE.

Nempe et IL: QL =AB:CB,
Et QL: RL = . CF : EB.

" Frgo ex zquo ordinato dxre&e s IL : RL
-=AB: EB. . - ‘

Eft vero etiam RL OL=EB: FB

Ergo rarfus ex %quo. ordmato direte; IL*
0L = A4R: F B _

Et

& 4




e ies

o asassssesess ,
: N Cy
" Et altemando I L : AB = OL : FB,
Sed 1L > AB Igitur etiam O L > FB.
Q. E. b: '

_ 4. Si finita quantitas confideretur ut unitas;

. ny'imte/‘ ma ‘erit ejus fractio infinite parva, Eft au-

tem fractio eo minor; quo ftante eodem numera~
tore denominator eft major, TItaque, vt fractio fit
minima, nempe infinitefima; denominator debebit
eflc omni affignabili major, nempe refpectu nu-
meratoris infinitus = w . Quare exprimetur una

2 .
a R’
— legetur: quantltatxs @ pars infinite parva.

infinitefima ﬁgno ; due infinitefimee:

-

8. Inﬁmtum per mﬁmtej’ imam. pyimi ordmu mul~
t:phmtum 5 produftum dat finitum , fen quod idem eff :

- i quantitate finita continetuy infinitefima mﬁmtx_e;.

- . ‘ ‘ l ’ . . A
: Dxmon'sr. 30 X 0 =exlege multxphca-

tionis mtegn per ﬁa&um-aa fed fra&xo zqualem

, habens numeratorem denominatori i, zquatur unitati,

hoc eﬁ ﬁmto' igitur X =1, fa&um nempe

o

mﬁmtef me in mﬁmtum zquale eft finitz quan-
titati,

" 9 Veritatem hanc duobus ﬂluﬁrabxrnus ex-

emplis : altero chometua ;e Tngonomctm altero
petito. ,
_ Primum notiffimumiftud eft: in omm, quot-.
cunque laterum illud fit polygono, fummam om-

nium angulorum externorum _effe finitam con-

. : &antem,

S




GeResesease 1§ §
flantem , nempe quatuor rectorum, Iam eircu-
"lus ‘eft polygonum regulare infinitorum, ét infi-
nite parvorum laterum ; & quivis angulue exteis,
‘nus fcilicet qui fit ab uno perimetri circuli infi-
nite parvo latere producto, &' altero’ contigno
- (per n, 3.) eft infinite parvus, Sunt autem tales
anguli infiniti, ob infinite ‘multa perimetri latera;

X
1g1tur = X 0 :._ﬁm.tzqu;tntxtatx: (cilicet ifthic

quatuor re&xs.

Deinde fit angulus x5 ejus finus 4 G 5 co- Fig, s,

finus C G, tangens D B, radins €D, Ob'trian+
gula C.A G', CEBD 'ﬁmilia habebimus CG : 4G
=CD : BD, feu dbCDradium=1. Eritcofi-
nus & ¢ finum ¥ = 1: tangent », Hinc cof, x x
~tang. ¥ = fin, x. _Concipiatur angulus x effe

reGtus. "~ Erit ejus cofinus mﬁmtc parvus; & tan-m

. . X
gens infinita, unde pro hoe cafu cofinus’ x..—.. =
tangens ¥ = CO. " Et finus & == radio =1
Hinc fubftitutis his valoribus erit s X 00 = 1;

nempe factam ex infinite parva quantltate in mﬁ*

": pitam, eft finitum.

10, Tertia- propm'ttonali: ad infinitefim mam & fini-
tam ; eft infimita quantitas,

DrmoNsT,  Sit hac i’anicnda = x; erit
ex hypothefi —— : 1 =1 : 3} o =
| yP hefi oo 1= xunde & 1.
Ftx= 0. Q.E.D,
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+ .~ 1r. Cum itaque fit > P F=1: oo

Patet: prout confequens fecundz rationis infinities
major eft finito , ‘nempe antecedente f{uo 5 ita
etiam finitum, nempe ‘confequentem prima: rationis
infinities majorem elle {uo antecedente, id eft in-
finité parva quantitate, Ergo infinite parva quanti-
tas evanefcit refpeftu finita o boc eff, nec anget, nec
minuit finitam , ac proinde in calculo megligituy.

12. Cum infinitefim= non fint indivifibiles,
fed quantitates' continuz , quz ex homogeneis et
nullis terminis inter fe difcretis partibus compo-
nuntur 5 {unt adeo divifibiles in infinitum , feu
in partes non tot, quin plures. Secus enim de-
veniretur ad individua, nec meris partibus homo-
geneis mathematicum continuum conftaret.

Ex quo {equitur diverfos ut infinite parvorum,
Sic etiam infinitorum effe ordinesy & quidem infinitos,

I ) '
13. 8i queratur ad 1, & 5 tertia pro-

I R B SR
portxonahs, erit 1 —o—o- =3 ' oo Itaque

oft tertia hzc propor:xoxlalxs,,m_ﬁnitcﬁma fecundi
ordinis, unde fequitur. .

L. Infivitefiirare fecunds ordinis prodire ; fi infini-
tefima primi- ovdinis in fe ipfam ducatur,

IL. Prout infinitefima primi ordinis evangfeit ve-
Jpets unitatis , finite nempe quantitatis. - Ita quoque
evanefeere infinitefimam fecundi ordinis vefpeCtu infinite-
fima primi ordinis,  Id eft: prout in prima ratio-

4 ne
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nities effe. o
WL 1dem temendum de infinitefima tertii ovdi-
nisy vefpetu infinitefima fecundi ordinis, item de snfinitis.
Sic go? > oo infinities &c.

14. Vit tyrones ftatum evanefcentiz rite ani-

\

- mo f{uo efforment.- Sit figura mixtilinea @ A4 B 4. Fig.6.

In qua re®tam B4, a reta 4 a differre quanti-
“tate a &£ (pofita £/ parallela ad .4 B) manifeftum,

Iam fi concipiatur reta B conftanter accedere

ad re¢tam a4 A, ita ut punétum 4 maneat in arcu

# b Minuetur diftantia harum re@arum 4 453§
Et quia re®a B & porro crefcet, etiam minuetur
* differentia harum re€tarum, nempe @ 4. - Status
igitur” evanefientia nempe in quo differentia inter
. re¢tam 4 B, & Aa erit infinite parva; neque
crit quando B & adhuc diftabit a recta o 4; ne-
que quando jam ipfi ret= @ .4 congruet; fed
 quando conjungi incipiet. Hinc refponderi poteft ad

hanc quzltionem: an énfinite parva quantitas fit ni-
bilum?2 ' .

Scilicet duo ftatus infinite parvae quantitatis
funt concipiendi: unus evaneféentiz ; alter guo jam
evanuit.  In primo flatu, cum re®ta 4 B, recte
- & A conjungi iucipit ; infinite parva quantitas non'
" elt wibilum, In altero ftatu, cum recta & B, re-
&z 2.4 jam congruit ; feu cum differentia illarum
jem evanuit; ef nibilum. = .

15 Quantitas, que continenter crefcere, vel -
decre{cere concipi poteft , variabilis vocatur. Quz ve-

¥o eadem manet, nulla admittens. incrementa vel
- decrementa momentanea: conffans appellatur. V-
) o " riabsles

i

N
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vichiles quantitates littecis alphabeti ultithis &, ¥, %,
exprimimus, Conflantes Vero primis a, &, ¢, &e.

+ Sic in circulo diameter, #p, vel radius z¢,
funt conflantes. . Vaviabiles vero funt chordz 4 £,
gh, velillarum dimidiz de,. gi; quas per y, %
propterea exprimimus; & abfciffz ne, 77, quas
per x, %, denotamuis, conftat enim créfcentibus
diametri fegmentis, feu abfciflis crefcere chordas,
feu ordinatas usque ad centruin; & dccrefccutlbus
illis; has decrefcere.

16. Incrementum vel decrementum. momen=
tancum, feu infinite parvum quantitatis variabilis
dicitur differeptiale. ~ Exprimitur vero per prefi-
Uxam variabili licteram d.  Sic d x, legitur diffe-
" yentisle x3 & elt incrementum mﬁmte parvum
varizbilis x; at — dx; eft ejusdem decremen-
tum,’ .

17. Funttio eft quantitas, cujus magnitudo
ab una vel pluribus variabilibus dependet, Sicax,
at x, x2, x5 funt funciones variabilis x3
quo enim - haec major fuerit vel minor; eo magis
illx augebuntur, vel minuentur, Ita etiam x y,
eft functio variabilium x & y, ab harum enim

magmtudme s rec“tanguh Xy magmtudo depen-

det.

18, Calculus dzﬂ'erentiali:: et methodus fun*
&iones differentiandi ; feu incrementa vel decre-
menta momentanea varxabxhum in- funéhone exi-
ftentium determinandi,

19, Calculus fluxionum vocatur ab Anglis, qm

y,g. g, nobis eft differentialis, Concipiunt illi punétum ¢

fluere, motuque {uo re&tam quandam < C defcri-
bere.. Celeritaten puncti, quam in quouxs linex
loco

-
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esesies 15
loco ex. gr. in C habet, vocant fluxionem. Et
véftam motu puncti defcriptam 4 L appellant guan<
titatem fluentem,  Fluxionem. puncto fupra variabilenr -
{cripto defignant,  Sic x eft fluxio variabilis x';
quz variabilis eft ipfa quuntitas fluens, '

N a0, Diffesentio -Ht']ferentiale dicitur  differen-
tiale primum _differentialis primi. Ex, gr. 4 x fit

porro differentiandum.  Iftud faciendum effe fic
defignabitur: -J (dx),” Et attuale differentiale ob-,
tinebitur preefixa immediate, littera & ipfi differen-

~ tiali, nempe d (dx) =ddx, vel =d* x5 ve- \

rum 4 x* prodit , i 4 ¥ in Jx ducatur; in
ifto- enim cafu tantum & ducendum eft in x & 4,
quod mon obit munus quantitatis algebraice o fed nydum
Jfignum eff quantitatis infinite payve , facto prafigitur,
Ergodax xdx =dx*, Iam feu drx, feu-
dx* aflumas; utrobique habes infinitefimam fe-

cundi ordinis, hoc eft tam d* ¥ = =

o5 quam
! 1 .
dx* = —.
w 1
. v ) . I’. .
21, Quoniam dx = =5 & J*x, vel

; tam dx refpetu finitx quantitas

'dx’ = oo

tis; quam Jx2, vel dx dy refpectu infinite par-

~ vx primi ordinis dx, vel @ dx evanefcit, (per

n, 13.)

22. Concipiatur linea A4 C = x crefcere
infinite parva quantitate, qua erit illius differen-
tiale 5 fit heec infinite parva quantitas .Cn; fed per
hypothefim differentiale fimplicis variabilis ‘x, ob~
tinctur przfixa littera o, erit igityr Cz' = dx,

oo - Hine

Fig, g,

\
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Hinc refta x hoc incremento momentaneo aucfa
erit ¥ 4+ dx, a qua {umma fi {ubtrahatur ipfa va-
riabilis 2, liquet prodire x 4+ dax — x = dx.
" Atque iftud generalem legem fuppeditat functiones
qrascunque differentiandi, -nempe: Quavis in fun-
ttione wariabilis fuo differentiali augegtd}, fi crefeat ;
minuatur fi decrefcat ; fumma wel differentie fic invi-
cem alligentur 4 ut alligate funt in funllione wariabiles.
Demum  funtlio inde data f[ubtrabatur.  Refiduum’ erit
differentiale quafitum, .

23. Regulam inde eruimus afflumendo lineam
variabilem x; cujus idem obtineatur differentiale
fecundum hanc legem ; quod alioquin ex hypo-
“thefi notum fit, Quoniam vero duo reftangula funt
ut linea vetta ; & quavis fuperficies ad reStangulum ve~
duci poteft ; nec mon mutationes covporum per lineas ve~
Elas reprafentars poffunt ;. patet binc eadem allata lege dif-
Serentialia quarsmcunque funftionum poffe invenivi.

Dictis fidem adftruet DEMONSTRATIO,

Fig. 9. Sit reGangulum m#n, cujus latus ms = a;
mg = b.  Quod.in aliud m o auctis lateribus fit
nutatum, nempe 7 5 augeatur.quantitate sp ==e;
& m g quantitate g b = fcrefcat, Igitwemn=ab,
&mo="{a+e) (b+f) Vnde mn:mo =
ab: (a4¢€) (b +f) Debeant nunc duz retz
L & ¢ eam ad fe rationem dicere; quam ipfa re-
Gangula, erit L : 2 = ab:(a+e) (b+f)
hinc 2ab = L (a4e) (b+f). Etzt=L
e+ b+

alb i
@+ G+/)
. a '

Igitr @ : ape=b+f:

» quam quartam proportionalem

dicamus
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Le ,
dicamus ¢, Quare # = 7 Vnde 42 = Le,

Confequenter L : # 2= 4 : ¢.  Sed etiam eft
L:t=mn:mo. Ergomn:mo=1"V:c
Scilicet duo rectangula, funt ut duz reéte.

Porro cuivis folido @quale prisma -retangu-

lare conftrui poteit.  Iam prismata redtangularia

funt vt facta ex reGangulari bafi in altitudinem,
Sed rectangula ex nunc demonftratis funt ut re-
&x; ergo folida duo erunt in ratione compofita
iftarum re¢tarum & altitudinum ; hoc eft rurfus ut

redtangula; confequenter ut rectz,

24. Calculi differentialis cognitio in eo fita
eft; ut quamcunque fun&ionem propofitam dif-
ferentiare {ciamus.  Atque iftud fequentia doce-

“bunt problemata,

25. Invenive differentiale ax.
Formula d (¢ ) = adx.
DeMoONST. -Quoniamr # eft conftans, nul-

" lum differentiale habet, Ideo tantum variabilis x°

fuo differentiali augeatur.  Erit & + dx; quia

- vero per @ variabilis & in functione multiplicata

eft, ctiam x -4 Jx per @ multiplicetur: habebi-
mus ax + adx; inde fubtrahamus funétio-

nem datam ; erit ax + ady — ax = adx. .

Q. E. D, ' Si variabilis'x decrefceret, funétionis

a x differentiale cffet — — o x.

26, Invenive diffeventiale funttionis Xy,
Formula 4 (xy) = »dy + ydx.

DeMonst.  Augeatur a fuo differentiali, -

& y etiam. Erit X -+ dz, &y + dy. ‘Sunt
. : B autem

PRS-
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autem in functione variabiles invicem multiplica-
tz; igitur & fumme hz invicem ducantur, Ob--
tinebimus fatum =x y 4 xdy+ ydx +dxdy.
Inde fubtracta functione ipfa xy; manebit x dy
+ydx + dxdy, Sed dxdy eft infinitefima
fecundi ordinis ; ergo refpectu infinitefimarum pri-
mi ordinis evanefcit (per n. 21.)  Quarc quzfi-
tum differentiale crit = x dy + ydx. Q.E, D,
Ex attentione -ad differentiale hoc inventum,
eruitur regula generalis fa&tum duarum variabi-
lLium differentiandi, nempe: Variabilis prima mults-
plicetur per differentiale altevius 5 buic fallo addatur, (i
creverit variabilis prima). Subtrabatur (fi decreve-
tit) faftum ex waviabili -alteva in differentiale prima.
Itaque differentiale % # , utraque exi'tente
variabili, ‘& % decrefcente erit: 3du ~ ud 2,

Ve ~.

27, -Diﬁkrentiare XY
Formula 4 (xy2) = ¥ydz 4+ x2dy
+ 9% dx. ‘ )
~ DEMONST, Quaevis'fun&iocompoﬁta poteft
poni zqualis fimplici ; quia refpectu magis compo-
{itee femper pro fimplici poteft confiderari, Itaque
fitx y=w. Eritxyz=uz &d(xyz)=udsz.
wadus fed xdy +ydx = du.  Subflitutis
jam valoribus loco # & du; prodibit:- 4 (xy2z)

t = xyds +xzdy +yzdx. QE.D.

J Hinc patet differentiale facti trium variabi-

/lium obtineri : {i fafta ex fingulis dusbus in differen-

tiale tertia fibi addantuy ; dlud faltum erit negativum,
quod ingveditur differentiale decrefcentis wariabilis: f
St faftum quatuor ~ariabilium ; el pluvium 5 baud abf-
mili modo ejus diffeventiale iuvenietur,

23.
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28. Differentiave quantitatem X*,

Formula 4 (x?) = awdx. .

DeMoONST. ¥ = x & ; igitur d (x?)

