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Fisher equation

ou  O*u
E:@—Fu(l—u), reR, t>0

Fisher R.A. (1937) The wave of advance of adventagous genes. Ann. Eugenics 7, 355—-369
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u(0,z) = 0.019(x), reR




%—@jt(l ) eR, t>0
8t_8:132 U u), T , L >

u(0,z) = 0.019(x), reR

1 t=0.0




Fisher equation

ou  O%u
E:w—ku(l—u), reR, t>0

Travelling wave solution:
U(x) :=u(t,z) = u(ts,z — c(t — t1))

for all t,x > 0 and for some ¢; > 0, ¢ > 0.
The wave propagates with a constant velocity c.

lim Uy(0) =1, lim Uy(x) =0 for all t > 0.

t—00 T— 00
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Ou @+(1 ) eR, t>0
8t_8:132 U u), T , L >

u(0,z) = ¢(x), reR




ou  0%u
E—w+u(l—u), reR, t>0
w(0,z) = p(z), z €R

Problems:
m possible wave speed ¢

m stability of the travelling wave solution

m shape of the wavefront




Fisher equation

ou  O%u
E—W—Fu(l—u), reR, t>0
w(0,z) = ¢(z), r €R

Problems:
m possible wave speed c: ¢ > cpin = 2
m stability of the travelling wave solution:
supp ¢ compact = (Jt1) tliglo sup {|Us(z) — u(t,z)|: x >0} =0

m shape of the wavefront

Kolmogoroff A., Petrovsky I., Piscounoff N. (1937) Etude de |"équation de la diffusion avec
croissance de la quantité de matiere et son application a un probleme biologique. Moscow
Univ. Bull. Math. 1, 1-25
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Fisher equation

ou  O*u
E—W—Fu(l—u), reR, t>0
u(0,x) = p(x), reR

Problems:
m possible wave speed c: ¢ > cpin = 2
m stability of the travelling wave solution:
supp ¢ compact = (Jt1) tliglo sup {|Us(z) — u(t,z)|: x >0} =0

m shape of the wavefront: asymptotic solution

Canosa J. (1973) On a nonlinear diffusion equation describing population growth. IBM J.
Res.&Dev. 17, 307-313
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ou 0 _Ou

Reaction-diffusion equation: —

ot :8x




Time-discrete analogy

ou 0 _Ou
Reaction-diffusion equation: — = —0D U
A ot Oxr Ox +/(w)
Interpretation:
u = u(t,x) ... population density on location x at time ¢, i.e. population

b

size on interval (a,b) at time t equals [ u(t, z)dx
a

D ... diffusivity, rate of individual dispersal

f ... density dependent intensity of “demographic events”’, i.e.
intensity of “the new individuals production” (birth) and of
“the old ones removal” (death)

Individuals constituting the modelled population can appear, die and move at
any time.

Travelling waves — 4 / 13
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Time-discrete analogy

. - . ou 0 _0Ou
Reaction-diffusion equation: i &cD('}’:c + f(u)

Modification of assumptions:

m The life cycle of the modelled population consists of two phases
— the demographic and the dispersal ones — separated in time.

m Demographic events occur at time instants t = ¢, %9, t3,... and
individuals move at the remaining time

. . Travelling waves — 4 / 13
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Time-discrete analogy

. - . ou 0 _0Ou
Reaction-diffusion equation: i &cD('}’:c + f(u)

Modification of assumptions:

m The life cycle of the modelled population consists of two phases
— the demographic and the dispersal ones — separated in time.

m Demographic events occur at time instants t = ¢, %9, t3,... and
individuals move at the remaining time

ou 0 _ Ou
— = Lt =1,2,3,...
lim u(t,z) = f(u(t;, ), r € R.

t—t;+

. . Travelling waves — 4 / 13
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0 o _0
°_ D “ ZCER,tE(tz‘,tfH_l), 1=1,2,3,...

ot ox 0x’

tlgﬁu(t,az) = f(u(ti,2)), x € R.




ou 0 _0u
— = D R, ¢ t’wtz 9 .:172737"'

tlgﬁu(t,az) = f(u(ti,2)), x € R.

