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Stochasticky kalkulus

Martingaly

a sit pro transfer znalosti v.aplikované matematice

A random process {X;; t € T} is called the Fi-martingale,
if E(X¢|Fs) = Xs. A random variable S: Q — T is called
the stopping time, if {w € Q; S(w) < t} € F;. A random
process {X; t € T} is called the local F-martingale if
there is a sequence {S,; n € N} of stopping times

(lim S, = 00) such that X" = Xmin{t,s,} 15 @ Fe-martingale
for all n € N. (Of course, every Fi-martingale is a local
Fi-martingale, too.)
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Semimartingaly

a sit pro transfer znalosti v.aplikované matematice

A random process {X;; t € T} is called the
Fi-semimartingale, if it is expressible for all t > 0 in a form
Xe = Xo + M 4+ V¢ where M, is a local F¢-martingale and
Vi is a Fi-adapted process with trajectories of local finite
variations (we assume My = 0 and Vg = 0). So, we
consider V as a signal (trend) and M as a noise.
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Zména souradnic

a sit pro transfer znalosti v.aplikované matematice

Classical differential calculus cannot be applied to
semimartingales. An extension of differential calculus is
available, namely the stochastic calculus. In the stochastic
calculus, the coordinate change is not tensorial.
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Rozklady

Let t, m € N. The multiindex of length t with entries up to
m is a t-tuple

I =(i,...,0t) € N(m)" = N(m) x --- x N(m),

t-times

where N(m) ={1,..., m}.
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Stochasticky kalkulus

Rozklady

The standard ordered partition of a multiindex | to u
multiindexes f1,...,/,, u <t is a map

S N(m)t = N(m)® x - x N(m)®,

X0y = (. ) = ((i511,...,istll),...,(islu,...,isgu))

(where t; + -+ t, = t, s{,...,sf € N(m)) satisfying
(i) st < - <st, ... sp<--<st,
(i) si <--- < st
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Stochasticky kalkulus

Rozklady

The set of all standard ordered partitions of a multiindex /
of the length t with entries up to m to v multiindexes
Ii,..., 1, will be denoted by I'I\f,(m). Further, we put
n|tm) = |—||i(m) U-- U |-||:(m)_
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Stochasticky kalkulus

Rozklady

Let M be an m-dimensional manifold. Given two systems
(x!,...,x™) and (y},...,y™) of local coordinates on M
and a multiindex I € N(m)*, we define the functions yjl
(j € N(m)) by N
. Oty
y;, COxM L Oxle”
For J = (j1,...,ju) € N(m)", we put

J j ju
V=2 Vi Yy

|

where the sum runs over I'I|f,(m), i.e. over all standard
ordered partitions of / to u multiindexes.
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Rozklady - priklad

Suppose J = (j1,j2) and | = (i1, iz, i3). Then

;- Db ) ) ) . )
Y= Z yf’lyflz - yjl(fl)f/2(f27f3)+yf(i1,i2)y;2(i3)+yf(f1,i3)y;2(i2)'

niz™
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Bandl derivaénich fetézcu

a sit pro transfer znalosti v.aplikované matematice

Let M be a manifold. Given a point x in M, a derivative
string at x of degree (r,s) and length (T, U) assigns to
each local coordinate system round x a set of real-valued
arrays Hég indexed by multiindexes A, B, C, D with
|Al=r, |Bl=s, mn{l, T} <|C|<T+1,

min{1, U} < |D| < U which transform under coordinate
change from (y!...,y™) to (x!...,x™) by

HBC = X//Y/BHKLY/CX/L

If we glue spaces of derivative strings of degree (r,s) and
length (T, U) over all points of M, we obtain a fiber bundle
which we denote by STY M. Sections of this bundle will be
called derivative string fields.
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Jety zobrazeni

a sit pro transfer znalosti v.aplikované matematice

Two maps f,g: M — N are said to determine the same
r—jet at x € M, if for every curve v: R — M with 7(0) = x
the curves f oy and g o~y have the r—th order contact at
zero. In such a case we write j;f = j/g and an equivalence
class of this relation is called an r—jet of M into N.