=xdx + xdx, atu addendo = axdx

Q. E D.

~ Pari ratione d (x?*) = 3 x? d x.. Nam
xt=xxx, Sedd(wxx)=xxdx+xxdx
+xxdr=3xxdx, =3x*dx,

Sic etiahd (x*) = 4x8 dx. :

-Habemus igitur Regulam generalem, vana—
biles exponente affectas differentiandi, nempe:
Exponens “variabilis fiat coefficiens ; - ipfa wero variabilis
exponentem uritate minorem acqmum‘ per dgﬁ‘crmtml:
varsabslis multiplicetuy, ‘

Ergo in genere d(xm) = 7 g —1 Jx.

Et d (amyn) = my’ xm—1 dx +

namyr—t.dy.

. 29, LEMMA. Quavis quantitas exponente megas
tivo aﬁ‘eﬂa, eft wqualis fraflioni, cujus numerator eff
unitas , denominator vero ipfa quantitas data esponentem

1

xm

- DeMoNsT. Quantjtas negativa oritur, fi

_pofitiva ex nihilo fubtrahatur, — Igitur — m =
0 — m; hinc y=—m = xo—m; fed ubi eft expo-

ncnnum fubtractio , 1b1 eft potentiarum cJusdem
XP

radicis dmf o~ ergo X0~ P Coufe-— _

. xe
quenter; y—m x e B U B

.
F=m=—-. QE D

xm : - / .
Ba S\

S e e S
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Ne affumptum a° = 1; negotium faceffat
tyrénibus. Sic demonftrabitur : -;— = r; nam
fx*a&io numeratorem zqualénihébens denorminatori
xquatur unitati, Praterea etiam -3:- =x% Nam

fi potentia per potentiam ejusdem radicis fit divi-

- denda, quotus eft radix exponentem habens zqua-

lem differenti cxponentium diviforis a dividendo, '
x xr . X
Sed —=—, Etx — 1=o0, /Igitur —=x°%
S x o xt x(

| . x . p
Cum vero {it etia -=  FEitac=1, QE,D.

T
Iam i x—m» = o Et m eft exponens

indeterminatus ; poteft illius loco etiam fraltio po«
: : EO |

3. 1 ° — i —h- — gt}

ni; Sit ex, gr. m = §. Erta” *=—7

1 &2

At v\x.

30, Diffeventiare Y ¥ - , \
o dx.
~Formula d ([ &) = ==

DemansT, Quzvis radix ex guantitate ex-
trahenda , exprimi poteft per exponentem fra-
&um ; fi exponens potentiz fit numerator , expo-

~mens vero radicis agat denominatorem.  Igitur

Yx = xi'. Ism. (per num. 28.) 4 Cx%)
1 T I

27
Ergo
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N 3. dx 4

‘ —iF x x :

: 50 1 dy=—=—7. QED
am | Ergo 3 # 4% " 4 2V x ’
. A . .
g ALITER: Sit &% = %3 enit # = 8?; &

' ' x : 2
m  Jy = 2zd%; unde z‘—z': dz.. Seda=x%;
o dax -
3 Igiter —— =da=d (\[‘ x). Ve ante,
b, 2V ¥
. 3L Dgfkrentmre\f('x‘y-*-y)

Formula: d (\f° (Vy + )
xdy+ydx+2ydy -

2V (y+y) . N
- DemonsT. Y (xpr+y?)= (xy+y’)’ hlh

' ~ jus vero differentiale eft (perprec) L (xy+ y‘)-’ '
b ¢

x(xa’y +de-!- 2y dy). Sed (xy +y2)—*
I L ' :
= -, Ergo differentiale” quafitum -
(ey+3°)"

ﬁ xdy+ydx+2ydy xdy+ydx+2}'a’y

T st 2V G

' ALITER. Ponaturyf* (x 'y + 13) = 3. Erit
d(\xy+y*)) = d=. Et primam zquatio-
nem quadrando: xy +y* = z2. Hanc differen-

\ tiando: xd}¥ +yd x + 2y dy=azda Vnde
xdy +ydx +aydy -

\ T am = da, Subftituendo va-

) =

xdy+ydx +2ydy
L 2y (xy+72)

' l\: = f"(\f(xj-l-.y‘)). Q E. D, |
\ A o ‘ . Hinc -

! lores zquales. ) Erit
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Hinc exiftit Regula fun@ionem ‘tam cample-.

Xam quam incomplexam, figno radicis quadvatica
affectam, differentiandi; Inveniatur differentiale quan-
sitatis fub figno radical; pofite ; hoc per duplam irratio-
nalem quantitatem datam dividatuy, :
32-  Differentiare [ a.

 dx

Formula: 4 (x;‘ x) = ——-»s—-.v "

3V x>
Demonsr.  Sit .\sf‘x =2 Eritd (\;" x)

- =dz, & x =2%; hanc zquationem differenti-

ando habebimus: 3 — 32* dz,  Vnde —

= d3z; fubflitutis valoribus xqualibus, prodibit ;
dx s
s T =d({x). QE.D,
3Yar | |
| dx

- 4
Pari ratione invenictur d(Wa)y=—,—.

~ d ' d
d C\‘/“x) = "'-ér—'; J(\?‘ x)=“rx~-
. svx& 6\[“”7

 taque tenenus Regulam differentiandi radices
qQuadratica altiores extrahendas e variabili primi
gradus: Differentiale variabilis dividatur per faltum ex
exponente vadicis in yadicalem datam elevatam ad po-
tentiam exponentis unitate minoris 5 quam fit exponens
radicis, - '

AE S
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om le' N . ) .”' 7 - -
. dral:iu 33 Differentiare \ x*,
le qua- e 2 _ - m:". ‘
imti. Formula: (Y am) = —x 0 dx
. R .om '
, DemonsT, V am=2x7; hujus vero dif-
. m 7 e - i .
ferentiale eft: % = “dx. QE,D: |
3 2;4- Dif‘erentiare _j_f_. -
yr x)t A ) ’
A S : .
dr ! Formula d(-‘-y—> = Z-)-,. -
,z—‘ & . a a » .
es | ] DEM.ONS‘I’. Fiat primo y 4 4y. = Et qia
| 9 per a d‘}viﬁ'un eft, etiam hzc fumma dividatur.
; . Y+dy )
- Erit ‘y 5 5 inde fubtrahenda functionem: da-
. . y+dy—y dy .
- tam hvabebnnus ~—‘—-—7—- == (per n, 32.?
N QED. - |
’- | ALiTER, Sit L %3 erit y = a2, - Dif-
4 a n— J y — L 7
ferentiando utrumque merhbrum obtinebimus: 4 [y
s s ’ :

‘ d
i = adz. Hinc -}2 =dz. Vtante,

35+ Differentiare "Z_—

. Formula:
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: Cxdy—yds
v T Formula: 4 C—J-,-') = '_’f__._y___)_!__._r
v x x?

g

DrwmonsT. (pernum, 22,y  Erit 4 (%—)

= M -2 > reducendo ad commu- '
x+dx x N
} , nem  denominatorem frattiones, habebimus
XY+ xdy —xy —ydx xdy _ ydx
x? 4 ydx =T +xdx’
Sed x dx infinitefima evanefzjt refpedtu x> finj-
) xdy—ydx

.. . Y
- te quantitatis, Igitur / ("—
1 8 X X

QED -

Formula hze fuficit Regulam variabilis per
variabilem divife differentiandz : multiplicetur divifor
per differentiale dividends ; ex fafto fubtrabatur f4-
Eum dividendee in differentiale diviforis dufte ; &3 diffe-
ventia per quadratum diviforis dividatur., -

¢ e - . I - . i
ALITER =y x— gitur a’( ’_

‘ * - @y _ydx
=x.-ld:}'-.-_yx~—- dx= x T
xdy — ydy
= J ')' x- Vt ante,.
x’ - ) .

. a
36. Differentiare ol
, 7 a —ady
Formula: 4 (—) =——.
‘Nx J X3

DeMonsT.
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DeMoNsT, - Ponatur 7 = _y Erit
~a’< ) =dy. Eta = xy; quxa 2 conftans
eft, ejus differentiale erit nullum, Hinc o=xdy

+ydx,&~ydx—xdy Demum
x
....L = Subflitutis valoribus zquahbus

adx
crit — = (——) Q. E, D.

ALITER. Ex pracedenti paragrapho 1dem
eruitur; ponendo y = 4, confequenter dy = o.
xdy—y dx —adx

. x? XY

Hinc formula

*

x
. 87. Dj ﬁrentmre 3

Formua: ( )

2y% xa’x-—3xﬁyﬂdy
e )
2
DEMONST Sit — =2 Eutd( )
y.

=da. Et x1=yty; undezxdx—3zy’dy

+3%d2 Porrozxdx — 32y*dy=ytdz.
Loco % ponendo valorem zqualem ,  erit

2 'z(] .
zxdx-— &u_y’dz.

Y3 dy — s ys d R
2y8 x‘x ggxgy y:y’dz-.'

Vnde 2y xdx — sxzya Jy__dz-—d x‘>
) yG . y



- utrumque membrum habebimus -
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Attendentem minime fugiet : ifthic quoque regulam
(numero 35. datam) obfervari.

» 2 + xZ
38.- Dgﬁrmtzare a [/ <

Formula : d Ccﬂ;‘_tx_"_)>
_ adx ay' (b + x?) dx
RIGETD x? '

| RARGE LS,
Demonst.  Ponatur - =9

~ : x N N

Hinc erit " (0t 4 2*) = —;2' 3 differentiando
N 2xdx
2V +x2)
xiy-l-ydx 2axdx '

- —ydx

a 2 V(4 +x2)

=x a’ 9. Loco y ponendo valorem qualem :

2axdx ay (b2 + x2)

N ) po dx.—..xa’y,

N 2axdx aV‘(b‘ + x)dxy
‘Quare x\f(ﬁ’+x") e

d Scu- adx _a\[’(/ﬂ-i.xt)dx

=4 NG v

b2 2
= dy=1 J_L:_Q) Q.E. D.

- 39. Diﬂ"crentiare [/ 3‘.

Formula:
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p— a’
Formula: 4 (j/—) ydx —x y
2yt V“ "

' X X
Dmonsr. Sit [/— = . Erit 3: %2,

_yﬂ’x—xd

& (per n. 35)

e
Akl ”‘]y—dz_do/——) Q E. D.
K A

4o. Formule hueusqué p’ertré&atz, etiam

valent in calculo differentio - differentiali, feu in -

differentiis fecundis inveniendis ; modo differentia
fecunde (idem . fentiendum de aliis ordinibus) per

y—zza’z. Hinc :

exponentes wote differentialis 4 exprimantur.  Sic .

ddx, feu d» x eft differentia fecunda variabilis xs

d3 x eft tertia.  Sed differentialia altiorum quam-

fecundi ordinis, raro adhibentur. ‘ Dabimus unum,
atque alterum hu]us calculi exemplum,

41,  Invenive fun&zoms Xy differentiale fe-
cubdum,

+yd*x
. DEMONST. Nam differentiale p p1 imum fun-
&ionis xy, et ¥dy + ydx. -Et hoc rurfus
(per n. 26.) differentiando habebimus x 42 Y

+ dy:lx+ya”x+dydx 2a’_ydqc+xd¢_y

+yd*x. QUE,D.

42, Dnvenive differentiale fecumlum ﬁm&tomr x2,

Formula: d* (x*) = 2xd> x 4 2 dx*.
Ds-

Formula: 42 (xy) = zdydx 3 xJ’_'y '

N\
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Demonst. d (#2) = 2xdx. Tgitur por-
1o differentiando hoc differentiale (per n. 26.) ha-
bebimusd* (x?)=exd* x+2dxdx=2xd'x
+ 2dx.

, 43. Osserv. Dum differentiatur aliquod
differentiale, plerumqgue differentiale unius varia-
bilis primum haberi pro conftante. Quod ipfum
calculum facit breviorem.

, .
—— I
— n - - .

VSVS CALCVLI DIFFERENTIALIS,

IN SVENORMALIVM RT SVBTANGENTIVM, NOR-
MALIVM ET TANGENTIVM INVESTI-
GATIONE.

ig. 44 Sit curva quacunque S M; ejus axis SN,
" tangens T M in puncto M, femiordinata
M P; huic infinite vicina mp. Ducatur My pa-

rallela axi, quz erit = Pp. Sed S P = x; igi- '

tur Pp = Myr=dx; EMP=rp =4y Ergo
m 7 differentia infinite parva inter M P & m p erit
=dy. Sit M N perpendieularis ad T/, FEuit
M N normalis; P N vero fubnoymalis, - T P
Jubtangens. ‘ o i
Iam ob fimilitudinem triangulorum My m,’
M P T (eft enim M » parallela ad 7" P) habemus
mr (dy) : Mr (x) = MP (9 -

. d
TP (y——)
. dy

Et' quia MP eft perpendicularis ex vertice
auguli TM N recti ad hypothenufam 7"V de-
' . S ’ miffa;

[




por-
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(um
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mni'ﬁ, elt eo ipfo media proportionalis inter fe-
gmenta hypothenutz TP, P M. ’

Igitur TP( : MP(J)::PM@):

_PN (y——z). Et'ob anguiﬁm ‘TPM re¢tum

. ’a’x’
eﬁ TM= |/<y + )

y2
ccm_d \/"(Jy + dx*).
“Pari ratione  in tnangulo MPN g P re-
)24y
&angulo, erit M N= |/< + Tra
———V(ix’+dy) | -

dx
D l/ (‘yc Al +5” )extrahendo acturadi-

" - Ttaque pro fubtangente cujuscunque curvz

etiam fi 7'V non fit axis; modo My fit parallela

diametro TNV ; habcbunus formulam differen~

txalem. )
- | dx-
Nempe fibtangens TP y

d
Sulmormah: in axe: P N = 2 2 xy.

Normalis in axe terminats M N =% ;x x

NV @x+dy),

. ngz;r ‘



Fig.
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Tangens in axe prolongato teyminata TM= 73'-

:V(dy +(1x )’ !

Vfus harum formularum in eo conf it ut
zquatio ad curvam data differentietur ; & differen-
tiata fic tractetar, ut in uno membro una ex alla-
tis formulis. compareat; hoc ipfo in membro alte-
ro cjus determinatus valor pro curva data exhibe-
bitur, Exemplis do&trinam illuftrabimus. *

45 Invenire i circulo . I.. _/ubtangente,rﬁ 5 IL
Jubnoymalem ; I1L. normalem ; IV, tangentem,

Resor. Sit circuli diameter $ N = 4.
SP=x,eait PN=a—x. MP= =y Et
ex natura circuli y¥ =2y — x2, Differertiando
hanc zquationem habebimus 2 y /y = ad x
~— axdx, Igitur I. Quia formula dlffelentxahs

. ydx-
pro fubtangcnte eft —0737 ,  ut maneat m,proxx-

ma zquatione in uno membro /& folum. = Divi-
damus utrumgque membrum per @ — 2.x.  Erit

- 2yd
222) a’x 5 multxphcemus utmmque mem-
A—2X.

o g 2 y* X |
brum per y, & d4vxdamus per dy; erxt PRy

p—

— J’d..y_‘ Dividendo numeratorem & denominatorem

s b ‘. Eri 3’ __J'”'x £t
ptl@l membri per 2. ,tT._x : Jy |

. 2 . : ’
igitur in circulo fubtangens tertia proportionalis ad

differentiam inter radium & abfciffum; & ad fe-

mi-
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miordinatam ex pim&o contattus ductam. Obti-

nethr vero geometrice haxc tertia proportionalis,
i ducto ad / punctum contactus radio C M, cx-
citetur ad eum pexpendlculans indefinita, diame-
tro enim, usque dum ei occurrat, prolonga~
ta habebitur P 7" fubtangens : ﬁquidem eft

\PC' MP= MP PThoceﬁ——-x J_y

L _pr
s

2

' d .
‘u. Et mquatro ad circulum differentiata et

L dx

aydy = adx — zxa'.xx - Igitar
aa’x-—zxa’x&yzly a

....__x

ydy 2 Jx.a.

= PC' nempe fubnormalis in circulo eft dxﬁ'c-

rentia inter radium & abfciffam. |
~ TII, Normalis expreﬂ' o dlff'erentxahs eft ;,‘Z; x
V(d¥* +4dy*). Et in circalo
adx—2xdx dx2(a—2 x)*
d y= » hinc d y =
2y 4y*

fubftituto hoc valore in formula generali habe-

bimus pro circulo »nmmalem = _,~.7;_ x
- dx

y(4 e ) =4E

. dx =
Czry 4 (a --ax)‘> ydx
= ‘dex

. Pro I'ubnormali difFerentialis formula eft
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\"(4}' +(a—2x) ) Sed4y' = 4ax
‘7'41‘" &Ck—-Zx)’=az—4ax+4xz
' d
Igitur in circulo normalis = —‘2’-—{-
' ydx
aydx

YVgar—gx*+a*~—4ax+ 4x=)=2:ydx

a v ,
= —2—'. Scilicet normalis in circulo eft radius.