Solution (for D = const):

= L exp | — (x—y)2 ul(t;
ult, @) = / 2\/7D(t —t;) p( 4D(t—ti)>f( (t4))dy

— 0




Time-discrete analogy

ou 0 _Ou |
E_ag;Dax’ reR, te(t,tit1), 1=1,23,...

t—t;+

Solution (for D = const):

= ! exp | — (x—y)2 u(t;
) = | S o (i ey ) (e )

imua:—oo L X—(x_y)2)u-
t_}tiﬂ_ ( )__/ 2/ D (tiy1 — t;) ’ p( 4D(ti11 — 1) f< (tz,y))dy
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Time-discrete analogy

ou 0 _Ou |
E_ag;Dax’ reR, te(t,tit1), 1=1,23,...

t—t;+

Solution (for D = const):

= ! exp | — (x—y)2 u(t;
) = | S o (i ey ) (e )

imua:—oo L X—(x_y)2)u-
t_}tiﬂ_ ( )__/ 2/ D (tiy1 — t;) ’ p( 4D(ti11 — 1) f< (tz,y))dy

In particular, for t; =1 € N:

o

Jm u(t7) = / 2\/;—1) exp (— (x;DyF) f(u(i,y))dy

— o0

Travelling waves — 4 / 13
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u(t—l—l,ac)zf ! exp(—(‘”_y)2)f(u(t,y))dy, t=0,1,2,...

2/mD 4D

— o0




Time-discrete analogy

o

u(t+1,x) = /2\/1_ exp( %) f(u(t,y))dy, t=20,1,2,...

Hs) = Nl_ Xp( 512?)

probability density function of normally distributed random variable:
“distance of individual relocation in the direction sgn(zx) during a
unit time interval”.
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Time-discrete analogy

o

u(t+1,x) = /2\/1_ exp( %) f(u(t,y))dy, t=20,1,2,...

Hs) = Nl_ Xp( 512?)

probability density function of normally distributed random variable:
“distance of individual relocation in the direction sgn(zx) during a
unit time interval”.

o

u(t+1,x) = /k(az—y)f(u(t,y))dy, t=0,1,2,...

— 0
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Time-discrete analogy

o

u(t+1,x) = /2\/1_ exp( %) f(u(t,y))dy, t=20,1,2,...

Hs) = Nl_ Xp( 512?)

probability density function of normally distributed random variable:
“distance of individual relocation in the direction sgn(zx) during a
unit time interval”.

o

u(t+1,x) = /k(az—y)f(u(t,y))dy, t=0,1,2,...

— 0

u(t+1, ) =kxf(u(t, ), t=0,1,2,...

Travelling waves — 4 / 13
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Kot M., Schaffer W.M. (1986) Discrete-time growth-dispersal models. Math.Biosci. 80,
109-136
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o

u(t—l—l,w):/k(w—y)f(u(t,y))dy, t=0,1,2,3,...

— 0




The equation and the travelling wave solution

o

u(t+1,x) = /k(x—y)f(u(t,y))dy, t=20,1,2,3,...

— 0

k ...integrable function, £ > 0

/ k(s)ds <1, / sk(s)ds >0, (Juo) (V) | |p| < po = / e’ k(s)ds < oo

f ...continuous function, f >0

F(0) =0
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o

u(t—l—l,w):/k(w—y)f(u(t,y))dy, t=0,1,2,3,...

— 0

Travelling wave solution:

u(t,z) = u(0,z — ct)




o

u(t—l—l,w):/k(w—y)f(u(t,y))dy, t=0,1,2,3,...

— 0

Travelling wave solution:

u(t,z) = u(0,z — ct) =: Ug(x)

oo

U411 = / k(x — y)f(Ut(y))dy

— 0




The equation and the travelling wave solution

o

u(t+1,x) = /k(x—y)f(u(t,y))dy, t=20,1,2,3,...

— 0

Travelling wave solution:

u(t,z) = u(0,x — ct) =: Us(x)

Upsr = / k(e — ) f (Ui(y))dy

— 00

Upp1(z) = u(0,2 — c(t + 1)) = u(0, (x — ¢) — ¢t) = Up(z — ¢)

Travelling waves — 6 / 13
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Upr1(z) = / k(z —y) f(Ui(y))dy

— O




o

Upr1(z) = / k(z —y) f(Ui(y))dy

— 0

Additional assumption: f'(0) [ k(s)ds > 1.




o

Upi () = / k(e — )/ (Ui () dy

— 0

Additional assumption: f/(0 f k(s)ds > 1.

Linearization of the equation ( f(U) = f(0) + f(0)U = f'(0)U ):

Upy1( f k(z —y) f(0)Ui(y)dy




o

Upi () = / k(e — )/ (Ui () dy

— 0

Additional assumption: f/(0 f k(s)ds > 1.

