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Workshop Matematické modely a aplikace, Podlesı́

5.9. 2013

⊳⊳ ⊳ ⊲ ⊲⊲ c©Lenka Přibylová, 2013 ×



Model dravec – kořist

dN
dt = rN

(

1 − N
K

)

− P f (N, P),
dP
dt = eP f (N, P)− mP,

N, P . . . populace kořisti a dravce
f (N, P) . . . funkčnı́ odpověd’ predátora
r, K, e, m . . . parametry
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Dynamika modelu

⊳⊳ ⊳ ⊲ ⊲⊲ c©Lenka Přibylová, 2013 ×



Dynamika modelu

Lotkův – Volterrův model: K → ∞, f (N, P) = aN

dN
dt = rN

(

1 − N
K

)

− P f (N, P),
dP
dt = eP f (N, P)− mP,

N

P

0
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Dynamika modelu

Model s logistickým růstem kořisti: K < ∞, f (N, P) = aN

dN
dt = rN

(

1 − N
K

)

− P f (N, P),
dP
dt = eP f (N, P)− mP,

P

N0
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Rosenzweigův – MacArthurův model

dN
dt = rN

(

1 − N
K

)

− P f (N, P),
dP
dt = eP f (N, P)− mP,

f (N, P) = λN
1+hλN ,

λ . . . efektivita, s jakou dravec lovı́ kořist
h . . . čas, který je třeba na ulovenı́ a zpracovánı́ kořisti.
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Dynamika Rosenzweigova – MacArthurova

modelu

Rovnovážné body:
[0, 0] sedlo
[K, 0] stabilnı́ rovnováha pro e ≤ hm

stabilnı́ rovnováha pro e > hm a K <
m

λ(e−mh)

sedlo pro e > hm a K >
m

λ(e−mh)

[N∗, P∗] dalšı́ rovnováha pro e > hm
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stabilnı́ rovnováha pro e > hm a K <
m

λ(e−mh)

sedlo pro e > hm a K >
m

λ(e−mh)
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0

0

N

K K
T H

K

0

0 K

K

P

KT H
⊳⊳ ⊳ ⊲ ⊲⊲ c©Lenka Přibylová, 2013 ×



Model se vzájemnou interferencı́ dravce

dN
dt = rN

(

1 − N
K

)

− P f (N, P),
dP
dt = eP f (N, P)− mP,

f (N, P) = λ(P)N
1+hλ(P)N

, kde λ′(P) < 0.

Speciálnı́ tvar funkčnı́ odpovědi:

λ(P) = λ0
(b+P)w , kde w > 0

Pro w = 0 jde o Rosenzweigův – MacArthurův model.

⊳⊳ ⊳ ⊲ ⊲⊲ c©Lenka Přibylová, 2013 ×
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Rovnovážné body
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Rovnovážné body
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Fold a cusp bifurkace

Nutná a postačujı́cı́ podmı́nka fold bifurkace rovnovážného bodu
[N∗, P∗] je:

λ3(P∗)− C1(2C2 − λ(P∗))λ′(P∗) = 0 ,

kde C1 =
er

e − hm
, C2 =

m

K(e − hm)
.

ε1

ε2

y

M

T1

T2

ẏ = ε1 + ε2y ± y3
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Fold a cusp bifurkace

Pro
λ(P) = λ0

(b+P)w , kde w > 0

podmı́nka přejde na

bΛ
2 + C1(1 − w)Λ + C1C2(2w − 1) = 0 ,

kde Λ = λ(P∗), C1 =
er

e − hm
, C2 =

m

K(e − hm)
.

Odtud fold, resp. hysterese jen pro w > 1.
Kritická hodnota w = wc cusp bifurkace splňuje podmı́nku

(1 − wc)
2 =

4bC2

C1
(2wc − 1) .
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Kritická hodnota w = wc cusp bifurkace splňuje podmı́nku
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Hopfova bifurkace

Nutnou podmı́nkou vzniku Hopfovy bifurkace rovnovážného bodu
[N∗, P∗] je:

λ′(P∗) =
(e + hm − λ(P∗)Kh(e − hm))λ2(P∗)

e(λ(P∗)K(e − hm)− m)
,

ρ ρ ρ

x x x

y y y
µ < 0 µ = 0 µ > 0

0 0 0

√

µ

ρ̇ = ρ(µ − ρ2)
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Hopfova bifurkace

Pro
λ(P) = λ0

(b+P)w , kde w > 0

podmı́nka přejde na

AΛ
3 + BΛ

2 + CΛ + D = 0 ,

kde

Λ = λ(P∗) ,

A = K2hb(e − hm)3
> 0 ,

B = K(e − hm)2(hKer − b(e + hm)− wKe(e − hm)) ,
C = Ke(e − hm)(wm(e − hm)− r(2hm + e)) ,
D = emr(e + hm) > 0 .
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Bogdanova-Takensova bifurkace
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Bogdanova-Takensova bifurkace

bΛ
2 + C1(1 − w)Λ + C1C2(2w − 1) = 0 ,

AΛ
2 + BΛ + C = 0 ,

kde
Λ = λ(P∗) ,

C1 =
er

e − hm
,

C2 =
m

K(e − hm)
,

A = K2(e − hm)2(rh − (e − hm)) ,

B = K(e − hm)(em − er − hm2 − 3mhr) ,
C = 2mr(e + hm) > 0 .
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Bogdanova-Takensova bifurkace
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Bogdanova-Takensova bifurkace
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DĚKUJI ZA POZORNOST.
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