IV. Haud abfimili ratione invenitur tangens
circuli, nam differentialis expreflio tangentis eft

~—— V’ (dy* + dx*). Et aequatiovdiffercutiata

ad circulum 2ydy = adx —2xdx. Hinc.

222y 42 9y"
il =dx. Quare(a___zx)z d x?;
addcndo utrique membro 4 y2. Erit
d 2 _.4_2__0_’2__ = dn2 d x2
y* + (2 — 3 x)* ) + adx. Scu»
2 — 2 J 2 .
dy (a 2x) + 4}’ J =07]2 + dxz
G-
+49%)
._\f dy* +J x’) 5 multlphcando utrumque mem-
brum per _%y— crit : ;—z;}x

V((a—2x) +4y’)é-‘ 7, V@ +dx’)

a . .
feu ____y;_; -—tangentx Igitur 2 —2x-:

a —

&= =y : tangentem; dividendo primz rationis ter~

minos




ngen

il

Seu

) ‘

fP=x— 121,

a a

mi'n'ot p’cr 2 ;~~erit -—;- — ¥ =y tan- -

gentcthz nempe tangem eft quarta propornonahs,

ad fubnormalem, radium & femiordinatam,

46. Im:emre I. jubtrngentem, 1L jubnorrmlem m A

parabola, *
Resor. I Si parameter palabola: dicatur

. 4, crit =quatio -ad parabolam y* = a2 x; diffe-

2 J
rmtxatacrxf:’.ydy..adx, hmc-—%{?:dx, &

d ' d d
2_31” J y a' X3 demque i‘—y—-a,yy =7 (jyx.
29* ydx 2ax

feu —— 3: N —-——’.——.
eu ” —'»dy' Sedy ax l'gxtur rel

ydx o - ydx ’ " ‘
= dy cugx =" @y nempe m paxa ola fub-
tangens eft zqualis duplo abfcxfﬁc. R L

Quare per pun¢tum M in pmabola datum,
ducemus tanigentem, {i ex A/ demifla [cmxoldmata,

axem A4 § prolongemus usquein Z7ita, utfit 4 7,

= A P. Re&a enim 7 M erit tangens defi dera—
ta; quia 7P = 2.4F = gx &t fubtangens.

I Cum fit zydy = adx in parabola,
; 4a’x A yrly azi.r ~a -/
dx . zzlx el

go fubnormahs PN in parabola acquatur dl[n:ldlo
parametri, nempe cft conftans. - -

L Quia AF=1, (per elem, Se& Comc),
Git 7/ &= x 3 La. Et 4 P = x, igitup

Erlt_yd;y

T4 Confequentcx f Nzyata
¢ . 4;' '

Ee

Fig, '
13,




+ia=x 4 La; fMecft ciam = x + L a
kaque 7f'=fM=FfN; nempe punéta 7, M, N,
funt in peripheria circuli centro f, radio £ A de-
feripti.  Ergo circulus di¢to centro ‘& radio de-
fcribatur 5 & axis parabole ultra verticem - prolon-
gatus indefinite fupponatur.  Obtinentur puncta
7 & N, quz conjun@ta cum M, dant 7" M tan-

s

gentem, & N M normalem,

- Poroob f T = f M, eftangulus f M T
=FTM. Etfichk ML axi, AS parallela, et
eam'LMG = fTM, Ergo quoque’'L MG
=fMT. Quare fi LM eft radius luminofus
axi parallelus, in {peculum parabolicum cavum
(quod rotatione arcus parabolii .7 M, circa pun-
éum fixum 7 generatur) incidens,, L MG elt
angulus incidentiz, & f M 7" cum illi-fit acqualis,
eft angulus reflexionis. Itaque quilibet radius lu-
minofus fic in fpeculum incidens, reflectitur in
pundtum f, in quo quia omnes conjunéi uftio-
‘nem procurare poffunt; ideo puncto huic foci no-
wen eft datum. ’

R Invenive 1. fubtangentem 5 11, fubnormalem

:ﬂl eul})ﬁ;. N ' ’ . . ’
’ RESQL; 1 Sit in 'ellipﬁ axis - ina;dr

= g, parameter = /. Erit zquatio ad ellipfim

o x* . o

P =ba e —, fngyr=abx—ba®s

differentiata : Q.aydy‘. =abdx — ztx:?x, &

ab—ajy ....d.;t._Vnde. ab = 2bx .

=2 | - .
= Sedalyr maba = bar; 5@
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20bx =~2bx? ydx
ab—2bx  — dy
dendo numeratarem & denominatorem pr um mem-
L ax —xt
bri per 2 bioeie TE fubtangentx; hine-
a—x

[ .

.2 ‘

= fubtangenti, divi-

a

;——’-x:x’:a-.—x: TP

ax —x%

Iam fi =PT. Etx=4P

2

. ax_xﬂ " 4
Exie ;——-—-x...PT_..AP ATy

a-
hoc eft reductione ad communem d'enominatorem

B == X2 QX 4 X2

ingtituta : - - =A4T
o ,\. A== % ' N
S R
2
ax a - a o
= ~— , Vndeelt ——px:—=x:A4T.
2 ' 2 2 R
— , \ ‘
2

‘.Scd-——x-PC' —-...AC x = 4P

Igitur PC AC = AP : A T. ,Qma vero
{umma “antecedentium , eft ad fummam ‘confe-
quentium, ut quilibet antecedens ad fuum confe-
quentem.” “Ideo . habemus etiam #C + A F :
dC’-i-AT:PC AC. Hecelt 4C: TT
Ga ' . o=
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36 ‘ | L R |
=PC: AC Alternando A4C : PC= T'C:
AC, Iwertendo PC:- AC= A4C: TC

Quaie, fi detur punétum M, per quod du-
cenda {it tangens, demittatur ex eo femiordinata
M P, & quratur tertia proportionalis ad P C di-
ftantiam f{emiordinatz 2 centro, & .4 C dimidium -
axem majorem ; demum prolongetur axis usque in
T ita, ut fit C T =qualis huic tertiz proportio~
nali inventz3 habebituraggregatumex 77£ & PC.
Proinde habita fubtangente 7" P, jinis punctis
7 & M, habebitur tangens 7" A/ defiderata,

Ducantur ex utroque foco ad punétum cons

tactus retz F M, f M prolongetur f M usqué

dum fiat GM = FM, Dico angulum 7 W F
= TMG, nam {i hi anguli non =quarentur,
reta 7'M non eflet tangens; conftat enim per
bifectionem anguli’ G 44 F ctiam tangentem de-
tetminati, Porro fMS = TM G cum fint
verticales, Ergo TMF = fM S,

Quapropter i £ M (idem fentiendum de aliis
ex f ad quodcunque punctum cllipfcos ductis re-
&is) eft radius luminofus, vel f{onorus ex uno fo-
co in fpeciilum, vel fornicem ellipticum incidens,
refleetur per M F in focuti alterum.  Hinc li-
quet quare puncta F, & f foci vocentur,

1L 0bv20;)&'(]y = abdx — zéxjx.
- . abdx—2bxdx ydy
H'b __a . \ » o
| a emlisyd’y_ - Py R &»‘dx- _

-05-'-:.2'53’
2a

Wt

= fubnormali P, Inde 243
. - N ‘
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b=a—2x: PN. Seu antecedentes per 2

a .
dxv:dendo @ : b "y —-—x: PN,

48. Invenire fubtangentem in hyperbola,

Resor. Sit 4 B axis transverfus = a,

Aparametcl o= b crit zquatxo ad hyperbolam

=abx+ ﬁx*. Mlius dif-

ferentlale 2ay<ly..aéa’x+ 2bxdx, hinc

'.aaycly 24y  ydx
ab+21tx_¥x & ilwzbr dy’ (e
2abx +a2bxr o
ai ey = ﬂfbtan._ P T concinnius
ax + x? o a
ats =PT hidecﬁ‘;—'a4r‘ : x“:afx:.
PT.
ax+4xt
Iamﬁ sy T =PT, &x-..AP erit
a
—
ax +x2;.
TR '——x..—.PTs—.AP.: AT, fen
X v
= —arn
2 AY
atx
—

. : -  Quare

Fig.
14.
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s Ca Co
Quare—2~~ + x 5 =X AT; hoc

et CP: C'ﬁ'; AP : AT, Quiaveroeft diffe-
rentia antecedentium, ad differentiam confequen-
tium, ut quilibet antecedens ad fuum confequen-
tem, Igitar et CP — AP :CH _ AT
=CP:CA4 Hocet CA: CT=/CP:
C A. Alternando CA: CP= CT : CA.
Invertendo CP: CA=CA: CT. \

Itaque, ut per punctum Af datum tangens
ducatur, quezrenda eft ad CP; & C A tertia pro-
portionalis ; huic inventz fiat zqualis C 7", pun-
&um 7, cum M conjunétum dabit tangen-

tem.

Hinc etiam elegantiffimam hane wveritateny

difcimus: omnes tangentes occurrere axi transver-

fo infra centrum C, ~ Nulla enim tangens ad cen~

trum hoc pertingere poteft przter afymptotum,

Ponatur 47 C efle tangens; crit ob triangulum ad

P reGtangulum ; M C* = MP* 4 CP*, feu

loco C P valorem =zqualem ponendo; M C*
2

[a -
=MP*+<—;+x . Deinde. M C* quadra-

tum hem_pe tangentis , eft 2quale quadratis fe-
miordinatz , & Tubtangentis: 44 C* = M P*

X X2 2 ’ "
+ _...-.'..,.,_‘. . a 2
atx v Quate | T-i-x
. > A

- . ¢

_ ax 4 x2 2 . L
T ) Extrahendo r'admc.m qua- ,

dra- .
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L . : z! . A
A X X
ot dxgtxcag erit . A T . multq?h.
' o ‘ 2
diEC‘ . . a . az Sy rd
[veg ~ando per — 4 ¥, et — 4 4 x4 x?
fleg- -2 4 '
AT -' . at ' -
~p. . & ax 4 x*. . ‘Deniqu Y =0, Quod eftim-
04 -  poilibile, : o ‘
-/ : ,
. L S Ax4xt
. Cum fit ﬁ:btafgens in hypelbola}..—.T perapt
po o E T
pu C - | : 0
gerr Si pomatur & =0, fubtangens evadet = —
o 3

tem == o, Nam eft divifor ad vd;’vjden,dum ut

v . : o ‘ 0
o - unitas ad quotum. Igitur 4 : 0 = 1 : -
on~ ; :
)
m, - Ergo — = o. Itaque fubtangens nulta eft ;- fi ab-
B a ’ : : '
ad . . o
feu {ciffa nulla,  Confequenter tangens verticem hyper- -
" bolx transit. Quare crefcente abfeiffa crefeit fub-
~ tangens, & tangens in puncto magis ad centrum
2 accedente occurrit axi. Iam vertex: hyperbola ma-
xime ab afymptofo. per centrum duca diftat, ergo
. - punéta hypetbolz a vertice remotiora, cref{centibus
3 . abfiflis refpondentia, magis femper accedent ad

‘afymptotmn:, prout eorum tangentium cum axe
concurfus magis accedunt ad. centrum.. .
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VSVS C ‘\LCVLI DIFFE RFNTIALIS
N
MA‘(}\!IS ET MI’\XIMIS‘ INVENIENDIS,

49- Si quautitas quzdam , vel ejus fanctio ad

certum  usque terminum crefcat, a quo

poxro defcendens perpetuo decr efcat. Qu:m priz

mum poteft locus ille, in quo maxima evafit; de-

inde ipfius valor, Tum etiam locus, in- quo eft

minima, ejusque valor, ~ Atque hzc dum fiunt,
" maxima vel minima queri dicuntur.

lllud imprimis manifeftum eft: q#od , ubi
quantitas evafit maxima, ejus incrementum momen-
taneum, {eu diffeventiale in eo termino fuerit nul-
lum; ﬁc etiam ubi ovafit minima,

Quare fadta differentiatione quantitatie de
qua quaritur; ejus variabilis differentiale ponen-
dum eft =o.  Quodfi hac methodo zquatio dif-
ferentialis reducatur ad terminos finitos, maximum,
vel minimum exhibebit,

- A /
- - Accidit (ubmde , -ut dxﬂ-’erenuale variabilis,
 dum - ex crefcente incipit decrefcere, evadat refpe-
~&ive infinitum, Ex quo infertur, non femper
- differcntiale variabilis , cujus maximum vel minimune
‘quaritur, ponendum efle = o.  Sed fi pofito
hoc differentiali aeqmli nihilo, nihil ex aequatione
. pro maximo vel minimo-elici poffit, pom illud dc-~
bere zquale infinito = 00,

Fig. | Sit enim curva A T M (n. 1) axi AM
o3 cavitatem, & curva gep axi /M (n.2,) con-
n. 3. Vexitatem obvertens, " In figura (n. 1.) liquet ma:

ximam femiordinatam effe 7C.  In figura (n. 2. )
mi-

‘

e
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minimam efle # ¢ ; utrobique vero tangentem R S .
effle axi A4 M parallelam. In cafu vero tangentis
axi parallele , fubtangens eft infinita. ¢gitur
ydx P A
oy = 00. , Iam fractio infinito xqualis-deno-

a
mwo minatorem habeat nullum, eft neceffe. Ergod Y=o,
0 & quia y et = 7'C = ¢ finitz quantitati, erit
- dx = oo refpective.
of : .
L, In cafu. tangentis axi parallelx, eﬁ‘ quoque.
fubnormalis nullas q_uare‘lzd—x‘z = 0. Sed fratio -

i nihilo 2qualis, denominatorem infinitum habere
i dcbet; ergo’dx = @O refpestive. 'Et quia dy
ul non cft finita quantitas, debebit efle 4y = o.

Confequenter , cum maximum Vel minimum
de alicujus quantitatis ‘quzritur, ejus differentiale modo
M- infinito , modo nibilo xzquale eft.  Et hic quidem
it differentiale {femiordinatz eft nullum, abfcife in-
s finitum,

Didis exempla lucem afferent,
i, o ) .
E 50, Invenire maximam femiordinatan in ellipfi.
or - . -
. ~ ResoL. Acquatio ad cllipfimeft ay? =2l » Fig. -

— bx:.  Ejus differentiale 22ydy = abdx "3
— 2bxdx fed in cafu minimz , vel maximz fe-
. miordinatz dy=o. Igituro=abdx _.2bxdux,
- unde 2bxdx = abdx, per dx dividendo,
Eiit 2 b » = ab per 2 4 dividendo , erit

. a .
X = —
2

Itaque
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- Ttsque locus in ‘quo maxima- eft {emiordina-

. a
ta, eft centrum : nam abfcilla —— cft diftantia cen-

e

tri ellipfeos a vertice #C. Si jam velimus valo-
rem maximz femiordinatz refcire , in xquatione

" ad ellipfim loco x ponamus valorem ejus inventumn

a . arh - ar b 2a*b—a2)
—, Erit ay* = —_— —
2 2 4 4

ar b alb ad

= Ergo y* = 4,&}3:: —.

: b
Sed (per element, {ect. con.’) l/a—; eft dimidius

axis conjugatus ellipfeos C D, Confequenter ma-
ximna femiordinata i ellipfi eft dimidius axis con-
jugatus. '

AuTEr. Quiazaydy=abdx—abxdi,
2aydy d

Erit etam —— “—— =

In cafu vero ma- .
ab—o2bx

*_ ximi vel minimi, (per przc.§.) dx=00. Igitur

2aydy

,_ — 00. Quare ab —20x = o,

ab~—2bx"

a ,
Hin -—9:— = x, Vt ante,

‘ Fodem modo invenietur in circulo maxima
{emiordinata zqualis radio. In byperbola vero mi-
nima femjordinata zqualis dimidio axcos conjugati 3.

v a
ejus enim locus deprehendetur - = Li-

§ [ . , .
nea abfciffarum exiftente axe transverfo, & vertice
hyperbolz, earum origine. ~ Quod fignum_ab-
’ fcifla

v
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- {ciffz negativam oftendit, eam ultra verticem in

. plaga nempe huic oppofita, in qua abfciffz erant
pofitive fumendam cffe.  Minimem autem hoc lo-

b- co {emiordinatam haberi dixi: quia inter duas hy-

m - perbolas conjugatas axem conjugatum dati @, pro

transver{fo habentes , majores in infinitum funt

st - poffibiles.. ‘

5Y. Datam reftam mn = a, ita fecare, ut FiGH-
reftangulum ex fegmentis fit amnium maximum,

Resor, Secetur quomodocunque reéa m n,

lns mCht Crn=x; etit mC=a — x. . Et re-
- &angulum ex his fegmentis erit 2x — x*; po-

i "namus hoc rectangulum zquale quadrato femjor-

o ~ dinatz alicujus, quam maximam quzri concipia-

mus; gtque idem in refolutione f{equentium pro-
\ blematum nobis ex ufu erit. Habdbimus igitur:
W gx—xt = y*, differentiando: adx —2xdx
=29 d 9. Sed fi ponatur hoc effe maximum re-
Gangulum , vel maximam femiordinatam , cujus
‘quadratum rectangulo noftro affumpfimus =zquale,
erit /y = o0, unde adxy — 2xdx = 0, &

a

. adx=axdx. Denique F—;:x.