Linearization of the equation ( f(U) = f(0) + f(0)U = f'(0)U ):

Upi1 (2 f k(z — ) f(0)U, (y)dy

We can try to find a solution in the form U;(x) = Ae™#*, where A, u > 0:




Wave speed

o

Uria(a) = [ bz~ y)f (Uilw)dy

Additional assumption: f/(0 f k(s)ds > 1.
Linearization of the equation ( f(U) = f(0) + f(0)U = f'(0)U ):
Ut_|_1 f ]C Zlf— O)Ut( )d

We can try to find a solution in the form U;(z) = Ae ™%, where A, i > 0:

Ae HE=c) = AF(0 fka:— Je H¥dy

Travelling waves — 7 / 13
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Wave speed

o

Uria(a) = [ bz~ y)f (Uilw)dy

Additional assumption: f/(0 f k(s)ds > 1.
Linearization of the equation ( f(U) = f(0) + f(0)U = f'(0)U ):
Ut_|_1 f ]C Zlf— O)Ut( )d

We can try to find a solution in the form U;(z) = Ae ™%, where A, i > 0:

(0) [ klx -y -dy

Travelling waves — 7 / 13
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Wave speed

o

Uria(a) = [ bz~ y)f (Uilw)dy

Additional assumption: f/(0 f k(s)ds > 1.
Linearization of the equation ( f(U) = f(0) + f(0)U = f'(0)U ):
U1 (x f k(x —y)f (0)Us(y)dy
We can try to find a solution in the form U;(z) = Ae ™%, where A, i > 0:

(0) [ klx -y -dy

Denote F'(u f k(z —y)er@==9dy = f/(0) [ k(s)et*ds

Travelling waves — 7 / 13
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ehe = F(1) = £(0) / B(s)e" ds

— o0




ehe = F(1) = £(0) / B(s)e" ds

F(0) = £(0) _70 k(s)ds > 1




o

et = F(u) = f'(0) / k(s)e**ds
F(0) = £(0) _70 k(s)ds > 1 _
F/(u) = 7'0) [ sk(s)ersds = 1/0) [ s ((s)e#" — K(~s)e=+) s >




o

ehe = F(1) = £(0) / B(s)e" ds
F(0) = f/(0) _Z k(s)ds > 1 -
F'() = (0) _Z sk(s)eisds = f/(0) Z"Os ((s)eHs — k(—s)o—hs)ds >
> (0) [ 5 (k(s) = k(=5)) ds = £'(0) [ sk{s)ds > 0

F'(u) = f(0) | s?hk(s)ersds > 0

— o0




o

et = F(u) = f'(0) / k(s)e**ds

— o0

F(0) = £(0) _70 k(s)ds > 1

o

F'(u) = f'(0) [ sk(s)et*ds = f'(0) Zos (k(s)ets — k(—s)e ") ds >

— 0

> f'(0)

oy

s (k(s) — k(—s))ds = f'(0) [ sk(s)ds > 0

F/(4) = £'(0) | s*k(s)et*ds > 0 A s

— o0




et = F(u) = f'(0) / k(s)e**ds

F(0) = £(0) _70 k(s)ds > 1

F(n) = £/(0) ] sh(s)ersds = £/(0) [ s (K(s)er ~ K(~s)e™)ds >

> f'(0)

oy

s (k(s) — k(—=s))ds = f'(0) [ sk(s)ds >0




The minimal wave speed ¢ = cpin is the solution of the system of equations

oo oo

et = f'(0) / k(s)et*ds, ce! = f/(0) / sk(s)e*ds

— o0 — 0




Wave speed

The minimal wave speed ¢ = cpin is the solution of the system of equations

et = f'(0) / k(s)et*ds, ce! = f/(0) / sk(s)e!*ds

Hence, i solves the equation

[ sk(s)etsds o0
exp { fh—— » = 1(0) / k(s)et*ds
[ k(s)ersds o
NS )
and -
[ sk(s)etsds
Cmin:_o;
[ k(s)ersds

Travelling waves — 7 / 13
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Wave speed

The minimal wave speed ¢ = cpin is the solution of the system of equations

oo oo

et = f'(0) / k(s)et*ds, cet = f'(0) / sk(s)et*ds
Equivalently
. 1 / ! s
Cmin = Min ;ln f(())/k(s)e ds

Kot M. (1992) Discrete-time travelling waves: Ecological examples. J.Math.Biol. 30, 413-
436
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u(t+1,z) = fkac— ((t,y))dy, t=0,1,2,..., v €R




Existence and stability of the travelling wave solution

u(t+1,x) f k(x —y ((t,y))dy, t=0,1,2,..., z €R

Theorem 1. Let f € C?[0,00) and there exist K > 0, o € (0, 1) such that
f0)=0,f(K)=K, 0< f'(u)<f'(0)foruel0,K],
f'(u) < 1forue K- o, K]