(f, g have the same r-th order Taylor development at x)
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Fibrované variety

a sit pro transfer znalosti v.aplikované matematice

Fibered manifolds are obtained by a glueing:

™= ] TM or ] (R, M),,
xeM xeM

etc. In general, fibered manifolds have a form
(Y,m,M,S),

Y, M, S smooth manifolds, 7: Y — M the canonical
projection, each x € M has a neighborhood U C M such
that 7~1(U) is diffeomorphic to U x S (so-called local
trivialization).
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Jetové prostory

a sit pro transfer znalosti v.aplikované matematice

JH(R, M)x = T<M the tangent space in x € M,
J3(R, M) = TM the tangent bundle over M; local
coordinates of an element of TM are

X' = 4/(0)

d'yi
—(0
s
i=1,...,m

J§(R", M) = T} M the bundle of n-dimensional velocities of
order r over M; local coordinates

il i i P
XYoo s Yoo Y o =1, m.

The functor T): Mf — FM.
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Jetové prostory

Jetové prostory

matematice

On the other hand,

JY(M,R)o = T;M the cotangent space in x € M,;
JY(M,R)o = T*M the cotangent bundle over M; local
coordinates x', p;;

J'(M,R")g = T}*M the bundle of n-dimensional
covelocities of order r over M local coordinates

X' ity s Pinye-esPipn I =1,...,m.

The functor T)*: Mf — FMp,.

T!*M is a vector bundle for all r, T/ M is a vector bundle
only for r = 1.

Miroslav Kure¥ Semiholonomni jety ve stochastickém kalkulu



Jety zobrazeni

Jetové prostory Neholonomni a semiholonomni jety

Neholonomni jety
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We recall how to define nonholonomic jets:
(M, N):= JX (M, N);
by induction, let
a: JTY M N) = M
denote the source projection and
B:JY(M,N) = N

the target projection of (r — 1)—th nonholonomic jets. Then
X is said to be a nonholonomic r—jet with the source
x € M and the target x € N, if there is a local section

o: M — JYM,N)

such that X = jlo and 3(o(x)) = x.
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Neholonomni rychlosti
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We define the nonholonomic bundle of k—dimensional
velocities of order r by

TIM = J5(R%, M).

(C. Ehresmann).
There is a natural equivalence ¢, : T, — TL... T} defined
H,—/
r—times
by the following induction. For r =1, €; is the identity. Let
t, denote the translation on R¥ transforming 0 into u. If
o Rk — J7=Y(Rk M) is a section, then
o(u) 0 j  (ts) € T[ M. Hence
er—1 (o(v) ojé_ltu) € TE... Tt M and we define
N——
r — l-times

er(ido) = jger (o(u) 0 jg ).
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Jetové prostory

Projekce

For every s, 0 < s < r, we denote by 7°: 7’,‘?/\// — M the
canonical projection to the base. Further, we denote

= Thop Tg(TPM) — TPM projection with T2M as
the base space, ,m°:= T27%: TZ(TfM) — T7M induced
projection originating by the posterior application of the
functor T7 and 7} := Taﬂ'i,_bM the general case containing
both previous cases.
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Semiholonomni rychlosti

a sit pro transfer znalosti v.aplikované matematice

In general, we can obtain subbundles of T/M by
equalizations of some projections to 'NI'[I\/I Especially, An
element Z € :I',gl\/l is called the semiholonomic
k—dimensional velocity of r—th order, if forallg=1,...,r

W}*l(z) = qflﬂ-:fq(z)

is satisfied. We denote by :I',f the bundle of semiholonomic
k—dimensional velocities of r—th order.
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Semiholonomni rychlosti
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In general, we can obtain subbundles of T/M by
equalizations of some projections to 'NI'[I\/I Especially, An
element Z € :I',gl\/l is called the semiholonomic
k—dimensional velocity of r—th order, if forallg=1,...,r

W}*l(z) = qflﬂ-:fq(z)

is satisfied. We denote by :I',f the bundle of semiholonomic
k—dimensional velocities of r—th order.
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Identifikaéni teorém

There is an isomorphism of vector bundles

r S
SIM=R) MR T"Ma T *Me (TV*M)*
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