18

\ Y

~ Vt igitur reCtangplum ex fegmentis reétz

datz obtineatur maximum, debet reQa fecari bifariam
" Et re¢tangulum hoc ex fegmentis =qualibus crit
i quadvatum , maximum inquam nON minimum ; quia re
&angulum hoc quadrato minus eft poflibile, nem-
pe fi ponatur unum fegmentum efle finitum alte-
TU infinite payvum ; rectangulum tum erit infinite
parvam ; atque ideo noftro quadrato ﬁ;nito minus,

e

3

. : ’ “Himre

e e e e e e
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Hinc fequitur: inter rectangula ifoperimetia
capaciflimum efle quadratum, Nam fi recta data

quomodocunque fecetur, re¢tangula ex ejus fegmen-
tis fingula habebunt perimetrum duplo cjusdem re-

&g =qualem; ergo ifoperimetra erunt.

1

Quoniam vero ex elementis Geometriz con-
ftat: circulum capaciorem cffe quadrato ifoperi-.
metro; multo capacior erit cxrculus quovis re-
é‘tangulo ifoperimetro.

Denique tyrones inde difcant: malé pronun-
tiari de \ magnitudine arex, ex magnitudine peri- -
metri; fiquidem reftangula e fegmentis ejusdem
retz orta zqualem omnia habent perimetrum,
minime vero eandem aream, cum maxime arex:
inter illa fit quadratum. Quod ipfis belli Impe-
ratoribus fcitu neceffarium monct Polybius lib, o,
ne videlicet cx ambitu hoftilium caftrorum de ma-

. gnitudine lllorum y hoftiumque numero conclu-‘

dant,

\ \

\

52. Datum numerum rvefolvere in fafores , wel
dats, reFfanguh invenive lateva, quorum fumma fit mi-

" qima.

-

Resor. Sit datus numerus = a » unus ejus
a

'fa&or ¢,  Erit alter factor = o’ Summa

. . 1
“illorum ponatur ®qualis femiordinatz y; habebi-

. a ' M . ) - -
mus a4 —= = 9; & differentiando zquatio-

. d. I
nem: 4 X — a_;—r = dy Si hzc famma eft

: minima
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- S&tor =

v

 ceaszecsaece ' '45’(

adax

‘minima igitur Jy =’o;~ &dy = — = o.-

2 T

v adx— __ 4
Confequenter 4 x = R Et x2dx = adx.

Hinc x* = a. D!\eniqlié ‘x = y a, Etalter fa-
a a  Yavya -
— G g S St i o )

- Ergo e numero dato radix extrahenda ef}
quadratica, habebuntur factores numeri 2quales,
quorum fumma erit minima,

ExeMr, Sit @ = 36, Erit’ \I‘\ a =6
Et 6x6 =736 lam 6 + 6 = 12. Sunt an-’
tem ommues factores poffibiles, numeri propofiti,
ifti: 1, 23.3) 4, 6, 9 12, 18, 36. Et4+9-_—- 3.
3+ 12=15% 24+1§=20. 1+36 :37.
Igitur manifeftum eft: fa®orum fummam prodire
minimam, fi fint zquales. .

Porro iftud quoque liquet: inter re&tangula
tjusdem arcx minimam habere perimetrum qua-

3

dratum.. ; :

§3. E pusflo n extra civculum dato ducere res
Ham ad peripberiam ejus cavam 5 qua fit ommium duci-
bilium minima, ’ I

‘Resor. Quoniam recta ex » per centrum
ad cavam circuli peripheriam duta eft conftans,
& rectangulum ex #din ny , eft xquale rectan-
gulo ex quacunque alia fecante, in fegmentum.
€jus inter punctum extra circulum datun '&_ pe-
ripheriam interceptum’; fequitur: invenienda eﬂ;‘
rectanguli dato zqualis latera, quorum f{umma fi

wninimna, .
’ Sic

/

g.
lg.
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.‘“

i

Sit igitur quefita reta n/=g. Sitnd=},
dg =a. Eitng =bxa; &ndxng
= * 4 ba. Confequenter latus alterum rectan-

b* + ba

guli huic =zqualis erit =

=np. Ponatur

. horum laterum fumma #qualis y.  Habebimus

_ b* +ba. e
zquationem: g 4 —— =9, Cujus diffe-

brdz —bads
zﬁ

= a’y‘ Sed

brd o 4 bada

%t i

2*ds =b*dgs +badz. Et 22 =} 4 }a
Adcoque eft, b : s =3 : b+ a. Nempe minima
e puncto # recta ad peripheriam circuli cavam du-
&a eft media proportionalis inter #d, & ng; feu
cit tangens circuli. '

yentiale dg —

dy = o ltaque d3 —-

Minima inquam: nam fit #f tangens, ducto
radio f¢, erunt #c4fe>nfi Sedfc = cg.
Ergo #n¢ + ¢ g> n f. Quapropter, cum # g major
quam 7 f debet n f efle minima, Maximam vero efle
ng, fic conficitur, eft enim major quauisalians;
cum fit pe+cs>ns Igitc XK net+eg>as,

At duéto radio p ¢ oftendetur #.d effe mi-
nimam omnium ‘ex punéto # ducibilium ad peri-

 pheriam convexam; quia #p + pc > nd+ dc,

auferendo utrinque iadium, erit zo > nd; eo-
dem modo nf > nd. Igitur #d eft minima,

54. Per punftum m, quod non fit centrum, in-

- tra circulum datum, ducere chordam omnium' ducibilium

miniman, - :

ResoL.
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2h REsor. Quia-fegmenta diametri dm, me Fig.
g data funt, fit dm = b, me =c; fit re®ta quz- 1.

tar fitagh, &mb =2; cumfitdm xme'=gm
f 3 : . (4 o ’
i xXmb, erit gm = e Coz}fequen_ter gb= %
g be R ' .
" + Ponamus hanc fummam ' zqualem 4,
1 . ) : . ) .
- ut in fuperioribus problematis, Habebiu:]us
' " ber o . beds
el 3+ o= Ejus . differentiale /% — "
=d y.. Eft vero ex hypothei /y =9, Ergo
beda
" ds = ———; wde 3* = br, &Kz =V be.
iind . . o
1 - Itaque m b debet effe media proportionalis
o jnter feginenta diametri dm & me, nempe per-
* pendiculanys ad diametrum , uti eft m s, Proinde
‘Tninima chorda per 2 ducta eft 5f, qu=z bifecatur
icto a diametro ; miuima inq’dam, nam diaméter de eft
g cliordarumn 1naxima, ut conftat ex elementis Geo-
ot ‘metriz. - : '
ofl ’
i Porro, quia minima chorda per m du®ta bj-
o fecatur, illa majores per idem pun&tum duétz ne-
" eeffario in partes eo magis inxquales fecantur, quo
5 magis excedunt minimam: fed plurimum excedit
I minimam maxima de; igitar ejus fegmenta d m,.
_0_" & m e maximam inter fe differentiam habent, nem-
' * pe dm eft minima re¢tarum ex puncto m ad pe-
. yipheriam ducibilium , s e vero maxima. Quad
i - cum Geometria elementari apprime ¢onfentit,
w o ' ' : ' ‘
Hzc
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Hzc commemorare ifthic placuit : quod in

“@lémentis Geometriz , qua tyronibus meis ex ufu

funt, non comparent,

55. E puntlo in axe pavabole dato ducere ye- ‘

&tam ad pavabolam , omnsum ducsbilium minimam,

Resor. Sit pun&tum datum Ninaxe 4§
parabole; fit .4 V data = 4. Aflumamus mini-
mam éffe V.V/; demiffa ex M/ perpendiculari erit
AP=x, PN=14—x. Confequenter VM*
=ax+ 0* — 2bx + x*.  Sit igitur sx
40 —2bx 4 x? =2%; erit adx —aldx
+2xdx =22d%  Hinc, quiadz =0, adx
+ 2xdx=2bdx. Eta+ 2x =125 Qu-

a .
rex = b — — - Iraque fi e recta data au-

feratur dimidia parameter, habebitur abfcifla, cui

refpondens {emiordinata determinabit punctum A,
ad quod ex NV ducta redta erit minima; nam hac
majores funt infinitz poffibiles ob arcum parabolz
conftanter ab axe recedentem, '

56. Dati reftanguli n c latera np, n m pro-
longare ita, ut- per extrema prolomgatorum punfla, €

verticem ¢ dufta vefta £g fit minima,

- Resor. Sit defiderata r.e&af g, np=a

pe =24.  Et quoniam pf ignoratur, fit = .

Erit fo = V:(x* 4 4%).  Ob triangula pfoe,
nfg fimilia, pf:fc="nf: fg. Hoceft:
¥ Y (@x*+b)=a+x: fg. Sitfg=y.
z y”(.x +57 + V' (22 4 p2),

X

'Erif y =
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Ejus differentiale (per n. 38 & 31.)

due adx . ay (x*+4)dx
.,'—v"(xz +52)—. x?
xdx

+ m; fed cx hypothefi Jy = o
adx + xdx  a~(x* +62)dx

Hmc,\/,(z_'_éQ = | e
multiplicando_per 'y (x* + /2), & dividendo
@ x4 abr

Multipli-

x? ¢

cando per %35 erit @ X* + x’ =ax* + ab,

demquex’ =al*, &x-'-\f'aﬁ‘

' CONSTR, qua ab? eﬁ paxalleleplpcdum,

cujus bafis 42, altitudo #; inveniendum eft latus

cubi huic parallelepipedo =qualis; nempeinter s & a
inveniend# funt duz medix continue proportionales,.
quarum prima erit x latus quafitum. Nam f{it —— 4,

X, %, a Erit  : a—&’*x’ Vade 4 x8

=albd&xt=abr,x= \f‘a&‘.

Conftrucio igitur hujus quationis per ele»

mentaremn Geometriam perfici nequit.

\

57. Saper data bypotbenyfa corg[huere tnangu~
lum - veClangulum maximum, :

ResoL, Sit triangulum quafitum D C E, Fig.

DC=x, DE=ys. Obangulum ad C res 20
&um etit CE =y («* — x*). Hinc area

V a? ""‘xd)
( s qu& .pona(ur = .-'/ .

D - Elevando

EEES
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Elevando utramque membrum ad quadratum, erit
ar x* — x* L
-———‘;———-— = 94 Differentiando:

2arxdx — 4x%dx L
x4 il x-=4.ygdy. Obdy=on

Eiit 3a? xdx ' — 4x%dx =0, Et 2a°*xdx
=4x%dx. Tandem2 a* x = 4 x3, 2a
24a* at

=x?, feu ; = x?,

= 4 x*.  Dcnique

'z_..az'

a2 7 a
&y —=ux. uare CE = ( _—
DY x Q l/ , 2.
Aaz
= s

Ergo triangulum reGtangulum maximum eft
ifofceles, - -

ConstR. Super D E deferibatur femicir-

- culus, ex centro A erigatur radius perpendicularis -

ad DE. Erunt DC, CE latera quafita.

. a‘
Nam propter DM =CM = > Erit

DC‘* a2 az - 2a* az Hi DC'
-‘4_4-4_. . mne ,
. ,a?
:CE:l/—z—.

Patet vero maximum effe hoc triangulum ex
€0, quia ductis Dg, & Eg triangulum D g E etiam
retangulum cft,” & quoniam cum 0 C £ eandém
habet bafim; erit triangulum Dg E ad triangu-

- g lum
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[ — T — N

‘=2_yzl’_y. Sedd_y...o. Ergoﬁdx———‘;—-

%%*ku : SI

7

lum DCE fiect pg ad CM, Sed gp << CM.
Ergo tliangulum Dg l', minus eft tuangulo DCE.
Eodem modo oftendetur, omnia reliqua tuangula
ﬁlpCl cadem hypothenufa cfle minora. -

58. Dato tnarzgulo re&aﬂgulo snfevibeve paralles
logrammum vc&ungulum maximunt, -

Resot, - Sit quefitum 1e&angulmu (' E,
dta AB=0a. BF=05 "' AC= x. Fiit
CB=a—x FEtob triangusla #BF, ACD

rha

Fig.

21,

fimilia, erlt/lB BF=4C: CD feua b

:x:CD ElgOCD“—";‘

Hinc 'reGangulum C B x C' D = 5 x

‘,5 rbxdx
— __x_ =y*, Differentiando : 5 dx — 20x9%

a 4
2bxdx

+

= x,

.4;

Et ai::i bx, Dividends per 20

Eft igitur altitudo @ fccanda b)fﬂx‘lam & pett

puri¢tum bifectionis ducenda bafi parallcla, que

determinabit punétum in hypothenufa , ex quo

ducta parallela altitudini complcbxt rectangulum -

maximum.: nam inimum effet s ﬁ e]us unum latus -

foret infinite parvum. . .

59+ Date ellipfi mﬁ'ﬂbere reﬂangulum maxlmumgh )

RESOL. Sit quzf tum rectangulum o,
Cum gl) =x, &obmn =po, Latera retan-
guli oppofita, etiam g4/ = 74 = Nam in cllipfi

: D2 - eft

L

Fig.
22



_ ferentiale :

~

52 090838585008

eﬁmh’ rpot = ghxbk:gixik Sed
mn* = po*. Ergo bxl)k_gzxzk ‘Hine

Cobh ik = b hocelt b : ik =gb
. ‘i bhi: ik +gz’n. Vndegé xézk +gb xgbz

=ik X gh + ik x bi. Auferendo utrinque

idem gb'x ik, Mane’mtgbx bi=ik x bhi,

Ergo g4 =ik Quare fi axisellipfeosfit g k = a.
Eritbi = no=a =—2x. Etbhn* =y

. 2 b __.,ﬁ 2N\
“_a______éx bx érzvew:[/(a o f— )

a

Confequenter reGtangulum quzﬁtx dumdmm bo |

=a l/ca b‘x'—-‘b, x=> _,

b b | ,
Y. |/<d—£——x—>-z= Cujus difs

abdy — 2bxdx

'/Caéx -4 x’*)

_ 12 a&x’ dx=-16bxsdx

ren V(abx —éx“)

= 28d%

"Quoniam ex hypothefi d g = ¢, Erit .
aba’x—-szdx _M2abx*dx +16bxdx

 bxse) 202 aéx-h-éx’
I < ) 4ax'/<

abx b 3
multxphcando omnia per |/ '—-f--—-j—

’

ab — zéx

‘& dividendo per d X maneth —

=

fo
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o 1245}:“4—16&1”-

(~- oemItemas - 53

-, feu adtu per 4 x dividen-

= - 4ax
- {f:-“gbx: gabx }45.%‘  Hige
. 2 a . -
aib—2abx = 6abr+gbx?, Simplicius:
‘ A >

a* —gax 4 §x*; dividendo per § "‘é‘ '

L o=ax+ x*, Ordinando & complendo chua,tio-:

a* : a2 . avz

4

- nem quadraticam, =~ + e =x*+ax+b—_-

S

Hinc extraéta r;xdix.'eﬁ ylia"’— X+ "‘1 Dc;'
o gt T 2" o
) 3 a o
nique A —— =X
1 I/ 8 ) ‘
/ - - AY

P

- ; . . "> a: .
.ConsTr, Inter ——i‘—-a,, & . quzratur:

media proportionalis, ex hac auferatur -

vefiduum erit abfciffag 4, cui zqualis fiat.7 £, quibus
refpondentes ordinatz ducantur,punctis # o, 7 p con-
junétis habebitur re@tangulum = 0 maxinm. ;- mini-
mum enim eft infinite parvum,

65. _Dato uno paiallelcpipedi latere , mvenive re-

liqua lta, ut parallelepipedum dato cubo aquale, habeat
Juperficiem minsmam. '

tus parallelepipedi datum #g = &, alterum inve-

nien-

-

Resor. Sit cubus datus = 2%, wnum Ila- -

Fig.