Let ¢ = cmin, 1t be numbers defined in the previous slide. Then there exists a solution
Ui(x) = u(t, z) of the equation such that

lim Uy(x) =K, lim Ugx)e"® =po, Upri(x) = Ui(z — ct).
Tr—r0o0

T—r— 00

Travelling waves — 8 / 13

P vadativani
pro konkurenceschopnost



u(t+1,z) = ka— ((t,y))dy, t=0,1,2,..., v €R
(OI’) 90('1')7 r€eR




Existence and stability of the travelling wave solution

u(t+1,x) f k(x —y ((t,y))dy, t=0,1,2,..., z €R
u(0,2) = pla), r €R

Theorem 2. Let the assumptions of Theorem 1 hold. Let the function ¢ satisfy

o(x)>0forz € R, lim p(x)e H*l < p.

|| — o0

Let U;(-) be the solution of the equation introduced in Theorem 1 and u = u(t, x)
be the solution of initial value problem.

Then there exists g € R such that

u(t, x)

I
im sup U, (x — o)

—1|:0.

5 . Travelling waves — 8 / 13
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Existence and stability of the travelling wave solution

u(t+1,x) f k(x —y ((t,y))dy, t=0,1,2,..., z€R
(0737) T 90(37)7 IS R

Theorem 2. Let the assumptions of Theorem 1 hold. Let the function ¢ satisfy

o) >0forz c R, lim p(x)e Hl < p.

|| — o0

Let U;(-) be the solution of the equation introduced in Theorem 1 and u = u(t, x)
be the solution of initial value problem.
Then there exists g € R such that

u(t, x)
Ui(x — x0)

lim sup

—1|:0.

Lin G., Li WT., Ruan SG. (2010) Asymptotic stability of monostable wavefronts in discrete-
time integral recursions. Sci.China.Math. 53, 1185-1194
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Motivation

Time-discrete
reaction-dispersion
equation

Functions f and k
Laplace dispersion
Top-hat dispersion

Special cases







Functions f and &

oo

u(t+1.0) = [ ko~ y)f(ult.)dy

Particular reaction terms:

AU

T = R

Beverton-Holt

P vadativani
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— 0

flu) = (1 +r)u - o’

logistic

f(u) = uexp {'r (1 — %)}

Ricker

Travelling waves — 10 / 13



Functions f and &

oo

u(t+1.0) = [ ko~ y)f(ult.)dy

— 0

Particular dispersion kernels:

1 s° _ 1/28, —B<s<pf
k(s) = e — k(s) = Laeelsl E(s) — ;
Y e ARG (5) {07 >
Gauss Laplace top-hat
normal double exponential uniform
e s e

Travelling waves — 10 / 13
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Wave speed:




Wave speed:

T —al|s| ,ps Q
a [ e etds = —

f k(s)etsds = 1 ; for0<pu<a

lim f k(s)et*ds = oo
p—o—




Wave speed:

o o0 2
f k(s)et®ds = 2a [ e @lslersds = a2a_ " for 0 < p < o
lim f k(s)etsds = oo

p—ro—

H m {2 ()~
== 11n — 1n
ence ¢ = min ; e




Wave speed: ¢ = min {lln (f’(O) : )}
2

O<p<oa | W




_ 1 o’
Wave speed: ¢ = min {— In (f’(O) 2)}

O<p<oa | W

Shape of wavefront:




Wave speed: ¢ = min {lln (f’(O) o’ )}

O<p<a | p a? — p?

Shape of wavefront:

Ui(x —¢) f k(z —y)f(Uy))dy




| 2
Wave speed: ¢ = min {— In (f’(O) 2)}

O<p<oa | W

Shape of wavefront:

Ui =) = 50 ] e el (Uyw)dy




| 2
Wave speed: ¢ = min {— In (f’(O) 2)}

O<p<oa | W

Shape of wavefront:
1 o0

Ul —¢) = 5a [ el f(U(y))dy

— 0




O<p<a

Wave speed: ¢ = min {lln (f’(O) o )}

7 o — p?

Shape of wavefront:

oo

Ua—c) = 5o | e (U)dy

L6 =a(Ui o) - 1(U))

dx?




O<p<a

_ 1 o
Wave speed: ¢ = min {— In (f’(O) 2)}

L4

Shape of wavefront:
1 o0

Ul —¢) = sa [ el f(U(y))dy

iU”(ac—c)—|—f(U(ac)) —U(x—¢c)=0

2

— 0




Laplace dispersion

oo

’U,(t + 1, .CE) = / k(ﬁl? — y)f(u(t’ y))dy7 ]{(8) — %e—a|s|
Wave speed: = min { -in(7/(0)
ave speed: c = Ogl,ulga . n pE—
Shape of wavefront:
1 o0
Ulw—c) = 5a [ el f(U(y))dy
1 — OO
—U"(z =)+ f(Ul) = Ul —c) = 0
T 1\?2
Transformation: z = —, V(2) = U(cz), € = (_>
c Qe

Travelling waves — 11 / 13
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Laplace dispersion

’U,(t + 1,33) = / k(ﬁl? — y)f(u(t’y))d:% ]{(8) — %e—a|s|
Wave speed: o= min {11 (f1(0) ,~
ave speed: ¢ = oin,}?a . n ey
Shape of wavefront:
1 o0
U(x—c) = ¢ | e_o‘|x_y|f(U(y))dy

L Ure— o)+ fU@) - Ule—¢) = 0

052
)2

eV'(z—1)+ f(V(2)) = V(z—1)=0

Transformation: z =

|-

T V() =Ulez), e = (

C

Travelling waves — 11 / 13
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| 2
Wave speed: ¢ = min {— In (f’(O) 2)}

O<p<oa | W

Shape of wavefront:
eV'(z=1)+f(V(z)) =V(z=1)=0




Laplace dispersion

oo

u(t+1,x) = / k(x — y)f(u(t, y))dy, k(s) = %e—a|3|
. | 1 , o’
Wave speed: c = Ogl,ulga {; In (f (0) —— ,u2) }

Shape of wavefront:
eV'(z=1)+ f(V(2) = V(2—1) =0

Let Vj be the solution of the equation with ¢ = 0: V(2 — 1) = f(Vo(2))

Travelling waves — 11 / 13
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Laplace dispersion

oo

u(t+1,x) = / k(x — y)f(u(t, y))dy, k(s) = — o—clsl

— 00

: 1 ) o
Wave speed: ¢ = min < —In( f/(0) 5

O<p<oa | W

Shape of wavefront:
eV'(z=1)+ f(V(2) = V(2—1) =0

Let Vj be the solution of the equation with ¢ = 0: V(2 — 1) = f(Vo(2))

Suppose V(z) = Vo(z) + iesz(z)
Put V(2) = Vo(z) + 32 £Wi(2) = Vi (2) + W, (2

. .. Travelling waves — 11 / 13
'\K%|
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Laplace dispersion

u(t+1,x) = / k(x — y)f(u(t, y))dy, k(s) = %e—a|3|
. | 1 , o’
Wave speed: c = Ogl,ulga {; In (f (0) —— ,u2) }

Shape of wavefront:
eV'(z=1)+ f(V(2) = V(2—1) =0

Let Vj be the solution of the equation with ¢ = 0: V(2 — 1) = f(Vo(2))

Suppose V(z) = Vo(z) + iesz(z)
Put V(2) = Vo(z) + 32 £Wi(2) = Vi (2) + W, (2

Then V(z) = Vj(2) + o(e?) = Vj_1(2) + €2 W;(2) + o(e?)

Travelling waves — 11 / 13
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Laplace dispersion

u(t+1,x) = / k(x — y)f(u(t, y))dy, k(s) = %e—a|3|
. | 1 , o’
Wave speed: c = Ogl,ulga {; In (f (0) —— ,u2) }

Shape of wavefront:
eV'(z=1)+ f(V(2) = V(2—1) =0

Let Vj be the solution of the equation with ¢ = 0: V(2 — 1) = f(Vo(2))

Suppose V(z) = Vo(z) + iesz(z)
Put V(2) = Vo(z) + 32 £Wi(2) = Vi (2) + W, (2

Then V(z) = V;(z) + 0(e?) = Vj_1(z) + &/ W;(2) + o(e)
O(e): Wi(z — 1) = V' (2) + f'(Vo(2)) Wi (2)
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Laplace dispersion

oo

u(t+1,x) = / k(x — y)f(u(t, y))dy, k(s) = — o—clsl

— 00

1 , a?
Wave speed: ¢ = min < —In( f/(0) 5

O<p<a | p
Shape of wavefront:
eV'(z=1)+ f(V(2) = V(2—1) =0
Let Vj be the solution of the equation with ¢ = 0: V(2 — 1) = f(Vo(2))
Suppose V (z) = Vy(z) + i e'W;(2)

Put V;(2) = Vo(z) + ieZWz(z) = Vi_1(2) + €7 W;(2)
Then V(2) = V;(2) + o(e?) = V;_1(2) + & W;(2) + o(e?)