21,
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: o : , al
niendum 75 == x, tertium ## erit = T
- . s .
Quare fuperficies # 0 = 3 Superficies # /
‘ at L
=0Jx. Superficies m#n = - Hinc integra pa-
3 . . 2a% 2 2*
rallelepipedi fuperficies = i+ 2bx + —

. a0t di o
Ejus differentiale:s 24 dx «— — T = 0, quia

minima fupponitur hzc fuperficies. Porro erit -

: - ad¥idx al . ad .
bdx = &=, = - Er

0 alterum quzfitum latts ——— = ==~ l/a__
&0 n 4 bx =% VT

ad - b a3 b Ibe d .
== X V= = 5y —= Liberando a ra-
b at bV a8’

i cotf ash  ad
tionali cocfficiente = ]/———- =V -
“tionali coéfficient JXPE 7

~ Quapropter latera duo quzfita funt xqualia,
cum fuperficies parallelepipedi ¢ft minima. Minima
inquam, quia maxima hic inventa non eft; fiqui-
dem pofita eadem area bafeos #0, feu facto late-
rum z5, #un, (cum fit rectangulum) perimeter
ejus cvaderet major, & inde crefeerent Luperficies
latezales, {i latera effent inqualia (per, aum. 52.)

A 1 8 Corpus perfetle elafticums impingat oblique
~‘f'8~ ex D in planum H k perfecte durum, wel elafficum ;

quaritur vatio inter angulim incidentie &3 rveflexionts,
’ : ut

.
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ut réﬂexum a plano HK, coificiat wiam breviffimam ex.
D in G. e

ResoL. Demittantur perpendiculares e puni-

&is datis ad planum pofitione’ datum DH = a,
Gk=10 Sit Hk =C. ‘

Affimamus directionem incidentis corporis:

/ e D 0, reflexi effle 0 G. Quia ignoratur HO,

fit = x. FErit 0k =¢ — X,

Confequenter D 0 = \f (a* + x*),0G

=V (b*+¢* —2cx ¥ x*). EEDO+0G

=y (ar +x%) + V(42 402 —2cxLE
Que via cum efle debeat breviffima; ejus differen-
’ oxdx

" tiale erit zquale nihil pe: —— TN
qual ilo , nemp 2V (2’ + %)

acdxy +2xdx
2N (b —3cxtx®)

tionalium laco ponendo ipfas rectas ,, quas defi-
' xdx

~gnant, & actu ?er 2 dividendo, habebimus: D0

’cdx+kdx : . A
-G = 0.~ Divifione per d x-infti~
X e+ X P ¥
= ¢.. Hinc -D—-é-
c —x ‘
= -—55, Sed»x:: HO, & ¢ -—- x = O'k_',_
HO 0k

Igitr —=-,- = 7= Vnde HOx 0 'G’::O‘k

DO~ 0G ‘
x D0, & refolvendo in pmporti.-.ucml; HO .

0F=DO0O:0G. FErgo triangila D O H,

G Ok cum habgant prater dua latera duobus. pra-
por-

0. Seu irra-



g

portionalia unum angulum homologis lateribus op-

pofitun re®tum, funt fimilia, igitur mutuo zqui-

angula.  Ergo anguli homologi DOH, & GOk
zquales. Quare ratio anguli incidentiz D 0 H,

ad angulum reflexionis G O £ ¢ft zqualitatis, feu

angulus reflexionis, eft zqualis angulo incidentiz.

Viciffin, quoque e Geometria elementari -
oftenditur , corpus elafticum viam breviffimam
conficere ex D 'in G, fi refle®tatur {ub angulo
G Ok, angulo incidentizx H O D zquali. Nam in-

- cidat fub angulo DmH, cui Gm# reflexionis

non fit zqualis, Dico Dm.-l-vm G>D0+0 a. -

Demonst. Prolongetur D K in pita, ut
fit DH = Hp, Ducantur p 0, & pm; trian-
gula D H O, p A 0 =qualia, & fimilia funt. Confe-
quenterp 0=10D O,x =y; & ex hypothefi x =z,
quare y = 3, Sed ¥+ # + 3 = 180. Erga
etiam x +# + y =180, Ergo reta p 0, jacet
in directum ipfi 0 G. Sed ob triangula p Hm, -
D Hm etiam =qualia, & fimilia pm=Dm, &

Ppm+mG>p0+0G. Itaque Dw+mG -

Fig.

25

>00+0G. QED.

62, Logen refrattionis luminis ~invenire,

Resor. Quoniam lumen in diverfis mediis,
qua.recta A7 diftinguuntir, eadem celeritate mo-
veri nequit; fit ratio ccleritatis luminis incidentis
A B ad celeritatem refratti BC = : 1, Erunt
tempora, quibus rete 45, BC percurruntur in
ratione 2 8 7 : m B C (nempe compofita directa
{patiorum, & inveifa celeritatum). Demittantur

perpendiculares 7 Q, & CPad HI; fiat A Q

=a, CP=1}, PQ=rc¢, PR =5 Euit
BQ=c—x, canfequenter BC=v (b2 427),

~
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& AB = \I"(a'.+22 —_ ztx+x').‘ Adeo-
que tempus , quo percurritur 4 B + B C
=my (b2 +x)+n\ (a2 +c2 —2cx+2x?),

quod erit aliquod minimurn, fi natura femper

compendio agit ; igitur lumen ex .4 in C tempore
minimo pervenire debet, Habemus adeo diffe-

rentiale temporis exprefli zquale nihilo {cilicet

smxdx 2cndx+e2nxdx /

mxdxy cndxy —nxdx

{:Cuv‘(bl + x';) = Vs(a!__’.‘.z __i‘.x-‘-x,)é

Hinc mx. n(e—x) :

NG ) T Y@ e —reara)
feu rectas valoribus algebraicis fubftituendo :
mafi rxiR feu: mx PEx A B=n
xBQxBC. VndemxPB:nxBQ=BC:
AB. Fiat BC=.4 B, EritmxPB=uxF Q.

Quare m : n=BQ : PB. - Sumatur B A vel

BC pro finu toto, erit BQYinus anguli A4, &
P B finus anguli €.  Hoc eft, ob rectas 4 Q,
P C, catheto iicidentiz D E parallelas, & hoq
ipfoangulum 4= D B A, & angulum C=C R E;
BQ eft finus anguli inclinationis D B 4, & PB
finus anguli C B E. Adeoque patet: finum an-
guli ‘inclinationis effe ad finum anguli refracti in

2V (b2 +x2) -.-‘z\f(a’+c*——2cx+x’)=0' .

ratione conffante, ea nempe, qua eft celeritatis lu-

minis ante refractionem, ad celeritatem ejusdem

poft refractionem.

63. Data v p, pondeve P altitudine plani
inclinati D M = a; invenire longitudinem plawi incli-

wati D F = x, per quam pondus -P & linea borizons

talg

>

Fig,
26,
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58 sesesmeninie

tali- M F ad altitudinem datam intra bre‘vgﬂimum tempus

elevetur.

'Resor. Inveniatur primum longitudo pla-
ni inclinati D G = ¢, in quo pondus P a poten-
tia'p in zquilibrio fuftentetur, Invenietur vero,

ﬁﬁatp:P;a:c‘.

Tam eft etiam gravitas abfoluta ad refpecti-
vam, ut plani inclinati longitudo D F = &, ad
altitudinem ; fit gravitas refpectiva = v, Itaque

eiit P: v =x :a  Confequenter ob p : P

= a : ¢, Erit ex =zquo perturbato inverfe

piv=x:c Etdiidendop —v:p=ux
' ' xX—pc

? P 2 s Sed

—C:Xx LIgop — v=

— v eft exceflus -potentiz fupra' gravitatem re-

{pe&tivam ponderis, qua defcendere nititur, igitar

vis acceleratrix ; & f{patium in motu uniformiter
accelerato eft in ratione compofita vis acceleratri-

" “cis, & duplicata temporis ; feu fpatium , quod hic

et = x, & pofito tempore = #; crit inquam

x
() a, 2 — —y v -
r=(p ‘ v)¢ Vndc,jt Y Eﬁ au-,

. x~—— I . xre .
temp-—'v:p 4 . Vndet'_—_—-————
- ¥ pxr—pe

t

Debet vero tempus # cffe minimum; unde c}us
differentiale (px —pc) 2xdx — x*pdx=o.
Scu(px—j)cjzx-x*p Seu 2 x? —
2cx=x? Seux:=2cx. Deniquexr =20
Ergo planum defideratum D F duplam Iongxtudx-
nem habeat plani D.G = r, eﬁ necefle.

¥ . ' CALGCVLVS -
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CALCVLVS INTEGRALIS
SEV
DIFFERENTIALIS INVERSVS,

) . SEV ‘
SVMMATORIVS.

G4 Cum calculus integralis difficilior ﬁt,;quam‘

ut hic compendio ad captum tyronum

accommodari poffit ; ideo quzdam duntaxat ex co,

minus negotium facientia, quz tamen infignem
habeant ufum, delibabimus,

'Neque omnino differentialium omnium in-
tegralia reperiri poflunt; quia dantur fubinde tales
integrande formulz, quz non funt perfeita fun-
&ionum differ entialia,

65. Littera . prima fcilicét vocis fimme in-
tegrationis adhibetur -nota. Ex. gr, fadx indi-
cat, quantitatem a'dx mtegrandam feu fumman-~
dam eﬁé. . .

Vo
.

6( Quoniam calculi  integralis operatio--

nes inverfz {unt earum, que-in differentiali obti-

- nent; formularum mtegrahum vices agere pote-
runt omnes cz quantitates, quas (n. 25. & fe-

queatibus) differentiandas propofuimus.

' Nempe per calculum integralem queritur slla
quantitas , qua diffeventiata dedit illud differentiale,
quod integrandum propomtur. '

Quare fdx = x,

f adx = ax,

j(xcly +ydx) = x*y.
67. At



6o , . ————,

67. At cum differentiatur functio complexa

¢ variabili & conftante, conftans in differentiatio- -

ne omittitur; quz, ut integrale completum habea-

tur, debet rurfus rettitui.  Sic 4 (@ 4 x) =dx.

Quare /d x non erit folum x, fed ei con-
ftans @ interdum addi vel fubtrahi debebit, ut fit.
integrale completum: @ 4+ x. Quod ex foli§ pro-

" blematis conditionibus collig potcﬁ.

-

68. Si in cxpreflione differentiali unica
“habeatur variabilis, aut fi ejus generis expreffio

'unico conftet termino; difficile non cft (ex n. 28.)

quantitatem integralem reperire. .-
Nam, quia 4 (x*) = 2xdx. Erit
Saxdx = x*,
8ic etiam /'3 x*dx = x%. &c.

Videamus jam an lex inde generalis, pro
ejusmodi quantitatibus uno termino, & una va-
riabili conftantibus integrandis clici nequeat? certe
“ita elicitur: ex [exa’x prodit x* , {i dx omit-

tatur, exponens vero variabilis x, qui hic intelli-

gitur unitas, unitate augeatur, & per fic autum

quantitas refidua o x* dividatur, Fiet enim obfe-
gyt 2x?

uenda huic legi — = = x2,
| que B T, 2 Y
Eadem ratiane ex /3 x* dw evadet x%.  Si
: i ¥ri1 xs
nempe omiflo dx, fiat 3 = 3 ..-:ws.
In genere fi fit integranda quantztas ax®dg.
axm+1
Entfax’"dx =——
m+1

Itaque‘

N O N =

~ e — -~
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Jtaque probe notetur pro talibus quantitati-

,bus integrandis hzc regula : Deleatur differentiale,
augeatur exponens variabilis unitate , & per- expomen-

tem dunc auflum quantitas tota dividatur. Excipitur
cafus: i m = ~= I, tunc enim recurrendum eft.

" ad feriem infinitam vel logarithmicam,

~ Totum vero artificium calculi integralis in
eo verfatur, yt hzc regula differentialibus datis ap-
plicetur , atque illa jta praparentur, ac difponan-~

* tur, ut opc hujus regulz poflint integrari,  Es

exempla. ,
- 69, Integrare éxprdﬁ‘énem: dx x.

: S S ‘
Resor. Quia { & =x7; erit Jx Y x
L . » i
= x% dx, Hinc per Regulam nunc allatam
x%'l‘x

s : .
Satdo=—m—=x? s =227z 2V x4

=37
dr

#o. Invenire integrale expreflionis: —.
R -
r

~ ‘dr E i .
Resor, *= = »~%dr (pern, 29, Er

r{"' '
-l r-a-x 1
gofr *dr=

3 X
=2y'7s

zrtb! %
“"’%"‘I . 7;-—-2",

A 3
3 o dxy 2
I —

s & m‘\cgwyw cxpnﬁem, avx

RESOK» '

'
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11
dx\y'x x *xx3dx
Resor, —= : s Te
va 2

ducendo exponentes frattos ad communem deno-
minatorem, & actu multiplicando potentias ejus-

T
| . =tz -5
dem radicis, eritx X d ¥ =x X dx. ' lam
, S —

. 1 I - '
x=9% dx x—S+1 . .
P ) e

2
5 6 % 6
x x
— -_ 3
= — 1 g=T5 =3V 4N

75, Iutégraﬂdai Sit expreffio dxy(a — x). ‘

Resor. Quia quantitas propofita pluribus -

terminis conftat, reducenda eft ad aliam unius ter-
mini cui regula integrationis poffit applicari. Igi-
tur ponamus Y (@ —x)= 2, erit a—x=12?,
& a — %? = x. Differentiando utrumque mem-
brum erit — 22d% = dx.  Vt prodeat in uno
membro quantitas data, primum membrum per 2,
alterum per illi zqualem quantitatem YV (a—x)
maultiplitemus 3 prodibit — 3 ‘zi dz =dx

x \ (@ =) .

" Jam primum membrum ope regulz noftrz
eft integrabile, Nempe: [— 2 22'd 3 =} 2%
=/dx \f'(zl—x). Sed = 128=—22% .8
=—3% (@ — x) Y (2 — x). Confequenter
Jdx Y (a—2)=— 3 (@ —2) V (e—2).

Si cft hoc integrale completum ; ‘pofito x = o, de- .

' bebit totum evane{cere; nam integrale iftud con-
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GeoeisIeas 63
fiderari poteft ut fuperficies quécdam curva, & or-
dinata terminata, fi vero abiciffa nulla eft, eva-

nefeit quoque fuperficies, Verum fix = o, ma-

net tamen — 2 A\y @,  Quare hoc refiduum
cum figno contrario invento integrali adjiciendum,

& erit integrale completum 22 V' ¢ — 3 (4 — x) X
v (a — %), liberando a rationalibus coéfficien-

tibus irrationgles =3Va —3 V(@ —x)%

P dxyx
73 Sit mtegmnda,‘empreﬂio P .

v

¢

1

4",. r
dx\[‘x xm dx

REesor, ——— =
» i
- Vx xn
:— -‘.-‘-— : ’:1’ 9 8
=xm x sdx=x7mdx. amfxnm dx
n—mgnm R—mnm
‘=x " =npmx "
n—m4nm n-=mnm
nm" . : .
nm

- mm N an—mtum

N~ 04017}

.

Sit m =" g5; n= 2} etit nm = 63 &

‘w—m+nm=35 Igitur integrale expreflionis

dx:fx' ' Jx%’x

———— in hoc cafu = ~Fa erit

. 7,
v :

H



Fig.
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64 950035305209
Sdxyx

= ¢ \" %, Etf et propof
=£ V‘x.. Et fi eflet propofitum m

v 6 6
Ejus integrale foret = & Y x* = £y #%. Ve

n, 7L

Omiffis difficilioribus integralibus, ad ufum
nobiliffimi hujus caleuli tyronibus cxhibendum

properam,us.

L — _—

VSVS CALCVLI INTEGRALIS -
' TIN ' :
QVADRANDIS SVPERFICIEBVS PLANIS, ET EX*
PLANANDIS SOLIDORVM SVPERFICIEBVS.

74. Pcrfpicuum cft, quadraturam fpatii .4 M O R,

curva MO, &rectis M A4, AR, OR
claufi, obtineri per fummam omnium re&angulo-,
rum, quale unum eft 7egp, infinite parva ba-
feos pg. Nam licet clementum fpatii dati fit
. ., b ) §
Spqe trapezium , quia vero sz = -3,
ne= o5, triangulum sze eft infinjte parvum

fecundi ordinis , adeoque evanefens refpedtu » pqe.

) ! e ) - . 3 . - I
rectanguli infinite parvi primi ordinis ob p 4 = o°

& eq finitam quantitatem; poteft enim talibus re-
&angulis infinite parvis, & infinite multis conftra-

. ta concipi tota areaj igitur eorum fumima erit avea

ipfa.  Quia vero ¢ 4 femiordinata = y; R g ab-
o . Liffa
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Seavoececese 65

{ciffa =x; erit incrementum ejus momentancum
gp =dx. Confcquenter rectangulum ‘elemen-
tare 74 = ydx, & fumma illorum, feu quadra-
tura fpati. /A MOR = [fydx, Itaque, dum

{uperficies plana eft quadranda, debet inveniri in- .

tegrale element y/x, quod invenietur, {i ex na-
) 9 3

tura {patii quadrandi loco y valor, quem & ingre-

diatur , fuerit fubftitutus.

75. Invenire aveam trianguli,

. ResoL, Sit bafis M S =14, altitndo NG
=z a. Arew trianguli quoque elementum, eft re&tan-
gulum 7 g p ¢ infinite parve altitudinis 0 4, nempe
obrt=y, & No=ux, etob=dx, & rqpt
=ydx. Sunt vero triangula r N¢ M NS fi-
milia; igitur VG : No=MS : r£. Hoceft

bxdx bxr

=—— Et/[ydr= S QuE el area

‘trianguli # N # cujus altitudo eft No —x. Vit

Fig.
28.

habeatur area trianguli dati M NS, ponatur

bar* lba

= a, & erit —— = —, ut in Geometria

. 2a 2
elementari;
N L -

76. Invenire aream \fpatii arcu p)zrabohe BE,
fgmio'i'diwatu ME, & ayfiifa BM (parte axis)
clauf, ' o ‘

Resor, Aeqﬁatio' ad pafabolém, cujl{s pa-

' N N l 3
Tameter =< 1, eft y2 == &, Hinc y = x?; ita~
. E : que

Fig.



(; Fig.

| 66: | Omim ‘

2 141 141
que [ydx = [x* dx = x? i 3=%x

—

aréa zquatur duabus tertiis rectanguli 5 ME C,

' _%x%xxzéy&. Nempe fpati MBE

Et area {patii dupli D B E xquatur duabus tertiis

reitanguli /) ACE. Confequenter area f{patii
DBECAD =zquatur uni tertizx rectanguli
DACE. A

77. Invemire aream circuli,

Resor. Sit fe&or circuli A4 CB Hhnitus,
ejus arcus .4/ B = x, radies A C=»  Sit in=
crementum infinite parvum B D, arcus 4 B erit
BD=dx. Du&o radio D . Seitor BCD
haberi poterit pro triangulo rectilineo; confequen-

rdx SJrdx rx

Cterarea BDC= —, & —— = —, quz
2 -2

eft arca fectoris 4B C.  Abeat hic fector in cir-
culum; evadet x = peripheriz = p, Vnde area

, r
circuli prodibit = -f .Vt in Geometria elementari,

AvrTer. Intra ciccoluom D MN deftti-
bantur infiniti circuli concentrici radiis co, ¢
¢n &c. zquali infinitefima inter fe differentibus,

Summa illorum peripheriarum (concedendo
iis infinite parvam latitudinem) erit area circuli dati,

Jam, quia peripheri# funt ut radii, & radii ex
hypothefi funt in progreflione arithmetica; etiam:
hz peripheriz in eadem progreflione erunt. Ef- -

g0 pro obtinenda area circuli, debebit fumma }a-
rum peripheriatum inveniri, * Eft vero peripheria

; & ‘perip'heria circuli da-

Ntro proxima == —
e T oo’ “ti

P e <=
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ti ponatur = p, Numerus harum peripheriarum
et Jc = r. Itaque fumma omnium (per element.

e P+ 1 r
Algebra)) nempe area circuli = ( = —-9-'--

”
— ,-E. . Vt GJIIE.
2 .

AvrTer. Invenitur area circuli per calezlum
ihtegralem hot modo: fit diameter ciceuli. SV =15
abfciffa a cemtro computata PC = &, Erit
, f ,

SP:-;-x; PN = -;—+x: Igitur ex na-

2 | J— ]
tura circuli y* ;L — R =f-—-—1-x-:-, unde

Hunc valorem femiordinata fubftituendo in formula

Jydx habebimus fydx=fdx 1 N {f* ~— g x*)

“Pro integrali hujus formulz inveniendo, debebit

v (f* — 4x°) in feriem infinitam  refolvi;
iftud vero ope formulz ClL. Newtoni praitabimus,
m “ 1

m 7~ 1)
quz gﬁ: P + TAQ.!._—;;_. BQ‘

(m —2n) B =3
+ CQ;;-_ an DQ, &e

In noftro - cafa m=1, 2 =2, tm fic

V(P — g 20) =0 — axe)F5 P=foy
’: S~ s . S ,,‘.ax‘ B »

Pa =ft=pf Q=-— -f-;— Valores quan-

tatum 4, B, C, Dy &e, in iph formulz 2d°
- Ea pra-

‘Fig.

J= I/(f' “;4-”?) ‘=§ \f‘(f’\'_‘ltik’)op .



68 | aeesisieance

prafentem cafum appl?canone determmabxmm,
nempe:

A

. S

P"':'le.' , ‘
20 — 1 _if::_'_z_x’___g
”AQ'—E‘fX le f .

m— n . ‘ 2x°
(Acn,»-) Q *. /

4 x? 2.x4
. oy

4x lox3
=T = ke
Siﬁehdo in his términis habémus :
Y & 2 xt 4x5
[ J—" xQ ] e ——— e ——— e
Ve =T =

I0x%
—— i &c, Quare dx 2 V"(f’....4x’)

fdx xvdy ’x"dxv.f x‘a’x_

SO it by
sx8dx

-5 &%&fdxic‘f(f*-—z&x*)




“o0s3e382038 (3]
i, ‘ fx‘ _‘Ef xS é.x’ {x’
T2 af s 1T of

nendo x = f. Obtmebunm pro circuli ; cu;us

&e, po-

 diameter eﬁ s qmdlatuxa hane ﬁzuem —-——

{ "A _—f: -:- fz : 2 fz _s_f: . . ",.‘2‘:
\ 3 " 5 ] 9 o 4

— ..A-)~~:.“n

78 Itwemre‘c:rculum arez ellzpﬁomqualem

" Resor, Sit dimidits axis major A C._; a3 i,
dimidius axis conjugatus D C = % g; abfcifla 2 13
centro computata PC=x; erit AP=3p—x;
Pa=3 a+x. Ergo Cper elcmenta jéf!gogum aop
mcarum) Y2 iar — xt -—ng, az.. ‘I—.],;g;
y, _"g’ o g ud

2_ 2 _S—‘<~‘
(‘a x) &y f’ /

Segdx
V"(a'— 4x=) Quarefydx = -‘%—\; \X ,3
\f‘ (22 —4x*). Cum vero YV (fo — 4x%)
priori paragraphg in. feriem - infinitam: - fefoluta ‘
quantitas., . ad przfentem y (a2 — 4 x3) reduaar =7
" tur, ponendo f* = g2 § fequitur:iftam:kabituros
nos in. feriem infinitam refolutam , fiin priore ferie
loco f2 ponamus 42 , & loca f, fubftituansts @
) idem de cacteus potentus mtellxgendo. Ita?ue: :
: ( 4 c
‘a2 x 4 x$
V(a'-—4x’)-—-a— —_ s

a . . sas o~ 'a’\*

IOx. : d. : Lo gﬁ:@{:
. ; . A EO N P Lo B

.z)’
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70 m

gxtdx. gxtdr 2gxSdx
--;sgx’.o’x [gdx
— _——‘;3_— g V‘(a= — 4 x’)
' gx gxs gx’ : 2gx7 5gx9
S T A T Rat T aat T pat &,
3a* 5a4° . 7a g

POﬂendO'x ‘= a, Erit pro quadratura ellipfeas
integrz feries : &7 _ &z - g2 __ 244
SRR - D -

584 '

| - :;;-.-&c. =ga(3—% —-;.—- 3—3 &)

. R .. s
LANEE OO -'1'.. ,\

¢ "M —8it. porko eircultis’ habens diametrut f={
EHipfis (cijis axcs funt'a & g fit = E. Eut
Cer preced. *8 bune parag.y E = f2

Sit C E, Eutf’ —ga,- \[‘ga.

Ergo dlhpﬁ: eft ¢quah: ctrculo, cujur dmmeter
eft media’ propbrtionghis. mtcr axews mejorem & conjuga-

tum ellipfeas,
f‘-'{"} r“ Sa—— 2 "‘ “ f“ (,' . 4 if! ‘I " 7 A e " ’
“ Au!rlm. . Deforibatur femicirculus. ﬁtpel axe.

ma]urei dlipfeos~4 B = o, EQ axis minor fit
3" fenriordinata circuli M P, conrefpondens :

/ llh élhpfeos TP, .D C A C’ ﬁmt emm 1adn

:}usdem cxrcuh . coend

Ex natura cxrcuh ot M P2 ) /4 P x P B
EDCr=2CxCB=AC Hinc MP:
DC = 4P>< PB: AC>. Sed etiam in cli-

1t 77p: . C*——APbe’ A C», Igitur
P+ DC: = Tpr. EC?  Alternando
MP> : Tp» = pC»: EC*.  Extrahendo

radicem
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radicemi quadraticam MP: TP = DC: EC

+.Seu MP ‘TP=_AC: EC = AB: EQ

=atig. Eft ergo quavis femiordinata in cir-

- culo, fuper axe majore dcfcnpto ad correfpon-‘

dentem in ellipfi, ficut axis major ad minorem,

~ Quare ctiam {umma omnium femiordinata-

rum in circulo ad fummam omnium femiordina-
tarum in ellipfi, hoc eft totus circulus = C, ad
totam ellipfim = £, ficut axis major ad mmorem,
nempe C : E=a: g,

Defcribatur porro. cireulus fuper axe minore
ellxpfeos E % exit quoque A H* : SC=EH
C:. Et in ellipi LH* : B C*

= EH>< HQ : EC*.  Quare rurfus KH’ :

SC = LH’ L BC SewAH: SC=LH:
BC; & KH: LH,..SC BC=EC: BC
= EQ: AB ="g : &  Ergo ctiam
fumma omnium femiordinatarum in  circulo
= ¢ fuper axe minore defcripto, ad {fummam om-
nium femiordinatarwm conrefpondcntmm in ellipfi
= E, ficut axis minor ad majorem nempe, ¢ : E
= g : a4  Sed oftendimus prius efle. C : E
=a : g. Igitur terminos homologos multipli-
cando habebimus ¢ €' : E* =ga : ag. Atqm
ga=ag;egocC=FE& V" ¢cC=E.
Itaque area ellipfeos eft zqualis circulo me-
dio proportionali inter circulem fuper axe majore;,
& circulum fupe; axe minore defcriptum; hic ves
ro circulus habet diametrum mediam proportiona-

- lem inter utrumque axem. Nam f{i t ratio diame-

a
-t ad~pc‘r1phenamd : p; erit J:P =a: -—P-‘

Qa2 2

Confequenter C = j y & eodem modo c= —;—;

'Vude

Rt o s
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72 T asamasanesce

‘ . a ‘aigz p'z- . : ’—
Vnde_cC'_ 64 ° &yeC= ad -f-.E'.
Sit jam:z cm=m:g Eit m* =ag Et

m :
=d = circulo cujus diameter g inter

agp

utrumque axem cft media proportionalis ; id ipfum
vel inde, jam colligi poterat: quod cireuli fint, ut
quadrata diametrorum,

79. Invenive fupesficiem ldtevalem coni yetti.

Resor. Conusrectus generatur rotatione trian~
gulirectanguli D C E circacathetum D C; fuper-
ficies ejus lateralis generatur arecta D E, cujus ele-
‘mentum infinite parvum {it 7 g , iftius rotationc de-
{cribetur utique fuperficies coni truncati infinitc par«
va altitudinis & = mp,. Tam fit Dn = x, erit

nk=mp=dx. nm =y Eritpg diffe-

rentia infinite parva inter duas {emiordinatas » z1,

- kg fibi infinite vicinas =dy; & ob triangulum

mpg ad p reGangulum mg = ' (dx? +dy*).
Scitur autem fuperficiem coni truncati * lateralem
zquari facto ex latere s g, in peripheriam circuli
inter peripherias bafium mediam arithmetice pro-
portionalem (cum hzc. fuperficies {pectari poflit;
~ut. fumma infinitarum peripheriarum parallelarum
bafibus in pragreflione arithmetica exiftentium’),
Itaque fit radius hujus cireuli 74, quem dico futu~
rum =g, . Nam nm =y, kg =y +dy. Igi-
tur radius medius arithmetice - proportionalis

ib= 1‘2—-:—@-, =y+ {-22}, “ob %3-’— infinite par-

vam quantitatem erit 4 = y. Sit porro ratio
, Yadii ad peripheriam » : p; erit peripheria radio y
i . re-
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© Besssscenege 17,3;‘

i‘efpondens = -p—r‘z "

. Confequenter fuperficies coni.

o .

truncati, cujus latus m g,= %‘—y\l“ (a' xtpd Y2

Quoniam werd, pofita etiam linea DE, quali-

sunque curvay ejus ‘elementum infinite payvim m g

pro recla haberi poteft 5 ide;av P;X VvV @dx* ¢dy?)

of clementum fuperfiici, rotatione .'c_ujuuunque, plani
CDE geniti. Redeamus ad tonum. -

_ In triangulo coni genitofe CDE, fimili
triangulo # Dm , fi CD= 2, CE =r, & hoc
ipfo peripheria bafeos = p; erita : r = D1 :

_ R rdx
nm=x:y Hincy= 7;‘&0’31 =—"""'fsa H
rzrdx’l' o py R ’ ‘
—. . Igitur. = V@x* +dy?)

T at

_ P <a’xi +r:dx\  pxdx
=22 e ey Bt

1):":

x

\rCai\~+i"=). " Hine %‘Z \{’ d x* + dyaj

x*

=T v "'(a‘ +72), Quzeft ‘vﬁiperﬁv‘c'ies coni’

recti cujus altitudo — a4, Ponatur xr = @, erjt

. N .
vfupcrﬁcie's conj, altitudinem D € habeiitis = % x

YV (@ 4 72); fed Y(a® +r) = D;E"Iateri

coni, Itaque fuperficies coni rect lateralis, xzqua~

_ tur triangulo, cujus altitudo eft latus coni > & ba-

fis -

Fig.
34

Fig..
33.
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fis peripheria bafeos coni, ut in Geometria folido-

rum docetur. ' '
Qo. Invenire fuperficiem [phere.

Resor. Acquatio ad circulum fphxrz ge-
nitorem cujus diameter fit @, & abfcifz' non a
centro, fed origine diametri computentur , eft

yr=ax—x Hincy ydy —=adr—2xdx, .

—2x)dx .
&dy= (o ,yx) —3 quadrando

— 2 Ja2 ’ ' N
dyr = (a\ 22): d% , addendo utrique

4 ‘ :
membro - 4 x* , erit 4 x2 +d y*
_4y*dxr + (a—2x)*dx*
‘ 43* dx
dicein quadraticam: \ (dx? 4-dy?) = -';; x -

YV (49* + (e — ax)=),‘ . Sed 4y = 4ax
— 4z &(@—2x)*= ar—4ax+4x%

Hine  (d#* +dy*) = g\f a*= Z;%.. .
' N

Multiplicando utrumque membrum per : ~= ; ut
. s per = =

habeatur clementum ﬁipcrﬁcici {pherice ; . erit
2y L apydxy apdx
r f(dxf+dy )= ‘2ry T ar

apx
--P—-. Eft ita-
2r

Quate /%J-' V' (dxt +dy) =
que 2y fupeificies fegmenti {phwrx, cujus - alti-
tudo

extrahendo ra-
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" 1 4P . L
- tudo = x. Sed\;-—r‘ eft peripheria circuli {phz-

. ap
rz maximi, cum fitar:p=a: ir Quare
fupexﬁcms fegmentl fphzra: zquatur xe&angulo cu-
jus bafis eft peripheria circuli {phzrz maximi, & al-
titudo - zqualis altitudini {egmenti, ' Ponamus
az

x= a, erit fuperficies totius {phxre = T
a
= >.< a = re&angulo X peripheria circuli

maximi in dlametmm fphzrz, confequcnter qua-

5 drupla eft cncuh maxnnu

g1, Inuenive fuperﬁmm parabolazdu, féu Solids,

quod. rotatione [patii, abfiiffa, arcu parabole, . femior-
dinata claufi , generatur.