) =
O(e): Wiz —1) = V§'(2) + f'(Vo(2)) Wi(2)
O(e): Wiz —1) = V” () F (Vi1 (2))W(2), 5 =1,2,3, ...

. .. Travelling waves — 11 / 13
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Laplace dispersion

u(t+1,x) = / k(x — y)f(u(t, y))dy, k(s) = %e—a|3|
. | 1 , o’
Wave speed: c = Ogl,ulga {; In (f (0) —— ,u2) }

Shape of wavefront:
eV'(z=1)+ f(V(2) = V(2—1) =0

Let Vj be the solution of the equation with ¢ = 0: V(2 — 1) = f(Vo(2))

Suppose V(z) = Vo(z) + i e'W;(2)
i=1

PULV,(2) = Vol2) + 32 EWi(2) = Vit () + 91752

O(e?): Wi(z—1) = Viii(2) +f’(Vj_1(z))Wj(z), j=1,2,3,...
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Laplace dispersion

u(t+1,x) = / k(x — y)f(u(t, y))dy, k(s) = %e—a|3|
. | 1 , o’
Wave speed: c = Ogl,ulga {; In (f (0) —— ,u2) }

Shape of wavefront:
eV'(z=1)+ f(V(2) = V(2—1) =0

Let Vj be the solution of the equation with ¢ = 0: V(2 — 1) = f(Vo(2))
Suppose V(z) = Vo (2) + > &'W;(2)

PULV,(2) = Vol2) + 32 EWi(2) = Vit () + 91752

O(e7): Wiz —1) =V 1(2) + [ (Vij—1(2))W;(2), j = 1,2,3,...
We can put Vj(2z) = n and compute Vy(z — 1), Vo(z — 2),...
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Laplace dispersion

u(t+1,x) = / k(x — y)f(u(t, y))dy, k(s) = %e—a|3|
. | 1 , o’
Wave speed: c = Ogl,ulga {; In (f (0) —— ,u2) }

Shape of wavefront:
eV'(z=1)+ f(V(2) = V(2—1) =0

Let Vj be the solution of the equation with ¢ = 0: V(2 — 1) = f(Vo(2))
Suppose V(z) = Vo (2) + > &'W;(2)

=1

PULV,(2) = Vol2) + 32 EWi(2) = Vit () + 91752

O(e?): Wi(z—1) = Viii(2) +f’(Vj_1(z))Wj(z), j=1,2,3,...

We can put Vj(2z) = n and compute Vy(z — 1), Vo(z — 2),...
Then put W1(z) =0 and compute Wy(z — 1), W1(z — 2),...,
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Laplace dispersion

u(t+1,x) = / k(x — y)f(u(t, y))dy, k(s) = %e—a|3|
. | 1 , o’
Wave speed: c = Ogl,ulga {; In (f (0) —— ,u2) }

Shape of wavefront:
eV'(z=1)+ f(V(2) = V(2—1) =0

Let Vj be the solution of the equation with ¢ = 0: V(2 — 1) = f(Vo(2))
Suppose V(z) = Vo (2) + > &'W;(2)

=1

PULV,(2) = Vol2) + 32 EWi(2) = Vit () + 91752

O(e?): Wi(z—1) = Viii(2) +f’(Vj_1(z))Wj(z), j=1,2,3,...

We can put Vj(2z) = n and compute Vy(z — 1), Vo(z — 2),...
Then put W1(z) =0 and compute Wy(z — 1), W1(z — 2),...,

Vl(Z—’i), i:1,2,...

Travelling waves — 11 / 13
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Laplace dispersion

u(t+1,x) = / k(x — y)f(u(t, y))dy, k(s) = %e—a|3|
. | 1 , o’
Wave speed: c = Ogl,ulga {; In (f (0) —— ,u2) }

Shape of wavefront:
eV'(z=1)+ f(V(2) = V(2—1) =0

Let Vi be the solution of the equation with e =0: V(2 — 1) = f(Vo(z))
Suppose V(z) = Vo (2) + > &'W;(2)
i=1

J_ .
Put Vy(2) = Vol2) + 30 e Wi(2) = Vya(2) + T W(2)
i=1
O(e7): Wiz —1) =V 1(2) + [ (Vij—1(2))W;(2), j = 1,2,3,...
We can put Vj(z) = n and compute Vo(z — 1), Vo(z — 2),. ..
Then put W1(z) =0 and compute Wy(z — 1), W1(z — 2),...,

Vl(Z—’i), 1= 1,2,...
e.t.c

Travelling waves — 11 / 13
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Laplace dispersion

oo

u(t+1,x) = / k(x — y)f(u(t, y))dy, k(s) = — o—clsl

— 00

1 o2
Wave speed: ¢ = min {— In (f’(())—>}

O<p<a | p a? — p?