Resor. Cum fit in parabola, .parametrum -

- a habente y* = ax: erit différentiando: 2y dy

adx , a*a’xz

—adx. ‘Hinc dy=——; 0’
=y E Ty
addendo utr)que membro I , erit dx? + Jy‘
4y dx’ +ardx:
» & (a'x* + dy?)

. 4 yl
= _”\r @y +a*); multxphcando per . Pry

3

utmmque membuun, ut habeatur elementum fu-
pcrﬁelen defideratx : \f‘ (d x* + dy’)
\’"(43; + a*) ' Sed 4y’d— 4ax;

.lf.a‘lueffp!‘ YV @& +dy) -"f-ﬂ--'f x
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Fig.
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-\[‘(4ax +a ) St \f(4ax+a*) =3, erit
4ax+a®* =23, & gadx= 22dz, divi-

22ds .
dendo per 4a; eritdx = —‘-‘-;"' , ut pi'od‘eat in
uno membro expreflio mtegranda multxphccmus
primum membrum per —22- v (4 ax + a’},

2
alterum per quantitatem huic =qualem %—; 5 erit

dx . 2 d :
P \f(4ax+ a*) — piarz' Vnde
‘ 23 pé*xz
f V(4ax+a’) = pzar 12ar

p (4ax+a')\f‘C4ax+ a’)

. - - Ponendo
12ar . i

/ ] a:p
x"“.:‘o’ «manebit’ - 3 confé uentcr mte 1a1c
) Tzar 3 q g

completum, id et’r fuperﬁcxcc paraboloidis habebxtut
? (4ax +a')\['(4ax+a')—a3p "
1247 Sl

' 'VSVS CAICVLI INTEGRALIS
IN ’
" CVBANDIS sox.xnxs. '

82. Qi foliditas  corporis propof ti ope calculi in<
tegralis invenienda eft; fciri initio debet

hujus folidi differentiale elcmehmm. -Sic pyrami- »

dis triangularis .elementum. eft ‘pyrfamis tryncata

mu¥ gop infinite "paiva altitudinis /g ; quz ob
bafes
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bafes mnr, & pog hoc ipfo fibi infinite vicinas
pro prisiate triangulari poteft haberi. ‘

Iam fi E 4 perpendicularis e vertice ad 217
demiffa = x, et /g = dx altitudo hujus pris-
matis, & quoniam fectiones in pyramide befi pa-

rallele (quales hic fupponuntur) funt bafi fimiles,

erunt ut quadrata laterum homologorum.  Con--

fequenter, pdfito latere p g = y; erit bafis pris-
matis -elementaris p og in ratione y? , quare pris-
‘ma elementare erit ut y* 4 x¥; & fumma om-
nium, ut /y* dx. __

~Si vero folidum generetur rotatione alicujus
plani, cujus clementum (n. 27:) oftendimus efle
reCtangulum £z mp; certum eft, ficut rotatione
plani D E C circa D C defcribitur totum folidum,

- ita rotatione rectanguli elementaris defcribi cylin~

drum infinite parve altitudinis # £; qui erit cle-
mentum differentiale folidi rotatione geniti, Iam

Fig,
34

fi fit ratio radii'ad periphcriam # : p, zm =y,

s

Dn =x, etitnk=dx, &r: p=y LY

2
Quare bafis hujus elementiris cylindri = %’

2

Jpyrdx

. x ‘s
& ipfe cylindrus 2y . Denique

27
ipfum folidum rotatione genitum, Exemplis ufum
inventarum formularum docebimus.

83. Tnvenive Joliditatem p_yramidi.r triangulavis.

REsor. ;Quoniam elementum pyramidis eft

ut y*dx, Alitudo pyramidis data £ S= a, py- Fig.
ramidis m E nr altitudo Bb =x. Reta 4D 35

data

i

i




Fig.

33.

= Sitx::a, erit’

x=a; eit fohdxtas totius pyramidis, ut %.’

. g S A T

78" eoeaeeitRs

" data = g; re¢ta pg = y. Erunt pyramidum .
AEDC, mErn fimiliun dimenfiones homo- o

logz proportionales. Itaque 2 : x =7 : y, &
. e 7

a3 :‘-x’::gz-:y’.\ Hincy =

grxidx 2 p

y!dx—.——.—-

a3

2a

. Loco g* ponendo ipfam bafim A CD = §; erit

ba a
{oliditas pyramidis propoﬁta: = -3- = b x —5'

= fa®o ex bafi in tertiam partem altitudinis,

Porro cuivis polygono =zquale triangulum
conftrui poteft ; ergo pyramis cujuscunque bafeos
ad triangularcm ejusdem cum ea altitudinis eft re-
ducibilis. Quare cujuscunque pyramidis foliditas
zquatur facto ex bafi in tertiam partem altitudinis.

84. Invenive [foliditatem coni reé'h'.

Resor, In trxangulo genitore coni  redti fi ‘

it DC = a, CE = rj; erit peripheria radio
CE defaripta =p. Du'=x, nm=y Ob
fimilia triangula COE, nDm erita:r=x:%

rx . rr dx
Quare y :_T, &y‘ = praat) & P.)'z’
__._]Jr’x?a'x Itaqus Jpyrdx _pr: x*
= aatr M =y T T6arr
prxd brxt  pra

ba*

\

6a* — 6

I

, & [y dx-%——-. Sit
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—
—

.oa b .
x -—3~ Atqm e eft bafis conij ergo

foliditas coni recti -zquatur facto ex bafi in tertiam

' partem altltudxms.

Efft vero conus fcalenus zqualis refto cjus-
dem bafeos & altitudinis ; itaque etiam coni {cale-

ni foliditas quatur facto ex bafi in tertiam par- -

tem altitudinis. -

85. [Invewire foliditatem [phara,

Resor. Sit fphaxrz diameter = 27, erit
pro circulo {phzrz genitore y* =2 rx — x3,
py*a’x aprxdx px*dx
. ‘ =" ar Y
Etfp_y'* dx aprx’ Px® pxr pat

ar . 4r  6r _ 2 _ 6r

3rpxr —px’

. 6r *
{pheerz, cujus altitudo eﬁ x, Sitx=r. Kt
3tl)x1_.Px3 _ si)r’ —pr!

67 - 6r =3rr

pr? _ P .. :
= "y =prx -;-. Ergo foliditas hemispha=
tii 2quatur pyramidi, cujus bafis eft p» fuperfi-
cies hemispherii, & altitudo radius. Quare {phz-

Confequenter

Quz eft folidita® -fegmenti

- . - \ r
re totius foliditas erit =  pr3==2prXx —; =

pyramidi, cujus bafis 2 » fhperﬁc:es‘mtcgm fphz-
ue, & altitudo radius,

Sit




Fig.

- BLCHG = =

'QED

s ‘
Sit hemisphzrium AP D = 2—3—. Sit

2
PO=x. Eritfoliditaszone ABCD = 2
rx*+4pxd
— 37 67 2 . Dico: banc 2ot jbliditatem

effe aqualem duabus tertiis cylindpi , cujus bafis circu-

lus maximus fphere AMD, & altitudo eadem, cum
altitudine zome O 1, plus una tertia cylindri, cujus
bafis eft circulus B L C minor onam terminans, & alti-
tudo eadem zonz OL.

DEMONST; Nam O = r — x, & bafis
AMD =££, Quare $ cylindri E4AMD F

(] .
=" 3’ -’-’-'5“1’; Cylindsi vero L CHG

tertia = (px - ><r =2 pr‘x

24 pr’
— 327 /;x. Ergo 3 EAMDF+3—

6r
rp _prr pre
3 3 :
3prx* +[)x3 r*p 3prx*+ pxt
6r ’3 - 6r ’

/7

Soliditatem fectoris f{pherici  BPCI ob-
tinebimus ; _fi ad foliditatem fegmenti BPC

3prxt —pa’

= » addiderimus foliditatem co-

6r

ni, cujus bafis FLC, & altxtudo 01, quz fo-
liditas

- =




3

prt |

tatew ‘

e
]
:ujur
i

bafis
‘DI

‘eenaasiesy ~ 81

rx

liditas eft zquahs % cylindii BLC H G "PT
” 3 + 8

— —&%—r—l—’—{—. Quare fectoris fphaerxcx foli~

prx 3prx*—pxi—3prxt +px:?-
6r

ditas

rx
—1-)—3— =px x 1—3—- Atqui px (per n, §0.)
e&‘fuperﬁc:es fegmenti {phzrz , quz agit bafim
feétoris {pherici; ergo fector {pharicus eft =qualis
pyramidi, cujus bafis eft fuperficies fegmenti {phe-
rz, & altitudo radius, Quod inde etiam deduci-

tur: quia {phzra eoncipi peteflt ut aggregatum.

pyramidum infinite parvarum bafium & infinite

multarum, quarum vertices fint in {pheerz centro,
& commums altitudo radxus. ) :

86, Invemire jbl:d;tatcm parabolosdis.

Resor, Pofita parametro =a, erit yr=ax.

pyrdx paxdx g lryazx

Fig,
37..

re
Qua 2r 2r ar
ax* pax . x : s
=P =P x =PJ’ ><"‘°fedpy A
Ar 2r 2 27 2 2r

eft circculus FG H cujus radius y = EH; &
x = CE. Ergo foliditas paraboloidis zquatur
dimidio cylindri A F GHD.,

87. Inuenire foliditatem jijxrwdxr ell:pttcz, jEu
ﬁ)hdﬁ rotatione dimidie ellipféos circa axem majorm
gemtl.

ResoL, Aequatxo ad elhpﬁm (ex num. 78)

. gs . gz X /py x
eft y* = -z'.... el Itaque --—27-4
F ‘ =
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fpg*a'x _Jpgrxrdx_pgix pgtx

87‘ . 2ar 87 ~ 6arr’
o k& x_rgrst
,Sxtx;—';a;entx‘zi_q‘ 7 Yy
_pgla _pgra _ 6pgra—apgra
T 16 487 96 |
= 428 ¢ = Pg.‘ a. Et hxzc cft foliditas dimi-
96r: 247

dii fphzroxdls elhptlcx ; lgitur totius erit
2ppra a a )
= 28 pq _Pg X =— , nempe
24 r 127 2y 6

fph'xroxdcs ellipticum xquatur fextz parti cylindri,
cujus bafeos radius eft g axis minor , & altxtudo
a axis major,

88, Invenive jbhdztatem hyperboloidis F BGK,

REsor. Sx fic in hypex bola axis transverfus
gz X g 2 x')
=a,conjugatus = g H nt y' = S +

fpy dx

ﬁSa vertice Bcoinputatis. " Hine:

L 2r
_Jpgrxdx | [pgrxdx _pgix

2 48 ) - ) ‘ .
+ P6g f;;f;: . Sint AC, CD afymptoti hyperbolz,

habebimus ob fimilitudinem triangulorum SC 7,
ACD propomonem LB:SY=CN: AD,

Ieu ’a g=-’-a+x g+ —g——AD Siratio dia-

mem

abfcit~
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metri ad peripheriam affumatur 27 =p , erit 24~ : p.

20x ~ v
=g+ —% ﬁg +j7gx; hine atca circuli

27r ar
’ARD (ﬁg vﬁz)(g‘ g*’)

__gg__‘_ﬁg‘x pg’x pg*x*
~ §r  par 401 2atr 31‘

X
+ Pgx + Pg7x" , & {oliditas coni inter afym-
24y 2a*vr

ptotos compxehenﬁ ‘eujus . bafis eft mvenms air- *
. culds , altitudo vero C N, erit

pgr, p8TE Pgx )(__ _,_}
87 + 2ar 2a’7 +

_apgt  pgix  pgrE petx

T 487 T 127 1287 24F
- pgrxt Pg’_x_f;_‘?ﬁg'-;.i_ﬁg’x*
-6ar 6a*r = 48% - 87
2 402 * 48 ) .
pg i }-)—g-——- , ex hoe cono aufcrendb cy-

4ar 6a*r

findrum M KLH, cu)us bafeos dmneter eft -

KL = g, & altitudo -8- + x» = 0N, proin-

de bafis ejus = %‘g— & cylmdun ipfe

T o8r T 487 ar

pets | pges:

ﬁebimtis"rcf duvm ar + Gatr foliditatem

ncmpc hypetbolozdxs inventam, Ef zg;tur Eyperbo~
F 2 \ ' lo;de: :

¢

+ . - \
_r8rre 1)_?])&_ +pg Obti-
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loides =quale dmﬁzrmtm inter conum A C DR 8 ey

lmdrum MK LH.

E‘ A - , —

VSVS CALCVLI INTEGRALIS
IN

METHODO INVERSA TANGENTIVM, SVBTAN-

GENTIVM, ET SVBNORMALIVM &c.

89. Methodus invesfa tangent. fubtang. &e. dici-
tur; quia, ut calculo differentiali direle ex zqua-
‘ione ad curvam data invenitur ejus {ubtangens,
tangens &c. ita hic wiciffe ex data fubtang. tan-
gent, &c. invenitur ad curvam ipfam zquatio,

. Tta;autem operatio eft inftituenda: data ex-.

preflio finita fubtangentis vel fubnormalis &c, in
uno zquationis membro collocetur, in altero ejus-
dem rectz expreflio differentialis. Demum redu-
&iones ‘neceflariz fiant, ut utrumque membrum
evadat integrabile. Integrationé perfeta habebitur
zquatio ad curvam, quz data proprictate. gaudet.

Nos faciliora duntaxat methodl hujus exemplag

dablrnus.

. 90. [Invenire curvam , in qua fubnor(nalik
=r—ux - T
Resor. Expreflio differentialis (pern. 44.)

: d
fubnormalis eft “?7;2. Igi.tur ro—x = ‘%}"—y.
Et multiplicando per dx5 rdx —xdx=ydy.

2 2

per

Integrando: rx — _.1;_'_ = —’%. Multi'plicaudo'\
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loides wquale diffeventia inter conum ACD R 8’ ey
lindrum MK LH.

N r\
. ' .

K [ - —

VSVS CALCVLI INTEGRALIS
IN

METHODO INVERSA TANGENTIVM, SVBTAN- -
GENTIVM, ET SVBNORMALIVM &c.

89. Methodus inverfa tangent. fubtang. &ec. dici- -
tur; quia, ut calculo differentiali dsrefe ex zqua-
‘ione ad curvam data invenitur ejus {ubtangens,
tangens &c. ita hic wicifim ex data fubtang. tan-
gent, &c. invenitur ad curvam ipfam zquatio.

| . Ita.autem operatio eft inftituenda : data ex-.
‘ refﬁo finita fubtangentis vel fubnormalis &c, in
- uno zquationis membro collocetur, in altero ejus-
dem re¢tx expreflio differentialis. Demum redu-
&iones neceflariz fiant, ut utrumque membrum
evadat integrabile. Integratione perfecta habebitur
zquatio ad curvam, qua data proprictate. gaudet.
Nos faciliora duntaxat methodi hujus ‘exempla
dablmus.

, 90; Invenire curvam o in qua ﬁtbuomalik»
=y —x.
ResoL. Exprcﬂ‘ 10 dszcrentlahs (pgu n. 44 D

fubnormalis eft Y y. Igitur P —x = ya,g

Et multxphcando padx; rdx—xdx=ydy. .
. 2 2 .
Integrando: rx — —J;—- = —% . Multiplicando!

i o - per
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loides wquale diffeventia inter comum ACD' R 8 ey~
lmdrum MKLH.
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VSVS CALCVLI INTEGRALIS
IN

METHODO INVERSA TANGENTIVM, SVBTAN- -

GENTIVM, ET SVBNORMALIVM &c.

~

89. Methodus inverfa tangent. fubtang. &e. dici-
tut; quia, ut calculo differentiali direfte ex zqua-
‘tione ad curvam data invenitur ejus fubtangens,:
tangens &c, ita hic wiciffim ex data fubtang. tan~
gent, &c, invenitur ad curvam ipfam zquatio,

. ., Tta.autem operatio eft inftituenda : data ex-.

preflio finita fubtangentis vel fubnormalis &c, in
uno zquationis membro collocetur, in altero ejus-
dem rectz expreflio differentialis. Demum redu-
¢iones neceflariz fiant, ut utrumque membrum
evadat integrabile. Integratione perfecta habebitur
zquatio ad curvam, qua data proprictate gaudet.

Nos faciliora duntaxat -methodi hujus ‘exempla -

dabimus.