Shape of wavefront: Perturbation problem

Kot M. (1992) Discrete-time travelling waves: Ecological examples. J.Math.Biol. 30,
413-436
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oo

u(t+1,z) = / k(x — y)f(u(t’ y))dy, k(s) = = a—ctls]

— 0

1.5u

Example: o =24, f(u) (Beverton-Holt)

- 1+ 0.5u




oo

u(t+1,z) = / k(x — y)f(u(t’ y))dy, k(s) = = a—ctls]

— 0

1.5u

Example: o =24, f(u) (Beverton-Holt); ¢ = 0.2825

- 1+ 0.5u




oo

ut+1.0) = [ Me-pfulty)dy, k)= Fel
Example: o =24, f(u) = _Lou (Beverton-Holt); ¢ = 0.2825
' 1+0.5u
Vo
u
1




oo

ut+1.0) = [ Me-pfulty)dy, k)= Fel
Example: o =24, f(u) = _Lou (Beverton-Holt); ¢ = 0.2825
' 1+0.5u
Vo, Vi
u
1




oo

ut+1.0) = [ Me-pfulty)dy, k)= Fel
Example: o =24, f(u) = _Lou (Beverton-Holt); ¢ = 0.2825
' 1+0.5u
Vo, Vi, Viu
u
1




Laplace dispersion

U(t + 1, :13) = / k(ﬁlﬁ — y)f(u(t’ y))dy7 k(S) — %e—a|s|
Example: o =/24, flu) = i (Beverton-Holt): ¢ = 0.2825
1+ 0.5u
Vo, V1,
u
t=0
1

: Travelling waves — 11 / 13
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oo

u(lt+1,z) = / k(x — y)f(u(t,y))dy’ k(s) = {

— 0

0, else




oo

u(lt+1,z) = / k(x — y)f(u(t,y))dy’ k(s) = {

— 0

0, else

Wave speed:




i 1/28, —
u(t+1,z) = / k(z —y) f(u(t,y))dy, k(s) = {07/ 5] eli< s < p
Wave speed:




Top-hat dispersion

oo

]‘ 2 9 T < <
u(t+1,z) = / k(z —y)f(ult,y))dy,  k(s)= {0,/ B e|i s<p3
Wave speed:
_z k(s)et*ds = Sin;i“, _Zi sk(s)ersds = ;Iu B cosh B/:;— sinh Gu

min

_ Ppcosh By —sinh S coshfp 1
B (sinh G B sinh Su  Bu

Travelling waves — 12 / 13
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Top-hat dispersion

oo

]‘ 2 9 T < <
u(t+1,z) = / k(z —y)f(ult,y))dy,  k(s)= {0,/ B e|i s<p3
Wave speed:
_z k(s)et*ds = Sin;i“, _Zi sk(s)ersds = ;Iu B cosh B/:;— sinh Gu

min

_ Ppcosh By —sinh S coshfp 1
B (sinh G B sinh Su  Bu

Cmin _ cOsh Bpu B 1
B sinh fu B

Travelling waves — 12 / 13
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Top-hat dispersion

oo

1/28, —pf<s<p
w10 = [ k- i), Ko=)
0, else
Wave speed:
o0 sinh S u o0 1 BucoshBu — sinh Bu
k(s)etds = , sk(s)et®ds =
_lo () Bu _L (5 Bu p
- Ppcoshfu—sinh fp cosh B 1
e (sinh G B sinh Su  Bu
Cmin _ cOsh Bpu 1 \
5 sinh S B oy
Bu

Travelling waves — 12 / 13

P vadativani
pro konkurenceschopnost



Top-hat dispersion

oo

1/28, —pf<s<p
w10 = [ k- i), Ko=)
0, else
Wave speed:
o0 sinh S u o0 1 BucoshBu — sinh Bu
k(s)etds = , sk(s)et®ds =
_lo (s) Bu _L (5) Bu I
- Ppcoshfu—sinh fp cosh B 1
e (sinh G B sinh Su  Bu
min h 1 4
Cmin _ C.OS Bu <1
5 sinh S B oy
Bu

Travelling waves — 12 / 13
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Top-hat dispersion

oo

1/268, —0B8<s<p
w10 = [ He—pf )i, ke =1
0, else
Wave speed:
O hd h o0 1 h L . h
T h(s)ersds = SO T g gyensqs — L Bpcosh By = sinh By
— 00 6:“ —00 6,& v
- Pucoshfp —sinh coshfu 1
. (sinh G B sinh By Bu
min h 1 A
Cmin _ C.OS Bu ‘1
B sinh S B T
Hence cpin <
Bu

Travelling waves — 12 / 13
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w4 1,0) = [ ko) f(utt. ), k(s)z{(l)/%’ <<

Wave speed: ¢ = cppin < 3




w4 1,0) = [ ko) f(utt. ), k(s)z{(l)/%’ <<

Wave speed: ¢ = cppin < 3

Shape of wavefront:




w4 1,0) = [ ko) f(utt. ), k(s)z{(l)/%’ <<

Wave speed: ¢ = cppin < 3

Shape of wavefront:

oo

Uz —c)= [ k(z—y)f(Uly))dy

— 0




w4 1,0) = [ ko) f(utt. ), k(s)z{(l)/%’ <<

Wave speed: ¢ = cppin < 3

Shape of wavefront:

1 =8

Ug(x —c) = 58 _f f(U(y))dy




w4 1,0) = [ ko) f(utt. ), k(s)z{(l)/%’ <<

Wave speed: ¢ = cppin < 3

Shape of wavefront:




oo

u(t+1,2) = / k(z —y) f(u(t,y))dy, k(s) = {

— 0

1/28, —B<s<p

0, else

Wave speed: ¢ = cppin < 3

Shape of wavefront:




Top-hat dispersion

u(t+1,2) = /k(w—y)f<u(t,y))dy, k(s) = {(1)/25’ e—li< s<f

Wave speed: ¢ = cpuin < 3

Shape of wavefront:

U'(e =0 = 35 (HU@+8) ~ 1 (U - )

Linear approximation U’ (z — ¢) ~

Travelling waves — 12 / 13
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Top-hat dispersion

ut+10)= [ Ko - f(ut)dy. k) - {(1)/ W reeed
Wave speed: ¢ = cpuin < 3
Shape of wavefront:
1 =8
U —c) = 55 [ f(U(y))dy

U'(e =0 = 35 (HU@+8) ~ 1 (U - )

Uz +8)— Uz — B)
203
Ulx+8)—U@—8)=f(U+8) - f({U(x—p5))

Linear approximation U’ (z — ¢) ~

Travelling waves — 12 / 13

P vadativani
pro konkurenceschopnost



Top-hat dispersion

oo

u(t +1,2) = /k(w—y)f<u(t,y))dy, k(s) = {(1)/25’ e—li< s<f

— 0

Wave speed: ¢ = cpuin < 3

Shape of wavefront:

Linear approximation U’ (z — ¢) ~

Ux+8)—Ulx—B)=f(Ulx+8) - f(Ux-B))
We can put U(x + 8) = n and compute U(z — ). Hence, we obtain

Ux+B), Ux—p8), Ulx—38), Ulx—58),...

. .. Travelling waves — 12 / 13
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Top-hat dispersion

oo

u(lt+1,z) = / k(z —y)f(ut,y))dy, k(s) = {

— 0

1/28, —B<s<p

0, else
Wave speed: ¢ = cpuin < 3

Shape of wavefront: stepwise linear approximation

Pospisil Z. (20137) Shape of a travelling wave in a time-discrete reaction diffusion equation.
Adv.Dyn.Syst.Appl, to appear
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w4 1,0) = [ ko) f(utt. ), k(s)z{(l)/%’ <<

1.5u

Example: 5 = 0.5, f(u) (Beverton-Holt)

"1 + 0.5u




w4 1,0) = [ ko) f(utt. ), k(s)z{(l)/%’ <<

1.
Example: 8= 0.5, f(u) Su

(Beverton-Holt); ¢ = 0.2491

"1 + 0.5u




Top-hat dispersion

i 1/28, —pf<s<p
w10 = [ k- i), Ko=)
0, else
Example: 5= 0.5, f(u) = Lou (Beverton-Holt); ¢ = 0.2491
ple: 3 =0.5, u_1+0.5u everton-Holt); ¢ = 0.
U(9.75) = 0.001
u
1
0 2 4 6 8 X

Travelling waves — 12 / 13
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Top-hat dispersion

i 1/28, —pf<s<p
w10 = [ k- i), Ko=)
0, else
Example: 5= 0.5, f(u) = Lou (Beverton-Holt); ¢ = 0.2491
ple: 3 =0.5, W) =10k everton-Holt); ¢ = 0.
U(9.75) = 0.001
u
1 t=0
0 2 4 6 8 X

Travelling waves — 12 / 13
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Special cases

Functions f and k
Laplace dispersion
Top-hat dispersion
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