, 90; Invenire curvam , in qua ﬁtbnwfnalik
=y —ax B ) o
Resor. Expreflio differentialis (pern. 44.)
~ is ot 222 34y
fubnormalis eft I ngtur ro—x ="
Et multiplicando per dx; rdx —x a’ x=ydy.
- x2 yz '

‘Integr_ando: rx — - = —;. Multi'pljcando.\‘

per
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: ‘ VSVS CALCVLI INTEGRALIS
‘ IN

METHODO INVERSA TANGENTIVM, SVBTAN- -
GENTIVM, ET SVBNORMALIVM &c.

89. Methodus inveyfa tangent. fubtang. &c. dici-
tur; quia, ut calculo differentiali direfle ex zqua-
‘tion¢ ad curvam data invenitur ejus fubtangens,:
tangens &c, ita hic wiciffm ex data fubtang. tan~
gent, &e, invenitur ad curvam ipfam zquatio,

| - . Tta;autem operatio eft inftituenda : data ex-.
' preflio finita fubtangentis vel fubnormalis &c, in
- uno zquationis membro collocetur, in altero ejus-

dem rectz expreffio differentialis. Demum redu-

&iones ‘neceflariz fiant, ut utrumque membrum

evadat integrabile. Integratione perfecta habebitur
zquatio ad curvam, qua data proprictate gaudet.

Nos faciliora duntaxat methodi hujus exempla -

dablmus. ‘

, 90; Invenire curvam , in qua ﬁtbnomah'f
=y —X.
Resor. Exprcfﬁo dlchrentxahs (ptu' n.44.)

d
fubnormalis eft u T _7.‘ ngtm‘ r—x= ‘?—;'—xz

Et multiplicando per dx; # dx —xdx=ydy.
. 2 2

Integrando: r&x — —";—— — %. Multi'pljcaudoi\
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\[‘ (4ax +a*). Sit V" (4ax+at) =z, éit

4ar +a* =2, & gadx= 23dz, divi-
. 23d3

dendo per 4a; eritdx = -—T;-, ‘ut prodeat in

uno membro expreflio integranda, multiplicemus

primum membrum per —f—; V(4ex+a?), &

] . - s
alterum per quantitatem huic zqualem %—; 3 €rit

}_v___ ) pz‘a’z
| \[’(4ax+ a ) aar. ngc
pdx ) pz,’ : pz*xz
f \f(4ax+a)__ 1247 12ar
P(4ax+a’)\fC4ax+a’).  Ponendo
12ar o
a’

Fig.
35

- s confequentcr mteglale

. "

x=0; manebxt

completum, id el't fupcrﬁc;es' paraboloidis habebltur
p (4ax+a')¢(4ax+a')—a’p ‘
1247 .

Sss— -
SR ——

)

_VSVS CALCVLI INTEGRALIS
I N
 CVBANDIS sox.rnxs. '

82. Sl foliditas” corporis propofiti ope calculi in<

tegralis invenienda eft; fciri initio debet

hujus folidi differentiale elcmentum. -Sic pyrami- _
dis triangularis elementum. eft pyramis tryncata

mn¥ gop infinite parve altitudinis 4 g %% ob
(=]
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pro. prisinate- triangulari poteft haberi.

Iam fi £/ perpendicularis e vertice ad 2z »
demiffa = x, erit 4 g = dx altitudo hujus pris-
matis, & quoniam feCtiones in pyramide bafi pa-
rallelz (quales hic fupponuntur) funt bafi fimiles,

erunt ut quadrata laterum homologorum.  Con-:

fequenter, péfito latere p g = y; erit bafis pris-
matis -elementaris - p 0g. in ratione y?, quare pris-
‘ma elementare erit ut y* 4 x; & {fumma om-
nium, ut /y* dx. e

~ :Si vero folidum generetur rotatione alicujus
plani, cujus elementum (n. 27:) oftendimus efle
retangulum k#zmp; certum eft, ficut rotatione
plani D E C circa D C defcribitur totum folidum,

- ita rotatione rectanguli elementaris defcribi cylin~

drum infinite parve altitudinis ##; qui erit cle-
mentum differentiale folidi rotatione geniti, Iam

fi fit ratio radii'ad peripheriam 7 : p, zm =y,

Dn =x, ycrit nk=dx, &r tp=y :%‘y‘
. T . 3

Quare bafis hujus elementaris cylindri = %,
Sryrdx

2dx
& ipfe cylindrus /’.Z s Denique
ipfum folidum rotatione genitum, . Exemplis ufum
inventarum formularum docebitmus.

83. Tnvenive Joliditatem p_yramfdis triangulayis.

~ REsor. ,Quoniam elementum pyramidis eft

ut y*dx. Altitudo pyramidis data £ $= a, py- Fig. -
135

ramidis 7 E nr altitudo E4 =x. Re&ta 40
: : - data

N

censzemancs. 77

bafes mar, & p 04 hoc ipfo fibi infinite vicinas

Fig,
34.




" data = g5 retta pg = y. Erunt pyramidum .
A ED C, mErn fimilium dimenfiones homo-

x = a erit {oliditas totius pyramidis, ut --g— ’

logz proportionales. Itaque @ : x =7 : 9, &
2 x2 '

ar x*=g*: 9%, Hincy*::g

ar

zxzdx . 2 48

9? dxzf'-—;;——-, &fyrdx="—. Sit’

3a*

2a

. Loco g* ponendo ipfam bafim A CD = 4; exit

Fig.

33

=", Sit x =4, erit

- e .. ba . a
{oliditas pyramidis propofitz = 3= b < 5

= fa&o ex bafi in tertiam partem altitudinis,

Porro cuivis polygono zquale triangulum
conftrui poteft ; ergo pyramis cujuscunque bafeos
ad triangularem ejusdem cum ea altitudinis eft re-
ducibilis. Quare cujuscunque pyramidis foliditas
®quatur facto ex bafi in tertiam partem altitudinis.

84. Invenire foliditatem coni vefli,

. Resot. In triangulo genitore coni recti fi
fit DC '= a, CE = r; erit peripheria radio
CE defctipta = p. Dn'=x, nm=y Ob
fimilia triangula CDE, nDmerit a:r=2:%
r* x? pyrdx

a ) &
a er

rx :
Quarey:T, &yr =

rrx2dx . ’ sdx  pr2 at

— e———-_;-—.-. Itaque Qy PR, =L—-——..

2atr 2r . Gatr
prxs ' brxt pra

0a*

v

6at T 6

I

Ergo .
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.a P »
x =, Atqui - eft bafis coni; ergo

foliditas coni recti-zquatur fato ex bafi in tertiam
* partem altitudinis.

Eft vero conus fcalenus 2qualis refto cjus-
dem bafeos & altitudinis ; itaque etiam coni fcale-
ni foliditas zquatur facto ex bafi in tertiam par-
tem altitudinis.

85. [Invenire foliditatem [phera,

Rnéor.‘ Si¢ fphzrz diameter == 27, erit
pro circulo {fphzrz genitore y2 =2 rx — x2,
y*dx 2prxdx px*dx
- ="2r ' 2r

fpy*dx  oprx*  px® par pxt
Et—————— = — — = —

ar 4r 67 2 6r

3rpar —px’

6r _

{phzrz, cujus altitudo eft x, Sit x =7, Kuit

grpx*—px: gpr® —pré .
67 -7 or =p7

Confequenter

. Quz <ft foliditas fegmenti

pr?

r
= _; = p rx '-é--. Ergo fohdxtas hem:sph»

xii zquatur pyramidi, cujus bafis eft p# fuperh-

cies hemispharii, & altitudo radius.  Quare {phz-

r
rz totius foliditas erit = gpr’-*-zprx—-g- =

pyramidi, cujus bafis 2 pr fuperﬁcxes‘ integra fpha-
¥x, & altitudo radms. i

Sit



Fig.
36.

80 | Seeeaecesess

. o pre ’
Sit hemisphzrium /P D = _—-é—. Sit

PO =ux. Eritfoliditaszone ABCD = p_;_

3prx*+pxd
6r :

Dico : banc Zone Joliditatem

—

effe aqualem duabus tertiis cylindyi , cujus bafis circu-

lus maximus [phere AMD, & altitudo eadem, cum
altitudine zone O1, plus una tertia cylindri, cufus
bafis eft circulus B L.C minor onam terminans, & alti-
tudo eadem zonz OL

DemonsT, ‘Nam O = » — x, & bafis
AMD =££. Quare $ cylindri E AMD F

[} . .
= (31) —-w. Cylindri vero BL C'If G una

3
tertia; px—px)( — ) prx

»: 3
XA oy EAMDF+ g

6r .
r*p prx  prx
BLCHG = —_ +
.3 3 '3 ,
3prx’+px’ rip  3prxi4pad
.. - 6" N "'- 3 - 6'. i
QE.D, . - o

Soliditatem feforis fphzrici BPCI ob-

tinebimus ; _{i ad foliditatem fegmenti BPC

_3prxt —pat
— 6r

s addldcmnus (ohdltatem co-

~ni, cujus bafis BLC, & alt:tudo 01, quz {o-

hdltas




‘seasseisase : 81

e rx

A | liditas eft a'qualls 3 cvlmdu B Lc H G _P

it ~ % 4 3

-3- — 3prY i L% . Quare fectoris fphzucx foli-

i | prx Jprxr—pxt—3prx? +px.°-
ditas = , 6

?ycu- { NG 3 . r

m | prx

’ ,
i =g -—pxx?—. Atquxpx (per n, 80.)
i eft fuperficies fegmenti {phxrz , quz agit bafim
" fetoris fpharici; ergo fe¢tor fphzucus eft zqualis
pyramidi, cujus bafis eft fuperficies fegmenti {phz-

als . rz, & altitudo radius, Quod inde etiam deduci-
D} tur: quia {phzra eoncipi peteflt ut aggregatum.
pyramidum infinite parvarum bafium & infinite
-multarum, quarum vertices fint in {pherz centro,

um & commums altitudo radms. )
e ' ) 86, Invenire fol:d;tatem paraboloidss.
'; Resor, Pofitaparametro =g, erity* =xg 4. Fig.
' pydx paxdx jpv dx 57.,
+} Quare === ar ar -
ax* pax . x L 3
=P =P X =P)’ x—"fedp"y ,
qr 2r 2 27r 2 2r
. eft circulus FG H cujus radius y = EH; &
v x = CE. Ergo foliditas paraboloidis zquatur

dimidio cylindri A F GHD.
87. Invenive [oliditatem jpbxmzdn elhptm, ﬁu

obr Jolids rotatiene dimidie ellipféos circa axem majorem
Pl geniti.
RESOL. Aequano ad ellipfim (ex num, 78,)
@ « g gt o [pyrdx
et * ==~ Itaque == .
- 4 a* 2r
¥ F ' ' x.




82 | essamessecs

_Jrerdx _[pgrxidx _pgix ped

gr . Q.a'r — 87 T 6arr
. P& rg &
-—1 $ — 348
Sitx==La; eritx Ta g7 ey
_pg's _pgra _ 6pgra—2pgra
T o167 48r 96r
rz Py ) ~
= 428 [.’.‘: })g“ a‘ Et hzc cft {oliditas dimi-
96 r 247

dii {phiroidis elhpnc; 5 lgitur totius erxt
2pg*a p g*a p g’ a
= Tagr 127  ar = 6

‘ ucmpe

{phzroides ellipticum xquatur fext p'firtx cylindu,'
cujus bafeos radius eft g axis minor , & altltlldO
a axis major,

88, Invenire jbliditatem byperlzoloidi: FBGK, -~

Resor. Sx fit in hyperbola axis transverfus

X * x
= a,conjugatus = g H erxt _y* = g—- + g pors abfcif-

| fpydx

27y

f isa vertice B computatis. " Hinc:

fﬁg'xa'x fpg x*dx _pg*xt

2ar  aary ‘aar
2 | TR
+ 4 6g;z—; . SintAC,CD afymptoti hyperbolag,

habebimus ob fimilitudinem triangulorum SC 7,
ACD proportxonem LB:S8$?Y=CN: AD,

.[eu%a. =ia+x:g zg =.AD. Siratio dia-

metri
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metri ad peripheriam aflumatur 27 :p, erit 24 : p

2 X
= 284 : pg+pg 5 hmc atca circuli
a

2r ar
ARD (pg ‘ﬁg><g‘ gf}

+ng Pg"' pgrx*

sr T gar 4ar 2atr 87
2 4 2 402 '

P g% + = Pg’* ', & foliditas eoni inter afym-

24y 2a }’

ptotos complchenﬁ cujus . bafis eft mvenms cir-

. culus’, altitudo vero C N, erit-

_ (P& pex ”‘Nz><“ ‘”)
- sr'." 2ar @ 2avr *

_apgt petx pgtE  pgtE

=agr t 127 1287 247
l’g’x'_bi?g’_{f«_«_".ﬂg"«.*ﬁg’”’
-6ar Garr .~ 487 8§r
pgzxz Pgtxs

e + T, hoe cono auferen&o cy-

lindrum M KLH, cu)us bafeos dlametel eft

KL = g, & altitudo _3— + 2 = O N, proin-

de bafis ejus = or

_re ”+“>_£’ng /’_€_’_’£ obi
~ 87 \6 =aer Y gr OF

pg_z g sz x3

nebimus refiduum +
A gar 6azr

- nempe hyperboloidis inventam, Eff igitur Eyperba~

( F 2 - - loides

foliditatem,
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 loides wquale dzﬂ'ercntm inter conum A C DR 8o

lmdrum M KLH.
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VSYS CALCVLI INTEGRALIS
IN

METHODO INVERSA TANGENTIVM, SVBTAN-

GENTIVM, ET SVBNORMALIVM &c.

89. Methodus inverfa tangent. fubtang. &e. dici-
tur; quia, ut calculo differentiali direfte ex zqua-
‘tione ad curvam data invenitur ejus {ubtangens,:
tangens &c. ita hic wicifim ex data fubtang. tan~
gent, &c, invenitur ad curvam ipfam zquatio.

_ Tta.autem operatio eft inftituenda : data ex-.

preflio finita fubtangentis vel fubnormalis &c, in
uno zquationis membro collocetur, in altero ejus-
dem re¢tz expreflio differentialis. Demum redu-
&iones neceflariz fiant, ut utrumque membrum
evadat integrabile. Integratione perfeta habebitur

" - zquatio ad curvam, quz data proprictate gaudet.

Nos faciliora duntaxat methodi hujus excmpla
dablmus.

.. 90. Invenire curvan 5 in qua ﬁzbnormal:}

=r —x.
ResoL. Exprcﬂ‘ 10 d1chrent1ahs (pt;r n. 44.)
ﬁtbnonmahs eﬂ"y ‘y I 1tur r—x = ydy
v 18 = dx*

Et multiplicando per dx; r Jx—xdx =ydy.

x‘ y3 ) .
Integrando: ro — 2 = -;. Multiplicando'

per

\
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o~ =T, ,bcd_oby'.:ax,e&yz—zx “Hinc

86 30003038038
erit ¥ — §* =§=, & — ya’y:zd‘z, feu
L ‘ y”’y
dy= — 2dz Vide ———r——=—4d3,
Jay . '
& e = — % = — r:
V"(rz __yz) V‘( y )
Quare — Y (r* — ') = x. Itaque r2—y*
=x2 Ety*= rz — x2, Quz eft zquatio

ad circulum “abfiffis a centro computatxs s cujus
radius ‘= 7. .

93 Invenive Curvam’ cujus fubnormalis fit con-

a : . . . ) ‘
a"‘ -_— -

ﬂ 2

. a .
] . rit — ==, Hinc adx
stor, E . I

[

= ay dy , integrando: ax = sleuaxr=y.

Quac eft zquatio ad parabolam, cujus parameter =a,

94- Im:emre curvam cuju: jubtangens eff

29*
-

a L]

\
2y2 yd x 2y dx

Resor. Ent—;—::—-—— &—«...dy.

dy

Hinc a.ya’y— arlx, mteglando ‘Z = ax,

* feu y* = a x. Iterum zquatio ad parabolam; in

qua quidem oftendimus (n. 46.) fubtangentem efle

29*
a

= 2. . : : 95-

’
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88 | cessasasises
g _y4

et ==

rvx o dy " Vndey a5 _—__--rdx-'fx\a'x-.

x? L
Integrando: S =rx+ ;—,feuy* e rx+x2,

" Quz eft zquatio ad hyperbolam zquilateram, cu-
jus tam axis transverfus, quarn comjugatus =27.

97. Applicationem calculi integralis ad in-
venjendum centrum gravitatis magnitudinum pla-
narum, & folidarum pro Mechanica fervamus,
Prxftantes alios ufus cum differentialis, tum inte-

gralis calculi eo confilio hic omifimus: quod ty- /

ronum diligentiam incitare, non vero multis in-
tellectu difficilibus allatis terrere conflituimus.
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